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Abstract 
We present an approximation algorithm for the three-dimensional pack.jog problem 
and ,how that it1 aaymptotic performance bound i1 between 2.~ ud 2.67. Thia result 
an1wen a question raised by Li and Cheng [6) about the existence of a polynomial 
algorithm for this problem with an asymptotic performance bound leu than 2.89. 

1 Introduction 

In this paper we present an approximation algorithm for the Three-dimensional Packing 
Problem. This problem is defined as follows: Given a rectangular box B with a fixed 
size bottom and unbounded height and a list L = (b1 , •.• ,b,.) of rectangular boxes, find 
an orthogonal oriented pa.eking o( the boxes bi, ... , b,. into B that minimizea the total 
height. The boxes are required to be packed into B orthogonally and oriented in all three 
dimensions. 

We denote each box b; as a triplet. b; = (z;, i,;, z;), where z;, y; and z, are itt length, 
width and height, respectively. We assume here that the box B has dimensions (1, 1,oo), 
since if this were not the case and we had B = (l,w,oo), I> O,w > 0, we could divide 
the length I; and the width w; o( each box b; by l and w, respectively. This problem will 
be denot.ed by TPP. Since one can reduce the uni-dimensional packing problem [2) to thit 
problem, it follows that it is an NP-hard problem. 

l( .A is an algorithm for the TPP and L is a list of boxes, then .A(L) denotes the height of 
the packing generat.ed by the algorithm .A when applied to the list L; and OPT(L) denotes 
the height of an optimal packing of L. We say that o is an asymptotic performance 
bound of an algorithm .A if there exists a constant fJ such that for all lists L, in which all 
boxes have height at most Z, the following holds: .A( L) $ o • 0 PT( L) + /J · Z. Furthermore, 
if for ILDY small f and any large M, both positive, there is an instance L such that .A(L) > 
(a - e)OPT(L) and OPT(L) > M, then we say that o is the asymptotic performance 
bound of the algorithm .A. 

The Three-dimensional Packing Problem was first introduced by Li IUld Cheng (3) as a 
model of job scheduling in partitionable mesh connected systems. In 1990, they presented 
in [4) an algorithm with asymptotic performance bound o = 3.25 and in 1992 they obtained 
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( cf. (6)) an algorithm with asymptotic performance bound a that can be made arbitrarily 
close to 2.89. The main drawback of the latter algorithm is that as a becomes better 
and better, the additive term /J becomes larger and larger. In (7) Miyazawa preaented an 
algorithm with asymptotic performance bound less than 3 that is much simpler than this 
last algorithm. 

The algorithm to be presented here is an improvement of the algorithm presented in [7) 
and has an asymptotic performance bound less than 2.67. This result answers a question 
raised by Li and Cheng (6) about the existence of a polynomial algorithm for the TPP with 
an asymptotic performance bound less than 2.89. 

We show that the asymptotic performance bound of our algorithm is between 2.5 and 
2.67. 

2 Notations and Basic Results 

Most of the concepts and notations used here can be found in [4). Given a list of boxes 
L = (bi, ... , b,.), we assume that each box b; is of the form b; = (z;, JI;, z;), with z; :5 1 and 
JI; :5 1. Given a triplet t = (a,b,c), we also refer to each of its elements a, band c as z(t), 
y(t) and z(t), respectively. Given a function/: C-+ IR, and a subset C' ~ C, we denote 
by J(C') the sum Eeec• J(e). 

Although a list i, given as an ordered n-tuple of boxes, when the order of the boxes is 
irrelevant the corresponding list may be viewed as a set. 

Note that, by using a three-dimensional coordinate system, the box B = ( 1, I, 00) can 
be seen as the region [0, I) x (0, I) x (0, 00 ), and we may define a packing 1' of a list of 
boxes L = (bi, ... , b,.) into B as a mapping 1' : l -+ [0, I) x (0, I) x [0, 00 ), such that 

P-(b;) + z; :5 I and 1''(6;) + y; :5 I , 

where 'P(b;) = ('P"'{b;), 'P'(b;), 'P•( b;)), i = I, ... , n. 

Furthermore, if 'R.(b;) is defined as 

then 

'R.(b;) n 'R(b;) = 0 Vi,j, I :5 i ,f:. j :5 n. 

The above conditions mean that each box in L must be entirely enclosed in the box B 
and must be packed orthogonally and oriented in all three dimensions. Furthermore, no 
two boxes can overlap in the packing 'P (see figure 1). 
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(0,0,0) 

'P(b;) = ('J'S(b;), 'P'(b;), 'P'(6;)) 

Figure 1: Packing oh box 6; = (%;,JI;, z,) into the box B = (1, l, 00). 

Given a packing "P of L, we denote by H("P) the height of the packing "P, i.e., H("P) := 
max{'P1 (6) + z(6): 6 EL}. 

All packings will be denoted by the letter "P, with our without a 1ubsaipt and/or 
superscript (ex. 'P', 'Poe, ~s)· 

If 'P1, 'P2, .•. , 'P. are packings of disjoint lists L., L2, ... , L. , respectively, we define the 
concatenation of these packings as a packing 'P = "P1ll"P2II •• , ll'P. of L = L1UL,U . •. UL., 
where "P(b) = ("Pf(b), "P7(b), Ij;\ H("P;) + "P{(b)), for all b E L;, 1 ::: i::: v. 

We denote by S(b) and V(b) the bottom area (i.e. S{b) := z(6}y(6)} and the volume 
of the box 6, respectively. The other notations to be used here are the following. 

