
RT.th\T 2003-11 

QUOTIENTS OF INCIDENCE ALGEBRAS 
AND THE EULER CHARACTERISTIC 

Ibrahim Assem, Diane Castonguay, 
Eduardo N. Marcos and Sonia Trepocle 

Junho 2003 

Esta e uma publica~ preliminar (''preprint"). 



QUOTIENTS OF INCIDENCE ALGEBRAS AND THE 
EULER CHARACTERISTIC 

Ibrahim Assem, Diane Castonguay, 
Eduardo N. Marcos and Sonia 'frepode 

Dedicated to Otto K emer in his 60th birthday 

ABSTRACT. In this note, we show that, if A ~ kQA/ IA is a 
schurian strongly simply connected algebra given by its 
normed presentation, and E is the unique poset whose 
oriented Hasse diagram coincides with QA, then A~ kE 
if and only if IA has a generating set consisting of exactly 
x(QA) elements, where x(QA) is the Euler characteristic 
of QA, We also prove that a quotient of an incidence 
algebra A = kE/ J is strongly simply connected if and 
only if A is simply connected and kE is strongly simply 
connected. 

1. Introduction. 

In this note, we show how the Euler characteristic of a 
quiver can be used to study the strong simple connected­
ness of incidence algebras and their quotients. 

Our motivation comes from the study of the finite dimen­
sional algebras over an algebraically closed field k. For such 
an algebra A, there exists a quiver QA, and an ideal / of 
the path algebra kQ A such that A ~ kQ A/ I. For each such 
pair (QA, I), called a presentation of A, one can define the 
2000 Maihemat.ica subject classification: 16G20 
Keywords and phrases: incidence algebras, strongly !limply connected algebras, Euler 
characteristic. 
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fundamental group 1r1(QA, I), see for instance, (12]. The 
algebra A is called simply connected if QA is acyclic and, 
for each presentation (QA, I), the group 1r1(QA, I) is triv­
ial (5]. If A is the incidence algebra of a (finite) poset E, 
then its quiver QA coincides with the (oriented) Hasse di­
agram of E. Moreover, all presentations of the incidence 
algebra A give rise to isomorphic fundamental groups [6] 
and A is simply connected if and only if so is the associ­
ated simplicial complex (8, 14). While it is difficult to find 
criteria for an algebra to be simply connected (see, for in­
stance, [4]), one subclass seems easier to handle: this is the 
class of strongly simply connected algebras, introduced by 
Skowronski in (16]. An algebra A is called strongly simply 
connected if every full convex subcategory of A is simply 
connected. Characterizations of strongly simply connected 
algebras have been given in [2]. In particular, an incidence 
algebra is strongly simply connected if and only if its quiver 
contains no crowns [9] or, equivalently, if and only if the 
corresponding poset is dismantlable [15]. 

It was already observed in [9] that, if A is a schurian 
strongly simply connected algebra, then there exists a unique 
poset E whose oriented Hasse diagram coincides with QA. 
As a consequence of this result and [2](2.4), there exists a 
presentation of A, called normed presentation, so that A is 
the quotient of the incidence algebra k~ by an ideal gener­
ated by paths. 

In this paper, using properties of the Euler characteristic 
x(QA) of the quiver QA, we first show that a quotient A 
of an incidence algebra kE is strongly simply connected if 
and only if it is simply connected and kE is strongly sim­
ply connected. We next prove that, if A = kQA/ I is a 
schurian strongly simply connected algebra, then the ideal 
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I has at least x( QA) generators and it reaches this number 
if and only if A is an incidence algebra. In a forthcoming 
paper [1], we give several new characterizations of schurian 
strongly simply connected algebras. 

The paper is organized as follows. Section 2 is devoted 
to fixing the notation and briefly recalling the necessary 
concepts and results. In section 3, we show that, if kE is 
a strongly simply connected incidence algebra, then kE '.::::'. 
kQrJ Ir,, where Jr, has a generating set consisting of exactly 
x( Qr;) elements. We prove our main results in section 4. 

