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1. Introduction and terminology

A space X is discretely generated at a point x € X if for any A € X with x € cl(A), there exists a discrete set D C A such
that x € cI(D). The space X is discretely generated if it is discretely generated at every point x € X. We say that X is weakly
discretely generated if for any non-closed set A C X, there exists a discrete set D € A such that cl(D)\A # @. Obviously a
discretely generated space is weakly discretely generated.

Discretely generated spaces were introduced in [2] where it was established, among many other results, that each com-
pact Hausdorff space of countable tightness, each monotonically normal space and each regular space with a nested local
base at every point is discretely generated and every compact Hausdorff space is weakly discretely generated. Many of these
results were generalized in [1]. In [4], Ivanov and Osipov constructed, under CH, an example of a compact discretely gener-
ated space X such that X x X is not discretely generated. Also, in a recent article [6], it was shown that finite (Tychonoff)
products of [-nested spaces and arbitrary box products of monotonically normal spaces are discretely generated. Although
the class of weakly discretely generated spaces is, in some sense, “large” (it is not an entirely trivial exercise to find a Haus-
dorff space which is not weakly discretely generated), in general, it seems difficult to prove that a given family of spaces
has this property (two classes of spaces which are known to be discretely generated are those of sequential and scattered
Hausdorff spaces). For instance, many open problems exist regarding the preservation of (weak) discrete generability under
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products and we address some of these problems in this paper. Specifically, we show that the countable product of spaces
in some fairly large classes is discretely generated. We also show that the product of an ordinal and a weakly discretely
generated space is weakly discretely generated.

If xe ACX, t(x, A) will denote the tightness at x in A, that is to say t(x, A) = min{k: if B < A and x € cl(B), then
for some C € [B]S¥, x e cl(C)}. Similarly, the character of x in A C X (respectively, the pseudocharacter of x in A C X) will
be denoted by x (x, A), (respectively v (x, A)). A space is said to be I-nested if each point possesses a local base which is
nested. All spaces are assumed to be Hausdorff and all undefined terms can be found in [3] or [5].

2. Preservation of (weak) discrete generability under products

Theorem 2.1. If X is a regular space with a nested local base at a and Y is regular and discretely generated at b and t(b, Y) < x (a, X),
then X x Y is discretely generated at (a, b).

Proof. Suppose that AC X x Y and (a, b) € cl(A). Let {Uy: o <k} (where « is a regular cardinal) be a nested local base of
open sets at a with the property that if & < g, then cl(Ug) € U, and without loss of generality, we assume that Ug = X.
If (a,b) € cl(AN ({a} x Y)) (or (a,b) € cl(AN (X x {b}))), then since both X and Y are discretely generated, it follows that
there is a discrete subset of AN ({a} x Y) (or AN (X x {b})) which contains (a, b) in its closure. Thus we may assume from
now on that (a, b) ¢ cl(AN ({a} x Y)) Ucl(AN (X x {b})). But then, there exists an open neighbourhood U x V of (a, b) such
that (U x V)N[(AN ({a} x Y))U (AN (X x {b}))] =¥ and so without loss of generality we assume that U =X and V =Y.

Since (a,b) € cl(AN (Ug x Y)), it follows that b € cl(zry[A N (Ug x Y)]) and since Y is discretely generated and t(Y) <k,
there is some discrete subset Eg C mwy[A N (Ug x Y)] such that b € cl(Eg) and |Eg| < k. For each d € Eg, we may choose
Xq € Ug so that (xg,d) € (Ug x Y) N A. Let Dg = {(xg4,d): d € Eg}; clearly Dy is a discrete subset of A of cardinality less
than k. We are assuming that AN ({a} x Y) =@ and since there is a nested local base at a of size «, it follows that
(a,b) ¢ cl(Do).

