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Emergent collective heat engines from neighborhood-dependent thermal reservoirs
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We introduce and analyze a class of heat engines composed of interacting units, in which the thermal reservoir
is associated with the neighborhood surrounding each unit. These systems can be mapped onto stochastic
opinion models and are characterized by collective behavior at low temperatures, displaying different types
of phase transitions, marked by spontaneous symmetry breaking and classifications that depend on topology, the
neighborhood, and other ingredients. For the case of contact with two thermal baths—equivalent to each unit
having k = 4 nearest neighbors—the system can be tuned to operate at maximum power without sacrificing the
efficiency η and/or increasing dissipation σ̄ . All of them are related by a general expression when the worksource
stems from different interaction energies. The heat engine placed in contact with more than three reservoirs is
more revealing, showing that the intermediate thermal reservoir can be conveniently adjusted to achieve the
desired compromise between power P, efficiency, and dissipation. The influence of lattice topology (regular and
random-regular networks), its relationship with collective operation, and distinct ratios between the temperatures
of the thermal baths, has also been investigated.

DOI: 10.1103/fjtf-5glr

I. INTRODUCTION

Stochastic thermodynamics [1,2] provides a general and
unified framework for addressing central issues in thermody-
namics [3–5]. It not only extends the laws of thermodynamics
to nonequilibrium systems operating at the nanoscale but also
offers alternative interpretations, such as fluctuation theorems
[6–8] and thermodynamic uncertainty relations (TURs) [9],
the entropy production σ̄ being a central quantity in such cases
[10], distinguishing equilibrium (σ̄ = 0) from nonequilibrium
(σ̄ > 0) systems. More recently, it has also been used as an
indicator of nonequilibrium phase transitions [11–14].

We now turn to the thermodynamics of heat engines.
This topic has aroused considerable interest, both because
it extends the fundamental idea of energy conversion to the
nanoscopic scale and because, in contrast to equilibrium
thermodynamics, fluctuations in quantities and currents can
become important [15], revealing the choice of approach or
protocol as crucial for ensuring the desired performance. Gen-
erally, heat engines can be grouped into different categories,
such as those operating under fixed conditions [16–18], pe-
riodically driven systems [19,20], or even a sequential/cyclic
description, in which the system is placed in contact with a
single thermal reservoir (isothermal process), and an instan-
taneous switching (adiabatic process) allows the change of
thermal reservoir [21–24].

We introduce an alternative design of heat engines, based
on the idea of collective behavior among units in which a
well-defined thermal reservoir is associated with each local
neighborhood surrounding the units. Such a description can be
mapped onto opinion systems [25,26], for which a consistent
thermodynamic framework was recently proposed and satis-
fying fluctuation theorems [27]. Opinion models are crucial
in various nonequilibrium systems, such as complex social
processes, population dynamics, decision making, elections,

the spreading of fake news/rumors, and others [28]. Their
simplest forms are those composed of two states per agent—
the voter [29] and majority vote (MV) models [30]—which
constitute remarkable examples and exhibit universal features
of nonequilibrium phase transitions. The simplest case (the
MV model) involves an interaction mechanism in which an
agent tends to align (follow) its opinion based on the majority
opinion of its nearest neighbors [30–32]. Subsequent gener-
alizations of the MV model have attracted significant interest,
taking into account the influence of network topology [31,32],
the inclusion of distinct types of noise [33,34], more states per
agent [35,36], inertial effects [36–38], and other cooperative
effects [39]. As a consequence, the classification of phase
transitions and the universality class can change.

We perform a careful analysis, taking into account the
influence of distinct elements such as the worksource, neigh-
borhood, interaction topology, and the relationship between
temperatures. Our results show that the present approach is
capable of designing heat engines that operate at maximum
power with desired efficiency and controlled dissipation.

This paper is organized as follows: Model thermodynam-
ics, the neighborhood thermal reservoirs, and its relationship
with opinion models are presented in Sec. II. The main results
for two and three thermal baths are shown in Sec. III and
conclusions are addressed in Sec. IV.