• C(p",p'; q",q') := {6. = (z;,y;,z;): ,-I'< z; ~,,I, q" <JI;$ q'} , 
for O $,-I'< p' ~ l, 0 $ q" < r( $ 1 . 

• Cm:= C [o, ;!. ; O, ¼),form> O. 

A level N in a packing 'Pis a region [0, 1) x [O, 1) x [Z., Z,) in which there is a le\ L' of 
boxes such that for all 6 EL', -P•(b) = Z, and Z2 - Z1 = max{z(b): 6 EL'}. We denote 
by S(N) the sum ~L• S(b). Sometimes we shall consider the level N as a packing of the 
list L'. 

A layer (in the z-axis direction) in a level is a region (0, 1) x (Yi, Y2 ) x [Zi, .Z,) in 
which there is a set L' of boxes such that for all 6 E L', 'P'(6) = Yi and 'P1 (6) = Z1 and 
~ - Yi = max{i,(b): 6 E L'} and .Z, - Z, = max{z(b): b E L'}. 

Throughout this paper we consider Z as the height of the highest box in a list L. 
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Before we present our main algorithm for the TPP, let us mention some algorithms that 
will be ued u 1Ubroutines and also the related results that are needed. 

Finl we describe an algorithm for the TPP called NFDH (Next Fit Decreasing Height) 
that wu praeoted by Li and Cheng in (4). Thia algorithm has two variants: NFDH• and 
NFDIP. The notation NFDH i1 used to refer to any of these variants. 

The AJ&orithm NFDH- first sorta the boxes of L in non-increasing order of their height: 
"1,~ •... ,6-. The fint box 6i is packed in the position (0,0,0), the next one is packed in 
the poait.ioa (z(6a),0,0) and so on, side by side, until a box is found that does not fit in 
this layer. In this moment the next box 6,. is packed in the position (0, 11(6-), 0), where 
r( 6•) • max{,(~), i = 1, ... , k - 1}. The process continues in this way until a box 6, is 
found that does not fit in the first level. Theo, the algorithm packs this box in a new level 
at the height z(6a). The algorithm proceeds in this way until all boxes of L have been 
packed. 

The Algorithm NFDH' is analogous to the Algorithm NFDU-, except that it generates 
the layers in the y-axis direction (for a more detailed description see (4)). 

Li and Cheng [4) proved the following result. 

Lemma 2.1 // L E C [.i1 , ;?i ; 0, ;!_) then NFDH'(L) ~ (;!¼) V(L) + Z. The .same 

rutJt .Z.o holu for the Algorithm NFDW when applied to a list L e C [o,:, ; ;.h, ~]. 

Thia lemma can be generalized in the following wa.y. 

Lemma 2.2 Let L he an instance of TPP and 'P he a packing of L consisting of level& 
Ni, ... ,N., nch that min{z(h): b E Ni} 2!: max{z(h): b E N;+i}, and S(N;) ~ s for a 
gi11e11 coutaat • > 0, i = 1, ... , v - l. Then H('P) S ¼ V(L) + z. 

The proof of this lemma is similar to the proof of Lemma. 2.1 a.nd therefore will be 
omitted. The constant • mentioned in the above lemma will be called an area guarantee 
of the packing 'P. 

Li and Cheng presented in [5) an algorithm called LL, for instances L E C,,., m 2::: 3. 
We indicate by (L,m) the parameters that must be specified to call this a.lgorithm. They 
proved that the following result holds for this algorithm. 

Lemma 2.3 If 'P i., the packing fenerated by the Algorithm LL for an instance L E 
C [o, ~; 0, ¼), the■ H('P) S ( .. ~2 ) V(L) + Z . .. 

Let ua give an ide& of the Algorithm LL(L,m), as we shall refer to it in the proof of 
Propoaitioo 3.4. Initially it sorts the boxes in L in non-increasing order of their height. 
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Then it divides L into sublists L1, ... , L., such that' L = L1 IILtR ... BL.. ach sublist 
preserving the (non-increasing) order of the boxes, and 

S(Li) S ("',;3
) + (¾,/ for i = l, ... ,v, 

S(L;)+Jirat(L;+i) > (m,;2) + (¼)' for i = 1, ... ,v-1; 
where /irat(L') is the first box in L'. Then, the Algorithm LL uses a two-dimensional 
pa.eking algorithm to pa.ck each list L; in only one level, say N;. The final packing is the 
concatenation of each of these levels. As each level N; ( except perhaps the lut) i1 such 
that S(N;) ~~.the Lemma 2.3 follow11 as a corollary of Lemma 2.2. 

Another algorithm that will play an important role in the main algorithm is the Algo­
rithm COLUMN. Thi11 algorithm generates a partial packing of two lists, say L1 and L,. 
The packing consists of several stacks of boxes, referred as columns. Each column is built 
by putting one box over another, and each column consists only of boxes in either L1 or 
L2, 

The Algorithm COLUMN is called with the parameters ( L1, [p1], L,, [p2]), where p1 = 
Pl,~ •... , p~

1 
consists of the positions in the bottom of box B where the columns of boxes 

in £1 should start and p2 = rt,~ .... , JJ!2 consists of the positions in the boUom of box 
B where the columns of boxes in L2 should start. Each point~ = (z~,J}) represents 
the z-axis and the v-axis coordinates where the first box (if any) of each column of the 
respective list must be packed. Note that the z-axis coordinate need not be specified since 
it may always be assumed to be O (corresponding to the bottom of box B). 

We call height o( a column the sum 0£ the height of all boxes in that column. 

