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Summary 
ID this paper we investigate the distribution of the srore statistics for tt'llting hypoth­

esis about the slope parameter in a simple structural regression model. It is shown that 
for two of the moet commom ways of making the model identifiable, the distribution of the 
srore statistics under the null hypothesis can be found exactly as an increuing function of 
an F statistics, providing thus exact test statistics for testing hypothesis about the slope 
paramett-r. This property seems not to be shared by the likelihood ratio statistics. Use 
is made of orthogonal parametrizations obtained in the litt-rature. Generalizations to an 
elliptical structural model are also investigated. 

Key Word.r. orthogonal parametrizations; score statistics; structural normal and elliptical 
models 

1. Introduction 

The classical simple regression model with measurement errors is defined by the equa­
tions 

(1.1) 

wht'I'e e1, and Ut are indept"lldrnt ancl normally distributed with zero means and variances 
u? and u!, rt"Spectivdy, which we drnote by 

k = 1, ... , n, whrr.- N2 df"llotf'!'I th.- hivariate nomuJ distribution. [f the quantity :ri, is 
considered to be a fixt'd quantity thl"ll, the functional rt-«ression mocl.-1 follows. On the 
othtt hand, if the quantity zi, is com1iclt"rt'd to be a random quantity, th.-n thf' 11tmctural 
regression model follows. In this paper, M- consider zi, ~ N(1,. , u!), with %1, independent 
of (ei,, "•), k = 1, ... , n, a typically made a1an1mption. An rxt.-nsion of the abow normality 
usumptions is also contemplatf'd. As is Wf'll known, tht'I'e are problf'Dls with the f'Btimation 
of thl' paramrtfT!I in both ca.c;r.s. In thf' funcional case, /J is not consistf'ntly f"!ltimated. ID 
the 11tructural ca.w, some nonidf'Dtifiability prohll'ms ari11e. Stt, for .-xample, Fuller (l!J87) 
and Kendall and Stuart (l!J7!J), wllt't't" n:tensivf' hibli~aphies IU'e providNl. A Bayesian 
treatment for the prohl"° can be fmmd in Z«-llner (1!)71 ). Therrforr, in order to make ilie 
estimation problem ff'asihle, some 11<lditional assumptions hav.- to be considered. In the 
atrudural model, a typically madr ua,unptiOM COD11iders that the l'f'liahility ratio (Fuller, 
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1987) Tc. = u!/(u! + u!), or equivalently, -'• = u!/u! is known. Fuller (1987) reports 

several situations particularly in Sociology, Psychology and Survey Sampling where Tc. is 

ao well estimated that it may be taken to be known. Bolfarine and Cordani (1993) derived 

an orthogonal parametrization in this cue and investigated the performance of confidence 

intervals for /J. Another common assumption is to consider that the ratio of the two 

variances -'• = u!/u! is known. This cue has been inVfttigated by Wong (1989) whffl'l 

an onhogooal parametrization is derived and Bartlett type corrections for the likelihood 

ratio statistics for hypothesis involving /J are proposed. For the case where "'• is assumed 
known, Bartlett type corrections are considered in Arellano-Valle and BoJfarioe (1994). 

These results seem to indicate that the likelihood ratio statistics, being "'• or "'• known, 

does not have treatable exact distribution. Thus, hypothesis testing for the slope parameter 

using the likelihood ratio statistics has to be performed aproximately. 

In this paper, a unified approach is developed for both (-'s known and ~. known) 

cases. By studying the distribution of the maximum likelihood estimators of the orthogonal 

parameters, W!! investigate the distribution of the score statistics under the null hypothesis 

in both cues. We show that the score statistics can be written as an increasing function 

of an F statistics meaning that, by using the score statistics, exact tests are obtained 

for testing hypothesis about the slope parameter, a property which see11111 not to hold for 

the likelihood ratio statistics. This result, to the best of the authors knowledge, seems to 
have been unnoticed in the literatUN!. Using orthogonal parametrizations is crucial in the 

derivations of the results. 
Section 2 presents a general matrix representation for the model and the orthogonal 

parametrization under both assumptions and normality. Section 3 discusses some proper­

ties of the maximum likelihood estimators. Section 4 investigates the distribution of the 

score statistini under normality. Section 5 di11cu11SeS possible extensions to an elliptical 

structural model. 

