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Abstract
We present an approximation algorithm for the three-dimensional packing problem
and show that its asymptotic performance bound is between 2.5 and 2.67. This result
answers a question raised by Li and Cheng [6] about the existence of a polynomial
algorithm for this problem with an asymptotic performance bound less than 2.89.

1 Introduction

In this paper we present an approximation algorithm for the Three-dimensional Packing
Problem. This problem is defined as follows: Given a rectangular box B with a fixed
size bottom and unbounded height and a list L = (by,...,b,) of rectangular boxes, find
an orthogonal oriented packing of the boxes b,...,5, into B that minimizes the total
height. The boxes are required to be packed into B orthogonally and oriented in all three
dimensions.

We denote each box b; as a triplet b; = (z,yi,2), where z,, y; and z; are its length,
width and height, respectively. We assume here that the box B has dimensions (1, 1, o0),
since if this were not the case and we had B = (l,w,00), | > 0,w > 0, we could divide
the length /; and the width w; of each box b; by ! and w, respectively. This problem will
be denoted by TPP. Since one can reduce the uni-dimensional packing problem [2] to this
problem, it follows that it is an A"P-hard problem.

If Ais an algorithm for the TPP and L is a list of boxes, then .4(L) denotes the height of
the packing generated by the algorithm A when applied to the list L; and OPT(L) denotes
the height of an optimal packing of L. We say that « is an asymptotic performance
bound of an algorithm A if there exists a constant 8 such that for all lists L, in which all
boxes have height at most Z, the following holds: A(L) < a-OPT(L)+ 8- Z. Furthermore,
if for any small ¢ and any large M, both positive, there is an instance L such that A(L) >
(o — €)OPT(L) and OPT(L) > M, then we say that « is the asymptotic performance
bound of the algorithm A.

The Three-dimensional Packing Problem was first introduced by Li and Cheng [3] as a
model of job scheduling in partitionable mesh connected systems. In 1990, they presented
in [4] an algorithm with asymptotic performance bound & = 3.25 and in 1992 they obtained
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(¢f. [6]) an algorithm with asymptotic performance bound o that can be made arbitrarily
close to 2.89. The main drawback of the latter algorithm is that as a becomes better
and better, the additive term 8 becomes larger and larger. In (7] Miyazawa presented an
algorithm with asymptotic performance bound less than 3 that is much simpler than this
last algorithm.

The algorithm to be presented here is an improvement of the algorithm presented in (7]
and has an asymptotic performance bound less than 2.67. This result answers a question
raised by Li and Cheng (6] about the existence of a polynomial algorithm for the TPP with
an asymptotic performance bound less than 2.89.

We show that the asymptotic performance bound of our algorithm is between 2.5 and
2.67.

2 Notations and Basic Results

Most of the concepts and notations used here can be found in [4]. Given a list of boxes
L = (by,...,b.), we assume that each box b; is of the form & = (z;, y;, ), with z; < 1 and

¥i < 1. Given a triplet ¢ = (a, b, c), we also refer to each of its elements a, b and ¢ as z(t),
y(t) and z(t), respectively. Given a function f : C — IR, and a subset C’ C C, we denote
by f(C") the sum Tacor f(e).

Although a list is given as an ordered n-tuple of boxes, when the order of the boxes is
irrelevant the corresponding list may be viewed as a set.

Note that, by using a three-dimensional coordinate system, the box B = (1,1, 00) can
be seen as the region [0,1) x [0,1) x [0, 00), and we may define a packing P of a list of
boxes L = (b;,...,b,) into B as a mapping P : L — [0,1) x [0,1) x [0, 00), such that

'P’(b.) 4+z; <1 and P’(b.) +y. <1,

where P(b;) = (P*(b;), P¥(b:), P*(bi)), i = 1,...,n.
Furthermore, if R(};) is defined as
R(b:) = [P(5:), P*(bs) + z:) x [PY(bi), PY(b:) + wi) x [P*(b), P*(bi) + z2),

then
R(MO)NR(;) =0 Vi,j, 1<i#j<n.

The above conditions mean that each box in L must be entirely enclosed in the box B
and must be packed orthogonally and oriented in all three dimensions. Furthermore, no
two boxes can overlap in the packing P (see figure 1).
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Figure 1: Packing of a box b; = (z;,y;, z;) into the box B = (1,1,00).

Given a packing P of L, we denote by H(P) the height of the packing P, i.e., H(P):=
max{P*(b) + z(b) : be L}.

