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Abstract
We study theMarkovianity of a composite system and its subsystems.We showhow the dissipative
nature of a subsystem’s dynamics can bemodifiedwithout having to change properties of the
composite system environment. By preparing different system initial states or dynamically
manipulating the subsystem coupling, we find that it is possible to induce a transition fromMarkov to
non-Markov behavior, and vice versa.

Introduction

The theory of open quantum systems plays a central role in the description of realistic quantum systems due to
unavoidable interactionwith the environment. As is well known, the system–environment interaction can lead
to energy dissipation and decoherence [1], posing amajor challenge to the development ofmodern technologies
based on quantum coherence [2]. Due to its fundamental character and practical implications, the investigation
of dissipative processes has been a subject of vigorous research, where the standard approach assumes a system–

environment weak coupling and amemoryless quantumdynamics (the Born–Markov approximation). Under
such assumptions, systemdynamics are determined by a quantumMarkovianmaster equation, i.e., a
completely positive quantumdynamicalmapwith a generator in the Lindblad form [1, 3].

Although theMarkovian approach has beenwidely used, there is a growing interest in understanding and
controlling non-Markovianity. In quantummetrology, for example, entangled states can be used to overcome
the shot noise limit [4] in precision spectroscopy, even in the presence of decoherence [5].However, as
suggested in [6, 7], higher precision could be achieved in a non-Markovian environment, since a small
Markovian noise would be enough to restore the shot noise limit. Non-Markovian dynamics also play an
important role in quantumbiology [8], where interactionwith a non-Markovian environment can be used to
optimize energy transport in photosynthetic complexes [9], and can be observed in condensedmatter devices
like quantumdots [10, 11] and superconducting qubits [12]. Furthermore, as pointed out recently in studies
involving quantumkey distribution [13], quantum correlation generation [14], optimal control [15], and
quantum communication [16], the use of non-Markovian dynamics could offer an advantage overMarkovian
dynamics.

This scenario hasmotivated studies aimed at characterizing and quantifying non-Markovian aspects of the
time evolution of an open quantum system [17].However, unlike the classical case, the definition of non-
Markovianity in the scope of quantumdynamics is still a controversial issue. For example, Breuer, Laine and
Piilo (BLP) [18] have proposed ameasure for non-Markovianity using the fact that all completely positive-trace
preserving (CPTP)maps increase the indistinguishability between quantum states. From a physical perspective,
a quantumdynamics would be non-Markovian if therewere a temporary back-flowof information from the
environment to the system.On the other hand, for Rivas, Huelga and Plenio (RHP) [19], a quantumdynamics
would be non-Markovian if it could not be described by a divisibleCPTPmap. Formally, for such cases, one
could notfind aCPTPmap t t: (0) ( ) ( , 0) (0)Φ ρ ρ Φ ρ↦ = , describing the evolution of the density operator ρ
from time 0 to t, such that t t t t( , 0) ( , ) ( , 0)Φ τ Φ τ Φ+ = + , where t t( , )Φ τ+ and t( , 0)Φ are twoCPTP
maps. Therefore, the indivisibility of amapwould be the signature of non-Markovian dynamics. These two
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different concepts of non-Markovianity are not equivalent [20]: although all divisiblemaps areMarkovianwith
respect to the BLP criterion, the converse is not always valid [21].

In this paper, we explore the idea of how one might manipulate the Markovian nature of a
dissipative subsystem, by exploiting features of its being a part of a composite system. For that, we study
the dynamics of interacting two-state systems (TSS) coupled to a common thermal reservoir. By changing
the composite initial state and/or the TSS couplings, we show that it is possible to modify in situ the
characteristics of the subsystem’s dissipation, enabling one to induce a transition from Markovian to
non-Markovian dynamics and vice versa. Moreover, we observe the possibility of having different
behaviors for the composite and subsystem, even when they are coupled to a common thermal
environment. Finally, we provide a qualitative and quantitative description of how the environmental TSS
acts as part of the subsystem environment.