II. MODEL AND THERMODYNAMICS

The systems we are dealing with are defined on a lattice
of size N , and each microscopic configuration σ corresponds
to a collection of N spins, σ ≡ (σ1, σ2, . . . , σi, . . . , σN ), with
σi denoting the spin variable at site i, which takes the values
±1 depending on whether the spin is “up” (σi = 1) or “down”
(σi = −1). Its dynamics is governed by the following master
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equation:

d

dt
P(σ, t ) =

N∑
i=1

{wi(σ
i )P(σ i, t ) − wi(σ )P(σ, t )}, (1)

where wi(σ ) comprises the transition rate at which each site i
changes its spin from σi to −σi. For a lattice in which each unit
(spin) has k neighbors, the thermodynamic description is set
up by assuming that each transition rate wi(σ ) can be decom-
posed into k/2 distinct (and mutually exclusive) components,
each associated with a given thermal reservoir. From Eq. (1),
wi(σ ) is then written as

wi(σ ) =
∑

�

w�i(σ ) (� = 2, 4, . . . , k), (2)

where each term w�i(σ ) assumes the Glauber form [2]

w�i(σ ) = α�

2

{
1 − tanh

[
β�

2
(�E� − θ�F�)

]}
, (3)

where α� is a constant, �E� = E�(σ i ) − E�(σ ) denotes the
energy difference between configurations σ and σ i, which are
placed in contact with the �th thermal reservoir, with recip-
rocal temperature β�, and θ�F� accounts for the contribution
of a worksource with strength F� and θ� = ±1 depending on
the local transition. Our reservoir approach implies that all
neighborhoods with the same |�| have the same temperature
β�. For systems with “up-down” Z2 symmetry, the energy can
be generically expressed according to the Ising-like form [40]

E�(σ ) = −J�

∑
(i, j)

σiσ j − H�

N∑
i=1

σi, (4)

where J� represents the interaction energy over a neighbor-
hood of k spins and H� is the magnetic field. The system
presents two ferromagnetic phases at low temperatures, and
a ferromagnetic-paramagnetic phase transition takes place as
the temperature is raised.

We now proceed with the thermodynamic description.
Starting with the entropy definition S = −〈ln P(σ )〉 (we adopt
the convention kB = 1), its time derivative dS/dt leads to
the following expression for the entropy production in the
nonequilibrium steady state (NESS), P(σ, t ) → pst (σ ) [11]:

σ̄ =
∑

i

〈
wi(σ ) ln

(
wi(σ )

wi(σ i )

)〉
. (5)

The first law of thermodynamics is established by taking
the time derivative of the mean energy U = 〈E (σ )〉, given by
dU/dt = ∑

� 	� + P, where 	� denotes the heat exchanged
with the �th thermal reservoir, defined as

	� =
∑

i

〈[E�(σ i ) − E�(σ ) − θ�F�]w�i(σ )〉. (6)

The expression for the power P can be obtained from the
first law of thermodynamics in the NESS (dU/dt = 0) as
P = −∑

� 	�. In particular, P = 0 when the J�
′s are equal

and F� = 0 for all �.
From Eq. (3), one obtains the ratio w�i(σ )/w�i(σ i) for each

thermal reservoir �, consistent with the local detailed balance:

w�i(σ )

w�i(σ i )
= e−β�[E�(σ i )−E�(σ )−θ�F�]. (7)

By inserting Eq. (7) into Eq. (5) and taking into account
that thermal reservoirs are mutually exclusive, the entropy
production can be expressed as σ̄ = ∑

� σ̄�, where each en-
tropy flux component σ̄� is given by

σ̄� =
∑

σ

pst (σ )
∑

i

w�i(σ ) ln
w�i(σ )

w�i(σ i)
. (8)

It is straightforward to see that the entropy flux component σ̄�

is related to the exchanged heat 	� by a Clausius-like relation,
σ̄� = −β�	�, where 	� is given by Eq. (6).

Generic and majority vote models. We now turn to the
relationship between this class of heat engines and opinion
models. Although the thermodynamics of opinion systems is
rather unconventional, their key features and phase transitions,
above all the behavior of the entropy production have been set
up recently [11,30,34,41]. Moreover, it offers a simple way
to link the different temperatures governing the dynamics by
means of a common parameter (alignment probability rate).