All packings will be denoted by the letter P, with our without a subscript and/or
superscript (ex. P, Poc, Pip)-

If Pr,Py,...,P, are packings of disjoint lists L, L,, ... » Ly , respectively, we define the
concatenation of these packings as a packing P = P, [(Pall ... [Py of L = LyuL,U...UL,,
where P(b) = (‘P,’(b),?,’(b),z;;‘, H(P;) + Pr(b)), forallbe L;, 1 <i<v.

We denote by S(b) and V(b) the bottom area (i.e. S(b) := z(b)y(b)) and the volume
of the box b, respectively. The other notations to be used here are the following,.

e Cp"p'; 9", q]:= (bi = (zi,vi,2): P’ <z SV, " <ui<q),
for0<p'<p<1,0<q"<¢d <.

. Cm:=C[0,;1n-; O,i-],form>0.

A level N in a packing P is a region [0,1) x [0, 1) x [Z}, Z;) in which there is a set L’ of
boxes such that for all b € L', P*(b) = Z; and Z; — Z;, = max{z(b): b€ L'}. We denocte
by S(N) the sum ¥ ,¢;+ S(3). Sometimes we shall consider the level N as a packing of the
list L',

A layer (in the z-axis direction) in a level is a region [0,1) x [V;,Y;) x [2;,Z,) in
which there is a set L’ of boxes such that for all b € L', P¥(b} = Y; and P*(b) = Z, and
Y, - Y) = max{y(b): b€ L'} and Z; — Z, = max{=z(b): be L').

Throughout this paper we consider Z as the height of the highest box in a list L.
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Before we present our main algorithm for the TPP, let us mention some algorithms that
will be used as subroutines and also the related results that are needed.

First we describe an algorithm for the TPP called NFDH (Next Fit Decreasing Height)
that was presented by Li and Cheng in [4]. This algorithm has two variants: NFDH® and
NFDH?. The notation NFDH is used to refer to any of these variants.

The Algorithm NFDH? first sorts the boxes of L in non-increasing order of their height:
by, bs,...,68.. The first box b, is packed in the position (0,0,0), the next one is packed in
the position (z(b;),0,0) and so on, side by side, until a box is found that does not fit in
this layer. In this moment the next box b, is packed in the position (0,y(b*),0), where
y(5°) = max{y(h),¢ = 1,...,k — 1}. The process continues in this way until a box b; is
found that does not fit in the first level. Then, the algorithm packs this box in a new level
at the height z(d,). The algorithm proceeds in this way until all boxes of L have been
packed.

The Algorithm NFDH? is analogous to the Algorithm NFDH?, except that it generates
the layers in the y-axis direction (for a more detailed description see [4]).

Li and Cheng [4] proved the following result.

Lemma 2.1 If L € C[g5, 1 ; 0, 1] then NFDHY(L) < (2t1) V(L) + Z. The same
result also holds for the Algorithm NFDH* when applicd to a list L € C [0, &

T m ) m+l'm|*

This lemma can be generalized in the following way.

Lemma 2.2 Let L be an instance of TPP and P be a packing of L consisting of levels
MNy,... N, such that min{z(b) : b € N;} > max{z(d) : b € Niy,1}, and S(N;) > s for a
given constant s > 0,i=1,...,v— 1. Then H(P) < V(L) + Z.

The proof of this lemma is similar to the proof of Lemma 2.1 and therefore will be
omitted. The constant s mentioned in the above lemma will be called an area guarantee

of the packing P.

Li and Cheng presented in [5] an algorithm called LL, for instances L € Cn, m > 3.
We indicate by (L, m) the parameters that must be specified to call this algorithm. They
proved that the following result holds for this algorithm.

Lemma 2 3 If P is the packing generated by the Algorithm LL for an instance L €
clo,L; 0, L], then H(P) < (=5) VL) + 2.

=gt m=-1

Let us give an idea of the Algorithm LL(L,m), as we shall refer to it in the proof of
Proposition 3.4. Initially it sorts the boxes in L in non-increasing order of their height.
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Then it divides L into sublists Ly,...,L,, such that' L = L, [iL2. .. [|Ls, each sublist
preserving the (non-increasing) order of the boxes, and

S(L) < (=2) + (&)° for i=1,..,0,
S(Li) + first(Lin) > (22) + (8)" for i=1,...,0—1;

where first(L') is the first box in L'. Then, the Algorithm LL uses a two-dimensional
packing algorithm to pack each list L; in only one level, say N;. The final packing is the
concatenation of each of these levels. As each level N; (except perhaps the last) is such
that S(N;) > !'i!, the Lemma 2.3 follows as a corollary of Lemma 2.2.