(2.1) 

2. Orthogonal parametrizations 

Note that we may rewrite modf'( (1.1) 11., 

Z1 = (.~:) , It= g(zt) = ( o :~zt), and El= ( :: ) , 

le = 1, ... , n. Thus, Crom (2.1 ), we have that Z1, ... , Zn are independent and identically 

distributf'd with Zt ~ N2(1,; :E), whne 

(2.2) 

and 

if~ .. is known, 

(2.3) 
if -'• is known. 
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Further, it can be shown that 

(2.4) 

Let 

(2.5) 

and l = l(B), the log likelihood function may be written as 

(2.6} l CX -i- log IEI - ~ tczk - µ)':E-1 (Zt - µ), 
t=I 

where µ(8) e E(B) are as given in (2.2) and (2.3), respec-tivf'ly. 
Let K(B) = lie;,;) denote the expected information matrix. Then, after some algebraic manipulations, it can be shown that 

where B; denotes the i-th component of 8, as defined in (2.5), and from where it follows that 

and 

if i = 1,2,5, j = 1,2, 
if i = 3, 4, 5 and j = 3, 4, 
if i = 1, 2 and j = 3, 4, 

a,., -1 a,, 11 _, a:E 2} 11:s,s = "U = n fJ{J :E [}/J + 2tr{(:E fJ{J) , 

where tr(A) denotes the trace of the matrix A . It follows that rr. 11,, I 0, whatevl"r he 9,­This fact makes it hard to obtain large sample inferenc-e for /l, particularly corrtttion fac­tors for te:1ting atatistin. One way of aliviatiug this diffirnlty i11 to mnsiflf'r llil orthogonal transformation of 8, that is, trl\Jllifonning IJ into f> = (61,62 ,6,,,4 ,/1)' RO that 8; = 8;(tP), i = 1,2.3,4, an the solutions to the differential equations (Cox and Rrid, 1!)87): 

(2.7) 

j = 1,2,3,4. Typically, solving a systhem like the our in (2.7) is not simple. Moreover, when aolvable, such equatiODJI may not be always Pasily intf'rpretable. In the case when ~. is known, a aolutioo i11 giVf'll in Wong (198!)) and wl1en ~i is known, a solution is given in Bolfarine and Cordani (1!)!)3). We note that the prohlem of obtaining the orthogonal 
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parametrization can be simplified by tint making µ orthogonal to I:. Thia is easily accom­

pliahed by taking •o = o + {Jµ. and •i = P•· The problem now is to make /J orthogonal 

to the other parameten which appear in I:. 
The solution presented in Wong (1989) and Bolfarine and Cordani (1993) may be 

written as 

(2.8) 

(2.9) 

where 'PL= (t/11,t/12)' (the locaUon pnnamckn) aud +s - (+~ 1 +4,/J)' (the -.,ale param­

eters). Note that J:EI = ,J,3 ,J,4 • We call attention to the fact that the choice of the scale 

parameters are not as obvious as the location parameters. Ho1UeVer, the choice of the nm 

parameters becomes obvious and dear from (2.4). Moreover, when ~c is known and taken 

)lo 1M' equal to one (without loss of generality), it can be shown that tr(I:) = •3 +•••so 
that fi and ,J,4 are the caracteristic roots of I:. In the sequel, we present 110me properties 

of the matrix I: wich will make it Pasier to deri~ the cumulanta of the derivativt'II of the 

log likelihood {unction l = l( ,J, ). 
vt 

if ,\• is known, 

if ,\c is known, 

and note that 

i = 3,4, and 

Similarly, if 

if,\• is known, 

(2.11) 
if ,\. is known, 
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then, 

and 

(2.12} 

1ince o; = l/,;I:-1a;, i = 3,4. Note that AA'= I, AEA' =•and AI:- 1 A' = +-1, where • = diag(I/I,, f/,4)', that is, .A'(Z; - µ) i~ N2(0, ~). i = 1, .. . , n. Furthermore, it is easy to 1ttthat 

and 

(2.13) 

where 

(2.14) if ~ .. is known, 

if ~. is known. 