The generic vote model has a transition rate expressed
the form wi(σ ) = [1 − σig(�)]/2, where g(�) depends on the
neighborhood � and is an odd function, constrained between 0
and 1. Its simplest case is the majority vote (MV) model [30],
in which g(�) = sgn(�) for all �. Transition rates for the MV
are then given by

wi(σ ) = 1
2 {1 − (1 − 2 f )σisgn(�)}, (9)

meaning the spin σi tends to align itself with the local ma-
jority of its neighborhood with probability 1 − f , and with
complementary probability f , the majority rule is not fol-
lowed. Equation (9) is valid for all values of f in the interval
0 � f � 1/2.

From Eq. (9), the ratio between wi(σ ) and its reverse
wi(σ i) is given by

ln
wi(σ )

wi(σ i )
= −σi sgn(�) ln

(
1 − f

f

)
. (10)

To relate β�
′s and f , we take the energy difference due to

the spin flip, given by �E� = 2σi|�|sgn(�) for the Ising model
by setting H� = 0, such latter assumption because sgn(�) =
−sgn(−�) for any �. By choosing for simplicity θ� = σisgn(�)
and taking the logarithm of Eq. (7), it follows that

ln
w�i(σ )

w�i(σ i )
= −β�σisgn(�)(2J�|�| + F�). (11)

Since the transition rates associated with each thermal reser-
voir are mutually exclusive, a direct comparison with Eq. (10)
for a given � provides the evaluation of each β� given by

β� = 1

(2J�|�| + F�)
ln

(
1 − f

f

)
, (12)

where it follows that β2J2 = 2β4J4 = 3β6J6... = kβkJk/2 for
F� = 0 and β2(4J2 + F2) = β4(8J4 + F4) = β6(12J6 + F6)...
for F� �= 0. Note that the right-hand side of Eq. (12) estab-
lishes a relationship among all the temperatures involved and
will be taken into account in the subsequent analysis.

To extend the present description to a generic voter model,
it is required the knowledge of g(�) for each �. By taking
for simplicity k = 4 and F� = 0, g(�) can be expressed as
g(0) = 0, |g(2)| = q and |g(4)| = p. The connection between
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β2J2(β4J4) with q(p) can be obtained as before. In particular,
the condition β2J2 = nβ4J4 between temperatures (for n > 2)
implies that p and q are related via expression

p =
( 1+q

1−q

)2/n − 1( 1+q
1−q

)2/n + 1
. (13)

In all cases, from Eq. (6) one has 	� = ∑
i(2J�|�| +

F�)〈σisgn(�)w�i(σ )〉, and hence the expression for P becomes

P = −
∑

�

∑
i

(2J�|�| + F�)〈σisgn(�)w�i(σ )〉. (14)

A heat engine, providing partial conversion of energy from
the hot thermal reservoir(s) 〈Q̇2〉 = ∑

� 	�H[	�] > 0 (H[x]
being the Heavside function) into power P < 0 has associate
efficiency η given by η = −P/〈Q̇2〉.

III. MAIN RESULTS

Two thermal reservoirs. The simplest heat engine corre-
sponds to the k = 4 case, meaning that each unit has four
nearest neighbors and is placed in contact with two different
thermal reservoirs. By rewriting the heat flux in Eq. (6) as
	� = J�φ� + F�ξ�, where φ� = 2

∑
i〈|�|sgn(�)σiw�i(σ )〉 and

ξ� = ∑
i〈sgn(�)σiw�i(σ )〉, and taking into account that P = 0

when J2 = J4 and F� = 0, the first law of thermodynamics
states that φ2 = −φ4, where φ4 > 0. The power is then writ-
ten as P = (J2 − J4)φ4 − F2ξ2 − F4ξ4. In order to investigate
two different kinds of worksources, we split the analysis
into two complementary cases: J2 �= J4 and F2 = F4 = 0, and
J2 = J4 = J for F� �= 0. We pause to make a few comments
about the former case. First, the efficiency η acquires the
simple form η = 1 − J2/J4, which is lower than ideal effi-
ciency ηc = 1 − β4/β2, also expressed as ηc = 1 − J2/(nJ4)
(because β2J2 = nβ4J4). They are related via the relation η =
1 − n + nηc, consistent with η < ηc for all values of J2 and
J4. Second, in contrast with P and 〈Qν〉′s, σ̄ is independent of
J2 and J4 and is given by σ̄ = −β2	2 − β4	4 = (β2 − β4)φ4.
Thermodynamic quantities are not independent of each other,
but rather related through the identity −β2Pηc = J4ησ̄ . Due
to the fact that σ̄ does not depend on the J�

