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Abstract

Truncated elliptical distributions occur naturally in theoretical and applied statistics
and are essential for the study of other classes of multivariate distributions. Two mem-
bers of this class are the multivariate truncated normal and multivariate truncated ¢
distributions. We derive statistical properties of the truncated elliptical distributions.
Applications of our results establish new properties of the multivariate truncated slash
and multivariate truncated power exponential distributions.
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1 Introduction

The class of elliptical distributions (see Fang et al. [5]) is of central relevance in applied
and theoretical statistics, in particular in multivariate regression analysis. This class
comprises a wide variety of distributions for modeling multivariate data, including
those with heavier-than-normal or slighter-than-normal tail behavior. Some ellipti-
cal distributions are multivariate normal, ¢, power exponential, slash, scale mixture
of normal distributions, among others. A generalization of this class is constructed
by truncation: it is derived as the conditional distribution of a random vector, with
dimension p say, having an elliptical distribution given that it belongs to a subset of
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R?. Some works dealing with truncated elliptical distributions are found in Moran-
Vasquez and Ferrari [16], Kim [15] and Arellano-Valle et al. [2]. The class of truncated
elliptical distributions has as special members the multivariate truncated normal and
multivariate truncated ¢ distributions. Some studies regarding to these two distributions
can be found in Kan and Robotti [14], Arismendi [1], Ho et al. [11], Nadarajah [17],
Horrace [12,13], Geweke [7], Tallis [18-20] and Birnbaum and Meyer [3]. However,
other distributions, such as the multivariate truncated slash and multivariate truncated
power exponential distributions, have not been studied.

We derive several properties of the truncated elliptical distributions, thus gen-
eralizing some results previously shown for the multivariate truncated normal
and multivariate truncated ¢ distributions only. Some of our results consider arbi-
trary truncation subsets of R”; others are valid only for p-dimensional rectangles.
We present a characterization of the truncated elliptical distributions and give
some distributional properties obtained through transformations, as well as proper-
ties involving the moment generating function (MGF), log-concavity of the joint
probability density function (PDF), the MTP; property, marginal and conditional
distributions, and independence. Additionally, we describe a procedure to evalu-
ate probabilities over rectangles for the multivariate slash distribution, which is
useful to compute the PDF of the multivariate truncated slash distribution. Appli-
cations of the results derived in this paper allow us to derive new properties
of the multivariate truncated slash and multivariate truncated power exponential
distributions.

2 The Class of the Truncated Elliptical Distributions

The notation follows that of Moran-Véasquez and Ferrari [16]. Vectors are represented
with lowercase Greek letters in bold, and their components with lowercase Greek
letters in normal font. For example, if £ € R”, then § = (§1,...,&,)". Also, §_; €
RFLUE=1,..., p, is the sub-vector of & without its kth component. In the case
of random vectors, we use similar notation, but with capital Roman letters. Matrices
are denoted by capital Greek letters in boldface and their components in lowercase
normal font Greek letters. For instance, if A(p X ¢) is a matrix whose elements are
real numbers, then A = (8j1) pxq. If A is a symmetric matrix, A > 0 means that
A is positive definite. The sub-vector A_; x € RP~! is obtained by deleting the kth
component of the kth column of A(p x p) > 0; Ay, = A/—k,k; and A_; 4 > 0is
the sub-matrix obtained by deleting the kth row and the kth column of A(p x p) > 0.
We denote the rectangles in R? with the letter R, which we consider as the Cartesian
product of intervals /1, ..., I, in R, where every I; can be a finite or infinite interval,
thatis, R=11 x ... x I).

The spherical and elliptical distributions play an important role in statistics and its
applications; see Fang et al. [5] and Gupta et al. [10]. In what follows, whenever a
random vector is said to have a spherical or elliptical distribution, it is assumed that
its PDF exists.
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Definition 2.1 The random vector S € R? has a spherical (standard elliptical) distri-
bution if its PDF is

fs(s) =cpg(s’s), s eRP. (2.1

The function g is called density generating function (DGF) and satisfies g(u) > 0, for
allu > 0, and fooo rpl g(rz) dr < oo. The normalizing constant ¢, is

rom B
_tw p=1,0,.2
=5 on /r gro)dr

0

We write § ~ S, (g).