From (2.12) and (2.13) it follow■ that 

(2.15) 

i,j = 3,4, and 

(2.16) ((~-• a1::>2> re~-• u21::> ? -2 tr u l)tJ = t u l)fJl = -<T II • 

Let now K = K(~) = (1e;.;) the information matrix under the orthogonal parametrization. Then, 

{ 
u~-•1!.I!.. · · 1? "a•,u a•i• &,J = •-• 

IC; · = !l -I~ · ,, 2 tr{(E 8.)2), ~ = 3,:,5.' 
0, I= 1,-, J = 3,4,5, 

whereµ= µ(I/IL) and I:= E(~s) are u defined above. Tims, K = dia,;(Kt,Ks), that 
is, K i1 a bl()('k diagonal matrix with KL = nI:- 1 and, using (2.15) and (2.16), Ks = 
ndiag(l/2~}, 1/2~!, l/O'}). where a-} isgivf'llio (2.14). Note that a-j = /J2a-xxO'YY.x/uh = 
/J2(1- P}x)IP}x, where o-yx = Cov(Y;,X,J, o-.u = Var[X,J, uyy_x = Var(Y;IX;J and 
PYX = o-yx /(t1x XO'YY ) 112 , whidi denotes the correlation between Y; and X., i = 1, ... , n. 



3. Maximum likelihood estlmaton and propertie■ 

The log likelhood function I = I(•) with respect to the orthogonal transformationa • 

given in (2.8) and (2.!>) may be written u in (2.6), withµ replaced byµ( 1h) and E replaced 

by E(•s). The maximum likelihood estimator (JL, Js) of (;£,;s) is obtained by ROlving 

the equation µ = µ( i> £) = Z, from where we get ,, = Y, and J, = X, since µ = ( ;1, ;2)' 
and Z = E:.1 Z1,./n = (Y,.X)'. Using the above estimators, it follows that the maximum 

likelihood estimators o{ /j, ;, and •• are obtained by solving ,i = ii~(P)Szzii;(,1), i = 3, 4, 

and o~(P)Szzo4(P) = 0, where ii;(,1) i11 u defined in (2.12), with /j replaced by iJ and 

" - 2/ ~" - 2 ~" (X wht-re Sxx = E;.,1(X; - X) n, Syy = ""'i•l(Y; - Y) /n and Syx = ""'; .. 1 ; -

.Y)(Y; - 'r')/n. From thi- aboVP equations, it follows (Bolfn.rine and Cordani, 1!)!)3) when 

,\r is known that 
J3 = (,\, + l)Syy - 2(-\,,B)Sn + (-\,,8)2J4, 

1 _ Sxx 
"

4 
- -\, + 1' 

iJ ""' ( -\, + 1) Sy x • 
,\r Sxx 

J3 = (,\, + l)Syy,x, 

whl"rl" Sn.x = Syy -Sx\S}x = Syy(l-r}x), ancl rvx = Svx/(SvvSxx)•l2 • When 
,\, il'I known, it follow:. (Won,;, 1989) that 

·2 • J _ fJ Syy + 2-\,fJSYX + ,\~Sxx 

3 - p2 + "· ' 

(3.1) 

Me in<lept"ndent, with I: 11..~ in (2.10). Hl"rl", l-Vt(A, m) denotes thl" k-variate Wishart 

distribution with dis)'.M'rsion matrix A and m di-grtts of freedom (Muirhead, 1982). From 
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these results, it follows that J,L = (J1,~)' and ~s = (~,.~4,/J)' are ind~dent and 
JL = Z ~ N2(f>t,E/n). Thus, confidence ~ons or hypothesis testing for f>L or functions 
of the form •'f>L where a is known arc easily obtained. 

On the oth"' hand, the exact marginal distribution of the components of the v«tor 
J,s is particularly difficult to obtain when .X, is known. For example, when A, = 1, J,1 and 
J>c are the proper values of the Wishart matrix E(J>s). Thus, in this situation, the distri­
bution function of (J,3, J,4) can be represented in terms of infinite series (Muirhead, 1982). 
Similarly, the distribution function of /J can be given in a form of a convngent infinite 
aeries of incomplrte bet!\ functions (Anderson and Sawa, 1982 derivrd the distribution of 
/J in the functional case. This distribution corresponds to the conditional distribution of 
/J given x = (z1, •••. ,z.)' in the structural caae). For this reason, inference on /J when.\, 
is known typically is based on large samples, since as n -o oo, ✓,i(/J- P) ~ N(O,a}). 
Moreover, using properties of the Wishart distribution -we can study the exact distributions 
of ttTtain fundions of Js in both rasf,S P•z or .X, known). Th1111, considf'rinii; the Wishart 
distribution in (3.1) it folloWll that (Muirhead, l!l82) 

