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1 Introduction

L . . 5 . . . :
foet Rbe a ring (with unity). We recall that a map * : R — R is called an involution in R if
tala,be R we have that:

) (a4 by = g 4 3,
(i) (ab) = poge,
(iii) (@) =q.
erllf Ris an algebra over a field F' and * is an involution of R such that a* = a for all a € F,
FWe say that * is an involution of the first kind.
al.)or example, if F is field and My(F) the algebra of k x k matrices over F', then map
MZ(F'_)‘) (ai;)t = (aj;) is an involution of My(F'), which is called the transpose involution of
e define the group of units of a ring R by:

U(R) = {z € R|z is invertible }.

a8 an involution *, we define the subgroup of unitary units by

fRh

U(R) = {z €U(R) | " =1},

Le, : : - :
e’ ain element z € R is a unitary unit if and only if u* = u~".
4180 consider the following sets

Rt = {z € R| 2" =z}, symmetric elements

R = {z € R|z" = —z}, antisymmetric clements

Our ajm j : : . . NI :
M 1s o give some information about U, ( R) in the case when R is a finite dimensional

ge Ta, ¢ 3
er a field. The results mentioned below were obtained in a joint research with Prof.

Lbonig (1.
Glambruno, of the University of Palermo.
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2 Matrix algebras

ioned
o . s menti0n€
In what follows, F' will always denote a field of characteristic different from 2. As

b oy

gLkl dow
5 : ith i n is to en
above, an obvious way to consider a full matrix algebra as a ring w1th‘ m;olutjl& (F) can be
it W'lt"l’l the transpose involution. Also, if k = 2m is even, every matrix X € Mam

written in the form
A B
e {c D}’

5. — Mam(F )
where A, B,C and D denote blocks in M,,,(F). Then, the map *: Mym(F)
given by

C D -Cct A

is an involution of My, (F) called the symplectic involution. ' _—
We can loosely say that these are the only involutions of a matrix algebra,
that we now make precise. ‘ # if there exists
Given two involutions * and # of a ring R we say that * is cqulva]cnt‘to {26 B
an element a € R, which is symmetric under ", such that z* = a~'a*a, for al J".;e Tt is well
Let * be an involution on My (F) of the first kind: i.e.. which fixes F elmn(‘,uf::‘{l: il.lvolution'
known that * is either equivalent to the transpose involution or the symplec 1() is actt
When F' is algebraically closed and * is an involution on My (F) then (Mk(F), ’
1somorphic to cither (Mg(F),!) or (Mi(F),") (see [3, Theorem 3.1.61]). . _ sthenk?®
When * = ¢ then U (M (F) = Ok(F) is the orthogonal group and when FT) i SL2(F)’
always even and we shall denote Un(My(F)) briefly as Sk(F). Notice that S‘é (F), we have
the special linear group of 2 x 2 matrices. It is well known that for all u € Ok(f)
that det u = £1 and for all u € Sk(F), we have det u = 1.
Let X = {21,2,,...} be a countable set and let F be the free grom),oﬁe " Y
a group and w = w(zy,...,z,) is a nonempty reduced word on F 1n a find ) _ 1 for all
variables xy,...z,,, we say that w = 1 is a group identity for G if “’(g"'“gtntwov jables
915+, 9n € G.. Without restriction, we may assume that w is a word‘in at leas roup ideD
for, if 2 = 1 is a group identity for a group G, then (zz,)" = 1 is also ‘a’ gsubgroup Of.a
for G. Furthermore, since a free group of finite rank n can be considered as (Lsume
free group of rank 2 (see, for example [2, Theorem 6.1.1]), we may always as
a word in precisely two variables. ¢ index 92
Notice that SOy(F) = {u € Oy(F) | det u = 1} is an abelian o &
(OxF) \ SOu(F))? = 1. Thus Os(F) satisfics the group identity (21,73) = -

» . o) . . i & t t .
that, when F is infinite and k > 2 then Ok(F') does not satisfy a group s
have the following.

o[t 5] e 4 2]

a sensé

ity
Lemma 2.1 Let F be qn i

” roup iden
nfinite field. If k > 2 then Ok(F) does not satisfy a 9
and if k > 1 then Sk(F)

does not satisfy a group identity.
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if either ™) = 0 or char(F)=p> 0
We recall that a field F'is called nonabsolute .1f either Fﬁa{{( F Zh(‘r(‘ s Ll il
and F is not algebraic over its prime field. For this type of fields,
of the preceeding lemma.

2 n absolute field.
Lemma 2.2 (J.Z. Gongalves and D.S Passman [1,'Lemma 2:5]) dL(;; ]f’>bcl aﬂml e
Tk>2 then Ok(F) does not contain non abelian free groups and if k
not contain non abelian free groups.

3 Finite dimensional algebrs

i > ’s Theorem and standard ar-
After the results in the preceeding section, using Wedderburn’s Theo
guments we ohtain the following.

. ra with involution over an
Theorem 3 1 Let R be a semisimple finite dimensional algebra with involu
algebmically closed field F
with char(F) # 2. Then

if R~ is ymutative.
(1) Un(R) satisfies a group identity if and only if R~ is commu

if and
i ¢ group of rank 2 if an
(%) 1f, furthermore, F is nonabsolute, then Un(R) contains no free g
only if R is commutative.

. ) ., with char(F) # 2
Theorem 3.2 Let F be an algebraically closed field wh.’(:h 7'5'71;‘1‘{""25?%;[’(1;1:S not contain a
and et R be‘ a ﬁr;ite dimensional algebra with. involution. id {.:tz'h/n(m")‘ z2)™ =1, for some
free group of rank 2 if and only if Un(R) satisfies the group identity (7,

Positiye integer m,.

¢ a fini oup G, one can give a
In thep special case when R is the group algebra of d“ i‘uu'terii; 1;) L Rt ok
Stronger result. We recall the definition of Lie commutators in a ,
[.’E],.’I?Q] = I1T9 — T2T3.

4 H 3 = ;171,.’172...,1',,,]]..1'"].
[s’lrl,ﬂ/'},.--,.}/"] [[ . | 1 rhmt
1 ¢ itive integer n such tha
: ring R is Lie nilpotent (of index n) if there exists a positive integ

oo 2,) =0, for all Ty,...2, € R.

Corollay

Y 3.3 Let G a d F eld wi () £ 2. If FG~ 1is Lie
. et be a finite group and any field with char(F') f
“ilpotent,

then Un(FG) contains no free group of rank 2.

Proofy will be published elsewhere.
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