A generalization of the spherical distributions is constructed from the transforma-
tion W = p + X1/2S, where S ~ S, (g), . € R” and X(p x p) > 0. The Jacobian
of this transformation is J (s — w) = det(¥)~!/? and, hence, the PDF of W is

fww) = ¢, det(X)"g(w—p)Z7 w —p), weR”. 2.2)

The random vector W € RP is said to have an elliptical distribution with loca-
tion vector g € RP, dispersion matrix X (p x p) > 0, and DGF g, and we write
W ~El,(u, X; g). Evidently, if w = 0 and ¥ = I, then the PDF (2.2) reduces to
PDF (2.1). Any distribution within the elliptical class of distributions is determined
by the DGF g. If g(u) o exp(—u/2), u > 0, we say that W has a multivariate normal
distribution with parameters u € R? and X (p x p) > 0, we write W ~ N, (i, X).
If g(u) o fol 1977~V exp(—ut?/2)dt, ¢ > 0, u > 0, then W has a multivariate
slash distribution with parameters p € R”, ¥(p x p) > 0 and ¢ > 0, we write
W ~ SLy(n, X, q). If g(u) exp(—uﬂ/Z), B > 0,u > 0, we say that W has a
multivariate power exponential distribution with parameters p € R”, ¥(p x p) > 0
and B > 0, we writt W ~ PE, (g, X, f). The DGF g(u) o (1 + u/7)~("+P)/2,
T > 0, u > 0, corresponds to the multivariate ¢ distribution. Extra parameters may
appear in PDF (2.2) through the DGF g. For example, the multivariate slash distribu-
tion involves the tail parameter ¢ and the multivariate ¢ distribution has the degrees of
freedom parameter t. In these two cases, the extra parameter models the tail behavior.
Also, the multivariate power exponential distribution has the kurtosis parameter S.
The multivariate normal distribution can be obtained as a limiting case of the multi-
variate slash and ¢ distributions when ¢ — oo and T — 00, respectively, and as a
special case of the multivariate power exponential distribution when § = 1. Further
details on elliptical distributions are found in Fang et al. [5]. Detailed studies about the
multivariate slash and multivariate power exponential distributions appear in Wang
and Genton [22] and Gémez et al. [9], respectively.

Let W ~ E{,(m, X; g) and let B C R” be a measurable set. The distribution
obtained by conditioning W on {W € B} is called a truncated elliptical distribution.
However, this definition may be given in terms of the PDF as in Definition 2.2.
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Definition 2.2 Let B € R” be a measurable set. The random vector X has a truncated
elliptical distribution with support B and parameters u € R?, ¥ (p x p) > 0 and
DGF g, if its PDF is

g((x —pw'Z 7 x —p)
= , € B. 2.3
= = E T x—pdx @

The DGF g is such that g(u) > 0, forallu > 0,and [~ rP~!g(r?) dr < co. We write
X ~TEt,(n, X; B; g).

The PDF of X ~ TE{,(n, X; B; g) can be expressed as

Sw(x)

O = bw e By

x € B, 24

where fw is the PDF of a random vector W ~ E{,(u, X; g).

Note that the PDF of X ~ TEf{,(u, X; B; g) exists if the PDF of W ~
El,(n, X; g) exists, which occurs if X' > 0; see Fang et al. [5, Sec. 2.5].

If B = R? in (2.4), then P(W € B) = 1, and we recover PDF (2.2). Hence, the
class of truncated elliptical distributions is a generalization of the elliptical class of
distributions.