Themodel

We initiate our analysis by choosing an exactly soluble analyticalmodel that is capable of presenting the physics
wewant to exploit fromdissipative composite systems. Therefore, our starting point is the dephasingmodel for
two interacting two-state systems (2-TSS)
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The choice of thismodel is alsomotivated by the possibility of implementation in different experimental
settings. For example, it could be realized in superconducting qubits [22], trapped ions [23], ultracold atoms in
an optical lattice [24], andNMR systems [25]. In addition, such amodel, without TSS–TSS couplings, is also
considered as a paradigmof quantum registers [26].

The bath of oscillators, introduced by the canonical bosonic creation and annihilation operators bk
† and bk, is

characterized by its spectral density g( ) ( )
k k k

2 ∑ω δ ω ω≡ ∣ ∣ − [27], and is responsible for imposing a

nonunitary evolution for the 2-TSS. Since H[ , ] 0i
zσ = , the populations of the eigenstates of ( , )z z

1 2σ σ are
constants ofmotion and the couplingwith the environment solely induces randomdephasing between any
superposition of those eigenstates. The (2-TSS)-bath time evolution operator can be determined as
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i k ω≡ − ω . Consequently, if t( )SBρ denotes the densitymatrix of the 2-TSS plus bath, then

t U t U t( ) ( , 0) (0) ( , 0)SB SB
†ρ ρ= . Regarding the (2-TSS)-bath initial correlations, the initial state (0)SBρ is

hereafter assumed to be separable, i.e., (0) (0)S BSBρ ρ ρ= ⊗ , where the bath is considered to be in equilibrium

at temperatureT and therefore ZeB
b b k T

k k k k B
†ρ = ∑ ω−  .

2-TSS dynamics
The dynamics of the open 2-TSS follows from the system’s reduced densitymatrix, defined by

t t( ) Tr [ ( )]B SBρ ρ≡ , where Tr [...]B means the trace of bath degrees of freedom. Performing the calculation, one
canfind that t( )ρ obeys the exactmaster equation
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where [ , ]({ , }) denotes the standard (anti)commutator, and t t( ) d sin coth
k T

( )

2 B

∫γ ω ω≡ ω
ω

ω is the time-

dependent dephasing rate3. Since no approximation has beenmadewhatsoever, it is worth noting that
equation (3) constitutes a genuine CPTPquantumdynamicalmap.

Themaster equation (3) has a very suitable form for the analysis of quantumMarkovianity, since it can be
directly comparedwith thewell-knownLindblad theory for open systems [1, 3]. Indeed, if t( ) 0γ ⩾ for all
t 0⩾ , the time-localmaster equation describes a divisible CPTPmap. Therefore, under this condition, the

3
Due to the system–environment interaction, the (unobservable) bareTSS–TSS J coupling is renormalized, such that

J t J t t( ) ( ) d ( )(1 cos )∫ ω ω ω ω→ + − , whenworkingwith the system’s reduced dynamics. Throughout themanuscript, the J values
used for the system’s reduced dynamics stand for their renormalized values.
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dynamics would fall into the class of problems considered as paradigms of quantumMarkovian processes, since
there is only a single decoherence channel [18, 19, 21, 28].

The simplest example one can find for the systemHamiltonian equation (1) that has t t( ) 0, 0γ ⩾ ∀ ⩾ , is

the case of an ohmic bath4, i.e., ( ) e c ω ηω= ω ω− . Indeed, as depicted infigure 1(a), for any bath temperature
T, the dephasing rate satisfies the condition of being non-negative for eachfixed t 0⩾ . Consequently, the 2-TSS
dissipative dynamics would be categorized asMarkovian.

Another important case happenswhen the environment seen by the systemof interest presents a
pronounced peak (often referred as a Lorentzian peak [29, 30]) at a characteristic frequencyΩ. Relevant
examples are superconducting qubits coupled to readout dc-SQUIDS [12], electron transfer in biological and
chemical systems [31] and semicondutor quantumdots [32], to name just a few. Figure 1(b) shows the
dephasing rate assuming a Lorentzian shape for the bath spectral density [29, 31]. As one can observe, for the
case inwhich the resonancewidth l is of the same order as the frequency peakΩ, the dephasing rate can present
negative values (solid curve) or be a positive-valued function (dashed and dotted-dashed curves), depending
upon the bath temperature. Thus the composite dissipative dynamics would beMarkovian as long as the
thermal energy scale is comparable to or larger than the resonance parameters (dashed and dotted–dashed
curves), i.e., k T lB Ω≳ ∼  .