2. Preliminaries. 

2.1. Notation. In this paper, by algebra, we always 
mean a basic and connected finite dimensional algebra over 
an algebraically closed field k. Given a quiver Q, we de­
note by Q0 its set of points and by Q1 its set of arrows. A 
relation in Q from a point x to a point y is a linear com-

m 
bination p = L >.;wi where, for each i, Ai E k is non-zero 

i=l 
and Wi is a path of length at least two from x to y. A 
relation pas before is called monomial if m = 1, binomial 
if m = 2 and a commutativity relation if it equals the dif­
ference of two paths. We denote by kQ the path algebra 
of Q and by kQ(x, y) the k-vector space generated by all 
paths in Q from x toy. For an algebra A, we denote by QA 
its quiver. For every algebra A, there exists an ideal I in 
kQA, generated by a set ofrelations, such that A~ kQA/ I. 
The pair (QA, I) is called a presentation of A. An algebra 
A = kQ / I can equivalently be considered as a k-category 
of which the object class Ao is Qo, and the set of morphisms 
A(x, y) from x toy is the quotient of kQ(x, y) by the sub­
space I(x, y) = In kQ(x, y), see (7]. A full subcategory 
B of A is called convex if any path in A with source and 
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target in B lies entirely in B. An algebra A is called trian­
gular if QA is acyclic, and it is called schurian if, for all x, 
y E Ao, we have diink A(x, y) :s; 1. In this paper, we deal 
exclusively with schurian triangular algebras. For a point 
x in the quiver QA of an algebra A, we denote by ex the 
corresponding idempotent. 

2.2. Simple connectedness. Let Q be a connected 
acyclic quiver and J be an ideal of kQ generated by re-

m 
lations. A relation p = L >.iwi E I(x, y) is called min­

i=! 
imal if m ~ 2 and, for every non-empty proper subset 
J C {1, 2, ... , m}, we have I: AjWj r/:. I(x, y). For an 

jEJ 

arrow a, we denote by 0-1 its formal inverse. A walk in 
Q from x toy is a formal composition o:i1 0:;2 

• • • o:f' (where 
a; E Q1 and ei E {1, -1} for all i) starting at x and end­
ing at y. The fundamental group 1r1 (Q, I) is the quotient 
of the fundamental group 1r1(Q) of Q by the normal sub­
group generated by all elements of the form [,-y-1u-1v7], 
where "Y is a walk from the base point to x and u, v are 
paths from x to y such that there exists a minimal relation 
E A;Wi E I(x, y) with u = w1 and v = w2, see [12J. It is 
well known that 1r1(Q) is the free group in x(Q) generators, 
where x(Q) = 1- IQol + IQ1l is the Euler characteristic of 
Q, see, for instance, [13]. 

A triangular algebra A is called simply connected if, for 
any presentation (QA, I) of A, the group 1r1(QA, I) is triv­
ial [SJ. It is called strongly simply connected if every full 
convex subcategory of A is siinply connected [16J. 

It is shown in [6] that, if an algebra A ~ kQA/ I is schurian, 
then the fundamental group 7r1(QA, J) does not depend on 
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the presentation (QA, I) of A. Since, in this paper, we 
study only schurian triangular algebras, we therefore use 
the unambiguous notation 1r1(A) to stand for 1r1(QA, I). 

2.3. Strong simple connectedness. We need the fol­
lowing notions and results from [2]. Let Q be a connected 
acyclic quiver. A contour (p, q) in Q from x toy is a pair 
of parallel paths of positive length from x to y. A contour 
(p, q) is called interlaced if p and q have a common point 
besides x and y. A contour (p, q) is called irreducible if 
there exists no sequence of paths p = Po, P1, ... , Pm= q in 
Q from x to y such that, for each i, the contour (pi, Pi+i) 
is interlaced. A cycle C in Q is called irreducible if, either 
C is an irreducible contour, or C is not a contour, but sat­
isfies the following condition and its dual: for each source 
x of C, no proper successor of x in Q is also a source of C, 
and exactly two proper successors of x in Q are sinks of C. 
This is easily seen to be equivalent to the definition of irre­
ducibility given in [2](1.5). It is proven in [2](2.1) that, if 
A = kQ / I is any presentation of a schurian strongly simply 
connected algebra, and if (p, q) is a contour in Q, then the 
path p lies in J if and only if the path q lies in J. Moreover, 
we have the following theorem. 