When u = 0 and ¥ = I, in Definition 2.2, we say that X has a truncated spherical
distribution over B with DGF g, and we write X ~ TS, (B; g). The corresponding
PDF is given by

fx(x) = _8&n g 2.5)
Jpgx'x)dx’

If B = RP? in (2.5), we arrive at PDF (2.1).

The study of the class of Box—Cox elliptical distributions proposed by Morin-
Vasquez and Ferrari [16] is based on the class of the truncated elliptical distributions.
These authors showed that, for any p-dimensional rectangle R, the conditional dis-
tribution of any component X; of X ~ TE(,(n, X; R; g), given all the other
components, is univariate truncated elliptical with the same support of Xj. This prop-
erty allowed to propose an algorithm to generate random samples of X, which in turn
is the basis for generating random samples of the Box—Cox elliptical distributions.

The DGF g provides a correspondence of the members in the class of the trun-
cated elliptical distributions with those in the class of the elliptical distributions.
By substituting g(u) o exp(—u/2), u > 0, in (2.3) we obtain the PDF of a ran-
dom vector X with a multivariate truncated normal distribution with support B and
parameters . € R” and X(p x p) > 0, denoted by X ~ TN, (u, X'; B). When
g(u) o fol 1917~V exp(—ut?/2)dt, g > 0, u > 0, in (2.3) we obtain the PDF of a
random vector X with multivariate truncated slash distribution with support B and
parameters p € R”, ¥(p x p) > 0 and g > 0, denoted by X ~ TSL,(n, ¥, g; B).
Also, when g(u) exp(—u’s/Z), B > 0,u > 0, we obtain the PDF of a random vector
X with a multivariate truncated power exponential distribution with support B and
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parameters p € R?, X (p x p) > 0 and B > 0, denoted by X ~ TPE, (u, X, B; B).
Other special case is the multivariate truncated ¢ distribution, which corresponds to
the DGF g(u) o< (1+u/7)~"tP/2 7 > 0, u > 0. The multivariate truncated normal
distribution can be obtained as a limiting case of the multivariate truncated slash and
multivariate truncated ¢ distributions when ¢ — oo and T — o0, respectively, and
as a particular case of the multivariate truncated power exponential distribution when
B =1

Computations related to truncated elliptical distributions involve the evaluation of
the integral fB g((x — ;L)’Z'fl(x — p))dx; see (2.3). Genz and Bretz [6] present
algorithms to compute this integral when B = R is a rectangle in R” and g is the
DGF of the multivariate normal and multivariate ¢ distributions. We now propose a
procedure to evaluate the integral for the multivariate slash distribution. Let X ~
TSL,(m, X, q; R), where R is a rectangle in R”. We propose the use of Monte Carlo
integration mixed with the algorithm proposed by Genz and Bretz [6] to evaluate
the PDF of X. In fact, if W ~ SL,(u, ¥, q), then the PDF of W is fw(w) =
q fol u"_lqbp(w; . u~2X) du, where ¢p(y; &, A)isthe PDFof ¥ ~ N, (&, A), and
P(W € R) = qfol uq’1d>p(R; w, u"2X)du, where ®,(R; &, A) is the probability
of {Y € R} under Y ~ N, (&, A). This expression for P(W € R) is obtained by
the Fubini theorem. Then, the PDF of X ~ TSL,(u, ¥, q; R) can be expressed
as

_ By($p(x;p, UT2X))
) = @, R UE))

where the expected values are calculated under the random variable U ~ beta(q, 1).
Therefore, by drawing a random sample of large size n from U ~ beta(q, 1), say
Ui, ..., Uy, the PDFof X ~TSL,(u, X, q; R) can be approximated by

S dp(xs ;P X)
S Pp(R: pu X))

fx(x) ~

where @ ,(R; u, ul._ZZ'), i =1,...,n, is evaluated using the algorithm proposed by
Genz and Bretz [6].

