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Resumo

Seja D um anel com divisao de caracteristica diferente de 2 com involugao.
Mostramos que, a menos de algumas poucas excecoes, ) contém um par
livre de elementos simétricos desde que (a) D seja de dimensao finita e que
seu centro tenha grau de transcendéncia suficientemente grande sobre seu
corpo primo, ou (b) o centro de D seja nao-enumeravel, mas também nao
algebricamente fechado em D. Sob as condigoes (a), se a involugao for de
primeira espécie, mostra-se ainda que o subgrupo unitario de U(D) contém
um subgrupo livre nao-ciclico, a menos de uma excecao.

Os métodos desenvolvidos sao ainda utilizados para descrever subgru-
pos livres nao-ciclicos no grupo multiplicativo de um anel com divisao de
dimensao finita, uma vez que o centro tenha grau de transcendéncia suficien-

temente grande sobre o corpo primo.



FREE SYMMETRIC AND UNITARY PAIRS IN
DIVISION RINGS WITH INVOLUTION

VITOR O. FERREIRA, JAIRO Z. GONCALVES, AND ARNALDO MANDEL

ABSTRACT. Let D be a division ring with an involution and char-
acteristic different from 2. Then, up to a few exceptions, D con-
tains a free pair of symmetric elements provided that (a) it is finite-
dimensional and the center has a finite sufficiently large transcen-
dence degree over the prime field, or (b) the center is uncountable,
but not algebraically closed in D. Under conditions (a), if the invo-
lution is of the first kind, it is also shown that the unitary subgroup
of U(D) contains a free subgroup, with one exception.

The methods developed are also used to describe free subgroups
in the multiplicative group of a finite-dimensional division ring
provided the center has a sufficiently large transcendence degree

over its prime field.

INTRODUCTION

Let k be a field of characteristic different from 2 and let A be a k-
algebra with an involution *. Let U(A) denote the group of units of
A. We consider the existence of free pairs of symmetric and unitary
elements in U(A).

In [8], where A is the group algebra kG of a finite group G over
k, with the involution that sends each element of G to its inverse, we
give conditions for the existence of free symmetric pairs; such pairs
were also shown for some special division algebras. Conditions for the

existence of free unitary pairs in U(kG) were given in [10].
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Here we further investigate the problem for division rings. We believe
that some general form of Lichtman’s Conjecture [14] should be true,
namely, with few exceptions, division rings with an involution always
contain free symmetric and unitary pairs.

We study involutions of the first and second kind on a division ring
D finite-dimensional over its center k. We are able to show, except
for a few cases, the existence of free symmetric and unitary pairs in D
provided that tr.deg(k: P) > f(n), where tr.deg(k: P) stands for the
transcendence degree of k over its prime field P and f is a function of
the index n of D. In the case of involutions of the first kind the excep-
tions are quaternion algebras whose symmetric (or unitary) elements
all commute. For involutions of the second kind, the exceptions are a
little more cumbersome to describe.

In the case of free symmetric units and involutions of the first kind,
we can trade the finite-dimensional hypothesis for the existence of a
noncentral algebraic element, provided the center is uncountable.

One of the authors proved in [7] that every finite-dimensional division
ring contained a noncommutative free group. In [15] Makar-Limanov
expressed his dislike for the essential use of Tits’ Alternative in that
proof. No significantly different proof has appeared so far, but as a side
result of our study we show that Tits’ Alternative can be avoided in
“almost” all cases. To be more precise, we show that if either tr.deg(k:
P) > g(n), where g is a polynomial function and n? is the dimension
of D, or k is algebraic over P, then D contains a free pair. Moreover,
if tr.deg(k : P) > g(n) + 1, then we can explicitly construct such a
free pair using a method due to Chiba [4]; these pairs are essentially
different from those detected in Tits’ proof.

The authors are indebted to Professors D. Passman and A. Gi-

ambruno for many useful conversations.

1. PRELIMINARIES

If A is a ring, the center of A will be denoted by Z(A) and the
group of units of A by U(A). By an involution in A one understands
an additive map * : A — A such that (ab)* = b*a* and (a*)* = a
for all a,b € A. An element a of A is called symmetric if a* = a,

antisymmetric if a* = —a, and unitary if aa™ = a*a = 1. An involution
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in a simple ring A is said to be of the first kind if every element of
Z(A) is symmetric, otherwise it is said to be of the second kind.

More generally, in an algebra over a field k, a k-involution is just a
k-linear involution. A subset of A is called free if its elements freely
generate a free subgroup of U(A). A free pair of symmetric (resp.
unitary) elements will be called a free symmetric (resp. unitary) pair.

An involution * on a ring A induces an involution * on the polynomial
ring A[t] such that ¢t* = ¢. If A is simple and F is a field extension
of the center k£ of A, then an involution * of the first kind on A can
be extended to an involution * of the same kind on Ap = A ®@; F' by
(3 ;a:i® fi)* =2, a; @ fi, where a; € A and f; € F.