THEOREM. [2)(2.4) An algebra A is schurian and strongly 
simply connected if and only if 

(a) all irreducible cycles are irreducible contours, and 
(b) there exists a presentation A ~ kQ A/ IA such that for 

each irreducible contour (p, q), we have p, q (/. IA but 
p-q E IA. □y 

Such a presentation (in which every irreducible contour, 
and hence every contour, is commutative) is called a normed 
presentation of A. 
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3. Quotients of Incidence Algebras. 

3.1. Let (E, ~) be a finite poset with n elements. The 
incidence algebra kE of Eis the subalgebra of the algebra 
Mn ( k) of all n x n matrices over k consisting of the matrices 
[<Li;] satisfying <Li; = 0 if j f; i. The quiver QE of kE is the 
( oriented) Hasse diagram of E, and kE ~ kQE/ h:,, where 
IE is generated by all differences p - q, for (p, q) a contour 
in QE, 

In this paper a quotient of an incidence algebra means an 
algebra A which admits a presentation A ~ kQA/ I such 
that there exists a poset E with QE = QA and, further- • 
more, I= IE+ J, where J is an ideal of kQE generated by 
monomials in the radical square of the algebra. By abuse 
of language, we identify J with an ideal of kE and write 
A = kE/ J. Such an algebra A = k"E./ J is schurian, trian­
gular and satisfies the following condition: for any contour 
(p, q) in QA, we havep ¢ IE+J if and only if q ¢ IE+J. In 
this case, we say that (p, q) is a non-zero contour in A. We 
also observe that such a presentation of kE/ J, generated 
by monomials and differences of parallel paths, is a normed 
presentation in the sense of (2.3). 

In the next subsection, we consider such an algebra A = 
kE/ J and construct inductively a set of generators of the 
ideal h + J. 

3.2. We start by constructing a set of contours, fol­
lowing an idea inspired from [4](5.2). Let x be a source in 
QA, and x➔ be the set of all arrows of source x. Let ~ be 
the least equivalence on x➔ such that a ~ /3 if there exist 
paths u, v in QE such that (au, /3v) is a contour [3)(2.1). 
Lett be the cardinality of [a]. We construct by induction 
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on s ~ta family oft - 1 irreducible contours of source x. 

Ifs = 1, we let o:1 E (o:] be arbitrary. If t = 1, we have fin­
ished. Otherwise, we consider the set C1 of all pairs (/3, y), 
where /3 E x➔ and y E (QE)o are such that there exists a 
non-zero non-interlaced contour (o:1p, {3q) from x toy. We 
let M1 = {yl(/3, y) E C1}. Since t > 1, we have C1 =/- 0. We 
thus choose a pair (0:2, Y2) E C1 such that Y2 is maximal 
in the set M1 and we also choose a non-zero non-interlaced 
contour (a1P1,2, a2Q1,2) from x to Y2-

We claim that this contour ( a1P1,2, 0:2Q1,2) is in fact irre­
ducible. Indeed, if this is not the case, then there exists a se­
quence 0:1P1,2 = /31w1, f32w2, ... , f3rwr = o:2q1,2 with r ~ 3 
such that each pair (f3iwi, /3i+1Wi+1) is interlaced. Since 
0:1 =/- 0:2, there exists a least i such that f3i =/- /3i+1· Also, 
there exists a point z on both f3iwi and f3H1Wi+1 and a non­
interlaced contour ( u, v) from x to z such that /3iw, = uw~, 
f3i+IWi+I = vw~+l for some paths w~, w~+I · It follows from 
the maximality of Y2 in M1 that A(z, Y2) = 0 or else u = 0 
in A (and this is equivalent to saying that A(x, z) = 0, be­
cause A is a quotient of an incidence algebra). In either 
case, A(x, Y2) = 0, a contradiction. This establishes our 
claim. 