The position11 P} for j = 1, ... , n; and i = l, 2 must be given. Initially all n1 + n2 
column, are empty, starting at the bottom of box 8. At each itera\ion, the algorithm 
chooses a column with the smallest height and packs the next box from the respective list 
on the top of that column. The process terminates when all the boxes in L, or L, are 
packed. At this point, the algorithm returns the pair ('P, L') where L' consists of the boxes 
in L1 U Li that were packed, and 1' is the packing of L' generated by the algorithm. We 
also say that 'P combines the lists L1 and C,,. 

If each box of L; bas bottom area at least .s;, i = l, 2, the sum n1.s1 + n2a2 is called the 
combined area of the packing generated by the Algorithm COLUMN. 

The following lemma about this algorithm holds. 

Lemma 2,4 Let 'P 6e the packing of L' ~ L1 U L2 generated 6y the Algorithm COLUMN 
when applied to liata L1 and Li and list of poaition.s ~.~ .... ,p'...;, i = 1,2. // 5(6) ~ a;, 
for all 6ozu bin L;, i = 1,2, then H('P) ~ .... ,! .... , V{L') + Z. 

Proof. Note that the difference between the height of any two columns is not greater tbau 
Z. Thus, V(L') 2:: {H('P) - Z)(.s1n1 + s2n2). D 
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Another simple algorithm that we shall use is the Algorithm OC (One Column). Given 
& list of boxea, ay L = ( 6i, ... , b,.), this algorithm packs each box 6;+1 over the box 6; , 
for i :a l, ... , n - l. Thua, the fint box ia puked in the position (0, 0, 0), the second box 
ia packed in the position (0,0,z(b1)), and so on. It is easy to verify the following results. 

Lemma 2.5 If 'P u the packing generated 611 the Algorithm OC tDhen applied to a lut L 
and• u • coutant nch that 5(6) ~ s for ell 6ozea b in L, then H('P) $ V~L). 

Lemma 2.8 If 'P u the packing generated 6r the Algorithm OC tDhen applied to a lut L 
6Kh 11&.t z(b) > ½ and r(b) > ½ for ell 6ozea b in L, then H('P) = OPT(L) . 

Two other algorithms that we shall need in the main algorithm are based on the al­
gorithm UD, developed by Baker, Brown and Kattsetr [l) for the strip packing problem. 
This problem consists in pa.eking a list of rectangles R = ( r 1, r 3 , • • • , r 11 ) in a rectangle of 
unit lenght and infinite height, and the objective is to minimize the height of the pa.eking. 
The following result concerning the algorithm UD is presented in [I). 

Lemma 2. 'T Let R = ( r1, .•. , r,.) be an, inatance for the strip packing problem, in which 
no rectcngle luu height greater than Z' . Then the height of the packing B generated br the 
algorithm UD wheA applied to the liat R i, such that H(B) $ ?OPT{L) + §/Z'. 

Baaed on Algorithm UD, we define the algorithms uos and UD' for the TPP as follows. 
Given a list L = (bi.~ •... ,b,.) of rectangular boxes 6; = (.:r,,y,,z,), for i = l, ... ,n, the 
Algorithm UO- first uses the Algorithm UD to generate a packing 8, applying it lo a list of 
rect&ngles R = (r1, r2, ... , r,.), where ri = (.:r,, z,), i = l, ... , n. Then it generates a packing 
of L by pa.eking the corresponding boxes in the position O in the y-axis a.nd using the same 
coordinates of the two-dimensional packing 8 for the z- and z-axis. The algorithm UD' 
is symmetric to the Algorithm UD"'. Using Lemma 2.7 it is immediate that the following 
holds: 

Lemma 2.8 Let L be cia instance for the TPP such that z(b) > ½ (resp. y(b) > ½} for all 
bozu 6 ia L. Then the packing 'P generated by the algorithm UDa- {resp. UD• J is such that 

H('P) $ iOPT(L) + ~3 
Z . 

3 The main algorithm 

The algorithm to be described here will be called Algorithm .A11:. h depends on & parameter 
k. Before giving its fonn&l description, let us first explain the idea. behind it. 
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This algorithm divides the given instance L into 1ublista and applies an appropriate 
algorithm for each (or a combination) of these sublists. The final packing is obtained u a 
concatenation of these packings. 

Initially, the boxes of Lare divided into four parts, P1, P2 , P3 and P,, as follows. 

P1 = {be L : z(6) $ ½, y(6) $ ½}, P2 = {be L : z(b) $ ½, y(b) > l}, 
P3 = {6 E L: z(6) > ½, y(6) $ ½}, P, = {6 e L: z(b) > ½, y(6) > ½). 

Suppose for ea.ch of these parts we generate packings consisting of levels. Li and Cheng 
[4] have shown that one can get a packing of part P1 with area guarantee ½, and the aame 
for P2 and P3. Note that for part P4 the best one can guarantee is ¼· They proved the 
statements for P1, P2 and P3 by considering the subdivision indicated in figure 2. 
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Figure 2: Subdivision of P1, P2 and P3. 

As we shall see later, considering another subdivision of P1 , one can have a packing of 
P1 with area guarantee !, Thus, with respect to the area guarantee, we can classify the 
packings of part P1 u being good, P2 and P3 as medium and P4 as kd. We call a packing 
of a sublist as being good if it has an area guarantee close to that of part P1 • The idea of 
our algorithm is to refine the subdivision of these parts in such a way that the obtained 
sublists allow a better combined area or a better area guarantee. For that, we have to 
detect the boxes that do not yield packings with good area guarantee. These boxes will be 
called critical. 