If D is a division ring, then D will denote the multiplicative group
of D, that is, D = D\ {0}. The sets N,Z,Q will denote the natu-
ral numbers, the integers and the rational numbers, respectively. We
shall use the convention that division rings are always noncommutative
unless otherwise stated.

Let D be a division ring with center k, let n be a positive integer,
and let R = D,, be the n x n full matrix ring over D. Consider the

polynomial ring R[t]. We shall make use of the following lemmas.

Lemma 1.1 ([1, Lemma 4]). The ring R[t] has a unique ring of quo-
tients R(t) containing all elements of the form pg™' (and ¢~'p) with
g a non-zero divisor of R[t]. Furthermore, q can be chosen to be a
polynomial in D[t]. Finally, R(t) is canonically isomorphic to D(),,
where D(t) = {fg~"' : f,g € D[t],g # 0} is the Ore ring of quotients of
D[]
Lemma 1.2 ([1, Lemma 5]). Let F = k(a) be a finite extension of
k generated by a single element o and let m, : R[t] — Rp be the
homomorphism defined by m,(p(t)) = p(1 ® o). Then
(i) the set R,(t) = {p(t)q(t)™" : malq(t)) is regular in Rp} is a
subring of the ring of quotients R(t) of R[t];
(ii) the homomorphism m, can be extended uniquely to a homomor-
phism
o : Ro(t) — Rp

by setting

ma(p(t)q(t)™) = p(1 ® a)q(1® ).
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Furthermore, if r(t) € Ra(t) is such that ma(r(t)) is regular,
then r(t)™! € Ru(t).

Our aim is to prove a sort of “cancellation” property in Lemma 2.1.

We start with the following two lemmas.

Lemma 1.3. Let D be a division ring of finite dimension n? over
its center k and let P denote the prime field of k. Let X be a finite
subset of D. Then X is contained in a division subring D' of D of
dimension n* over its center k', a subfield of k that is finitely generated
over P. Moreover, if the cardinality of X is r, then tr.deg(k’: P) <

n®+ (r —1)n® +n.

Proof. By the Corollary on p. 182 of [12], D has a basis B = {a'’ :
4,7 =0,...,n—1}, where a, # € D are conjugated elements of degree n.
Let f(X) =ao+a1 X +---+a,—; + X™ denote the minimal polynomial
of a (and, thus, of B) over k. For each j = 1,...,n —1, let b;; € k
be such that fla = p bjuc’B. Finally, for each z, € X, write z, =
> i Caij@’ B, with cyi; € k. Denote by k' the subfield of k generated
by the a;, bjii, cqij over P. It can be easily proved by induction on ¢
that B7a’ € k' for all i,5 = 0,...,n — 1. Let D’ be the linear span
of B over k'. By the way k' was defined, D’ is a division subring of
D, containing X, and its center contains £’. Actually, £’ is the center
of D', for a central element in D’ commutes with all o’$?, hence it
is central in D and so its only nonzero coordinate relative to B is at
the basis element 1. By definition, &’ is finitely generated over P and
tr.deg(k/:P) <n+(n—1)n*+rn? =n+(r — 1)n? +n. O

To put things in perspective, here is a construction of a division ring
that is finitely-generated over the prime field, and whose center is not
finitely generated. Let F' = P(z;: 1 € Z), K = F(y; : 1 € Z), where the
x;,y; are indeterminates. Let o; be the F-automorphism of K given by
0:(y;) = ziy;y;; let 7 be the F-automorphism given by 7(yi) = yi41.
Denote by H the group generated by the o; and let G = (H,7). It
is easy to see that o;7 = 70;4; and that G = H % (7). Since H is
isomorphic to the free abelian group in {z; : « € Z}, it follows that G is
orderable. Therefore, the twisted group ring KG can be embedded in
a division ring of twisted Malcev series; let D be the division subring of
that generated by {yo,00,7}. We claim that F' C Z(D) (it is actually



FREE SYMMETRIC AND UNITARY PAIRS 5

equal). Indeed, it suffices to show that F' C D, since F' commutes with
everything in sight. Since z; = yo_lcf,-yoai_l and o; = 7707, the result
follows.

The following is essentially present in the proof of [4, Theorem 2].

Lemma 1.4. Let D be a division ring with center k and let D' be a
division subring of D with center k'. Then any subset of k which is
algebraically independent over k' is also algebraically independent over

.

Proof. Let X = {z; : 1 € I} be a subset of k which is algebraically
independent over k' and suppose that the set W = {z]'---z" : n €

N,z; € I,r; € N} is linearly dependent over D’. Take a minimal

dependence relation holding among the elements of W:
(1) w0+a1wl+"'+asws=01

where w; € W and a; € D’. Since X is algebraically independent over
k', at least one of the a; lies outside k', say a;. Let ¢ € D’ be such
that a;c — ca; # 0. Then, taking commutators determined by ¢, the

equation above gives rise to
(a1c — car)wy + - - - + (asc — cas)w,; =0,

which contradicts the minimality of (1). O

In the particular case of a singleton the lemma above guarantees that
if A € k is transcendental over k', then it is transcendental over D’.

In our study of involutions, the special case of quaternion division
rings must be treated separately.

