





1987) k., = 02/(02 + o2), or equivalently, A, = 02/03 is known. Fuller (1987) reports
several situations particularly in Sociology, Psychology and Survey Sampling where k; is
so well estimated that it may be taken to be known. Bolfarine and Cordani (1993) derived
an orthogonal parametrization in this case and investigated the performance of confidence
intervals for 8. Another common assumption is to consider that the ratio of the two
variances A, = 02/o2 is known. This case has been investigated by Wong (1989) where
an orthogonal parametrization is derived and Bartlett type corrections for the likelihood
ratio statistics for hypothesis involving # are proposed. For the case where ), is assumed
known, Bartlett type corrections are considered in Arellano-Valle and Bolfarine (1994).
These results seem to indicate that the likelihood ratio statistics, being A, or A, known,
does not have treatable exact distribution. Thus, hypothesis testing for the slope parameter
using the likelihood ratio statistics has to be performed aproximately.

In this paper, a unified approach is developed for both (A; known and A, known)
cases. By studying the distribution of the maximum likelihood estimators of the orthogonal
parameters, we investigate the distribution of the score statistics under the null hypothesis
in both cases. We show that the score statistics can be written as an increasing function
of an F statistics meaning that, by using the score statistics, exact tests are obtained
for testing hypothesis about the slope parameter, a property which seems not to hold for
the likelihood ratio statistics. This result, to the best of the authors knowledge, seems to
have been unnoticed in the literature. Using orthogonal parametrizations is crucial in the
derivations of the results.

Section 2 presents a general matrix representation for the model and the orthogonal
parametrization under both assumptions and normality. Section 3 discusses some proper-
ties of the maximum likelihood estimators. Section 4 investigates the distribution of the
score statistics under normality. Section 5 discusses possible extensions to an elliptical
structural model.

2. Orthogonal parametrizations

Note that we may rewrite model (1.1) as

(2.1) Zh =8k &,
where
Y
2= () mesen=(507). wa - (3).
k =1,...,n. Thus, from (2.1), we have that Z,,...,Z, are independent and identically

distributed with Z; ~ Ny(j; ), where
(2.2) p= E[Zi] = ("V) o (" - ”"t) ,

nx Mz

and
22 2 2
Y e BB
(2.3) E=VarZi]= 202 4 ha?  fo -
Ao 4+ Aot  fo? i i
a2 ot dob )1 if Ae is known.
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then,

= 198 _ 108 __ =i yeq g ;
B! = 4,8 18_3;2 1442 '(,EE '=¢,'a;n3+¢‘ 'a‘a‘,
and
-198 _ L,
(2.12) z 6: = ¢ a;al,

sinece &; = ¢, X 'a;, i = 3,4. Note that AA' =1, ATA' =@ and AT A’ = &', where
® = diag(¢s, ¢4), that is, A'(Z; ~ ) s N2(0,4), i = 1,...,n. Furthermore, it is easy to

see that o s - s
S 2 = (¥3%P4v1/2 ' ’
58 = % 86:08 * *os,08 = o1 )M (eset +auel)
and
(@3) m G = (B a4 6700,
B
where
2.14) e x?:‘; if A, is known,
P 7 (42526444, if A, is known.

From (2.12) and (2.13) it follows that

., 0 17)>] "2 =
129192, ) J
(2.15) tr(¥ 3¢.‘2 26, {0‘ i 5ht
t,j =3,4, and
¥2>
a3

Let now K = K(¢) = [« ;] the information matrix under the orthogonal parametrization.
Then,

- Y >
(2.16) tr{( P} =t(Z la_ﬂz

-2
)= 205",

B’ g1 B .-
nst-¥ '5:,—,, i,j =12,

Fii =\ Ftr{(Z7'82y2), i=3,4,5.
0, 1=1,2j=3,4,5,

where 1 = u(¢,) and & = E(¢s) are as defined above. Thus, K = diag(K.,Kg), that
is, K is a block diagonal matrix with K, = nE~! and, using (2.15) and (2.16), K5 =
nding(1/243,1/243,1/03). where 0} is givenin (2.14). Note that 0} =Bloxxory.xfo}y =
B*(1 = p} x)/P} x, where oy x = Cor[Y,, X,], oxx = Var[X,}, oyy.x = VarlY;|X;] and
pyx =oyx[(exxayy)'/?, which denotes the correlation between Y, and X,,i = 1,...,n.
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these results, it follows that ¢, = (¢1,4,)' and ¢s = (¢2, 84, J)’ are independent and
é; =Z~ N3(¢1,Z/n). Thus, confidence regions or hypothesis testing for ¢, or functions
of the form a'é,, where a is known are easily obtained.