Suppose that for some o < k we have chosen basic open neighbourhoods Uy, of a and subsets Eg €Y and Dg C A for
each B < «, with the following properties:

(1) yo=0and yp <ys if p<é<a,

(2) Both Dg and Eg = my[Dg] are discrete, |Dg| =|Eg| <« and b € cl(Eg) for each 8 <,
(3) Dp S (Uy, xY)N A for each g < «,

(4) If u <p <a, then cl(Uy, xY) Ncl(U{De: £ <)) =0, and

(5) U{Dy: p < B} is discrete for each g <a.

Since || J{Dg: B <a}| <k, it follows as before that (a,b) ¢ cl((J{Dg: B < a}); then since | J{Dg: B <a}| <k and k is
regular, we may find a neighbourhood U, of a, where y, > y for each g <« so that cl((J{Dg: g <a})Nc(U,, xY)=47.
Since (a, b) € cl((Uy,, x Y) N A), it follows that b e cl(zry[(Uy, x Y) N A]) and since Y is discretely generated, there is a
discrete set E4 C my[(Uy, x Y) N A] of cardinality less than « such that b € cl(Ey) \ Eq. For each d € E,, we may choose
X4 € Uy, so that (xg,d) € (Uy, x Y)NA. Let Dy = {(Xq,d): d € Eq}; clearly Dy is a discrete subset of A of cardinality less
than «. Properties (1) to (4) are clearly satisfied for 8 <« + 1 and furthermore, if | J{Dg: B < «} is discrete, then so is
U{Dg: B<al.

Hence to show that D = J{Dq: @ < «} is a discrete subset of A, we need to show that ( J{Dg: B < «} is discrete for each
a < k. To this end, we suppose that (x, y) € | J{Dg: B < a}; then there is some & < o so that (x, y) € D¢ C Uy, xY)NA.
Since D¢ is discrete, we need only show that (x, y) ¢ cl((J{Dy: u <& Uc(U{Dy: n > &}).

If w <& <o then since D C Uy, x Y, and cl(Uy, x Y) N D, =9, it follows that (x,y) ¢ cl((U{Dn: u <§&}. On
the other hand, for each § <y <o we have Dy C Uy, x Y and since cl(Uy,,, x Y) N Dz =@ it follows that (x, y) ¢
cUDy: > ED.

Thus we have proved that D = J{Dy: o <k} is a discrete subset of A and we claim finally that (a, b) € cI(D). To see
this, suppose that U x W is a neighbourhood of (a, b); then there is some y, < k such that U 2 U,. For this « € «,
W NEy #0, since b € cl(Ey) \ Eq and so there is some d € W N E,. But then, (xq,d) € Uy, x W C U x W, showing that
DNWUxW)#0. O

Corollary 2.2. If Y is a discretely generated regular space and t(Y) is less than the character of each non-isolated point of a regular
I-nested space X, then X x Y is discretely generated.

In case X is first countable, the condition on tightness of Y can be omitted. The proof is quite similar to that of Theo-
rem 2.1.

Theorem 2.3. The product of a regular discretely generated space with a first countable regular space is discretely generated.

Proof. Suppose that X is a first countable regular space and let Z = X x Y, where Y is a regular discretely generated
space. Suppose that A € Z and (a,b) € cl(A); as in the previous theorem, without loss of generality, we assume that
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AN{a} xY)=AN(X x {b}) =@. Let {Uy: n € ®} be a local base at a with the property that for each n € w, cl(Up+1) C Uj.
Since Ug x Y is an open neighbourhood of (a, b), it follows that (a, b) € cl(AN (Up x Y)) and so b € cl(my[A N (Ug x Y)]).
Then we may find a discrete subset Eg C wy[A N (Up x Y)] such that b € cl(Ep) and for each d € Eg, pick x4 € X such that
(%4,d) e AN(Ug x Y); let Do ={(xq4,d): d € Egp}. Clearly Dy is a discrete subset of Z and if (a, b) € cI(Dg) then we are done.