Assume inductively that we have a sequence { 0:1, ... , o:s} 
of arrows of [o:] as well as s-1 non-zero non-interlaced con­
tours starting at these arrows. If s = t, we have finished. 
Otherwise, we let Cs be the set of all pairs ((3, y), with /3 E 
x➔ and y E ( QE)o such that (3 ~ { 0:1, ... , 0:8 } and there 
exists an i E {1, ... , s} and a non-zero non-interlaced con­
tour (o:ip, {3q) from x toy. We let M" = {yl(.B, y) E C.,}. 
Since t > s, we have Cs=/- 0. We thus choose (0:8+1, Ys+1) E 
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Cs such that Ys+l is maximal in Ms, and a non-zero non­
interlaced contour (o:i.+iPi.+i,s+l, O:s+1Q,.+1,s+1) from x to Ys+l, 

where 1 ~ is+l ~ s. 

As before, the maximality of the points Ys+l in the sets Ms 
implies that, in fact, each of the contours chosen is irre­
ducible. 

We denote by I[a] the subideal of I'£+ J generated by all 
elements of the form o:i.Pi.,s - O:sQi.,s, where ( o:i.Pi.,s, O:sQi.,s) 
is a contour of the above set. Thus Ira] is generated by 
exactly t - 1 elements and each of these generators is the 
commutativity relation of an irreducible contour. 

LEMMA. Let x be a source in A, and (ap, /3q) be a non­
zero irreducible contour of source x. Then there exists a set 
of generators of Ira], constructed as before, containing the 
element o:p - f3q. 

PROOF. In the above construction, let o:1 = a:. Then 
f3 ~ a. Since (o:p, {3q) is an irreducible contour from x to 
y {say), it is not interlaced, so that ({3, y) E C1 and y is 
a maximal element in M1. We may thus take (0:2, Y2) = 
({3, y) and {o:1P1,2, 0:2Q1,2) = (o:p, f3q). □ 

3.3. Let A be a schurian triangular algebra, the in­
terval [x, y] between x and y is the full subcategory of A 
generated by all points z E Ao which lie on a non-zero 
path from x to y, that is, such that A(x, z)A(z, y) -=/= 0. 
Clearly, if all paths from x to y in A are non-zero, then 
[x, y] coincides with the full subcategory of A generated by 
the convex hull of x and y. This is the case, for instance, 
whenever A is an incidence algebra. 

Generalizing [4](3.1) (see also [1]), we define a notion of a 
full weak crown in a quotient of an incidence algebra A. 
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Let C be a full subcategory of A generated by 2n points 
{xi, ... , Xn, YI, ... , Yn}, with n ~ 2, and of the form: 

Xn 

! 
Yn 

We say that C is a full weak croum in A if: 

(a) [xi, Yi] n [xh, y,] =/: 0 if and only if j = i and (h, l) E 
{(i, i), (i - 1, i), (i, i + 1)} or j = i + 1 and (h, l) E 
{(i, i+ 1), (i, i), (i+ 1, i+ 1)} (we agree to set Yn+1 = 
Y1 and Xo = Xn), and 

(b) the intersection of three distinct [xh, yi] is empty. 

A full weak crown C as above is called a full croum if, for 
each i, [xi, Yi] n [xi, YH1] = {xi} and [xi, yi] n [xi-1, Yi] = 
{Yi}· 

As in (4)(3.2) (see also [1]), we prove easily that the convex 
hull of each full weak crown C contains a full crown as a 
full subcategory. 