Figure 1 shows contour plots and PDF plots of bivariate truncated slash distribu-
tions. The contours are ellipses projected on the support set. The parameter o, controls
the association between the marginal distributions of X and X, (see Fig. 1b, c, and
d for null, negative, and positive association, respectively). As the tail parameter g
grows, the contours tend to the corresponding contours of the bivariate truncated nor-
mal distribution (Fig. le, f). The tails of the truncated slash distributions are heavier
for smaller values of g.
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Fig. 1 Contour plots at levels 0.2, 0.15, 0.1, 0.06 and PDF of X ~ TSL»(u, ¥, ¢; R), where a u| =
u2 =0,011 =op =10p2=0,g=3R=(-00,1) x(=1,00),buy =pny =0,011 =02 =1,
o12=0,g =3,R=(—00,1) x (—o0, 1), e uy = pup =0,011 =02 = 1,012 = —0.36,9 = 3,
R = (—00,1)x(—00,1),dpu; = pnup =0,011 =022 = 1,012 =0.36,g =3, R = (—00, 1) x (—00, 1),
el =2, up =1,011 =092 =0.25,012 =0.09,g =3, R = (1.5,00) x (0.5,00),f u1 =2, up =1,
o11 =023 =0.25,012 =0.09,¢ = 12, R = (1.5, 00) x (0.5, 00)

3 Main Results

Let O(p) be the orthogonal group of p x p matrices with entries in R, i.e., O(p) =
{H(px p): HH' = H'H = I,}. In Theorem 3.1 we state a property of closedness
of the truncated spherical distributions under orthogonal transformations.

Theorem 3.1 Let S ~ TS,(B; g)and T : R? — RP? be the orthogonal transformation
T(x) = Hx,where H € O(p). Then T(S) ~ TS, (T (B); g). The PDF of § satisfies
the relation fs(s) = frs)(T(s)), s € B.

Proof See “Appendix A”. O

If B = R” in Theorem 3.1 we have that S and 7'(S) have exactly the same spherical
distribution. In other words, the spherical distributions are invariant under orthogonal
transformations; Fang et al. [5, Sec. 2.1]. On the other hand, if B is a proper subset
of R”, the distributions of S and 7 (S) are truncated spherical with the same DGF,
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but the support of 7'(S) is 7' (B). Figure 1b shows a 90° counterclockwise rotation of
the truncated bivariate standard slash distribution shown in Fig. 1a. This orthogonal
rotation is obtained using the orthogonal transformation 7 : R> — R? given by
T ((x1, x2)") = (—x2, x1)’, with associated rotation matrix

0-1
=[]
Theorem 3.2 gives a characterization of truncated elliptical distributions through

truncated spherical distributions.

Theorem 3.2 Let B C RP? be a measurable set, p € RP, ¥(p x p) > 0 and
T : R? — RP be the affine transformation T (x) = p+ X'/*x. Then, S ~ 1S,(B; g)
if,and only if, T(S) ~ TEL ,(p, X; T(B); g).

Proof See “Appendix B”. O

Theorem 3.2 with B = R? corresponds to the characterization of elliptical distri-
butions from spherical distributions as described in Sect. 2.

Theorem 3.3 gives a closedness property of truncated elliptical distributions under
affine transformations.

Theorem 3.3 Let B € RP? be a measurable set and let T : RP — RP be the
affine transformation T(x) = o + Ax, where « € RP and A(p x p) is a
matrix such that det(A) # 0. If X ~ TEL,(n,X; B; g), then T(X) ~ TEC, (o +
Ap,AXA"; T(B); g).

Proof See “Appendix C”. O

Figure le shows the affine transformation 7' : R?> — R? of the truncated bivariate
slash distribution shown in Fig. 1d, with T (x) = « + Ax, where

2 -05 0
“—[1]’ A—[ 0 —0.5]‘
In Theorem 3.4 we state a condition for a truncated elliptical distribution to have
MGFE.

Theorem 3.4 Let B C R? be a measurable set, u € R? and X(p x p) > 0. If the
MGF of W ~ El,(n,X; g) exists, so does the MGF of X ~ TEL, (., X; B; g).