Given a field k of characteristic different from 2, a quaternion al-
gebra is a k-algebra generated by two elements i,j (called quaternion
generators) which satisfy i%,j% € k*,ij = —ji. A quaternion algebra is
a central simple k-algebra with basis {1,1,],1j}.

An involution * in a quaternion algebra is said to be of type I if any
pair of quaternion generators is antisymmetric. Otherwise, it is said to
be of type I1.

Lemma 1.5. A quaternion algebra of type II contains a pair of sym-

melric quaternion generators.
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Proof. Let H be a quaternion algebra over a field £ with an involution
*. Let S denote the set of symmetric elements in H. Suppose that
S C k and let 1,j be a pair of quaternion generators for H over k. The

following identity holds in H:
i — (i+i"i+ (") = 0.

Since i> € k and 1 +1*,i"1 € S C k, it follows that i* = —i, because
{1,1} is linearly independent over k. The same reasoning holds for
J and, thus, H would be of type I. So there exists u € S\ k. Let
F = k(u). We have [H : F|[F : k] = [H : k] = 4. Since F # k and
F # H, it follows that [F' : k] = 2. We can suppose that u? € SNk, for
if t* 4 at + b € k[t] is the minimal polynomial of u over k, then u also
satisfies 2 + a*t + b*, which is a polynomial over k* = k. Therefore,
a,b € SN k. Now the element v’ = u + % is such that u™ = u/,
k(u) = k(v') and > € SN k. The mapping u — —u induces an
automorphism of F' over k, so —u = vuv~! for some v € H. Since
v € F, it follows that {1,u,v,uv} is a basis for H over k and hence
v? € k. If v* = —v, then {u,uv} is a pair of symmetric generators.
Otherwise, {u,v + v*} is a pair of symmetric generators. Hence, H is

of type IL O

The next result gives a characterization of quaternion division rings

containing free symmetric and unitary pairs.

Lemma 1.6. Let H be a quaternion division ring over a field k of

characteristic different from 2 and let * be an involution in H.

(i) If H is of type I and * 1is of the first kind, then it contains a
free unitary pair, but does not contain free symmetric pairs.

(i) If H 1is of type II and * is of the first kind, then H contains a
free symmetric pair, but does not contain free unitary pairs.

(ii1) If * is of the second kind, then H contains both free symmetric

and unitary pairs.

Proof. Suppose that H is of type I and that * is of the first kind. Given
z € H, let N(z) = zz*. Then N(z) € k, N(z) =0 if and only if z = 0,
and N(zy) = N(z)N(y) for all z,y € H. Therefore, N : H* — k*
is a group homomorphism. Let H' = ker(N). By [7], any noncentral
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normal subgroup of H* contains a free subgroup. Since H' is formed
by unitary elements, part (i) is proved.

Now suppose that H is of type II and that * is of the first kind. By
Lemma 1.5, H contains a pair 1,] of quaternion generators such that

1%

1* =1 and j* = j. In this case, it is not difficult to see that unitary
elements commute, so there are no free unitary pairs in H*. Let F
be the subfield of k generated by i* and j? over the prime field of k.
Observe that F' can be regarded as the field of fractions of a Dedekind
domain A # F. Set L = F(i) and let o be the F-automorphism of L
induced by the map i — —i. The quaternion algebra @) over F' with
quaternion generators 1,j can be regarded as a crossed product with
basis {1,j}, coefficients in L and group of automorphisms (o) acting
on L. Also, L* = L and @ is not of “quaternion type” as defined in
[8]. By [8, Theorem 4], Q* C H* contains a free symmetric pair. This
proves part (ii).

Finally, if * is of the second kind, then H must be of type II, for there
exists 0 € k such that * = —6 and if H were of type I we would have
(61)* = 1*6* = 6i for any element i of a pair of quaternion generators.
This would imply that 6i € k, which is an absurd, for i € k. So let i,]
be a pair of symmetric quaternion generators for H and consider the
quaternion algebra (); over the subfield F' of k left fixed by * generated
by i,j. By part (ii), @f C H* contains free symmetric pairs. Let
@2 be the quaternion algebra over F' generated by 6i,0j. By part (i),
QF C H* contains free unitary pairs. O

2. INVOLUTIONS OF THE FIRST KIND

In this section, we treat the case of involutions of the first kind.

The following result was inspired by [17, Proposition 3].

Lemma 2.1. Let D be a division ring of finite dimension s* over

its center k, and let P denote the prime field of k. Let n be a pos-
itive integer and let R = D,,. Suppose that R(t) contains a free pair
{u(t),v(t)}. Then there ezists a positive integer N = N(s,n,u,v) such
that if tr.deg(k : P) > N, then R contains a free pair of the form
{u(A),v())}, for some X\ € k. Moreover, if R has an involution and

the free pair in R(t) is formed by symmetric (resp. unitary) elements
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under the induced involution, then the free pair in R is also symmetric

(resp. unitary).