A point x E Ao is said to top a full weak crown C if x is a 
direct predecessor of each of the Xi, 

Let now A = kE/J and x be a source in A. Let B = 
A/ < ex >. We observe that, if A = kQA/ IA is a normed 
presentation of A, and B :::'. kQB/ IB is the induced presen­
tation of B (that is, the one such that IB = IA n kQB), 
then the latter is a normed presentation of B. Finally, we 
recall that the source x is separating if the number of inde­
composable summands of rad ( ex A) equals the number of 
connected components of B. 
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LEMMA. Let A= kQA/ IA be a quotient of an incidence 
algebra, given its normed presentation, x be a separating 
source in A, topping no full weak crown, and B = A/ < 
ex >. If B ~ kQ B / I B is the induced presentation, then 

IA= IB + L I[a]+ < m1, , • •, m,. > 
[a] 

where the fili are paths starting at x, and the sum is taken 
over all equivalence classes of arrows in x➔ . 

PROOF. We may clearly assume that x➔ contains only 
one equivalence class and that IAol ~ 2. Let t = lx➔ I- If 
t = 1, I[a] = 0 and IA= ls+< m1, ... , m,. > for some 
paths fili starting at x. Assume t > 1, and let (p, q) be a 
non-zero irreducible contour starting at x. There exist i, j 
such that 1 $ i, j $ t and paths u, v such that p = o,u and 
q = o;v. By the construction in 3.2, there exists a unique 
sequence {oi = Oi0 , Oii, ... , oi. = o;} such that each pair 
(ai,., Oi11+1) corresponds to a non-zero irreducible contour of 
target Yi11+1 and this contour is one of the generators of I[a]. 

We have the following situation: 

If there is no non-zero path between y and one of the Yi,., 
then either there exists in A a full weak crown topped by 
x, or else, one of the Yi,. is not maximal, a contradiction 
in either case. Thus, there is a non-zero path between y 
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and each of the Yih. Since the Yi,. are maximal points in 

the respective sets Mi,., we deduce that A(yih, y) =I 0 for 

all h. This implies that the relation p - q is induced from 

relations in I[a) and relations in JB. 

Finally, if (p, q) is a zero contour, then we assume that p 

and q are among the mi. This completes the proof. □ 

3.4. Example. The lemma above does not hold true 

if A is a schurian algebra which is not a quotient of an 

incidence algebra. Let A be given by the quiver 

bound by ,u = 0, 8u = 0, a., = (38 and a.>.µ = {3vp. 

Clearly, the relation a.>.µ = {3vp is not induced from rela­

tions in IB and relations in I[a]· 

3.5. Corollary. Let E be a poset, x be a separating 

source in kE and E' = E\ { x}. Assume x tops no weak 

crown. Then IT.= IT.,+ I: I[a)· D 
[a) 

3.6. Proposition. Let kE ~ kQE/ Ir. be a strongly sim­

ply connected incidence algebra, and let (p, q) be a given 

irreducible contour in Qr.. Then there exists a set of gener­

ators of IT., of cardinality x( QE), consisting of the commu­

tativity relations of irreducible contours and such that p - q 

is one of these generators. 
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PROOF. By induction on IEI, If IEI = 1, then there is 
nothing to prove. Assume that IEI > 1 and that the re­
sult holds for all posets n such that IOI < IE!. Let x be 
a maximal element of E and E' = E\ { x}. Without loss 
of generality, we may assume that I:' is connected. Since 
kE is strongly simply connected, the source x is separating, 
by [3](2.6). Therefore all arrows of x-+ are equivalent, by 
[3](2.2). Moreover, E contains no full crown, by [9)(3.3). 
Hence, by [4](3.2), the point x tops no full weak crown. 
On the other hand, since k"'E.' is a full convex subcategory 
of kE, we have that kE' is strongly simply connected. 

Assume first that xis not the source of (p, q). Then we may, 
by the induction hypothesis, assume that p- q belongs to a 
set of generators of h~,, of cardinality x(Q:r:,), and consist­
ing of commutativity relations of irreducible contours lying 
entirely in "'E.'. On the other hand, if xis a source of (p, q), 
we may, by the lemma in 3.2, assume that p - q belongs 
to a set of generators of Ira], of cardinality lx-+I - 1 (recall 
that x-+ = [Q]). By 3.5, we have h~ = IE, + I[a] where IE, 
( or I[a]) is generated by the commutativity relations of irre­
ducible contours lying entirely in E' ( or of irreducible con­
tours starting at x, respectively). Since x(QE,)+ lx-+j-1 = 
x(QE), this completes the proof. □ 

3. 7. Examples. If kE is an incidence algebra which is 
not strongly simply connected, then the conclusion of 3.6 
may, or may not, hold true. Let E be the poset with quiver 
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Then x( QE) = 1 - 6 + 8 = 3, while it easily seen that 

a set of generators of least cardinality for Ir, is the set 

{ a,- /30, a..\- /3µ, 'YV- ..\p, 8v- µp} which has 4 elements. 