Proof See “Appendix D”. O

Log-concave PDFs have desirable properties and play an important role in statistics.
A PDF f :R? — [0, o) is log-concave if

flax + (1 —a)y) = [FEOITfN]' (3.D

is satisfied for all x, y € R? and for all @ € [0, 1]. Some properties of log-concave
PDFs are as follows: (i) if X € R? is a random vector having a log-concave PDF fy,
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then the contours of fy are convex sets and the marginal PDFs are log-concave; (ii) the
product of log-concave PDFs is also log-concave; (iii) fx is A-unimodal, i.e., the set

{x e R? : fx(x) > A}isconvex forall A > 0; (iv) if Ay, ..., A, are subsets of R”
and a, ..., o are real numbers such thate; > 0,i = 1,...,mand ) /.o = 1,
then
m m
P|:X € ZaiAi:| > l_[[P(X € A%, (3.2)
i=1 i=1
where

m m
ZO(,‘A,‘Z{ZERP . z=Zaix,-,x,- EA,‘,iZl,...,WL}.

i=1 i=1

Bounds for probabilities involving random vectors having log-concave PDFs may be
found from inequality (3.2); see Tong [21, Sec. 4.2].

Theorem 3.5 presents conditions for a truncated elliptical distribution to have a
log-concave PDF.

Theorem 3.5 Let p € R?, X(p x p) > 0 and B C R? measurable convex set. If
the PDF fw of W ~ El,(n,X; g) is log-concave, so does the PDF fx of X ~
TEC,(n, % B; g).

Proof See “Appendix E”. O

The PDF fx of a random vector having multivariate truncated power exponential
distribution, X ~ TPE,(u, X, B; B), with B C R” being convex, is log-concave for
B = 1. This comes from the log-concavity of the PDF fw of W ~ PE,(u, X, B)
when B > 1 (see details in Appendix F). In particular, if 8 = 1, then the PDF fx of
X ~TN,(u, X; B) is log-concave. This generalizes Theorem 9 of Horrace [13], who
shows the log-concavity of the PDF of the multivariate truncated normal distribution
with support in the one-sided rectangle Rga = [ay,00) x ... X [a), 00), wWhere
a e RP. -

A PDF f : R? — [0, 00) is said to be multivariate totally positive of order 2
(MTP») if the inequality

FOFO = f)fx™) (3-3)

holds for all y, y* in the domain of f, where x; = max{y;, y}, x;" = min{y;, y/},
i=1,..., p;see Tong [21, Sec. 4.3].

In Theorem 3.6 we state conditions for a random vector with a truncated elliptical
distribution to have a PDF with the MTP, property.

Theorem 3.6 Let p € R?, X (p x p) > 0 and R be a rectangle in RP. If the PDF
Swof W~El,(n,%; g) is MTP;, so does the PDF fx of X ~ TEC,(n,X; R; g).

Proof See “Appendix G”. O
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If the PDF of W ~ N,(u, X¥) is MTP; (see conditions in Tong [21, Sec. 4.3]),
then the PDF of X ~ TN, (u, X; R) is MTP,, where R is a rectangle in R”. This
generalizes Theorem 16 of Horrace [13], who shows the MTP, property of the PDF
of the multivariate truncated normal distribution with support in the one-side rect-
angle Rga. Theorem 3.6 does not necessarily hold for arbitrary support sets in R”.
For example, if B C R2 is the unit ball centered at the origin and W ~ N (0, X)
has PDF with MTP; property, then the PDF fx of X ~ TN;(0, X¥'; B) is such that
fx(») fx(»y*) > 0fory = (0.8,0.5) and y* = (—0.5,0.8)’, but fx(x)fx(x*) =0,
since x = (0.8,0.8)’ ¢ B and x* = (—0.5,0.5)" € B.