Proof. Suppose that u(t) = G(t)h(t)™*, v(t) = L(t)m(t)™!, with G(1),
L(t) € R[t] and h(t),m(t) € D[t], h(t) # 0, m(t) # 0, and that
r is the highest degree occurring among the polynomials h(t),m(t)
and the entries of G(t) and of H(t). Let X be the set formed by
the coefficients of h(t),m(t) and the coefficients of the entries of G(#)
and of L(t). By assumption, X contains at most (2n? + 2)(r + 1)
elements. By Lemma 1.3, X is contained in a division subring D’
of D with center k¥’ and such that tr.deg(k’: P) < N, where N =
2+ ((2n®42)(r+1)—1)s*+s. If tr.deg(k: P) > N, thereexistsa ) € k
which is transcendental over k' and, by Lemma 1.4, transcendental over
D'. Hence, D'(t) = D'(X) C D. Therefore, u(A),v()) freely generate a
free subgroup of D'()), C R.

The last assertion is clear, because the involution in R(t) fixes ¢t and
the involution in R fixes a subfield k. of the field of central elements k
which is such that [k : k.] < 2. O

We now show that full matrix rings over fields contain free symmetric
and unitary pairs. Recall that a field is called nonabsolute if it is not

an algebraic extension of a finite field.

Lemma 2.2. Let F' be a field of characteristic different from 2 and
let P denote the prime field of F'. Let * be an involution of the first
kind on R = M,(F'), where n > 2. Then, there exits a positive integer
N = N(n) such that if tr.deg(F : P) > N, then U(R) contains free

symmetric and unitary pairs.

Proof. As we can see from the proofs of [2, Lemma 4.6.10, Theo-
rem 4.6.12], by a Gram-Schmidt process, if F' contains square roots
of suitable elements a;, ..., a,, then * can be regarded as being either
the transpose or the symplectic involution. Let L be an extension of
F over which the o; have square roots. In M, (L) = M,(F) ®F L the
induced involution (3] a; ® [;)* = > a; ® l; can be regarded as being
either the transpose or the symplectic involution.

If we find a positive integer N such that tr.deg(#: P) > N, then L
will be a nonabsolute field. In this case, if * is the transpose and n > 3,

then M, (L) contains a free unitary pair, by [10, Lemma 2.5]. Moreover,
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it is known that M, (L) contains free symmetric pairs if n > 2 and * is
the transpose (cf. Lemma 2.7).

Let us assume that * is the symplectic involution. Then n = 2m, for

(0o (%)

So (% g) is symmetric if and only if D = Af. Clearly there are free

m > 1 and we have

pairs of elements of the form ('g 2,) in M,(L). Now let us look for

unitary matrices in the symplectic case. We have

A0) (AT 0
0o b) \o D
if and only if A=! = D', or D = (A7')". Thus a typical “diagonal”

unitary matrix will be of the form

A 0
0 (A——l)t :

We can certainly find free pairs of matrices of this form in M, (L).
Since L is a finite separable extension of F'| it contains a primitive

element o; so L = F(a). Let R, = R®p L. Define 7, : R[t] — Ry by

To(p(t)) = p(1 ® a) and extend * to R[t] and to Ry, by defining t* = ¢

and o* = a, respectively. By Lemma 1.2, the set
R.(t) = {p(t)q(t)™" : p(¢),q(t) € R[t] and ¢(1 ® ) is regular in Ry}

is a subring of the ring of quotients R(t¢) of R[t], and m, can be
extended uniquely to a homomorphism 7, : R.(t) — Rp, setting
mo(p(t)g(t)™) = p(1 ® a)g(1 ® a)~'. Furthermore, 7' (U(RL)) C
U(Ra(1)).

Theset {1®1,1®a,...,1®@a° '}, where s = [L : FJ, is a basis for
Ry, as a left R-module. By definition of * in Ry, if z = Zf__f& T ® o,
with r; € R, then z* = Y.7_  rf ® o’. So z is symmetric if and only
if rr = r;, for all 2. Let p(t) = S27s rit'; so ma(p(t)) = z. We have
seen that z is symmetric if and only if p(¢) is symmetric. Thus, we
can always choose pre-images of symmetric elements under 7, that
are symmetric, and the same holds for antisymmetric elements. So if

we have a free symmetric pair on the right, it can be lifted to a free
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symmetric pair on the left. If {z,w} is a free pair of unitary matrices in
M,(L), then {22, w?} is a free pair of unitary matrices of determinant
1 (see [5, Corollary 2]). In [5, Theorem 2] it is proved that a unitary
element of M,,(L) of determinant 1 is a product of two Cayley unitary
units, that is, of invertible matrices the form (1 —y)(1+y)™*, for some
antisymmetric matrix y. Therefore, since we can lift antisymmetric
elements through m,, we can lift Cayley unitary units and, hence, we
can lift unitary units.

In other words, we can always produce a free symmetric pair in R(t)
whose elements are polynomials of R[t] of degree at most s —1, and we
can always produce a 4-element set of polynomials of degree at most
s — 1 which give rise to a free unitary pair in R(¢). By Lemma 2.1,
there exists a positive integer N such that if tr.deg(F': P) > N, then
these free pairs can be pulled down to R by the substitution of ¢ by
a convenient element A of F'. Since, as we have seen in the proof of
Lemma 2.1, N depends only on the degrees of the polynomials involved
and these are bounded by s — 1 < s = [L : F] < 2", we can find a
bound N which depends only on n. O

We are ready to prove the first main result of this section.