Suppose now that for some m € w and each non-negative integer k < m, we have chosen a basic open neighbourhood
Up, of a, an open neighbourhood V of b and subsets E, of Y and Dy of Z with the following properties:

(1) np =0, ng_1 <ng for each 1 <k <m,
(2) Ey is discrete, b € cl(Eg) and Dy < n;l[Ek], for each k < m,
(3) cl(Vy) S Vi_q for each 1 <k <m,
(4) Dy € (Up, x Vy) for each k <m,
(5) c(Dr—1) Ncl(Up, x Vi) =@ for each 1 <k <m, and
(6) U{Dk: 0<k <m} is discrete.
If (a,b) € cl((J{Dk: 0 <k <m}) then we are done. If not, there is some open neighbourhood V,;, of b such that
cl(Vin) € Vin—1 and ny € o such that ny > 1 and cl((J{Dk: 0 <k <m}) Ncl(Up, x Vi) =0.

Since Up,, x Vi is an open neighbourhood of (a, b), it follows that (a, b) € cl(AN(Up,, X Vi) and so b € cl(wy[AN (Uy,, x
Vm)]). Then we may find a discrete subset Ep € wy[A N (Uy,, X V)] such that b € cl(Ep) and for each d € Ep, pick x5 € A
such that (xq,d) € AN (Up,, x Vim); let Dy = {(x4,d): d € Ep}. Clearly Dy, is a discrete subset of Z and the conditions (1)
to (6) are satisfied for all k < m by construction.

If (a,b) € cl(J{Dx: 1< k<I}) for some | € w, then the recursive construction terminates and we are done. If not, then
we obtain discrete sets Dy C A for each k € w and from the construction, it is easy to see that D = [ J{Dy: k€ w} is a
discrete subset of A; we claim that (a, b) € cI(D). To see this, suppose that U x V is a neighbourhood of (a, b); then there
is some m € w such that U 2 Uy,,. For this me w, V N E;y # @, since b € cl(E) \ Em and so there is some d € V N Ey. But
then, (xg,d) € Up,, x V CU x V, showing that DN (U x V) #0. O

Theorem 2.4. If X is a regular space with a nested local base at a and Y is regular and discretely generated at b and x (a, X) = x (b, Y),
then X x Y is discretely generated at (a, b).

Proof. Suppose that x(a, X) = x (b, Y) = k. If kK = w, then both spaces are first countable at a and b and the result follows
immediately. Thus we assume that k is uncountable and must be regular since there is a nested local base {Uy: o <k} of
open sets at a. We also assume without loss of generality, that whenever @ < g, cl(Ug) € Uy. Let {Wy: a <k} be a local
base of open sets at b. Then {Uy x Wy: o <k} is a local base at (a, b), since if S x T is an open neighbourhood of (a, b),
there is @ <« such that Uy € S and, since b is not isolated, there is 8 > « such that Wg C T; then Ug x Wg C S x T.

Suppose now that (a,b) € cl(A) \ A; since both X and Y are discretely generated, we may assume also that (a, b) ¢
(AN ({a} x Y))Ucl(AN (X x {b})). We proceed as in the proof of Theorem 2.1.

Pick (xo, yo) € (Up x Wo) N A; suppose that for some 0 < 8 < «, points (Xy, yo) for 0 < o < B8 and ordinals y, for
0 < o < B have been chosen so that

(1) For each o < B, (Xg, Ya) € (Uy x Wy)N A, and
(2)If0<i<p<p, then L <y <y, and
(3) d{(xa, ya): 0<a < p}p) Ncl(Uy, x Y) =0, whenever 1< 1 < B.

As in Theorem 2.1, since there is a nested local base at a and we are assuming that (a,b) ¢ cl(A N ({a} x Y)), it fol-
lows that (a,b) ¢ cl({(x«, Yo): o < B}). Then since « is regular, we may find yg > max{sup{yx: a < B}, B} such that
c(({(xa, yo): o < ph Ncl(Uy, x Y) =0 and then pick (xg, yp) € [Uy, x (Wy, NWg)INAC (Ug x Wg) N A. It is clear that
if {(Xa, Yo): a < B} is discrete then so is {(xy, Yo): & < B} and satisfies condition (1) above.