The Algorithm A,.. uses the Algorithm COLUMN to combine the critical boxes in P, 
and P3 (these are the boxes in the sets LA= (A1U ... UA,..+14 ) and Ls= (B1 U ... UB1t♦ 14), 
illustrated in figure 3) in such a manner that the resulting parcial packing is a good one and 
the critical boxes of P2 and P3 that could not be packed remain in only one of these parts. 
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Furthermore, the other part -now without the critie&l boxes- allows a good packing. 

Suppoee that the critie&l boxes in P3 (boxes in the set Ls) could all be packed (see 
figure 4). The way the set Ls is defined guarantees that. the remaining part of P3 (sublists 
L1 to Ln, aee figure 5) has a good area guarantee. Now we apply the S&Dle process for 
part.a P1 U Ps and P4 • That is, we combine critie&l boxes of P1 U P3 with the critical boxes 
of P4 (these are lhe boxes in Lb U L'b and Le, see figure 4). Note that the choices of the 
sublists to be combined bas to be carefully done IO that they allow good combinations and 
once one of the sublists is packed the remaining boxes in the corresponding part alao allow 
a good packing. 

Suppoee Le is tot.ally packed (see figure 5). Now we define new critie&l boxes in P3 
and P4 (these are the boxes in LF U L} and Ls, see figure 6) and apply the algorithm 
COLUMN to the corresponding sublists. The resulting packing 'PEF has an are& guarantee 
better than that when only boxes of P4 are considered. 

In both cues, considering the boxes not packed yet we can obtain packings which can 
be compued with an optimum packing of the corresponding sublist. The detaila of this 
process will be clear in the description of the Algorithm .A.,. 

The sublists A. and Bi we have mentioned above are constructed using values ri and 
••• i = l, ... , k + 14, defined in the sequel. These aubliats are illustrated in figure 3, and 
are fomurJly defined in step 2 of the algorithm. 

Definition 3.1 Let r\11, r!1l, ... , r11u and .1\•l, .,~"1, ••• , .1L~14 be real numben, d.efined u 
follow: 

• ri•I, r~11, . .. , r111 are Heh that 

r{•> l = ri•1c1 - rl.1) = ri•1c1 - r!"l) = ... = r111(1 - r1~.\) = HI - r1.') and r{1
> < a; 

• r<•I - 1 r<•) - I rill - I . ~· - :,, •+i - i• ... , A:+15 - 17' 

(•) ( !•)) I • • •• = 1-r, 1 or1 = l, ... ,k; 

1•1 1 (2;+4-L:fJ) 1 · • •ki = - 4i+IO ,or a = 1. ... , 14. 

The exiatence of the numbers r1•>, r!"1, ... , r111 can be shown using a. continuity argu• 
ment. Furthermore, one can show that rl•l > ri•) > · · • > r1"1 > } and r!•> - ! as k - oo. 
For simplicity we shall omit the superscripts (A:) of the notation r}"l, sl•) when le is clear 
from t.be context. 

As we are going to apply Algorithm COLUMN combining sublists Ai and B;, we have 
to specify the coordinates where the columns of Ai and B; are to be built. To this end we 
define lists of positions, Pij,qij,Yj,qj,p'J and qJ'. 
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Remark: The positions p,,;,q;.;,JJ';,'l';,p'J and q'/ are defined in such a manner that the 
combined area of the packings generated by the Algorithm COLUMN (in step 5 of the 
Alg~ritbm A.) is at least I· 
Positions to combine sublists A1 and BJ. 

We define these positions only for i :S j. The case in which i > j is symmetric (1ee 
figure 3 to visualize these positions). 

• To combine the lists A,, I :Si :S k, and B;, i :S j $ k, take 

p..; = [(o, 0), (½, o)] and q;,; = [(O, 1 - a;)] . 

Note that in this case we can obtain an area guarantee of at least ½-

• To combine the list A11-1rJ = (A1 U .•• U Ai,) with B;, k + 1 :S j :S k + 14, we consider 
two phases. We divide A1i-1rJ into A' and A" taking A'= {b E A1i-1rJ: z(b) :S 1-a;} 
and A"= A11-1rJ \ A'. 

* To combine A' with B; take 

Pi = [(a;, 0)) and 

qJ = [co, 0), (o, ;-~+2), (o, ,¾+,), .. ·, (o, j:::n] 
In this case we can obtain an area guarantee of at least ½¾- This minimum is 
attained for j = k + 1. 

* To combine A" with B; take 

p'f = [(0,0),(½,0)) and 

q'J = ((o, J), (o, J + r-++,), (o, J + ;-!♦2), ... , (o, J + (L ;-~♦2 J - 1) ;J.2)) • 
Here we can obtain an area guarantee of at least i- In fact, the values of a;, 
k + 1 :5 j :5 k + 14, were chosen in such a way that for the boxes in P3 not in Ls 
we also have a good area guarantee. The value ~ is attained when j = k+ 1 ( one 
box from B1r+1 with bottom area¼ and two boxes from A", each with bottom 
area fa). 

• To combine the lists A;, k + l :5 i :5 le+ 14, and B;, i :5 j !;; k + 14, take 

p..; = [(a;,O),(a;+ ,-l♦2,o) ,(a;+ ,-l+:1,0), ... , 
(a;+ (l{l - a;)· (i - k + 2)J - I) ;-!+2 ,0)] and 

q;.; = [co, o), ( o, J-!♦1) , ( o, ;-~H) , • • •, (o. 1:%!!) l · 
In this case we can also obtain an area guarantee of at least ~-

We are now ready to describe the Algorithm Ai,. We assume that k is an integer greater 
than 5. 
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Figure 4: Subdivision of the boxes after B is totally packed. 
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Algorithm .A, 
la,-t: Liat of boxea L. 
o.tp.t: Packing 'P of L into B = (1, l,oo). 

