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1 Introduction 
Let R be ·1 riu ( itl · ) '" · · l · · R 'f for all ' g w1 1 uuity . ve rccall that a rnap • : R --4 R 1s called an mvo uiion 111 1 

a, b E R we have that: 

(i) (a+ b)• =a•+ b·. 

(ii) (ab)• == b*a•. 

(iii) (a*)* = a. 

th If Ris an a.lgebra over a field F and • is an involution of R such that a* = a for all a E F, 
en we say th t • . R - a, 1s an involution of the first kuul. 

(a,j): exa~ple, if F _is fie~d and _Mk(F) the algeb~a º'. k x k matrices over F, then_ map 
Mk(F). (a,1) = (a1i) 18 an involution of Mk(F), which 18 called the transpose inooluiion of 

We define th · · e qroup of units of a rmg R by: 

U(R) = {x E RI x is invertible }. 
If R has · 1 · 

e an invo ut1011 ·, we define thc subgroup of unitary uniis by 

. Un(R) = {x E U(R) 1 x x" = l}, 
~-, an element x E Ris a unitary unit if and only if u• = u-1• 
e also co · d h ,. . nsi er t e following sets 

R+ = { x E R I x • = :r}, syrnrnetric elcments 

0 
. _ n- = { x E R I x· = -x}, antísyrnmctric clemente 

ur a1m is to . . ,. . . 1 R . fi - . d' . al al11eb give some mtorrnation about U (R) m tho case w icn 18 a nite rmensron: " ra o ' n , 
Anto . v~r a field. The results rncntionc<l below wcrc obtaincd in a joint rcsearch with Prof. 

n10 G1amb 
1 

' runo, of the University of Palermo. 
tesearch - . _ _ . 
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2 Matrix algebras 
. . . . 2 As mentioned 

I hat follows F will always denote a field of characteristic difíercnt from ·. ·. t ndow 
n w . ' . . . . . l . lution is o e 
above, an obvious wa~ to con_s1der a fuH matrix al~ebra as~- n~1g wit ~ mvo Mzm(F) can be 
it with the transpose involution. Also, 1f k = 2m 1s even, evcry matrix X E 
written in the form 

• : M2m(F) -t M2m(F) where A, B, C and D denote blocks in Mm(F). Then, the map 
given by 

[ 
A B ] [ D' - B

1 
] X = C D i---; X' = -Ct At 

is an involution of M2m ( F) called the symplectic inoolution. . . a sense 
. · .· l .ebre !Il We can loosely say that these are thc only involutions of a rnatrix a g ' 

that we now make precise. . # .f tl ere exists 
Given two involutions • and # of a ring R we say that * is eqmvalent to 1 _ 1 R. 

an elernent a E R, which is symmetric under •, such that x* = a-1 x# a, for all J: E It is well 
Let * be an involution on Mk(F) of the first kind: i.e., which fixes F element~i_s~-ivolutioll· 

known that * is either equivalent to the transpose involution or the symplect~c) 1{
5 
actuallY 

When F is algebraically closed and * is an involution ou Mk(F) then (Mk(F), 
isomorphic to cither (Mk(F),t) or (Mk(F),•) (see [3, Theorem 3.1.61]). • _ , thell k is 

When * = 1
, then Un(lvh(F) = 0,(F) is the orthogonal group _and ~hen F ::::e SL

2
(F), 

always e:'en _and we shall denote Un(~k(F)) ~nefly as Sk(F). Notic~ th~t S~ (~), we have 
the special linear group of 2 X 2 matnces. It 1s well known that for all u. E k 

that dei u = ±1 and for_all u E Sk(F), we have dei u = 1. X If G is 
. on · f Let X = { X1, x2, ... } be a countable set and let :F be the free group . rnber o 

. . . r · fimte nu aJJ a group and w = w(x1, ... , Xn) 1s a nonempty reduced word on .r in ª ) :::e 1 for 
variables X1, ... xn, we say that w = 1 is a group identiiy for G if w(g1, · · · gn variable5 

. . . . d. t least two ·ty g1, · · ·, 9n E G .. W1thout restnct1on, we ma.y assume that w 1s a wor ma P jde11t1 
f. ·t· n . . l o a grou f a. or, 1 X1 = 1 IS a group identity for a group G, then (x1x2r = 1 IS as bgroUP o. 
f G Fu th . . . d ,d as a s11 is or - r ermore, smce a free group of finite rank n can be cons1 ere that W 
free group of rank 2 (see, for example [2, Theorern 6.Ll]), we may always assurne 
a word in precisely two variables. 

2 
and als0 

. Notice that 502(F) = {u E 02(F) 1 dei u = l} is an abelian group of iuclexlt turns out 
(O (F) \ SO (F))2 · · · • ( 2 2) === 1. we 2. 2. . . ~ L Thus 02(F) satisfics the group 1dentity X1, x~ tit . ln fact, 
that, when F 1s mfimte and k > 2 then Ok(F) does not satisfy a group iden y 
have the following. 

dentitY . f a group 1 Lemma 2.1 Let F be an infinite field. Jf k > 2 ihen Ok(F) does noi satis Y 
and if k > 1 then Sk( F) does noi satisfy a gro11p identity. 



We _recall that a field F is called nonabsolute if either char( F) = O or char(F) = p > O 
~lcl F 18 not algebraic over its prime field. For this type of fields, there is a stronger version 
0 the preceeding lemma. 

~emma 2.2 (J.Z. Gonçalves and D.S Passman [l, Lemma 2.5]) Lei F be an absolute field. 
1 k > 2 tlien Ok( F) does noi contain non abelian [ree groups and if k > l then Sk( F) does 
not conta' b z· zn rum a e uin [ree qroups. 

3 Finite dimensional algebrs 
After the results in the preceeding section, using Wedderburn's Theorem and standard ar­ 
guments we obtain the following. 

Theoren1 3.1 Let R be a semzsimple finite dimensional olqebra with involuuon over an 
algebraically closed jield F 

with char(F) i, ·2. Then 

(i) Un(R) satisfies a group identity if and only if R- is commutative. 

(ii) IJ; furthermore, F is nonalisolute, then U,,(R) contains no [ree group of rank 2 if and 
only if R- is commuiative. 

Theorem 3.2 Lei F be an algebraically closed field which is nonubsoluie, with char( F) i 2 t: lei R be a finite dimensional algebra with involution. Then Un ( R) does not contain a 
ree. group of rank 2 if and only if Un ( R) satisfies the group identity ( x?, x~r = 1, for some 
positive ínteger m. 

st In then special case wheu R is the group algebra of a finite group G, one can give a. 
ronger result. We recall the definition of Lie commutators in a ring R, which is inductive: 

[xi, X2,, .. ,:tn] = [[x1,X2.,. ,J;n-il, X.,], 
A ring R . L · ·z ( f · ) f 1 · · · · l th t [:r is ze nz potent o mdex n i t 1ere ex1sts a pos1t1ve mtegcr n sue 1 a 

1
' · · · ,:r,,] == O, for all X1, ... Xn E R. 

Corollar 3 3 nilpotF.nt ~ · Lct G be a finite g1'0up and F any field with char( F) f. 2. rf FG- is Lit-; 
- ' hen Un(FG) contains no free 91'01lJJ of rank 2. 

Proofo w·11 b ' 1 e published elsewhere. 
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