(i) Syy,x = Syy-fu = Syy(l- r~;d is independent o{(Syx,Sxx); 

(ii) ".5:rrxx ~ x!-,, where ayy_x = ayy - ~ = uyy(l - Pb•); 

(iii) (&.i. - .!X.r..)ISvv ~ N(O .!l:..r.L)• s. x , "" .. , .. , , "s" x , 

(iv) !!&r. ~ ...,, and ~ ~ .,, "YY '\It-I •xx ,,._,. 

(v) &Jt.. ~ t( Ll<L wrr g • n - l) Sxx •xx• (11-1) .. xx' · 

From thf' above rPSults, it follows that 

(3_2) ((n-2)Sxx)112(Syx _ uyx)~t(O,l;n- 2). 
Syy.,x Sxx ux."< 

Notice that (v) follows from (iii) and (iv), since, as is well known, hy mixing a normal with 
a chisquared distribution we get a t-clistribution. 

4. The score statistics 

Let~= (Ji,, ~5)' the maximum likelihood estimator of~ = (~i,. ~5)' under the null 
hypothesis Ho: P = Po. It is t'asy to Stt that OL = 4ii =Zand Js = (J3,J.,P)' follows 
from the f'qUations 

and 
~; = o:(Po)Szz<i;(/10), 

whtte o;(A,), i = 3,4, ue u rldined in (2.12), with /1 replru.-Nl hy /Jo. In thf' model with 
-Xz known, it follows that ;. = J,. Under Ho : /3 = /lo we havf' that 

nSzz ~ W,(Eo,n - 1), 

7 



where I:0 ia the same aa I: (defined in (2.10)), but evaluated at {4'3,4'4,flo). Thia impliea 

that 

(U) 

i = 3, 4. However, ~3 and ~4 are independent in the model with A,. known. The score 

atatiatica {or £or testing Ho : /1 = /lo againat H1 : /J :# /lo ia given by 

S = _1_ (81(4,)I -) 2 = n(o~(/Jo)~z!<i4(.8o))
2

, 

;;.,., o/J ... 4>34>4 

Let i = (.i;;), the mat*rix defined by 

i = AoSzzA~, 

where A~ = A'(/10 ), that is, 
.i;; = o:(Po)Szz<i;(/Jo), 

i,j = 3,4, with ~ii= 4,;. Clearly, the score statistics Scan be written as 

ao that the distribution o{ Sunder Ho is determined by the distribution of i. Moreover, 

under Ho : /J = /Jo, it followa that 

where W2 denotes the Wishart distribution and 

+o = AoI:oA~ = diag(q,3,4'4), 

whtte, u befort", diag meana diagonal matrix. Using (3.2) with Ezz = (S;;) and :E = (D';;) 

replaced by i = (~;;) and •o = (4';;), respectively, we have that 

(4.2) 

where 

(4.3) 

From ( 4.2), ( 4.3) and from the fact that (/,34 = 0, it follows that 

t2 tl 
S=n(n-2)(1+ n-2)-1, 
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ao thai, under Ho, 
-1s~Bta(! (n-2)) 

n e 2' 2 ' 
for both ..\,. and l. known. 

5. An elliptical structural model 

As a J)OIISihle extension of the normal model considered in the previous sections, we 
consider Z = (Zj, ... ,Z~)', where z, = (Y,,X,)' with 

(5.1) 

where, as in Fang et al. (1990), El211(a, A) denotes a 2n-dimensional elliptical variate with 
parameters a and B, 1,. is an n-dimensional vector of ones, I., the n-dimen11ional identity 
matrix and µ and I: &rf' as in (2.2) and (2.3). Assuming that Z has a dm!lity givm by 

n 

(5.2) p(zlB) = IEl-"12 /(}:)z, - µ)'E- 1(z - µ)), 
1: .. , 

where /(t't) is a 2n-dimensional spherical density, the density of T = (Tj, ... , T~)' ~ 
El211(0, 1211 ), where T, = I:-112(Z, - ,,), k = 1, ... , n. Note that (5.1) implies that Z, ~ 
El2(µ,I:) and provided they exists, E[Zl) = I' and Vnr(Zrr] = 01:E, with Cov(Zl,Z,) = 0, 
le 'F l, where 01 = -2"1'(0), being ?/,(.) the characteristic function of Ti, defined above. 