Theorem 2.3. Let D be a division ring of finite dimension d over its
center k of characteristic different from 2 and let P denote the prime
field of k. Suppose that D has an involution of the first kind. Then
(i) if d = 4, then D contains a free symmetric pair if and only if
it is not a quaternion algebra of type I and D contains a free
unitary pair if and only if it is not a quaternion algebra of type
II;
(ii) if d > 4, then there exists a positive integer N = N(d) such
that if tr.deg(k: P) > N, then D contains both free symmetric

and free unitary pairs.

Proof. Part (i) follows from Lemma 1.6. Assume, now that d > 4 and
let F' be a maximal subfield of D generated by an element o over k. Let
us extend the involution * of D to D[t] by t* =t, and to Dp = D @ F
by (35;di® fi)* = 3, df ® fi. Let mo : D[t] — DF be the map defined
by ma(p(t)) = p(1 ® a). Note that 7, is a homomorphism of rings
with involution. Since F' is a maximal subfield of D, Dp = M,(F),
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where n? = d. Apply, now, Lemma 2.2 to M, (F'), lift symmetric and
antisymmetric units to D,(¢), as in the proof of Lemma 2.2, and apply
Lemma 2.1. ]

This result remains valid if D is taken to be locally finite.

Corollary 2.4. Let D be a division ring which is locally finite over its
center k of characteristic different from 2 and let P denote the prime
field of k. Let * be an involution of the first kind in D. Then if D
is not a quaternion algebra there exists a positive integer N such that
if tr.deg(k : P) > N, then D contains both free symmetric and free

unitary pairs.

Proof. If D is not a quaternion algebra over k, take five elements
ai,asy, as, a4, as which are linearly independent over k. Let D’ be the
division subring of D generated by {a;,a’ : i = 1,...,5}. Since
(D")* C D" and D is locally finite, we can apply Theorem 2.3 to D’ in

order to obtain the desired result. O

We observe that the bound N in the above corollary depends on
[D': Z(D')] and, so, depends on the choice of the a;.
Theorem 2.3 remains valid in the symmetric case if we allow D to be
a division ring not necessarily finite-dimensional, provided that it con-
tains a noncentral algebraic element over k and that k is uncountable.
We start with the following well-known consequence of a theorem of
Kaplansky ([2, Theorem 4.6.8]).
Lemma 2.5. Let D be a division ring with center k and let n be a
positive integer. Suppose that M, (D) has an involution *. Then one
of the following holds.
(i) * is of the transpose type. In this case, * restricts to an
involution a — @ in D and there exists a diagonal matrix
C = diag{ci,...,cn}, where ¢; € D with & = c;, such that,
for all A € M,(D),

(2) A*=CAC™,
where, if A = (a;;), A = (@;) and A' stands for the usual

transpose of A, or
(ii) * is of the symplectic type. In this case, D = k is commutative,
n = 2m is even, and if A,B,C,D € M,,(k), the involution *
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1s given by the rule

A B\ (D -B
3 -
where again t stands for the usual transpose.

We shall need a result similar in content to Lemma 2.2 for the infinite-
dimensional case. Before we state such a result, we state a variation of

[9, Lemma] which can be proved in exactly the same way.

Lemma 2.6. Let A be an algebra over a field k of positive characteristic
p. Suppose that A contains elements a and b such that a®> = b* = 0 and
ba is not nilpotent. Let f,g € k[t] be arbitrary nonzero polynomials.
Then the elements ¢ = 1+ fta and y = 1 + gtbab are units of order p
in Alt] and (z,y) = (z) * (y).

The following is an improved version of Lemma 2.2 for the symmetric

case.

Lemma 2.7. Let D be a division ring (commutative or not) with a
nonabsolute centre k of characteristic different from 2. Let n be a
positive integer and let * be an involution of M,(D), where n > 2.
Then, unless n = 2 and * is the symplectic involution, GL,(D) contains

an element = such that {zz*,z*z} is a free pair.

Proof. Suppose first that * is of the transpose type. By Lemma 2.5,
* restricts to an involution @ — @ in D and there exists a diagonal
matrix C = diag{cy, ..., .}, where ¢; € D with ¢ = ¢;, and * is given
by (2). It is enough to consider the case n = 2. Indeed, if n > 2, then,
by means of the embedding of M;(D) into M,(D) given by

A (4 0
0 I'n—2

an involution of the transpose type in M, (D) restricts to an involution
of the same type in Mz(D). Thus, we can suppose that n = 2. In this

case, we have

a b *__ a 0\ (a ¢\ (' 0\ [aag! crecy
c d)] \o cy b d 0 c;1 N czgcl—l c23c2—1 )

Let us put z = ¢;c;* and note that Z = ¢;'¢;. We consider now two

cases.
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(i) char(k) = 0: Let F' = Q(z) be the subfield of k generated by z
over Q. We can then regard F' as a subfield of the complex numbers.
Choose r € Q large enough so that |zr?| > 2, [z2r?—2| > 2, |2r?42| > 2.