1 Ld Pa = {6 e L: z(6) $ ½, r(6) :s ½}, 
P, = {6 E L: z(6) > ½, 1(6) $ ½}, 

Pa = {6 EL: z(6) $ ½, y(b) > ½), 
P, = {6 E L : z(b) > ½, 11(6) > ½}. 

2 Let r,, r2, ••• , rH1• and •1, •a, ... , ••♦ 14 be given u in Definition 3.1. Define the sett A, 
and B., for i = 1, ... , k + 14, in the followin~ way (see figure 3). 
A.= {6 EL: z(6) E (ri+1,r;) ,y(6) E (½,.s;}J, 

B. = {6 EL: z(b) E (½,.si), y(b) E (ri+i, ri)}, 

LA +- A, U ••. U A,+14, Ls .... B1 u ... U B,.,.14 . 

.S i .,_ l; j +- l; 'PAB .,_ 8; ,,., 

4 Let Pi,;,9i.i, 1 $ i,j $ k + 14, and JJ';,p'j,qJ,qi'• k + 1 $ j :S k + 14, be aa defined 
previoualy. 

5 Combine aeta LA and La u follows. 
, 

6.1 While (i $ A: and j S k) do 

('Pi,;, Li,;)+- COLUMN(A;,PiJ, B;, q;,;) ; 

A. +- A.\ L;.;; Bi .... B; \ L;,;; p AB .... p ABIIP;.; ; 
H A; -= I then i .,_ i + 1 else j +- j + 1 ; 

5.2 lij=k+l 

then 
5.2.1 /* &ll boxes B., ... , B, have been packed • , 

A11-•J .,_ Ai U .•. U A1,; 

else 

While (j $ k + 14 and A11-•J I 8) do 
t +- 1 - "H;i 
A'.,_ {be A11-•J: z(b) $ t}; A".- A11-•J \ A'; 
(?;, L~) .... COLUMN(A',Vj, B;,q.i); 
(Pf, L'J) .- COLUMN(A",11;', B; \ i~,qJ); 
'PAB .... PAallP;IIP;'; 
B; +- B; \ l~ u £7; A11-•J .... A11-•1 \ lj u £7; 
if B; = 8 then j .... j + l; 

i.-k+l 

5.2.2 /* All boxes A1 , ••• , A, have been packed * / 
Perform steps symmetric to the ones given in the case 5.2.1; 

14 



~.3 While (i S k + 14 and j :5 k + 14) do 

('Pi.;, L;.;) +- COLUMN(A;,.Pi.;, B;, q;.;) ; 

A; +- A;\ L;.;; B, +- 8, \ L,.;i "P AB +- "P Asll'P,.; i 

If Ai = I then i +- i + l else i +- j + l; 
6 If j > k + 14 then r all boxes in Ls have been packed * / 

6,1 Let LAB be the set of boxes packed in "PABi L +- L \ LAsi 

6.2 Subdivide the list L in Li, ... , L25 as follows (see figure 4 ). 

L,=LnC[½,l; ,~2,i~1), for i=l, ... ,16 
L •• = Lnc [½, ½ ; ½, ½), 
Lw = Lnc [i,½; o, ¼}, 
Ln=LnC[¼,}; O,½], 
Lu= LnC [o,¼; ¼, ½), 
Le= LnC [½,Ii½,~) 
L1, = {b E L11: z(b) :5 li} , 

8.3 Generate packings 'Pt, ... , "P2s as follows. 

L11 = Lnc f ½, l : 0, la~, 
L _ Lnc 1 1 . L 1 

19 - 3' 2 ••• 3 ' 

L - L nc [l 1 · l ! ] 
21 - •' 3 • 3, 2 . • 

L23 = Lnc [o,¼; ½,½], 
L2,. = Lnc,, 
Lo= { b E Lt: z(b) :5 ~}, 

Lv = L0UL1,. 

('PeD', Le&) - COLUMN(Lc, [(O, 0)), Lb, [(O, ~)]}; 
{'Pev-, LeD") - COLUMN(le \ Lev•, ((0, 0)), Li,, ((0, ~). (½, ~)}); 
"Peo - 'Peo-ll"PeD"i 
Leo +- Leo, U Lev•; 
Li+- Li\ Leo; 
L11 +- L11 \ Levi 

8.4 'P; +- NFDH•(Li) for i = 1, ... , 22; 
"P; +- NFDH'"(L;) for i = 23, 24; 

'Pu+- LL{L2s,4); 

6.5 Pi +- Pi \ Leo; 
Pi +- P2 \ LABi 
/'3 +- P3 \ {LAB U Leo); 

I':+- P. \ Leo; 

6.6 If Le ~ Lev 
then (Cue 1) 

else (Case 2) 

= 0.440. . . /•Le is packed • / ( see figure 5) 
= 0.455 ... ; /•Lo is packed•/ {see figure 6) 

15 



8.T LE-{be~: z(b)$1-p}; L,-{beP~: !<z(b)$p}; 
ii ..... { I, E P; : i\ < z(b) $1}; LF ..... L',: U L'f; 

8.8 (1'Er, LEr) ..... COLUMN(LE, [(0,0)), Lj..,[(1 - p,0))); 
(1'Er, LEr) .- COLUMN(LE \ LEr, [(0,0)], L'f, [(O, 1 - p), (0, 1 - p + l), 