Figure 1.The dephasing rate t( )γ (a), (b) and trace distance equation (6) (c), (d) as a function of time for the systemHamiltonian
equation (1) in anOhmic (a)–(c) and Lorentzian (b), (d) environment. Depending upon the bath temperatureT, it is found non-
negative dephasing rates for all t for both spectral densities, indicating regimes ofMarkov behavior for the 2-TSS dynamics. The trace
distance is taken for the TSS reduced densitymatrix for twoTSS–TSS constant coupling strengths J, considering a bath temperatureT
where the 2-TSS dephasing rate has been found to be always positive, and orthogonal initial states given by

( ) ( )a 1

2
Ψ = ∣ + 〉 − ∣ − 〉 ⊗ ∣ + 〉 + ∣ − 〉 and ( ) ( )b 1

2
Ψ = ∣ + 〉 + ∣ − 〉 ⊗ ∣ + 〉 + ∣ − 〉 . The non-monotonic behavior is a

signature of non-Markov process for the single TSS dynamics. Physical parameters used for this plot: in addition to the values quoted
in the panels, we set l 0.01 cΩ ω= = .

4
For the class of parameterized spectral functions ( ) es c ω ηω= ω ω− , onefinds that, if s 2⩽ , t( )γ is a positive-valued function for any

temperature and therefore the systemdynamics isMarkovian.On the other hand, if s 2> , depending upon the temperature, t( )γ can
present negative values, given a non-divisiblemap.
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Single TSS dynamics
Thus far, we have only been concernedwith characterizing the dissipative dynamics of the composite system,
i.e., the open 2-TSS.Whatwe nowwant to address is whether or not the single TSS dissipative dynamics can be
tuned in situ such that its behavior would differ from that observed for the composite system. In fact, one could
envision that, due to its interactionwith the other TSS (hereafter labeled the auxiliaryTSS), a single TSSwould
be coupled to a structured bath (auxiliary TSS + environment), whichwould play the role of an effective bath,
and could induce a different nature for the dissipative process. If so, itmight be possible to change dynamically
the nature of such a structured bath by varying the TSS–TSS coupling J and/or the initial state of the
auxiliary TSS.

Asmatter of fact, the approach of considering the subsystem’s environment to be composed a common
environment plus the rest of the composite systemwas employed long ago. Indeed, regarding to the
characterization of an effective dissipativemechanism, it was successfully applied to the class of problems
mapped onto a TSS coupled to a harmonic oscillator in the presence of aMarkov bath, where perturbative
[29, 31], non-perturbative [33], spectral density series representation [34] and semi-infinite chain
representation [35] techniques were proposed to describe such an effective dynamics in several contexts. In
addition, amulti-spin environment coupled to local bosonic baths has also been studied [36] in the context of
Markovianity. It is also noteworthy that the presence of initial correlations in an environment composed of
several subparts can lead to changes in the subsystemdynamics. Such an influence has been successfully
investigated, with regard to the BLPmeasure, theoretically [37] and experimentally [38] for the specific case of
non interacting TSS–TSS systems, which interact locally with correlatedmultimode fields. In spite of the results
mentioned above, no systematic investigation of theirMarkovianity has been undertaken using bothRHP and
BLPmeasures. Nor have interacting TSS–TSS composite systems in the presence of thermal baths been
analyzed, where tunability seemsmore natural formanipulating the dissipative dynamics nature of several
physical implementations.