Then, by [3],
v 1 zr (10
“lo 1) YT \r 1

is a free pair which is switched by *. Hence {zy, yz} is also a free pair.
(ii) char(k) > 0: Let GF(p) be the prime field of k. If z is transcen-
dental over GF'(p), let

$=<; ":) yzc (1)>€M2(k).

If z is algebraic over GF'(p), let ( be an element of k that is transcen-
dental over GF'(p) and define

(1 =¢ (10
TN 1) YT e 1)

In both cases, by Lemma 2.6, z and y are units of order p such that
(z,y) = (z) * (y) and, clearly, z* = y. It is now easy to see that
{zy,yz} is a free pair.

Suppose now that * is symplectic. Then, by Lemma 2.5, D =k is a
field, n = 2m is even, and * is given by (3). If n = 2, it is easily seen
that, since char(k) # 2, a symmetric element is a scalar matrix and so
is central. If n > 2, then m is at least 2 and so, using the result for the
transpose type with z = 1, one can find a matrix A € GL,.(k) such
that AA* and A*A form a free pair. The matrix

(1)

is then an element satisfying the lemma. O

The method of proof used in our next result (Theorem 2.9) is similar
to the one used in the proof Theorem 2.3, that is to say, we shall lift a
free group from a matrix ring and then apply a cancellation argument

provided by the lemma below.
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Lemma 2.8. Let D be a division ring with an uncountable center k.
Let n be a positive integer and let R = D,. Suppose that R(t) con-
tains a free pair {u(t),v(t)}. Then R contains a free pair of the form
{u(X),v(A)}, for some X € k.

Moreover, if R has an involution and the free pair in R(t) is formed
by symmetric elements under the induced involution, then the free pair

in R is also symmetric.

Proof. Again write u(t) = G(¢)h(t)™", v(t) = L(t)m(t)™, with G(¢),
L(t) € R[t] and h(t),m(t) € D[t], h(t) # 0, m(t) # 0. Since u(t) and
v(t) are units, G(t) and L(t) are non-zero divisors in R[t]. For each

nontrivial element w(z, y) of the free group F; freely generated by z,y,
choose P,(t) € R[t], q.(t) € D[t], q.(t) # 0, such that

w(u(t),v(t)) = Pu(t)gu(t) ™.

Now, if P(t) = (pij(t)) € D[t], and g(¢) € D[t] are such that, for
some A € k, P(A\)g(A)~! = I,,, then, in particular, p;;(A) = ¢(A). Thus,
if X is not a root of py;(t) — q(t), then P(A\)g(A\)™* # I,.

Recall that given a nonzero polynomial f(t) € DIt], the set X; =
{\ € k: f(A) = 0} of roots of f lying in k is finite (see, e. g., [13,
Theorem 16.4]). This implies that given a non-zero divisor P(t) € R|[t],
the set Xp = {\ € k: P(}) is a zero divisor in D,} is also finite.

For each w € Fj, write P, = (p%;), with pf; € D[t]. Since the free
group F, is countable, the set

X=|JXnuUuX,UX,
w€eF,

YU KU X L) X UK,

‘1"1 —Qw

is at most countable. Since k is uncountable, there must exist A € k\ X.
For this A, w(u(A),v(A)) # 1 for all w € F5. In other words, u(A),v(A)
form a free pair in R.

If R has an involution, we can choose, as in the proof of Lemma 2.1,
a A € k which is left fixed by the involution. a

We are ready to prove the following theorem.

Theorem 2.9. Let D be a division ring with an involution * of the first
kind. Suppose that the center k of D is uncountable and has character-

istic different from 2. Assume that D contains a noncentral algebraic
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element a over k and that D is not a quaternion division algebra of

type I. Then D contains a free symmetric pair.

Proof. Let F' = k(a) and let
Mo D[t] — Dr

be the homomorphism given by 7,(p(t)) = p(1 ® a). Extend the in-
volution * of D to D[t] and to D in the natural way, so that 7, is a
homomorphism of rings with involution. Since « is algebraic over k,
Dp = M,(FE) for some division ring E with center F' and n > 2 is the
degree of the minimal polynomial of o over k (see [6, Exercise 3.4.11]).
By Lemma 1.2, 7, extends to a homomorphism with domain D,(t)
such that 771 (U(DF)) C U(Dq«(t)). Now * is an involution of M, (E).
If n =2 and E = F is commutative, [D : k] = 4 and, by hypothe-
sis, the induced involution in M, (E) is not symplectic. Therefore, by
Lemma 2.7, there exists an element 2 € GL,(F) such that {zz*,z*z}
is a free pair. Choose f € D,(t) such that m,(f) = z. Then {ff*, f*f}
is a free symmetric pair in D(t).