... ,(0, 1 - p + (l9pj -1)1)1); 
1'EF ..... 1'Erll1'EF"i 
LEF - LEF" u LEF"i 
Pf ._ P, \ LsFi 

. P: f- P. \ LEFi 
8.9 (Subcase 1) If LE ~ LEF then r LE is totally packed • / 

'Pvo .- UD•(P; u P.): 
Poe ..... OC(P;); 

~ -{b E Pf: z(b) :5 ½}; 
Pf., -{b E P;: z(b) > ½}; 
'Pi. ..... NFDH•(~); 
1'2,1 ..... NFDH"'(J>:.,); 
'P' ..... PocllP2.IIP2,1l'PEF: 
P" t- {PE {'Puo, 'P'}: H(P) is minimum}; 
P._ ..... PAsll1'cnllPill- • -IIP2s; 
'P - P ... IIP"; 

8.9 (Subcase 2) If Ly ~ LEF then /* Ly is totally packed • / 

1'oc t- OC(P;); 

P,~ .- {b E P;': z(b) ~ i\}; 
Pf., ..... {b E P:: z(b) > p}; 
'P-. t- NFDH"'(P:e); 
1'2,1 ..... NFDU-(P,'11 ); 

'P' ..... i'ocllPEFi 
P ... ..... 1' Asll'PcDll'P2.IIP2,1IIP1 II•. - IIP2si 
p ..... P • ..,111"; 

6.10 Return P; 

T If i > le+ 14 then generate a packing 'P of L as in step 6 (in a symmetric way); 

8 Return 1'; 

end algorithm. 
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The next theorem gives an asymptotic performance bound of the Algorithm A, when 
k-+ 00. After the proof of this result. we show that for relatively small value of le (le= 13) 
the Algorithm .Ai has already au asymptotic performance bound that ia very close to the 
value shown for k -+ oo. This conclusion will follow from the proof of the next theorem. 

Theorem 3.2 For any in.,tance L of TPP we have 

.At(L) ~ Ot · OPT(L) + ( 2k + 5!7
) Z , 

where 011 ..... t!!t'fljiw = 2.669 ... as k -+ 00. 

Proof. Let us recall that when le -+ oo the value of ri"1 tends to !, r1 = r\lrl < i (aee 
Definition 3.1). Note that for each of the packings Q E {'P;J, Pf.;, 'Pf.;} that are used to 
generate the packing 'PAs at the end of step 5, H(Q) ~ ~V(Q) + Z. To see this, apply 
Lemma. 2.4 together with the fact that for each packing Q that combines aets of LA and 
Ls, the combined aru. is at least ~-

Aa there is a maximum of (2k - l) + 28 + 14 = 2k + 41 packings generated from 
combinations of set, in LA and Ls, we can see that 

For the packings 'Pc& and 'PcD" (in step 6.3), since the combined area is at least 
( ¼ + 'f ), it follows by Lemma 2.4 that 

l 
(2) 

Each of the packings 'P;, i E { l, ... , 25} \ { l, 18} bas an area guarantee that is at least 
~. this minimum being attained when i = 2. Thus applying Lemma 2.2 and 2.3 we cao 
conclude that 

H('P;) 5 :~V(Li) + Z, for i E {I, ... , 25} \ {I, 18} . 

Let us now analyse the two possible cases (c/. step 6.6). 

Case 1: Le ~ LcD and p = ~ -•95 = 0.440 .... 

For the packings 'P1 and 'P11 the followings holds: 

1 H('Pt) $ -V(L1) + Z, 
r1 

I 
H('P11) < 4 V(L1a)+Z . 

i 
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Since each of the packings 'PEF' and 'PEF" has an area guarantee that is at least ,&, we 

can conclude that 

Subcue 1.1: Lg ~ LEF 

By Lemma 2.8, 

5 53 
H('Puo) ~ 40PT(Pi u ~) + 8 z . 

Applying Lemma 2.5, since S(b) ~ (I - p)~ for b E P:, it follows that 

1 
H('Poc) $ (I _ p)~ V(~) . 

For the packings 1'2• and 'Pu, using Lemma 2.2, we can conclude that 

H('P2.ll'P,,) $ iV(p;~ u ~ .. ) + 2Z. 
3 

(6) 

(7) 

(8) 

(9) 

From (6), (8), (9) and the fact that (1 - p)~ = min{ /o, (I - p)~, U it follows that 

H('P') = H('Pocll'P2.ll'P:r.,ll'PEF) 

$ (l-lp)~V(P;up;~up;'.,uLEF)+4Z 

1 
= (I _ P)ll V (I'; U ~) + 4Z . (10) 

Since 1'" = {1' E {'P', 'Puo} : H('P) is minimum}, we have 

H(P") = min{H('Puo), H('P')} . (11) 

Now for the packing 1',._ = 1' Asll'Pcoll'P1 II, .. U'P:rs, using the inequalities {1 ), ... ,(5) 

and the fact that r1 = min {~,r1, ¼ + T• !}, we obtain 

1 
H('P.-) $ -V(L,._) + (2k + 68)Z, 

r1 

where L.v: denotes the set of boxes in the packing 'P,._. 

Let 

'H1 .- H('P") - 583 z' 
'H2 .- H('P.u:) - (2k + 68)Z . 

18 
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From (7) &nd (11), in particular we have 

and therefore, 

Thus, 

OPT(L) 2: OPT(P, UP.) ::! i?t1 . 
Note that from (12) and (14) we can conclude that 

On the other hand, from (11) and (10) we have 

and thus, 

i.e., 
19 

V(~U~) 2: (l -p)
36

1t1. 