We shall address this question by looking at the single TSS reduced densitymatrix

t t t˜ ( ) Tr Tr [ ( )] Tr [ ( )]B1 2 SB 2ρ ρ ρ≡ = , where Tr [...]2 means the trace of the auxiliary TSS degrees of freedom. Its

matrix representation in the zσ eigenbasis ( zσ ∣ ± 〉 = ± ∣ ± 〉 ) can be cast in the simple form
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dynamicalmap describing equation (4)is nonlinear, since it depends on the composite initial state. Indeed, such
a feature becomes clear when one tries towrite the reduced densitymatrix equation (4) in a similar form to a
Kraus representation [2], i.e., t˜ ( ) ˜ (0)

k k k1 0, 1
†∑ρ Π ρ Π= = ± , with operation elements kΠ given by
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Observe that those operators are dependent on the composite initial state, whichwould not be a genuineKraus
representation. Therefore, it is clear that, in general, the dynamicalmap describing the evolution of the single
TSS reducedmatrix t˜ ( )1ρ is itself dependent on the initial condition ˜ (0)1ρ , which breaks the linearity of themap.
Furthermore, the reduced dynamics are not necessarily described by a completely positive dynamicalmap. It is
worthy ofmentioning that, under such circumstances, the characterization of the single TSS dynamics as
Markovian or not is disputable with currentmeasures, since bothRHP andBLP proposals rely on linearmaps.
Nevertheless, it is still possible tofind conditionswhere the dynamicalmap of the single TSS reducedmatrix

t˜ ( )1ρ is a linear CPTPmap, thus being consistent with RHP andBLP constructions. Those happenwhen (i) the
composite initial state is a product state, i.e., (0) (0) (0)s 1 2ρ ρ ρ= ⊗ , and (ii) there is noTSS–TSS interaction
(J = 0), since for both cases one finds t( ) (0) 1β β = . In other words, in these cases the reduced dynamics is
described by a genuine Kraus representation.
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It follows from equation (4) that themaster equation for the single TSS reduced densitymatrix reads
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. Note the

Lindblad structure of themaster equation (5), where H t˜ ( )1 and t˜( )γ play the roles of effective single TSS
Hamiltonian and dephasing rate, respectively, and aremanifestly dependent on the composite system initial
state condition.Moreover, since β depends only on the initial state (0)sρ and the TSS–TSS coupling J, neither the
unitary part of equation (5) nor the extra term in its dephasing rate is influenced by the system–bath coupling.
Consequently, the bath and auxiliary TSS contributions for each termof equation (5) can be identified and
quantified.

Two results immediately become apparent: (i) as expected, if the TSS–TSS coupling is zero
(J t t J0 d ( ) d 0 ˜ 0 and ˜β γ γ= → = → = = ), the single TSS dissipative dynamics is completely enforced by
the environment; and (ii) if the auxiliary TSS initial state is set in an eigenstate of zσ , one finds that

t*d 0 ˜d
2

⎛
⎝⎜

⎞
⎠⎟R γ γ= → =β

β β∣ ∣
and J J˜ z

2σ= 〈 〉, where Tr[ (0) ]z z
2 2 2σ ρ σ〈 〉 ≡ . These results highlight the fact that

the auxiliary TSS dynamics will be locked into its initial state, since zσ is a constant ofmotion. Therefore the
interacting term J z z

1 2σ σ will only play the role of a fixed externalfield for the single TSS, inwhich dissipative
dynamics would follow the process imposed by the environment. Thus, for such cases, both the composite and
single TSS dissipative dynamics would have the same behavior.

In spite of the two cases discussed above, in general γ̃ is not determined only by the environment dephasing
rate γ and is not a positive-valued function. Therefore, with regard to the concordance betweenBLP andRHP
measures, it is not possible to infer from themaster equations (3) and (5)whether the single TSS dissipative
dynamics will follow the same behavior as that observed for the composite system. Consequently, the two
measures have to be determined in order tofind the cases of agreement in our system.