′s, they can be ad-
justed to improve the power and efficiency (although η < ηc)
without sacrificing dissipation. Third and last, since φ4 > 0,
the system operates as a heat engine when J2 < J4. The roots
of the power occur at J2 = J4 and φ4 = 0, the latter coinciding
with the minimum of σ̄ , in conformity with Ref. [15]. The
case of F� �= 0 (exemplified here for F2 = F4 = F �= 0 and
J2 = J4) is less direct. From Eq. (14), one has P = −F2(ξ2 +
ξ4) with efficiency η = F (ξ2 + ξ4)/	4, also bounded by the
Carnot efficiency ηc = 2/(4 + F ).

Figure 1 summarizes the above results for the β2(4J2 +
F2) = β4(8J4 + F4) case (MV model) for square and random-
regular (RR) topologies, both with k = 4 for F2 = F4 = 0
[panels (a)–(c)] and different F2 = F4 �= 0 [panel (d)]. For
convenience, all analyses are depicted in terms of the pa-
rameter f [temperatures are promptly evaluated from f via
Eq. (12)]. In all cases, systems present continuous phase
transitions as f is raised. They are characterized via the stan-
dard finite-size scaling analysis, through the crossing between

FIG. 1. Main results for the two thermal baths (k = 4). Panels
(a) and (b) depict for N = 100 the power 
 = P (continuous lines)
and the entropy production 
 = σ̄ (dashed lines) for the MV for
square (N = L2) and RR topologies, respectively, for β2J2 = 2β4J4

and different sets of J4
′s (J2 = 2). Circles, squares, and triangles

denote fc, fMσ̄ , and fmP, respectively. Bottom left panel shows the
finite size scaling of power P for RR topologies. Arrow indicates
the increase of N . Inset: The location of critical point fc for RR via
crossing between curves of U4 for different system sizes N . The right
(bottom) panel shows some results (
 = P and σ̄ ) for J2 = J4 and
distinct driving strengths F2

′s. In all cases, the efficiency η is constant
and given by η = 1 − J2/J4 (a)–(c) and η = F (ξ2 + ξ4)/	4 (d).

curves of the reduced cumulant U4 = 1 − 〈m4〉/(3〈m2〉2) [42],
where 〈mn̄〉 denotes the n̄th order parameter moment, 〈mn̄〉 =
〈(∑N

i=1 σi/N )n̄〉 (N = L2 and L3 for square and cubic lattices,
respectively). In particular, 〈|m|〉 and the entropy production
derivative σ̄ ∗ = d σ̄ /df scale with 〈|m|〉 ∼ L−β/ν and σ̄ ∗ ∼
Lα/ν at the criticality f = fc, respectively. Although β/ν =
1/8 and β/ν = 1/2 for square lattices and RR topologies,
respectively [34,38], α/ν = 0 in both cases, consistent with
a logarithmic divergence [11]. The value fmP at which −P
is maximum is directly related to the maximum of φ4 and
is different from fMσ̄ at which σ̄ is maximum. All such
points lie in the interval fc < fMσ̄ < fmP for square-lattice
( fc = 0.075(1) [30]) topologies and change mildly as the
system size is increased (not shown). On the other hand, the
behavior for RR topologies is more sensitive to the system size
[see, e.g., Figs. 1(a)–1(c)] and fMσ̄ < fmP < fc (insets) as N
increases. Similar results are exemplified for different sets of
F2 = F4 �= 0 [Fig. 1(d)].