Since V(L) = V(L.,..) + V(P, UP;), using (16) and (17) we get 

19 
V(L) ~ r11t1 + {I - p)

36
1t1 . 

Thus, 
19 

OPT{L) 2: V(L):::: r1 Hi+ (I - p)
36

1t1 · 

Combining (15) and the inequality above, it follows that 

19 

(15) 

(16) 

(17) 



Since H('P) = H('P ... ) + H('P•); using (13) and (14), we have 

H('P) = ( 1'2 + (2k + 68) Z + 1{1 + 58
3 Z) 

( 
597) = 1'1 + 1'2 + 2k + T z . 

Thus, .A.(L) ~ a.(r1)·0PT(L) + (2k + 5:
1

) Z, where a.(r1) = 49t'i5J.t:110r,. To prove this, 

we show that -{tH1o(~~;:UHi+riHi} ~ di,(ri), by analysing two cases: 

Case (a): max{t1l1,(l -p)~1'1 +r1'H2} = fH,. 

In this case, 'H1 ~ 4=~,. 'H2, and thus 

Case (b): max {t1<1, (1 - p) ½!'H1 + r1'H2} = (1 - p) ~'H1 + r,'H,. 

Then 1'1 5 4=!,'H2. 

In this case, note that (i-,iGt~~r,'Hi is a strictly increasing function of 'H1, and hence 

when 'H1 = .. =,'H2 it attains its maximum value. Thus, 

Subcue 1.2: LF ~ Lu· 

In this case, 

~ 

H('Poc) $ 1~ V(P~'). 
Ti 

(I - p) ~'H1 + r1'H2 

49 + 95p + 180r, 

(18) 

Since 1" = 'Pocll'PErll'PEF" and all these packings combine boxes in .P.:, it follows that 

OPT(L) ~ OPT(/>;' U lEF) ~ H('Poc) + H('PEF) -2Z = H('P') - 2Z. (19) 

20 



Recalling that 'P' = 'Pocll'PEF, and using (6) and (18) we have 

I 
H('P') ~ iiV(LEF Ur.)+ 2Z . 

Ti 

Now using Lemma 2.2 for the packings 'Pi. and 1'2, we can conclude that 

From (1), ... , (5) &nd (21) and the fact that p = min{li, ¼ + 7, r11 !,P} we have 

1 
H('P._) ~ -V(L.,_) + (2k + 70)Z . 

p 

Let 

1l1 .- H('P') - 2Z, 

'Hi .- H(P • ..,,) - (2k + 70)Z . 

From (19) a.nd (23), it follows that 

OPT(L) ~ 'H1 • 

Using (20) and (23), resp. (22) a.ud (24), we have 

19 
V(LEF U ~') > 721{I , 

V(L.,_) > p'Hi . 

Since V{L) = V(LEF U /1 UL.-), adding up the above inequalities, we get 

19 
V(L) ~ 

72 
'H1 + p1l2 , 

and tbua 
19 

OPT(L) ~ 
72

'H1 + p'Hi. 

Combining the inequality above with (25) we can prove that 

A.(L) S oZ · OPT(L) + (2k + 72)Z , 

(20) 

(21) 

(22) 

(23) 

{24) 

(25) 

where O: = 53
~":'· Thia can be shown by proving that mu{H~~~:+,HJ) S crZ- The proof 

can be done aoalogoualy to the previous case, and therefore will be omitted. 
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The value of p (p = ~ 195 ) that we considered in the algorithm was in fad obtained 

by setting w,.(U = er%- We leave to the reader the verification of this fad. 

Thus, from the analysis of both subcases we can conclude that 

( 
597) 

.A.,(L) So.,· OPT(L) _+ 2k + 8 Z, 

where o., -+ a'.,U) = oZ = iii9filts79 = 2.669 ... as k -+ oo. 

Cue 2: Lo ~ Leo and p = ""!-11 = 0.455 .•. 

Io this cue the proof i11 similar to the one presented in Case 1, therefore we omit the 

detais and ,imply mention the inequalities that can be obtained. 

H('P;) S !~V(L;) + Z for i E {l, 18} . 

36 nc,,,E,) s rrvciE,> + 2z. 

Subcaae 2.1: LE ~ LEF 

H('Pun) :5 
5 53 

40PT(p; U J>!) + 8 z . 

H('Poc) :5 (1 ~ P)½ V(P!'). 

H('P2ell'P2,1) s 
I 
TV(J>;e U J>;.,) + 2Z. 
j 

H('P') = H('Pocll'P2ell'P2,l1'PEr) 

:5 
I 

(l-p)½V(~Ui>;)+4Z. 

Sinoe 1 + ti. = min {ll !! 1 + o.} we have 
4 2 Ml' 36' 4 2 ' 

Let 

1-t, .- H('P") - 583 z ' 
1-t, .- H('P.-) - (2k + 68)Z . 
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Theo 

On the other hand, 

and therefore 

Thus, 

{ 4 l (l r1) } OPT(L)2:max 51t1,(l-p) 2'H1+ 4+2 'H2 · 

Therefore, .Aa(L) S ~.(r1) · OPT(L) + (2k + 5:7') Z, where /3•(r1) = 11±~Z;
1
'°'1. The last 

inequality follows by showing that -uH .. (1-~)t:.·+U+!'.J-)"·} s Pt(rt). 