As alreadymentioned, the figure ofmerit for BLP is the distinguishability of quantum states [1]. An
important tool that has been used as ameasure for the distinguishability of quantum states is the trace distance
D ( , ) Tr1

2
ρ σ ρ σ≡ ∣ − ∣between two quantum states ρ and σ [2]. According to BLP, since the trace distance has

the feature that underCPTPmaps t( , 0)Φ its value cannot increase beyond its initial value [2], i.e.,
D t t D( ( ), ( )) ( (0), (0))a b a bρ ρ ρ ρ⩽ , where t t( ) ( , 0) (0)a b a b, ,ρ Φ ρ= , the trace distance could also be used as a
definition of non-Markovianity [18, 21]. That definition is based upon the idea that aMarkovian dynamics has
to be a process inwhich any two quantum states become less and less distinguishable as the dynamics flows,
leading necessarily to amonotonic decrease of its trace distance. Thus, a non-monotonic behavior is interpreted
as a back-flowof information from the environment to the system. From an experimental perspective, the trace
distance could be calculated by the tomography of the density operator, as was recently done by Liu et al [38, 39]
using all-optical experimental setups, or inferred from currentfluctuations [11].

For states given by equation (4), the trace distance can be easily determined as

( )D t t t t˜ ( ), ˜ ( ) ( ) e ( ) ( ) , (6)a b
a b

t
a b1 1

2 2 ( ) 2ρ ρ α α β β= − + ∣ − ∣Γ−

which time behavior ismanifestly dependent on the 2-TSS initial state. For instance, panels (c) (Ohmic) and (d)
(Lorentzian bath) of figure 1 show a representative initial condition, inwhich the auxiliary TSS is set in an equal
superposition of zσ eigenstates, i.e., ( ) 2∣ + 〉 + ∣ − 〉 . The bath temperature is chosen such that bothOhmic
and Lorentzian baths produce aMarkovian process for the composite system.However, even though it
asymptotically vanishes for both cases, the trace distance for single TSS states is non-monotonic, indicating a
non-Markovian process.Moreover, this non-monotonic behavior implies that the TSS dynamics is indivisible
[21]. Thus the TSS dynamics is non-Markovian not only in terms of the back-flowof information, but alsowith
respect to the RHP criterion.

On the other hand, one can find a situation inwhich the single TSS dynamics isMarkovian evenwhen the
composite systempresents a non-Markovian behavior. This unexpected scenario is shown in figure 2. The
negative values assumed by the dephasing rate t( )γ , panel (a), ensure that the 2-TSS dynamics is indivisible.
Furthermore, as shown in panel (b), the trace distance can be found having a non-monotonic behavior.
Therefore, the composite system conforms to a non-Markovian quantumprocess with respect to the BLP and
RHP criteria. However, since the effective rate t˜( )γ is always positive for the fixed initial condition (0)2ρ , inset of
panel (a), we have a divisible dynamics, implying that the trace distance is amonotonic function of time [21], as
illustrated in panel (b). Consequently, the single TSS dynamics is aMarkovian process in the standardway. A
similar result was obtained for non-interacting TSS–TSS systems coupled locally with correlatedmultimode
fields [37, 38].
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The results and examples offered here demonstrate (i) that the single TSS hamiltonian has no influence
regarding theMarkovianity of both single TSS and composite system; (ii) if one tries to push the characterization
of theMarkovianity of the single TSS dynamics for cases where themap is nonlinear, it is found that a 2-TSS
entangled state is not a sufficient condition for non-Markovianity of the single TSS dynamics. Indeed, a simple

examplewould be having one of the Bell states, e.g., ( ) 2Φ = ∣++〉 + ∣−−〉+ , as the 2-TSS initial state. For