Three thermal reservoirs. The k = 6 case is more revealing
because the system is now placed in contact with three
different thermal reservoirs. As exemplified in Refs. [25,26],
the thermodynamic analysis of the MV shows that φ2 < 0
and φ6 > 0 for all values of f , whereas the intermediate heat
flux (φ4 in such case) changes its sign at a intermediate f0

(inset). By curbing ourselves in the case F� = 0, together
the fact that φ4 = −(φ2 + φ6), the expressions for thermo-
dynamic quantities can be written down in the following
forms, given by P = (J4 − J2)φ2 + (J4 − J6)φ6, 〈Q2〉 =
J4φ4H[φ4] + J6φ6 (likewise 〈Q1〉 = J4φ4H[−φ4] + J2φ2),
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FIG. 2. The depiction of power and efficiency for the three reser-
voirs case (k = 6) for a cubic topology β2J2 = 2β4J4 = 3β6J6. Panel
(a) shows, for L = 16 (N = 163 sites), the behavior of P (continuous
lines) and σ̄ (dashed) for distinct f ′s for J2 = J4 = 2 and J6 = 5(8)
for middle (bottom) curves. Triangles, squares, and circles denote
PmP,PMσ̄ , and Pc, respectively. Top inset: The location of fc via
crossing between U4 curves for different system sizes. Arrow indi-
cates the increase of L. In (b) and (c), the influence of distinct system
sizes L′s and intermediate J ′

4s (J2 = 2 and J6 = 8), respectively, for
distinct f ′s. The corresponding efficiency curves of panel (c) are
reported in (d). Dotted and dashed lines correspond to the ideal
efficiency ηc and for J2 = J4, respectively. Bottom inset: The fluxes
φ�

′s versus f . Triangle denotes the value f0 in which φ4 vanishes.

σ̄ = (β4 − β2)φ2 + (β4 − β6)φ6. The efficiency η then reads

η = (J2 − J4)φ2 + (J6 − J4)φ6

J4φ4H[φ4] + J6φ6
, (15)

lower than η � ηc = 1 − J2/(3J6) (for the MV), for all values
of J�

′s (as should be). We see that P presents three different
roots, at J2 = J4 = J6 (absence of a heat-engine behavior),
φ2 = φ6 = 0 (corresponding to the minimum of dissipation
for the MV f = 0 or f = 1/2), and (J4 − J2)/(J4 − J6) =
−φ6/φ2. We also exemplify the three thermal baths case for
β2J2 = 2β4J4 = 3β6J6 (MV case), as summarized in Figs. 2
and 3. As the two thermal baths previous case, the sys-
tem also yields a continuous phase transition, presenting
different critical exponents for regular (cubic) lattices β =
0.32630(22), ν = 0.629912(86) (d = 3) [43], and β/ν = 1/2
for RR (like k = 4) [34]. Unlike the two thermal baths case,
in which P curves solely differ by a factor J4 − J2 with fixed
η, the presence of an intermediate thermal reservoir can be
conveniently chosen for improving the power and efficiency
for both lattice topologies. Also, maximum powers −PmP

′s
also deviate for larger values f (the system can be constrained
in the disordered phase as N → ∞) as J4 increases. The
behavior of η is also different as a consequence of φ4 changing
its sign at f0 ( f0 ≈ 0.162 for both cubic and RR, respectively).
For f < f0, η solely depends on φ2 and φ6 and it is given by

η = 1 − J4

J6
+ J2 − J4

J6

φ2

φ6
. (16)

FIG. 3. The same as Fig. 2 but for RR topologies as k = 6.

Note that η = 1 − J4/J6 for J2 = J4, as depicted in Figs. 2(d)
and 3(d) (dashed lines). By choosing suited values of J4, the
existence of an intermediate thermal reservoir not only can
improve the power, but also the efficiency, as depicted in
Figs. 2(d) and 3(d).

Pair mean-field description for the power and dissipation.
In order to provide additional insights about such class of heat
engines, we investigate the system behavior via the mean-
field approach for k = 4 by taking the correlation of two
sites, also known as pair mean-field approximation [2,25].
At this level of approximation, all quantities can be ex-
pressed in terms of m = 〈σi〉 and the two-site correlation,
and r = 〈σ0σi〉. To see this, let P(σ1, σ2, σ3, σ4|σ0) be the
conditional probability with σ0 and σi being the spin of the
central site and its k = 4 nearest neighbors, respectively. It
can be written as P(σ1, σ2, σ3, σ4|σ0) = ∏

i P(σi|σ0), where
P(σi|σ0) = P(σi, σ0)/P(σ0). They are related with m and r
through relations as P(σ0) = (1 + mσ0)/2 and P(σi, σ0) =
[1 + m(σ0 + σi ) + rσ0σi]/4, respectively. In order to find the
steady solutions for thermodynamic quantities, we take the
time evolution of m and r, expressed in terms of correla-
tions of type 〈σ0σ1 . . . σn〉 and 〈σ1 . . . σn〉. From Ref. [25],
we see they can be conveniently written in the following
forms: 〈σ0σ1 . . . σn〉 = (An − Bn)/2 and 〈σ1 . . . σn〉 = (An +
Bn)/2, respectively, where