We know evoke Lemma 2.8, to guarantee the existence of a free

symmetric pair in D. O

Recall that a division ring D with an uncountable center & which
is finitely generated as k-algebra is always algebraic over k (see [6,
Exercise 3.4.16]). With this fact in hand we obtain the following con-

sequence of Theorem 2.9.

Corollary 2.10. Let D be a division ring with an involution of the first
kind. Suppose that the center k of D is uncountable of characteristic
different from 2, and that D 1is finitely generated as a k-algebra. Then
unless D is a quaternion algebra of type I it contains a free symmetric

pair. O
Lemma 2.7 has another interesting consequence.

Theorem 2.11. Let R be a primitive k-algebra with nonzero socle.
Suppose that k is a nonabsolute field of characteristic different from 2
and that R is endowed with a k-involution . Then U(R) contains a
free symmetric subgroup, unless R is a full 2 X 2 matriz ring over a

field extension of k and * is the symplectic involution.
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Proof. If R = M, (D), where D is a division ring, then, by Lemma 2.7,
the claim is true. If the above is not the case, we take n > 3 and, by
Litoff’s Theorem (see [2, 4.6.15]), there exists a symmetric idempotent
e such that eRe = M, (D), where D is the associated division ring of
R. Since e is symmetric, M,(D) is stable under *. By Lemma 2.7,
M, (D) contains a free symmetric subgroup which embeds in U(R) via
z+— (1 —e)+ ze. O

3. INVOLUTIONS OF THE SECOND KIND

Some of what has been proved for involutions of the first kind in
Section 2 can be established for general involutions (cf. Theorem 3.1).
In this section we restrict our attention to free symmetric pairs.

The following is a version of Theorem 2.9 for a general involution.

Theorem 3.1. Let D be a division ring with center k of characteristic
different from 2. Suppose that k is uncountable. Let * be an involution
i D. Assume that D is not a quaternion algebra of type I and that
it contains a noncentral symmetric algebraic element over k. Then D

contains a free symmetric pair.

The above can be proved in the same way as Theorem 2.9, using
a noncentral symmetric algebraic element o as the generator for the
scalar extension and extending * to D®k(a) by (3, d:®c')* = X, &I ®
a'.

In order to obtain a version of Theorem 2.3 for general involutions, we
shall first prove that a finite-dimensional division ring with involution
has a maximal subfield generated by a symmetric element. This is the
contents of Theorem 3.3 below. For its proof we shall make use of the
following involutional version of the Jacobson-Noether Theorem, due

to Chacron.

Lemma 3.2 ([11, Lemma 3.2.1]). Let D be a division ring with involu-
tion, of characteristic different from 2, and denote the set of symmetric
elements of D by S. Suppose that every element of S is algebraic over
the center k of D. Then either S C k (and, so [D : k] < 4) or there
exist separable symmetric elements which are not central.

Theorem 3.3. Let D be a division ring finite-dimensional over its
center k of characteristic different from 2. Let x be an involution in D.

Then, if it does not contain quaternion algebras which are invariant
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under *, D has a mazimal subfield which is generated by a separable

symmetric element.

Proof. Let S denote the set of symmetric elements in D. Since D is
not a quaternion algebra, if follows from Lemma 3.2 that S\ k£ contains
separable elements. Among all z € S\ k£ that are separable choose
one such that [k(z) : k] is maximal. We claim that F' = k(z) is a
maximal subfield of D. We shall show that ' = Cp(F). Since F is
commutative, it follows that /' C Cp(F'). Moreover, since F' is simple
and finite-dimensional over k, it follows that ' = Cp(Cp(F')). Thus,
F' coincides with the center of Cp(F"). The involution * of D restricts
to an involution of the division subring Cp(F'), because if y € Cp(F),
then y*z = (z*y)* = (2y)* = z*y* = zy*. If [Cp(F) : F] > 1, since
D does not contain *-invariant quaternion algebras, we would have,
by Lemma 3.2, a symmetric element z € Cp(F) \ F separable over F.
But then we would have produced a separable extension k(z,z) of k
of degree strictly larger then [k(z) : k]. Since k is infinite, by the con-
struction of primitive elements in separable extensions, k(z,y) would
be generated by a separable symmetric element, which is a contradic-

tion. This proves the theorem. O

Theorem 3.4. Let D be a division ring of finite dimension d over its
center k of characteristic different from 2. Let P denote the prime field
of k. Let x be an involution in D. Assume that D does not contain
quaternion algebras which are invariant under %. Then there exists a
positive integer N such that if tr.deg(k: P) > N, then D contains a

free symmelric pair.

Proof. Since D does not contain quaternion algebras which are invari-
ant under *, by Theorem 3.3, it contains a maximal subfield F' gen-
erated by a symmetric element o. Now proceed as in the proof of
Theorem 2.3, use Lemma 2.7 to guarantee the existence of a free sym-
metric pair in M,,(F'), and, when using Lemma 2.1 to descend from
D(t) to D, be careful to choose a symmetric element A € k which is
transcendental over P. This last choice is always possible, because k is
an extension of degree at most 2 of the field k. = {A € k: A* = A}, O
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4. FREE SUBGROUPS OF DIVISION RINGS

As remarked in the Introduction, the techniques developed in this
paper provide us with a method of proof of the existence of free groups
in the group of units of a finite-dimensional division ring which avoids
the use of Tits’ Alternative in “almost” all cases. We shall see how this

is done in the following.