Let D = {(xy, Yo): o« < k}; clearly, (a,b) € cl(D), since D meets every basic open neighbourhood U, x W of (a,b)
and it remains only to show that D is discrete. To this end, suppose that @ < k; we must prove that (x,,y,) ¢
cd({(xa, ya): @ < puh) Ud({(Xa, yo): & >a > u}). However, if u <a <k, then (xy, yo) € cl(Uy, x Y) Ccl(Uy, , x Y) and
since (X, Yyu) ¢ cl(Uy,,,, x Y) it follows that (x,, yu) € cl({(Xa, Ya): & > > u}). If @ < @, then since (x,, yu) € Uy, x Y
and cl({(xa, yo): o < u}) Ncl(Uy, x Y)=4¢, the result is proved. O

We now consider infinite products of discretely generated spaces. We restrict attention to countable products, since
an uncountable product of spaces each with more than one point contains a copy of 2#! and hence cannot be discretely
generated (Theorem 2.1 of [6]).

Theorem 2.5. Let {X;;: n € w} be a countable family of regular discretely generated spaces with the property that for each m € w, the
finite product IT{Xy: 0 < k < m} is discretely generated; then IT{X): k € w} is discretely generated.
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Proof. Suppose that B C IT{X): k € w} is not closed and b = (b,;) € cl(B)\B. For each m € w, let IT; denote the projec-
tion map from IT{Xy: k € w} to the finite subproduct IT{X}: 0 < k < m}; since this map is continuous, it follows that
(bo, ...,bm) € cl(ITy[B]) for each m € w.

Step 0: [Ty is continuous and so bg € cl(I1p[B]); thus there is a discrete subset Do C ITg[B] C X such that bg € cl(Dy).
For each d € Dy, pick egq € B such that ITo(e4) = d. Clearly the set Mg ={e4: d € Do} is discrete in IT{Xy: k € w}.

If b € cl(Mp) then we are done. If not, then there is a basic open set Uy containing b whose closure misses cl(Mp), say
Ug = H{V,?: n € w} where for each ne w, b, € V,? and cl(Up) N cl(Mg) = @. Furthermore, b € cl(Ug N B) and there is some
mj € @ such that for all n > my, V9= X,.

Step 1: The map Iy, is continuous and so

(bo, b1, ..., bm;) ecl(]'[ml[l'[{v,?: new}nB]).

Thus there is a discrete subset D1 C [Ty, [IY{V,?: n € w} N B] such that (bg, b1,...,bm,) € cl(D1). We proceed as in the
previous step: For each d € D1, pick e4 € H{V,?: n € w} N B such that Iy, (eg) =d. Clearly the set M1 ={eq: d € D1} is
discrete in IT{Xy: k € w} and furthermore, Mo U M is also discrete in IT{Xy: k € w}.

As before, if b € cl(MgU M) then we are done. If not, then we may find a basic open neighbourhood Uy = H{V,%: new)
of b, where b, € V,} for each n € w, such that cl(Uy) C Uy, cl(U7) Ncl(Mg U M1) =@ and for some my > my, V,} = X, for all
n>my.

The recursive construction is now clear and either the process stops at finite step j when b e cl(Mo UMq U---UMj) or
we determine:

(i) A strictly increasing sequence of integers (my)yeq, and
(ii) For each k € w, sets My < H{V,’{: new}NB, and
(iii) Basic open sets Uy = H{V,’,‘: n € w} such that
@) ddT{Vk: new)) Nc(U{M;j: 0<j<k—1}) =40,
(b) be M{VK!: necw) CdUT{VK: new)) € M{VE: new), and
(c) VK =X, for all n > my, and
(d) UfMy: 0<k<n} is discrete for each n € w.