those states, onefinds t( ) 0β = in equation (4), which leads to a non-dissipative dynamics for the single TSS
dynamics. This result explicitly shows that the single TSS reduced dynamics has a convoluted dependencewith
the 2-TSS initial state, which does not allow one drawing immediate conclusions about the role played by the
presence of entanglement in the initial state; and (iii) that the presence of the auxiliary TSS not only has
quantitative effects, butmay also have, with regard to BLP andRHP criteria, a decisive impact on the nature of
the TSS dynamics. Such an influence can bemademore explicit if one focuses on cases where the composite
initial state is a product state ( (0) (0) (0)s 1 2ρ ρ ρ= ⊗ ). In fact, for those the extra term in γ̃ , namely,
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Furthermore, if one considers problems having the same (0)2ρ , thefigure ofmerit for both criteria becomes γ̃ ,
since themonotonicity of the trace distance equation (6) is determined by D td d γ̃∝ − . For this case, the
agreement between the two criteria is guaranteed because equation (5) describes a single decoherence channel
with the same t˜( )γ for all (0)1ρ [28]. Thus, as ˜ auxγ γ γ≡ + , it is clear that can be established a competitionwhen
setting the nature of the reduced TSS dynamics, which can be tailored through the knobs J and z

2σ〈 〉due to the
presence of the auxiliary TSS.

Indeed, except for the trivial case 1z
2σ∣〈 〉∣ = , equation (7) shows that the termdue to couplingwith the

auxiliary TSSwill induce an ad infinitum pattern ofmomentary loss and recurrence of quantum coherence
observed for the reduced TSS dynamics, which is a characteristic of the entanglement created between a tiny
number of degrees of freedom. Thus the couplingwith the auxiliary TSS constitutes a channel, here reversible,

Figure 2.Panel (a): the dephasing rate for 2-TSS and a single TSS (inset) as a function of time for the systemHamiltonian equation (1)
in a Lorentzian environment. Although the dephasing rate t( )γ for 2-TSS assumes negative values, the effective dephasing rate t˜( )γ for

the single TSS is always positive. To compute t˜( )γ we set the auxiliary TSS state as 0.1 0.9auxψ = ∣ + 〉 + ∣ − 〉. Panel (b):
Trace distance and its derivative (inset) for 2-TSS and a single TSS as a function of time for 2-TSS orthogonal initial states

( )a 1

2 auxΨ ψ= ∣ + 〉 − ∣ − 〉 ⊗ and ( )b 1

2 auxΨ ψ= ∣ + 〉 + ∣ − 〉 ⊗ . The non-monotonic behavior of the trace distance

is observed only for 2-TSS dynamics. Physical parameters used for this plot: J 2 10 c
3ω= × − , T k2.5 10 c B

3 ω= × −  , 0.1η = and
l 0.01 cΩ ω= = .
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for exchanging information. The reversibility of such a channel is only possible here because of the diagonal
nature of the interactions, whichmaintains the amplitude of auxγ constant. Consequently, the irreversibility of
the dephasing process observed for the reduced TSS is only led by its direct coupling to the environment.
Following that reasoning, one could expect that the same results would be found for the reduced TSS dynamics if
an independent bathmodel were assumed, instead of the common environmentmodel equation (1). As a
matter of fact, as long as the diagonal nature of the interactions is preserved, the same results equations (4)–(7)
are obtained, with t( )γ reading the dephasing rates due to the individual baths coupled to the single TSSs.

Afinal note on the single TSS dissipative dynamics comes from the observation that, if (0)2ρ is assumed to be
a thermal state, our problem resembles verymuchwith the one having a unique (structured) thermal bath
initially decoupled from the single TSS. Despite several known examples of the TSS-harmonic oscillator
problem [29–35], because of the different character between the spin and bosonic degrees of freedom, it does
not seempossible to assign an effective spectral density for the TSS–TSS case. Nevertheless, for the case of a
constant JTSS–TSS interaction, one can single out a spectral density due to the spin character of the structured

bath. Following from equation (7), one finds that t( )auxγ d
( )aux∫ ω= ω

ω ( )tsin
J1

1

2z

z
2

2
ω σ

σ

ω− ∣ 〈 〉 ∣
+ ∣ 〈 〉 ∣ d

( )aux∫ ω= ω
ω

( )tsin exp
J k T2 B

2ω − ϵ ω , which leads to the spin component of the spectral density

J m Jm( ) (2 ) ( 1) ( 2 )
m

m
aux

2
1

1 ∑ω δ ω≡ − −
=

∞ + . Those finds reveal that the auxiliary TSS behaves as amode filter

for the natural J2 frequency and its harmonics, which areweighted by a Boltzmann factor of effective
temperatureT J T(2 )spin 2ϵ≡ .