Theorem 4.1. Let D be a division ring of finite dimension n? over its
center k and let P denote the prime field of k. If either every element
of k is algebraic over P or tr.deg(k: P) > n® 4+ n? +n + 1, then Dt

contains a noncyclic free group.

Proof. Start by choosing two elements a,b € D such that ab # ba. By
Lemma 1.3, there exists a division subring D’ of D containing a and
b of dimension n? over its center k', a subfield of k finitely generated
over P.

If every element of & is algebraic over P, then P is isomorphic to Q
and so k' is an algebraic number field. By the Albert-Brauer-Hasse-
Noether Theorem (see [16, Theorem 18.6]), D' is a crossed product and
therefore, by [8, Theorem 2], it must contain a free subgroup.

On the other hand, if tr.deg(k: P) > n® +n® +n+ 1, let F' be a
maximal subfield of D’ generated by an element a over k’. Consider
the map 7, : D'[t] — D' @y F’ defined by m,(p(t)) = p(1 ® ). Now
D' @ F' =2 M,(F'), and it is well-known that M,(F") contains free
groups which can be lifted to D’(t) via m4. By Lemma 1.3, tr.deg(k’:
P) < n?®+n? + n and, so, there is a transcendental in k left and we
can apply Lemma 1.4 to obtain the desired result. d

In fact, if the center k of D contains still one more transcendental
element over P we are able to exhibit free generators for the free group.
We shall do this using a construction of Chiba [4]. Here one should
notice a large difference from the previous proof and that in [7]. Both
in Tits’ theorem and in [8], the free pairs obtained arrive from matrices
of hyperbolic type. In the proof below, the free pairs are of parabolic

madtrices.

2 over its

Theorem 4.2. Let D be a division ring of finite dimension n
center k and let P denote the prime field of k. Let a,b € D be such

that [a,b] = ab—ba # 0. Let Dy = P(a,b) be the division subring of D
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generated by a and b over P. Iftr.deg(k:P) > n®+n®+n+2, then k
contains two elements =,y which are algebraically independent over Dy.
In particular, letting dy; = [a,b]™'(a —z) and dy; = —b*[a,b]" (bab™! —

z), we have the following:

(i) if char(P) = 0, then z; = 1 + ydyz and 2z = 1 + ydy,, freely
generate a free subgroup of DY, and

(i) if char(P) = p > 0, then the subgroup of D generated by w; =
14ydyz, ws = 14ydaidiadsy and wz = 14+y(1—dy1)di2daidia(1+
d1) is the free product (w;) * (ws) * (ws).

Proof. Let D' be the division subring of D with center k&’ containing
X = {a,b} constructed in the proof of Lemma 1.3, and let D" be
the division subring of D generated by X over k’. Since D’ is finite-
dimensional over k', so is D" and, a fortiori, so is its center k”. Let
ko denote the center of Dy. Then, since kg C k", tr.deg(ko : P) <
tr.deg(k” : P) = tr.deg(k’: P) < n® + n? + n. Hence k contains two
elements = and y that are algebraically independent over the center kg
of Dy. By Lemma 1.4, they are also algebraically independent over Dy.

Now Dy is a left Do[z]-module via

(Z d;a:i) TTE Zduai,

for d;,u € Do. Let M = ko + bky be the right kp-subspace of Dg
generated by the ko-linearly independent elements 1 and b. Denote by
R = ko(di2,d21) the ko-subalgebra of Dg[z] generated by dy2 and dy;.
So Dy is a left R-module. Now di3 - u = [a,b] '(au —ua),so dj2-1 =0
and dy; - b= 1. Also, do; - u = —b*[a,b]"(bab™'u — ua),so dy1 -1 = b
and dy; - b = 0. This proves that R- M C M, therefore, M is an

(R, ko)-bimodule. This action induces a ring homomorphism
¢ : R — Endy, (M) = Ms(ko),

given by ¢(r)(m) = r - m. And, as we have seen,

p(di2) = (g (1)> and  (dy1) = ((1) 3)

Now, extend ¢ to
% : R[[y]] — Ma(ko)[[y]] = Ma(ko[[v]]),
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where R[[y]] stands for the power series ring of R over y, and simi-
larly for My(ko)[[y]]. Since both in characteristic 0 and p the elements
Zy, 23, Wy, wa, w3 are invertible in R[[y]], it follows that the subgroups
of D* they generate are contained in R[[y]]. It is well-known that if
char(kp) = 0, then

— (1 y _ 4 B
B(1) = (0 1) and m»(y 1)

freely generate a free group in Ms(ko[y]). So, (z1, 22) is free on {2, z3}.
Finally, if char(ko) = p > 0, it follows from [9, Lemma], that the image
under @ of (w;, ws,ws) is isomorphic to the free product Z, * Z, * Z,,.

Thus (wy, wa, w3) = (w) * (w2) * (ws). O
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