It is clear from the construction that | J{Mj: k € w} is discrete and so it only remains to show that b € cl((J{My: k € w}).
To this end, suppose that IT{W,: n € w} is a basic open neighbourhood of b. There is some t € w such that W, = X,
for all n >t and so if we choose s large enough so that ms > t, it follows that (bg, b1,...,bm,) € W x -+ x Wy, and
Wo x -+ x Wi, N Ds # @ since (bo, b1, ..., bm,) € cl(Ds), showing that [T{W,: new}NMs #9¥. O

Note that any subspace of a discretely generated space is discretely generated. Furthermore, any finite product of mono-
tonically normal spaces, any finite product of I-nested spaces and any finite product of generalized ordered spaces is
discretely generated (see Theorem 2.6, Corollaries 2.8 and 2.17 respectively of [6]). The following corollaries now follow
immediately from the above theorem, the first three give answers to Questions 3.6, 3.7 and 3.8 of [6].

Corollary 2.6. Any subspace of a countable product of monotonically normal spaces is discretely generated.
Corollary 2.7. Any subspace of a countable product of generalized ordered (GO) spaces is discretely generated.
Corollary 2.8. Any subspace of a countable product of regular I-nested spaces is discretely generated.

Since any finite product of scattered spaces is scattered, we also have:
Corollary 2.9. Any subspace of a countable product of regular scattered spaces is discretely generated.
Question 2.10. Is Theorem 2.5 valid in the class of Hausdorff spaces?

Finally we consider finite products of weakly discretely generated spaces. In spite of the fact that this class is much
larger than that of the discretely generated spaces, it seems much more difficult to prove results concerning products and
there are only two closely related main results.

Theorem 2.11. If Y is weakly discretely generated and k is an ordinal, then k x Y is weakly discretely generated.

Proof. Clearly the result is true if kK = 1. Suppose then that A x Y is weakly discretely generated whenever A < x. We will
show that the result is true at k.
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Note first that if « is of the form, kK = n+ 1, where 7 is a successor ordinal, then « x Y is the topological union of n x Y
and {n} x Y and this union is weakly discretely generated by the inductive hypothesis. Furthermore, if ¥ is a limit ordinal
and A C k x Y is not closed, then for some o <k, AN (x x Y) is not closed in o« x Y and the result would again follow
from the inductive hypothesis. Thus we may assume that « is of the form A + 1 where A is a limit ordinal.

With this hypothesis, suppose that A € k x Y is not closed and to simplify the notation, we set A, ={y: («,y) € A}.
Applying the inductive hypothesis, we may assume that AN (A x Y) is closed in A x Y and so A is closed for each o < A
and there is some t € Y such that (A,t) € cl(A)\A. Since Y is weakly discretely generated, we may further assume that
{A} x A, is closed in {A} x Y.

We now consider two cases:

(D) If S={ox <A: t e Ay} is cofinal in A, then since S is scattered, there is a dense discrete subset D of S and so
{(a,t): o € D} is a discrete subset of A with the property that (,t) € cI(D).

(2) If the set S is not cofinal in A, then there is some B8 < A such that S € 8 + 1. Since we have assumed that AN
((B+1) xY) is closed in (B+ 1) x Y, it follows that AN [(k\(B + 1)) x Y] is not closed in (k\(8 + 1)) x Y and
t ¢ Ay for all « > B+ 1. In the sequel, we assume that t ¢ A, for all « € k, but [ J{Ay: @ € A} is not closed since
tec(UfAe: o ek D\ U{Aa: @ €k}

We claim now that if for some z€ Y, z € cl(J{Aa: @ € k)\U{Aa: @ €k}, then (1, z) € cl(A)\A. To prove the claim,
suppose to the contrary that (&, z) ¢ cl(A) for all & € k. Since k is compact, there is an open neighbourhood V of z such
that (k x V)N A=¢ and so VN A, =9 for all o € «k, a contradiction. Thus, for such z, there is some & € ¥ such that
(&,2) ecl(A)\A and clearly we must have & = A.