Non-commuting system–environment interaction: a case study

The analysis of the exact solublemodel equation (1) gives evidence that the presence of an auxiliary system
coupled to the systemof interest could create a knob tomanipulate in situ itsMarkovianity. However, since it
was obtained for the particular situationwhere the system–environment interaction commutes with the system
Hamiltonian, one couldwonder whether such a featurewould be spoiled if the system–bath interactionwould
not commutewith the systemHamiltonian. Unfortunately, for such cases, exact solutions are rare, if not
impossible. Nevertheless, we nowpresent a case study, which is representative of some physical systems [23, 24],
where onefinds that the idea of having a knob forMarkovianity, due to the presence of an auxiliary system, does
also apply.

Our case study has the feature that, by construction, the composite systemdynamics is assumed to be
Markovian, but depending on its initial state, the single TSS dynamics can be found to be bothMarkovian or
non-Markovian. TheHamiltonian of interest is exactly the one given by equation (1), except for the system–

environment interaction, which now reads

( )H
S

g b g b
2

. (8)x

k
k k k kint * †∑= +

Assuming that the system–environment interaction is weak and the composite systemdynamics isMarkovian,
such that the Born–Markov approximation is aplicable, the system’s reducedmaster equation is found to have a
Lindblad formwith positive rates [1].

As for the single TSS dynamics, as expected, itsMarkovian character is dependent on the 2-TSS initial state.
For example, for the environment temperature T 0 K= , if the 2-TSS initial state is the separable state

(0)1ρ ⊗ ∣ − 〉〈 − ∣, one can put the single TSSmaster equation in a Lindblad form given by

( )t J˜
.

( ) i( ) , ˜
e

1 e
2 ˜ ˜ ˜ , (9)

t

t1 1 1 1 1
⎡⎣ ⎤⎦

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ρ ϵ σ σ ρ

γ
σ ρ σ ρ σ σ σ σ ρ= − − +

+
− −

γ

γ+ −
−

−

− − + + − + −
−

−

where5 t J( ) ( ) 0γ ϵ= − >− Thus, for that initial condition, the single TSS dynamics would beMarkovian.On

other hand, if the 2-TSS initial state is still separable, but given by another condition, e.g., (0)1 aux auxρ ψ ψ⊗ ,

with 0.9 0.19auxψ = ∣ + 〉 + ∣ − 〉, onefinds, using the trace distance, that the single TSS dynamics would

be characterized as non-Markovian, according to both BLP andRHP criteria (seefigure 3). Therefore, such
examplesmake clear that the 2-TSS initial state can be used as a knob to determine theMarkovianity of the single
TSS, even having the system–environment interaction not commutingwith the systemdynamics.

5
Here, for simplicity, we have assumed t t( ) ( )1 2ϵ ϵ ϵ= = , J t J( ) = and Jϵ > . It is worthy of note that, for a general initial state, even for a

separable state, itmay not be possible writing the single TSSmaster equation in a Lindblad form.
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Conclusions and perspectives

In summary, we have shown the possibility ofmanipulating theMarkovianity of a subsystemof interest without
having to change the common thermal environment properties or to assume a correlated environment state,
which can be daunting requirements for some physical implementations. By choosing an exactly solublemodel
and a case study for a non-commuting system–environment interaction, we illustrated howone can induce a
transition fromMarkovian to non-Markovian dynamics, and vice versa, by changing the characteristics of the
composite system. Such analises build evidences that a knob forMarkovianity can be introducedwhen one
couples an auxiliary system to the systemof interest. Among the perspectives offered by this work, one could
envision points regarding whether it would be possible having the concept ofMarkovianity and non-
Markovianity defined for those cases which dynamics is described by nonlinearmaps, the extension to other
non-commutative TSS–TSS interactions and the role of the number of degree of freedom involved in the
coupling auxiliary system.On this last point, it would be interesting to investigate whether therewould be a
limitation on themaximumnumber of degrees of freedomallowing for the existence of the knob
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