Note that kE is simply connected, and even separated and 

coseparated. Thus, the conclusion of 3.6 does not hold true 

in this case. 

On the other hand, let E' = E\{x}. Then x(QE,) = 1-5+ 

6 = 2, while Ir,, is generated by the set { a'Y - /38, a..\- (3µ} 
which has 2 elements. Note that kE' is simply connected 

and separated (but not coseparated). Thus, the conclusion 

of 3.6 holds true in this case. 

4. The Main Results 

4.1. Lemma. Let G be a free group inn generators, 

and S be a subset of G such that ISi < n. Then the normal 
subgroup H generated by S is a proper subgroup of G. 

PROOF. Let G' be the derived subgroup of G, and as­

sume G = H. Then H/G' = G/G' is free abelian of rank 

n. However, since H/G' is abelian, it is generated by the 

cosets sG', with s E S. Hence the rank of H / G' is at most 

JSI < n, and this yields a contradiction. □ 

4.2. Before proving the following lemma, we need a 

simple, but useful observation. Assume A= kQA/ I, where 

the ideal I is generated by a set of relations of the form 

S U M, where M consists of monomials, while S consists 

of minimal relations. As seen in 2.2, 1r1(A) = 1r1(QA)/N, 
where N is the normal subgroup of 1r1 (QA) generated by 

all uv-1, with (u, v) a contour in QA. It is easily seen that 

in fact, N is the normal subgroup generated by all uv-1, 

where (u, v) occurs in a minimal relation belonging to the 

set S (see [10]). 
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LEMMA. Assume that A = kQA/ I is a schurian simply 
connected algebra. Let S be a set of minimal relations and 
M be a set of monomials such that I is generated by SUM. 
Then 1s1 ~ x(QA)-

PROOF. Since A is schurian, each minimal relation is bi­
nomial. Let N be the normal subgroup of 1r1 (QA) generated 
by all uv-1, with u, v are paths occurring in a binomial rela­
tion in S. It follows from 2.2 that 1r1(A) = 1r1(QA)/N. Now, 
the hypothesis implies that 1r1(QA) = N. Since 1r1(QA) is 
free in x(QA) generators, the result follows from 4.1. □ 

4.3. Example. The statement of the lemma is not true 
if A is not schurian. For instance, the algebra A given by 
the quiver QA 

bound by 01/Ji + 02!32 + 03/33 = 0 is such that ISi = 1, but 
X(QA) = 2. 

4.4. Lemma. Let A be a schurian strongly simply con­
nected algebra. Then: 

(a) There exists a unique poset :E = :E(A) such that 
QE = QA, 

(b) The incidence algebra kE is strongly simply connected. 

PROOF. (a) It suffices (see, for instance, (11]) to prove 
that QA contains no subquiver of the form 
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th. 
o-•·•-o 

1/ ~ 
XO a oy 

with o, /31, .. . , /38 arrows of QA, Assume that this is the 

case, and let A ~ kQ A/ I be an arbitrary presentation of 

A . Since o ~ I, we have that /31 · · · /38 ¢ I, by 2.3. Since 

I ~ rad 2kQA, there is no relation involving o and {31 · • • {38 

and of the form >.et+ µ/31 · · • /38 = 0 ( where >. µ E k are non­

zero). Consequently, dimk A(x, y) ~ 2, a contradiction to 

A being schurian. 