• Ho-ver, Z1, ... , Z., a.re not independent unless Z is normally distributed. Moreover, 
given/, (5.2) implies that the density Z is characterized by I'= µ(8) and I:= I:(8) only. 
Thus, as the normal modt"l df'finf'd in Section 2, the elliptical model defined above is not 
identifiablP. Ho""'"tt, as in the normal model, the assumptions l., or ..\. known make 
the Plliptical model identifiable. Undtt thPRe assumptions, the orthogonal transformations 
t"on11idered in Section 2 for the normal model also works in this more general St"t up. Thus, 
working with the ortho,;onal transformation given in in (2.8) and (2.9), and using some 
well known facts about elliptical distributions such as IITII and T/IITII are independent 
and T/IITII ~ e/llell, withe~ N211(1,,l211 ) ("t" mPaning distributf'd as) wt! ran show 
that the information matrix K = [it;;), is such that 

it; . = n{ 4111(1, 2) 81i' I:_1 a,, + 2a1(2, 2) tr(I:-' 8:E E-• 8:E) 
1 p iJdJ; 8•; pt.p + 2) 8~; D~; 

+!!.('a1(2, 2) - l)tr(E_1 8E}tr(E_ 1 DE)}, 
4 p(.p + 2) ~; Dd,; 

where p = 2n is the dimmsion of T, a1(i,j) = E[IITll2iWJ(IIT!l2)], with W1(u) = 
lJlog/(u)/ou = J'(u)//(u). We l"all attmtion to the fact that w, and a1 are independent 
of 4J since the distrihntion of T i!I inclepmdmt of (µ, E) and thus of ~- In particular, it 
<'.an be shown that 

(5.3) 4 (? ?) "2 it - a, •• · ( ..!..)-t 
II.II - p(p+2) n ' 
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where ui = uj(~) is as in (2.14). 
As in Anderson et al. (1986), it follows that maximum likelihood estimaton, of P 

and• are obtained by 110lving the equations;,,.= l'N = Z = E:.1 Z1,/n and E = EN = 

Szz = pEN/u,, where Szz = E:.,cz. - Z)(Z, - Z)' /n, P.N and tN are the ma.ximum 
likelihood estimaton, under the normal model given in Section 3 and u I is the maximum 

of the function u'/2 /(u), u > 0 and p = 2n is the dimension of Z. Thus, if PN and J;,N 
i = 1, ... ,4 denotes the maximum likelihood estimaton, of P and,;, i = 1, ... ,4, under 

the normal model, it follows that the maximum likelihood estimators under the elliptical 

modd defined by ( 5.1) are such that 

The derivations of maximum likelihood estimators under the hypothe11is H : P = /Jo is 
similar. Additionally, using some results in Fang «-t al. (1990), it can be shown that 

several statistical properties which bold under the normal model also hold under elliptical . .. . . . 
models. In particular, /J = fJN since P(as) = P(s), for any real a. We show next that this 

is the cue with the score statistics which, except for a constant, is the same as under the 

normal model. 
Using the £act that 

DlogjI:j = (~oI:) = O 
{)p tr " O{J , 

it follow from (5.2) with I= logp(al,) that 

l)l ( I - 1 I - ){ - I - } 
{J{J = -Wr ntr(I:- Szz) + n(Z - ,,) i:- (Z - ,,) ntr(BSzz) + n(Z - µ) B(Z -µ) , 

where p = 2n and SN is the score statisti<-s und«-r the normal model derived in Section 4. 

In tht- spttial C'ase of the strnctural elliptical t-moclel, that is, Z ~ ft(ln ®µ,In ® E; i,) 
wr- havi- that 

r1m1 
/(u) = 2 i,"l2 {v + u}-("+,l/'1. u ~ 0, 

f[f J,r,/2 • 

it follows that u / = p = 2n, for &1 > 0 (induding v = oo ), 



.o that 
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