In order to present results on independence and marginal and conditional distribu-
tions, we introduce the notation for partitions of X € R”, u € R” and ¥ (p x p) > 0
as follows:

2 212}

_ / N/ _ / N/ _
X = XXy, w= 1. E‘[zzl . (3.4)

where X1 €e R, X, e RP7", u; e R, py €e RP77, X11(r xr) > 0, Xoo((p —
r) x (p—r)) > 0and X2(r x (p —r)) is such that X, = ¥',. The support set is
assumed to be the rectangle R C R”, that may be expressed as the Cartesian product
of rectangles Ry = Iy x --- x I, CR " and Ry = [, 1 x --- x I, CTRP™" ie.,

R =R x R;. (3.5

Let X € R, u € R?, ¥(p x p) > 0 be partitioned as in (3.4) and be such that
X ~TEl,(n, X; R; g), with R given in (3.5). The marginal PDF of X is given by

Jr, 8(x =)' =271 x — p)) dxa

: 3.6
Jrg(x =27 x —p)dx X1€R (3.6)

fx,(x1) =

Note that the marginal PDF does not necessarily have the structure of the PDF of
a truncated elliptical distribution given in (2.3). Theorem 3.7 gives a condition for
marginal distributions to be truncated elliptical.

Theorem3.7 Let X € R, u € R?, ¥(p x p) > 0 be partitioned as in (3.4) and
such that X ~ TEC,(n,X; R; g), with R given in (3.5). If X1 = 0, then X| ~
TEC (1, X115 Ry; g1), where

gi(u) = / gu+s's)ds, u>0,
T(R2)

with T : RP™" — RP™" being the transformation T (x) = 22—21/2(x — W) and g
satisfies [o° 1" 'g1(t?) dt < oo.

Proof See “Appendix H”. O
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In Theorem 3.8 we present the conditional distribution of X || X, for arandom vector
X = (X, X})’ with truncated elliptical distribution. This conditional distribution is
a truncated elliptical distribution.

Theorem3.8 Let X € R, u € R?, ¥(p x p) > 0 be partitioned as in (3.4) and
such that X ~ TEL,(n,X; R; g), with R given in (3.5). Then, X1|X; = x; ~
TEC (11 (%2), 21125 R1; 8q(x0))> where iy (x2) = oy + 1257 (62— ), T2 =
i — 20X Ton and gy ) = glu + q(x2)), u = 0, with q(x2) = (x2 —
1) 257 (x2 — o).

Proof See “Appendix I”. O

Theorem 3.8 is a generalization of Theorem 1 of Mordn-Véasquez and Ferrari [16],
which states that if X ~ TE{,(u, X R; g), then Xy |X _ ~ TE€; (k. —«, 01{2.7,{; I
8k—k), k = 1,..., p, where ur—r = pr + Ek,—kzi}c’,k(x—k — ). 0 =
ouk — Tk Z 4 X kk and gi x(u) = g(u + q(x 1)), with g(x ) = (x & —
o) x” Ilc,— « (X —k —m_y). This result allows to obtain the complete conditional distri-
butions necessary to use Gibbs sampling for generating random samples of truncated
elliptical distributions; see Mordn-Vasquez and Ferrari [16]. For example, random
samples of X ~ TSL,(u, ¥, q; R) and X ~ TPE,(u, X, B; R) may be generated
following Algorithm 1 proposed by Moradn-Véasquez and Ferrari [16] with gg (1) o<
Jo 197 exp(—(u + q(x—_1))1%/2) dr and gy g (u) o exp(—(u + q(x_))F/2) as
the DGF of X¢|X ¢,k =1, ..., p, respectively.

When the precision matrix A = X! is readily available, Algorithm 1 in Mordn-
Vasquez and Ferrari [16] may be simplified by writing px.—x = px — Ak, —k(X—k —
B/ My 07, = 1/a and q(x—) = (x—x — ) Ak (Xf — R_);
Geweke [8, Th. 5.3.1]. This approach avoids multiple matrix inversions and is partic-
ularly advantageous when X' is close to a singular matrix.