Subcaae 2.2: Ly ~ LEF 

H('Poc) s ~V(~'). 
4 

OPT(£) 2: H('P') - 2Z. 

H('P') s ~V(LEF U 'P~') + 2Z. 
4 

ff ('P2ell'P2~) s !v(P'~ u ~~) + 2Z. 
p 

Since p = min { ll, ¼ + T, li, p} we have 

1 
H('P • ..,) S -V(L • ..,) + (2k + 70)Z . 

p 

Let 

Then 

'H1 .- H('P') - 2Z , 

'H2 .- H('P.-) - (2k + 70)Z . 

OPT(L) 

V(LEF u P'.t') 
V(L._) 
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Thus -
1 

OPT(L) ~ V(L) ~ 41'1 + p'H2 · 

Therefore, 
.A,(L) $ p;, OPT(L) + (2k + 72)Z , 

where P: = ~- The last inequality is proved by showing that mu{'H~:(H.•+P'Hi} :5 3!;•. 
Here again, the value of p (p = 1 -11) that we considered in the algorithm was 

obtained by setting PHU= P:. Thus, for the given value of p, as in the previous case we 
can conclude that 

.A,(L) s; fJ, · OPT(L) + ( 2k + 5!7
) Z , 

where /J, -+ ~(!) = /JZ = ~ 101 = 2.64 .. , as k -+ oo. 

The theorem follows from the conclusions obtained in the cases 1 and 2. 

Corollary 3.3 Fo,- any in.stance L o/TPP and k 2:: 13 we have 

( 
597) .A,(L) s; ..,,. ·OPT(£)+ 2k + S Z, 

D 

Proof. The result follows from the proof of the previous theorem. It is sufficient to observe 
that for A:~ 13 we have r\"1 ~ 0.444430896, and therefore all arguments used in the proof 
remain valid. Note that the statement of the corollary holds taking 

{ 
49 + 95P1 + 180r\"l 53 + 72p1 11 + IOP2 + lOrj"l 3 + 4p,} ..,, = max 

144rj"l ' 72p1 ' 4 + 8r\"1 ' 4p, 

49 + ~s,,.. + 1s0r1•1 99 + 10s0rl"1 + ✓199145 = ----,.,-,-__.c- =---__..c.-----
144r\111 864rl"' 

where Pi corresponds to the value of pin the Case i, i = 1, 2. That is, p1 = ~-191 and 
... - i/aiiii-71 
r• - 1110 • 

D 
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Propoaition 3.4 The ,uymptotic performance 6ounil of the Algorithm A* ia 6dtoeen 2.5 
and 2.67. 

Proo(. By the theorem 3.2 it is sufficient to prove that 2.5 is a lower bound for the 
asymptotic performance bound of the Algorithm A •. 

Let L be an instance for the TPP, L = L' UL", where L' = (~.~•···•~N) and 
L" = (~, 6;, ... , ~N), and N is a large positive integer. 

Each box II; in L', i = l, ... , 2N, is defined as 

b! = (! + t ! + t 1) 
I 2 I 2 ' 

Each box II/ in L", i = l, ... ,27N, is defined as 

b(' = { {.S,.i, 1 ~ (i - l){N) 
1 (¼ - f, 4 - f, 1 - (i - l){N) 

if i mod 9 = 0 
otherwise. 

The valuea for f, {N and 6 must be positive and very 11maU, and furthermore the following 
must bold: 8 (¼- tf + 62 ~ ½ + (¼) and 9 (¼ - tr+ 61 > ½ + (¼). This e&n be achieved 
by fixing a small 6 and taking f = ~. 

The Algorithm A* applied to the list L generates a packing 'P = 'P'll'P" where 1" (resp. 
'P") ia the packing generated by the Algorithm OC (resp. LL(L",4)) applied t.o the list. L' 
(resp. L"). 

It ia cle&r that H('P') = 2N. As for the packing 'P'', it is generat.ed aa follows : "P" 
consists of 3N levels, each consisting of 8 boxes of type ( ¼ - f, ¼ - f, l - ( i - l ){N) and 
one box of type (6,6, 1 - {i - l)<N). Therefore, H{'P'') = 3N - h({N), where h({N) = 
9{N (~); and thus 

H{'P) = 2N + 3N - h{{N) = 5N - h({N). 
A better packing p• of the list L can be obtained by generating: 

• 2N levels, each consisting of one box of type (½ + f 1 ½ + f 1 l) and 12 boxes of type 
(¼- t, ¼ - f, 1 - (i - l }<N ); 

• one level conaiating of all boxes of the form (6, 6, l - (i - 1 )<111 ). We note that tbia ii 
possible by choosing 6 conveniently. 

Thus H('P•) $ 2N + I. 
Therefore, by choosing (N such that h{{,.,) tenda to O when N - oo, we have 

lim H('P) > lim 5N - h({111) = ~ . 
N-OPT(L) - N- 2N + l 2 

25 
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4 • Concluding remarks 

It is easy to aee that all algorithms we have used in the Algorithm A, -except for the 
Algorithm UD and LL- have time complexity O(mlogm), where mis the number of 
boxes in the input list. It can be seen that the Algorithm LL also has the same complexity 

(5). As for the Algorithm UD, the authors claim (cf. [11) that it can be implemented to 
run in time O(mlogm). Thus, the Algorithm A, has time complexity O(nlogn), where n 
is the number of boxes in the input list. 

In the special cue of TPP in which aU boxes have square bottom we have developed 
an algorithm with an asymptotic performance bound close to 2.36. This result will apper 
in a forthcoming paper where another variant of TPP is discussed (8]. 
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