Since t € cl((J{Ax: o € AD\U{Aa: « € 1}, it follows that | J{Ag: o € A} is not closed and since Y is weakly discretely
generated, there is some y € cl((J{As: @ € )\ U{Aa: @ €k} and a discrete set D C [ J{Ay: o €k} such that y € cl(D).
For each d € D, the set {o: d € A}, being scattered, contains a dense discrete subset E4; and we may then define

M={(a,d): « € Egandd € D}.

It is clear that M is a discrete subset of A and it remains only to show that (A, y) € cl(M). To this end, suppose that U x W
is an open neighbourhood of (1, y), where U = {o € k: o > y} and where, since A, is closed in Y, we have W N A, = 4.
Since y € cl(U{Aw: o € k D\ U{Ax: o €k}, it follows that {o: W N Ay # @} is unbounded. (If it were bounded, say by y,
then as before, | J{Aq: @ € ¥ + 1} would be closed since the projection 7 : (y +1) x Y — Y is closed.) It now follows
immediately that {o&: W N DN Ay #@} is cofinal in A and so MN (U x W)#@. O

Corollary 2.12. If Y is weakly discretely generated and X is a finite product of ordinals, then X x Y is weakly discretely generated.
A very similar method can be used to prove the following result. We omit the details.
Theorem 2.13. If Y is discretely generated and X is a finite product of ordinals, then X x Y is discretely generated.

The form of the proof of Theorem 2.11 can be adapted to show that the product of a weakly discretely generated space
and certain other compact spaces is weakly discretely generated. For example, if X is the one-point compactification of
a discrete space, then by taking as a model the case k = w + 1 in Theorem 2.11, it is easy to see that X x Y is weakly
discretely generated. We omit the details.

Suppose now that {X,: o € k} is a family of mutually disjoint compact spaces; let Z be the disjoint topological union
of the spaces Xy, that is Z={X,: @ €k} and X = «Z, the one point compactification of Z. Using this notation, we may
now state our last result:

Theorem 2.14. If X, x Y is weakly discretely generated for each «, then X x Y is weakly discretely generated.

Proof. Note first that each neighbourhood of oo must contain all but finitely many of the subspaces X, of Z. Suppose that
A C X x Y is not closed. If AN (X, x Y) is not closed for some « € k, then we are done, since Xy x Y is weakly discretely
generated. Let Ay = y[A N (Xy x Y)] and Ax = y[A N ({oo} x Y)]; as in the proof of Theorem 2.11 we may assume
that AN ({oo} x Y) and AN (X, x Y) are closed for each « € «, thus there is some t € Y such that (oo, t) € cl(A)\A and
tecl(U{An: o €k}). Let S={a €k: t e Ay}. The proof now follows closely that of Theorem 2.11, but for completeness we
give the details.

(1) If S={x <k: te Ay} is infinite, then for each o € S, we may pick a single x, € Xy such that (xy,t) € A and then
(00, t) € cl({(Xq,t): a € S}) and since {(xy,t): o € S} is discrete, we are done.

(2) If the set S is finite then clearly t € cl({{J{Ax: @ € k\S}) and | J{Aq: o € S} is closed in Y. Since Y is weakly discretely
generated and {{J{Ay: o € k\S} is not closed, there is some y € cl((J{Ax: o € k\SD\U{Aq: @ € x\S} and a discrete
set E C | J{Aq: @ € k\S} such that y € cl(E). For each @ € \S, EN Ay is discrete and for each d € E N A, we may pick
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X4 € Xy S0 that (x4,d) € A. The set Dy = {(xg,d): d € Ay} is a discrete subset of X, x Y and so D =|J{Dy: o € k\S}
is a discrete subset of A. It is a simple matter to check that (oo, y) e cl(D). O

We wish to thank the referee for a number of helpful suggestions and for pointing out some errors in the original
manuscript.
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