Another algorithm that will play an important role in the main algorithm is the Algo-
rithm COLUMN. This algorithm generates a partial packing of two lists, say L; and L,.
The packing consists of several stacks of boxes, referred as columns. Each column is built

by putting one box over another, and each column consists only of boxes in either L; or
L.

The Algorithm COLUMN is called with the parameters (Ly, [p'], L, [p?]), where p! =
PisPhs++«1 Py, consists of the positions in the bottom of box B where the columns of boxes
in L, should start and p? = p},p},..., p}, consists of the positions in the bottom of box
B where the columns of boxes in L, should start. Each point pi = (z,y}) represents
the z-axis and the y-axis coordinates where the first box (if any) of each column of the
respective list must be packed. Note that the z-axis coordinate need not be specified since

it may always be assumed to be 0 (corresponding to the bottom of box B).
We call height of a column the sum of the height of all boxes in that column.

The positions p; for j = 1,...,n; and i = 1,2 must be given. Initially all n; 4 n,
columns are empty, starting at the bottom of box B. At each iteration, the algorithm
chooses a column with the smallest height and packs the next box from the respective list
on the top of that column. The process terminates when all the boxes in L, or Ls are
packed. At this point, the algorithm returns the pair (P, L’) where L’ consists of the boxes
in Ly U L, that were packed, and P is the packing of L' generated by the algorithm. We
also say that P combines the lists L, and L,.

If each box of L; has bottom area at least s;, : = 1,2, the sum n,$, + n,s; is called the
combined area of the packing generated by the Algorithm COLUMN.

The following lemma about this algorithm holds.

Lemma 2.4 Let P be the packing of L' C Ly U L, generated by the Algorithm COLUMN
when applied to lists Ly and L, and list of positions p},pi,...,pL,, 1 = |,2. If S(b) > s,
Jor all bozes b in L;, i = 1,2, then H(P) < L_v(L)+ 2.

nny+aany

Proof. Note that the difference between the height of any two columns is not greater than
Z. Thus, V(L) 2 (H(P) = Z)(s1n1 + sym3). o
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Another simple algorithm that we shall use is the Algorithm OC (One Column). Given
a list of boxes, say L = (by,...,bs), this algorithm packs each box b4y over the box b; ,
fori=1,...,n — 1. Thus, the first box is packed in the position (0,0, 0), the second box
is packed in the position (0,0, (b)), and so on. It is easy to verify the following results.

Lemma 2.8 If P is the packing generated by the Algorithm OC when applied to a list L
and s is & constant such that S(b) > s for all bozes b in L, then H(P) < HL),

Lemma 2.8 If P is the packing generated by the Algorithm OC when applied to a list L
such that z(b) > 1 and y(b) > 1 for all bozes b in L, then H(P) = OPT(L) .

Two other algorithms that we shall need in the main algorithm are based on the al-
gorithm UD, developed by Baker, Brown and Kattseff [1] for the strip packing problem.
This problem consists in packing a list of rectangles R = (ry,ra,...,7,) in a rectangle of
unit lenght and infinite height, and the objective is to minimize the height of the packing.
The following result concerning the algorithm UD is presented in [1].

Lemma 2.7 Let R = (ry,...,rs) be an instance for the strip packing problem, in which
no rectangle has height greater than Z'. Then the height of the packing B generated by the
algorithm UD when applied to the list R is such that H(B) < SOPT(L) + £2'.

Based on Algorithm UD, we define the algorithms UD* and UD? for the TPP as follows.
Given a list L = (b;,b,,...,b,) of rectangular boxes b, = (z;,y;,2), for i = 1,...,n, the
Algorithm UD? first uses the Algorithm UD to generate a packing B, applying it to a list of
rectangles R = (r1,r3,...,r.), where r; = (2, 2;),i = 1,...,n. Then it generates a packing
of L by packing the corresponding boxes in the position 0 in the y-axis and using the same
coordinates of the two-dimensional packing B for the z- and z-axis. The algorithm UD¥
is symmetric to the Algorithm UD*. Using Lemma 2.7 it is immediate that the following
holds:

Lemma 2.8 Let L be an instance for the TPP such that z(b) > 1 (resp. y(b) > 1) for all
bozes b in L. Then the packing P generated by the algorithm UD* (resp. UD") is such that

H(P) < gOPT(L) " 1—32 .

3 The main algorithm

The algorithm to be described here will be called Algorithm 4y. It depends on a parameter
k. Before giving its formal description, let us first explain the idea behind it.
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This algorithm divides the given instance L into sublists and applies an appropriate
algorithm for each (or a combination) of these sublists. The final packing is obtained as a
concatenation of these packings.