If ¥12 = 0in Theorem 3.8, then XX, = x2 ~ TE{, (11, X115 R1; gg(x2))- A
comparison of this conditional distribution with the marginal distribution of X given
in Theorem 3.7 reveals that if X1 = 0 and the DGFs g4(x,) and g; coincide, then X
and X, are independent. This gives a characterization of the independence of X; and
X», as stated in Theorem 3.9.

Theorem 3.9 Let X € RP, u € RP, ¥ (p x p) > 0 be partitioned as in (3.4) and such
that X ~ TEL,(u,X; R; g), with R givenin (3.5). Then, X1 and X; are independent
if,and only if, X ~ TN,(u,%; R) and X1, = 0.

Proof See “Appendix J”. O

4 Final Remarks

In this paper we stated several properties of truncated elliptical distributions, which is
a generalization of the elliptical distributions. The class of truncated elliptical distribu-
tions has as special cases the multivariate truncated normal and multivariate truncated
t distributions, among others. Our results provide new properties for the multivariate
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truncated slash distribution and the multivariate truncated power exponential dis-
tribution. The stated properties regard a characterization of the truncated elliptical
distributions through the truncated spherical distributions, distributional properties
obtained through transformations, MGF, log-concavity, MTP, property, marginal and
conditional distributions, and independence.

We proposed a procedure to compute the PDF of the multivariate truncated slash
distribution by mixing Monte Carlo integration and the algorithm proposed by Genz
and Bretz [6] to evaluate probabilities on rectangles through the multivariate normal
distribution. This procedure will allow the implementation of maximum likelihood
estimation for the multivariate Box—Cox slash distribution, which is a member of the
class of Box—Cox elliptical distributions proposed by Moran-Vasquez and Ferrari [16].
The multivariate Box—Cox slash distribution is suitable for modeling correlated mul-
tivariate positive data that are skewed and possibly heavy-tailed. Implementation and
applications of multivariate Box—Cox slash models will be dealt with in a future

paper.
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Appendix
A Proof of Theorem 3.1

Let U = T(s) = HS, with Jacobian J(s — u) = £1. From (2.5) and H'H = I,,
we have

g(u'u)

fs(s) = —fT(B) ') du

, u=T(), seB.

This proves the result.

B Proof of Theorem 3.2

Let X = T(S) = p + X'/28, with Jacobian J(s — x) = det(X)~ /2. From (2.5)
and by noting that s’s = (x — p)’ X~ (x — ut), we have that the PDF of X is

g((x —p)/Z M x —p)

Jx(0 = Jry 8 =) 27 x — ) dx’

x € T(B). (B.1)
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Hence, X ~ TE(,(pu, X; T (B); g). The result follows by considering the transforma-
tion S = T-1(X) = ¥ 2(X — ) in (B.1), with Jacobian J (x — s) = det(X)!/2,
and by noting that (x — p)’ X~ '(x — p) = §'s.

C Proof of Theorem 3.3

LetY = T(X) = « + AX, with Jacobian J(x — y) = det(A)~L. From (2.3), and
by noting that

- Z 7 x—p) =y — (@+Ar) (AZA) ' (y — (@ + Ap)),

the result follows.

D Proof of Theorem 3.4

Lett = (tl,...,tp)’ € R” be such that |t;| < h,i =1, ..., p, for some & > 0. Note
that

Mx(t) = [P(W € B)]™ /eXp(t/x)fw(x)dx
B

<[P(W e B)]"! / exp(t'x) fw (x) dx
RP
= [P(W € B)]"'Mw ().

Since Mw (t) < oo, we have that Mx (t) < oo.