. On the other hand, the exact marginal distribution of the components of the vector
$s is particularly difficult to obtain when ), is known. For example, when A, = 1, ¢ and
&4 are the proper values of the Wishart matrix 2(&5). Thus, in this situation, the distri-
bution function of ($3, 44) can be represented in terms of infinite series (Muirhead, 1982).
Similarly, the distribution function of § can be given in a form of a convergent infinite
series of incomplete beta functions (Anderson and Sawa, 1982 derived the distribution of
ﬂ: in the functional case. This distribution corresponds to the conditional distribution of
B given x = (z),...,7,)' in the structural case). For this reason, inference on B when A,
is known typically is based on large samples, since as n — 0o, V(4 - B) 2 N(0, og).
Moreover, using properties of the Wishart distribution we can study the exact distributions
of certain functions of ¢ s in both cases (A, or A, known). Thus, considering the Wishart
distribution in (3.1) it follows that (Muirhead, 1982)

() Syv.x = Syy — $5£ = Syy(1 - ri ) is independent of (Sy x. Sxx);

sy nSyy x ol ‘
(ll) ovry " xi_z, where oyy x = oyy — ;fi' =oyy(l - ngx)y

(iii) (= — 25)|Sxx ~ N(0, 252x);

. nS 2 S 2
(iv) 22 ~ 2., and 22

) g5 ~ sz

'xx'(T—zIf.vxxT;n_ 1.

From the above results, it follows that

(n—2)Sxx 1/2 Syx oy X
3.2 W L Ty (0,10 - 2).
@3-2) ( Syv.x ) (5.\'.\( Uxx) 0. Lir.=2)

Notice that (v) follows from (iii) and (iv), since, as is well known, by mixing a normal with
a chisquared distribution we get a t-distribution.

4. The score statistics

Let ¢ = (¢, ';'s)l the maximum likelikood estimator of ¢ = (4%, é's_)' under the null
hypothesis Hy : 8 = f,. It is easy to see that oy = ¢, = Z and ¢s = (@3, ¢a, ) follows
from the equations

B = fo
and N
éi = @i(Bo)Szzai(fo),
where @;(8y), i = 3,4, are as defined in (2.12), with 8 replaced by fy. In the model with
A; known, it follows that , = é,. Under H, : B = 3y we have that

nSzz ~ Wi(Ze,n - 1),
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where £, is the same as T (defined in (2.10)), but evaluated at (¢3, ¢4, fo). This implies
that

n‘;l 2
4.1 —— ~ Xn—-1»
(4.1) e Xn=-1
i = 3,4. However, #3 and ¢, are independent in the model with A; known. The score
statistics for for testing Ho : 8 = fo against H, : § # fo is given by

1 (al(¢)| )’_”(Ga(ﬁo)szzm(ﬂo))z
g\ 08 '*=¢ Pada

Let & = [¢;], the mat*rix defined by
§ = AOSZZA:)1

where A} = A'(f), that is, .
$ij = ai(Po)Szza;(fo),

t,j = 3,4, with ¢ii = éi. Clearly, the score statistics S can be written as

5 =n &g‘

304

20 that the distribution of § under Hj is determined by the distribution of &. Moreover,
under Hp : A = fq, it follows that

& ~ Wy(Z®gin - 1),
n
where W denotes the Wishart distribution and
By = AgEoA} = diag(a, é4),

where, as before. dlag means diagonal matrix. Using (3.2) with £zz = [S;;] and T =[]
replaced by & = [¢;,] and ®o = [4;;], respectively, we have that

(4.2) 2= {( - 2)d, ;/z(d’:u i ¢:u) ~ (0,17 — 2),
$1.4 b4

where

(4.3) $14 = b3 — ¢295 " = é3(1 - S/n).

From (4.2), (4.3) and from the fact that ¢34 = 0, it follows that

S=







where 0§ = 0}3(¢) is as in (2.14).

As in Anderson et al. (1986), it follows that maximum likelihood estimators of 8
and ¢ are obtained by solving the equations i = jiy =2 = T5., Zi/nand £ = Ey =
Szz = pﬁn/u,, where Szz = Y0 (Ze — Z)(Zk - Z)' /n, in and Ep are the maximum
likelihood estimators under the normal model given in Section 3 and u; is the maximum
of the function u?/2f(u), u > 0 and p = 2n is the dimension of Z. Thus, if BN and $.—_~
i =1,...,4 denotes the maximum likelihood estimators of § and ¢;, i = 1,...,4, under
the normal model, it follows that the maximum likelihood estimators under the elliptical
model defined by (5.1) are such that

B=Pfn, $i=édin, i=12 and $.-=,%$.-.~, i=34.

The derivations of maximum likelihood estimators under the hypothesis H : § = Bo is
similar. Additionally, using some results in Fang et al. (1990), it can be shown that
several statistical properties which hold under the normal model also hold under elliptical
models. In particular, ﬁ 2 BN since [;(az) = ﬁ(z), for any real a. We show next that this
is the case with the score statistics which, except for a constant, is the same as under the

normal model.
Using the fact that

akggm ¢ tr(!:%;—: 5
it follow from (5.2) with I = log p(z|$) that
(;1; = ~Wy (nt(E~'S22) + n(Z - pYE(Z ~ ) {ntr(BSzz) + n(Z ~ u)'B(Z - w)} ,
where A o —R——
B =555 B = (@10 + G4d)).

Using (5.3) and the fact that ji = iy = Z and £ = (p/us)Ey it follows that

=L (atu)l _)’ _Pp+?) flu)ng
Kpp \ OB 4=¢ as(2.2)" flug)’ 7N
where p = 2n and Sy is the score statistics under the normal model derived in Section 4.

In the special case of the structural elliptical 2-model, that is, Z ~ (1, ® p, I, ® B;v)
we have that

(e
flu) = ‘I.—[ZT:’—/zv’/’{u +u)~n2 oy >0,
2

it follows that uy = p = 2n, for » > 0 (including v = o),
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