(b) Since QE = QA and A is schurian strongly simply con­

nected, every irreducible cycle in Qr:, is an irreducible con­

tour in Qr:, (this property, indeed, depends on the quiver 
only). Since any contour in k:E is commutative, we deduce 

from 2.3 that kE is strongly simply connected. □ 

4.5. One consequence of this lemma is that every schurian 

strongly simply connected algebra is in fact a quotient of 

an incidence algebra, a fact already shown in [9](2. 7). In 

fact, we have the following stronger result. 

COROLLARY. An algebra A is schurian and strongly sim­

ply connected if and only if there exists a poset E such that 

k'E is strongly simply connected and A ~ kE/ J, where J 

is an ideal of kE generated by paths which are not entirely 

contained in irreducible contours. 

PROOF. This follows easily from 4.4 and 2.3. D 

REMARK. If, in particular, A= k'£/ J is a quotient of an 

incidence algebra, with kE strongly simply connected, then 

A is strongly simply connected if and only if J is generated 
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by paths which are not entirely contained in irreducible 
contours. 

4.6. Example. Let A be given by the quiver 

o~o 

bounded by o:(3 = -y8, 811 = >.µ, -y).. = 0 and (311 = 0. Here, 
A ~ kE/ J, where E = E(A) and J is generated by the 
paths {Jv and , ,\. These paths are entirely contained in 
the contour ( a(3v, 'Y >..µ). However, this contour is not ir­
reducible. Accordingly, A is schurian strongly simply con­
nected. 

4. 7. As a first consequence, we have the following char­
acterization of strongly simply connected quotient of an 
incidence algebras. We recall that the strong simple con­
nectedness of incidence algebras is completely characterized 
by the absence of full crowns (see [9](3.3)) . 

THEOREM. Let A = kE/ J be a quotient of an incidence 
algebra. Then A is strongly simply connected if and only if 
A is simply connected and kE is strongly simply connected. 

PROOF. Since the necessity follows from 4.4, we only 
need to prove the sufficiency. Assume that A is not strongly 
simply connected. By 4.5, there exists an irreducible con­
tour (p, q) in QA such that p E J (or, equivalently, q E 
J). By 3.6, there exists a set {-y1, ..• , 1'x(Q..t)} of gener­
ators of IE such that 1'1 = p - q. Let S be the subset 
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of {,1, ... , 'Yx(QA)} corresponding to those contours in QA 
which are non-zero in A. Thus, ISi < x(QA) since 'YI ¢ S. 
Hence, IE+ J is generated by S and a set {m1, ... , m 8 } 

of monomials, where s 2::: 2 and m1, m2 are respectively 

subpaths of p, q. Now, rr1(A) ~ 1r1(QA)/N, where N is a 
normal subgroup of rr1(QA) generated by ISi elements (see 

the remark in 4.2). Since ISi < x(QA), the statement of 
4.2 yields a contradiction to the simple connectedness of 

A. □ 

4.8. Our second main result characterizes the incidence 

algebras among the schurian strongly simply connected al­
gebras. 

THEOREM. Let A= kQA/ IA be a schurian strongly sim­
ply connected algebra, given its normed presentation, and 

E be the associated poset. Then A~ kE if and only if IA 
has a generating set consisting of exactly x( QA) elements. 

PROOF. Since the necessity follows at once from 3.6, let 
us show the sufficiency. Assume that A is schurian and 
strongly simply connected, and that (QA, I A) is a normed 
presentation of A. We further assume that IA has a gener­
ating set consisting of exactly x(QA) relations (such a set 
is then, by 4.2, ofleast possible cardinality). Let E = E{A) 
be as in 4.4. It follows from the preceding discussion that 

IA= J + IE, where J is generated by paths in IA and his 
generated by all possible relations of the form p - q, with 
(p, q) an irreducible contour. Clearly, these two sets of gen­

erators are disjoint. Moreover, we get from 3.6 that IE has a 

generating set consisting of x(QE) = x(QA) elements, all of 
which are commutativity relations of irreducible contours. 
This set has as many elements as the given generating set of 
IA, Since any generating set of IA must involve the commu­
tativity of all irreducible contours, we deduce that J = 0, 

that is, A ~ kE. □ 
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