E Proof of Theorem 3.5

Letx, y € R”. We will prove that inequality (3.1) holds for fx givenin (2.4).Ifx ¢ B
or y ¢ B, we have that [ fy(x)1*[fx(»)1'™® = 0, for all « € [0, 1]. Hence, (3.1)
holds, because fx(ax + (I —«)y) > 0.If x, y € B, then, from the convexity of B,
it follows that ax + (1 — )y € B, forall @ € [0, 1]. Hence, fx(ax +(1 —a)y) > 0
and, therefore, fw(ax + (1 — «)y) > 0. Since fw is log-concave, then

fwlex + 1 —a)y) _ Lfiw@ 1 Lfw ()]

PWeB) - pwen ° “clOdl

Equation (3.1) is seen to be satisfied by noting that P(W € B) = [P(W € B)]*[P(W €
B)]'~%, forall a € [0, 1].
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F Log-Concavity of the Power Exponential Distribution
The PDF of W ~ PE, (i, X, B) is given by

pI(p/2)det(X)~"/?
214P2B P2 (1 + p/2B)

1
epf—slw-wE@-wl|. wer.  ED

Sw(w) =

Since the function u(z) = —tf /2 is concave and non-increasing on (0, co) for
B > 1, and the function v(w) = (w — ;L)’Z_l(w — ) is convex on R?, then the
composition function A(w) = u(v(w)) = —[(w — ;L)’E’l(w — /L)]ﬂ/2 is concave
on R? for 8 > 1; Boyd and Vandenberghe [4, Sec. 3.2.4]. This implies that the PDF
(F.1) is log-concave on R? for g > 1.

G Proof of Theorem 3.6

Let y, y* € R?. We will prove that the inequality (3.3) holds for fx given in (2.4).
If y ¢ Ror y* ¢ R, then fx(y)fx(y*) = 0. Also, fx(x) fx(x*) = 0, with x; =
max{y;, y}, x} = min{y;, y*},i =1, ..., p. Hence, (3.3) is satisfied. If y, y* € R,
then fx(y)fx(y*) > 0 and, hence, fw(y) fw(y*) > 0. In this case, x,x* € R.
Hence, fx(x) fx(x*) > 0and, consequently, fy (x) fw (x*) > 0. Since fyw is MTP;,
then

Fw fw (") < fw ) fw (x™).
By dividing each side of the inequality above by [P(W € R)]?>, we have that
xWfx(y*) < fx(x) fx (x).
H Proof of Theorem 3.7

From (3.6) with ¥'{» = 0, we have that the marginal PDF of X is

fx, (x1)
[ 8 = ) B e )+ (2 = o) B (12 — ) d
Jry Jry 81— m) T3 (o1 — ) + (x2 — ) 25y (x2 — o)) dxa x|

where x| € Ry. Lets = T(xp) = 272_21/2(x2 — lt,), with Jacobian J(x; — §) =
det(X2)!/2. It follows that

gi(Ger — ) 2 ey — 1)
Jr, @11 =) 2 Ger — ) dxy

fx,(x1) =

X1 € Ry.
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On the other hand, note that

g1(u) = / gu+s's)ds < / gu+s's)yds =hy(u), u=>0.
T(R) RP—T

The function A is such that fooo I h (1) dt < oo Fang et al. [5, Sec. 2.2].

| Proof of Theorem 3.8
The conditional PDF of X | X3 is

glx — )2 (x — p))
Jr, 8 =y =27 e — ) dey”

fxux,(x1) = X1 € Ry.

From the identity (x — ) 7' (x —p) = (x1 — g (x2)) 1} (01 — 1 (x2)) +¢ (x2),
the result follows.

J Proof of Theorem 3.9

X1 and X are independent if, and only if, the PDF of X ~ TE{,(u, ¥; R; g) is
factored as fx(x) = fx,(x1) fx,(x2). This equality holds if, and only if, X1, = 0
and g(u + v) = g(u)g(v), with u > 0 and v > 0. This functional equation has as
solution the DGF g(u) = exp(—ku), for some k > 0; Gupta et al. [10, Sec. 1.3]. From
Jo~ P~ exp(—kt?)dt = 2P/>7'"(p/2), we find that k = 1/2. Therefore, X| and
X are independent if, and only if, X ~ TN, (u, X; R), with X', = 0.
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