An = (m + r)n

(1 + m)n−1
and Bn = (m − r)n

(1 − m)n−1
. (17)

We arrive at the following equations for m and r:

dm

dt
= −m − 4am + 2b(A3 + B3) (18)

and

dr

dt
= −2r + 2a + 3(a + b)(A2 + B2) + b(A4 + B4), (19)

respectively. Parameters a and b are simpler for β2J2 = 2β4J4

(MV for F� = 0) and given by b = −3a, where b = −(1 −
2 f )/8. For the generic case β2J2 = nβ4J4, one has a = (p +
2q)/8 and b = (p − 2q)/8, where p and q were described
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FIG. 4. Left: For β2J2 = 2β4J4 (MV) and F ′
� s = 0, the depic-

tion of 
 = m,P and 
 = σ̄ for the pair approximation for k = 4.
Right: The comparison between P′s for different n′s. Quantities
have been expressed in terms of f = (1 − q)/2. The behavior of
thermodynamic quantities is marked by a kink (symbol �) at the
phase transition, the disordered phase being at the right. Inset: The
corresponding behavior for m′s. Parameters: J2 = 2 and J4 = 8.

previously. As stated previously, quantities can be solely ex-
pressed in terms of φ4 for k = 4, P = (J2 − J4)φ4, and σ̄ =
(β2 − β4)φ4, where flux φ4 reads

φ4 = A3 − B3 − a(A4 + B4) − 3(a + b)(A2 + B2) − 2b.
(20)

The steady state solution characterizing the ordered phase is
found by solving numerically Eqs. (18) and (19). On the other
hand, they become simpler in the disordered phase, in which
m = 0 and r = a + 3(a + b)r2 + br4, and the flux φ4 is given
by φ4 = 2r3 − 6r2(a + b) − 2ar4 − 2b or equivalently φ4 =
[8r3 − p(r4 + 6r2 + 1) − 2q(r4 − 1)]/4.

Figure 4 summarizes above discoveries for m,P, and σ̄

for n = 2 as well as a comparison of P for distinct n′s.
As can be seen, it reproduces previous similar trademarks
of a heat engine in both ordered and disordered phases, in
which maximum power and dissipation yields at the ordered
phase, consistent with the collective behavior improving the
system performance. Although the values of fMσ̄ , fmP, and fc

obtained from mean-field theory (MFT) are different from

the estimates on square lattices [Fig. 1(a)], they follow the
same ordering ( fMσ̄ < fmP < fc) and are very close to those
for the RR case [Figs. 1(b) and 1(c)]. In contrast to previous
topologies, both P and σ̄ exhibit a kink at the phase transition.
Also, both P and its maximum values −PmP increase as
n (larger difference of temperatures) goes up. However, the
ordered phase is substantially shortened in this case.

IV. CONCLUSIONS

We presented an alternative kind of nonequilibrium ther-
mal engines operating collectively, based on the idea of a
well defined thermal reservoir due to the spin neighborhood.
Unlike other kinds of collective heat engines [17], the system
exhibits a heat engine behavior which can be optimized in
both ordered and disordered phases. We derived a general
relation between power, efficiency, and dissipation for the two
thermal reservoirs case. Also in contrast with other examples
of collective systems [18], results are similar for different
topologies, suggesting that it does not play a fundamental
role upon the system performance. Remarkably, the optimized
points (maximum power and dissipation) and the critical point
obtained for RR topologies lie very close to those obtained
from the pair MFT. The three thermal baths exhibit richer
features in which the intermediate thermal reservoirs can be
properly adjusted ensuring the improving of power and effi-
ciency. The connection with different kinds of voter models
was also considered and exemplified, highlighting different
routes for improving the power and efficiency.
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