Initially, the boxes of L are divided into four parts, P, P;, Ps and P, as follows.
P ={bel:z(b)<}, y®)<3), P ={beLl:z(b)<} u(d)>1),
Py ={beLl:z())>L, y(b)<i), P ={beL:z(d)>1, y(b)>1).
Suppose for each of these parts we generate packings consisting of levels. Li and Cheng
(4] have shown that one can get a packing of part P, with area guarantee 1, and the same

for P; and P5. Note that for part P, the best one can guarantee is 1. They proved the
statements for P, P; and P; by considering the subdivision indicated in figure 2.

y
1 ;
)
[}
[}
]
Py Py
:
1 [
2 X
1 A U
Sp----- «
? P P
!
1
1
o i i e

Figure 2: Subdivision of P;, P, and Ps.

As we shall see later, considering another subdivision of P, one can have a packing of
P, with area guarantee %. Thus, with respect to the area guarantee, we can classify the
packings of part P, as being good, P; and P; as medium and P, as bad. We call a packing
of a sublist as being good if it has an area guarantee close to that of part P;. The idea of
our algorithm is to refine the subdivision of these parts in such a way that the obtained
sublists allow a better combined area or a better area guarantee. For that, we have to
detect the boxes that do not yield packings with good area guarantee. These boxes will be
called critical

The Algorithm A, uses the Algorithm COLUMN to combine the critical boxes in P,
and P; (these are the boxes in the sets L4 = (4;U...U A1) and Lg = (B1U...UBy14),
illustrated in figure 3) in such a manner that the resulting parcial packing is a good one and
the critical boxes of P; and P; that could not be packed remain in only one of these parts.
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Furthermore, the other part —now without the critical boxes— allows a good packing,

Suppose that the critical boxes in Py (boxes in the set Lg) could all be packed (see
figure 4). The way the set Lp is defined guarantees that the remaining part of P; (sublists
Ly to Ly, sce figure 5) has a good area guarantee. Now we apply the same process for
parts P, U P5 and P,. That is, we combine critical boxes of P, U Ps with the critical boxes
of P, (these are the boxes in L} U L} and Lc, see figure 4). Note that the choices of the
sublists to be combined has to be carefully done so that they allow good combinations and
once one of the sublists is packed the remaining boxes in the corresponding part also allow
a good packing.

Suppose L is totally packed (see figure 5). Now we define new critical boxes in P;
and Py (these are the boxes in L% U L} and Lg, see figure 6) and apply the algorithm
COLUMN to the corresponding sublists. The resulting packing Pgr has an area guarantee
better than that when only boxes of P, are considered.

In both cases, considering the boxes not packed yet we can obtain packings which can
be compared with an optimum packing of the corresponding sublist. The details of this
process will be clear in the description of the Algorithm A,.

The sublists A; and B; we have mentioned above are constructed using values r; and
8,1 =1,...,k + 14, defined in the sequel. These sublists are illustrated in figure 3, and
are formally defined in step 2 of the algorithm.

Definition 8.1 Let r{*), "), .. r®)  and s, 59, . oy 38 be real numbers defined as
follows:

o v e r® are such that

k 3 k
rg )% = rg )(l - rg“)) = r;(, )(1 - r#)) == rg‘)(l - r},k_),) = %(l —r{“)) and r{") < 3;
k k k
O "ul = %: '£+’1= "‘H’ls = 1“7:’

™ ‘sh)=(l —r}"’)fori: l,...,k,‘
Y ‘w.=l— (w) fori: l.....l4.

G+10
The existence of the numbers ri*) ) ) can be shown using a continuity argu-
ment. Furthermore, one can show that r{* > r{ 5 ... 5 r s 1 and o - dask — o0,

For simplicity we shall omit the superscripts (*) of the notation r{*), s*) when k is clear
from the context.

As we are going to apply Algorithm COLUMN combining sublists A; and B;, we have
to specify the coordinates where the columns of A; and B; are to be built. To this end we
define lists of positions, Pijr8iis Py 95, Py and gfl.
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Remark: The positions pi;, ¢, P}, ¢}, ] and ¢ are defined in such a manner that the
combined area of the packings generated by the Algorithm COLUMN (in step 5 of the
Algorithm Ay) is at least 2.

Positions to combine sublists A; and B,;.

We define these positions only for i < j. The case in which i > j is symmetric (see
figure 3 to visualize these positions).

¢ To combine the lists A;, 1 < ¢ < k, and B;, i < j < k, take

pi =[0,0),(1,0)] and @y =[©,1-s).
Note that in this case we can obtain an area guarantee of at least .

¢ To combine the list Ay = (A; U...UA;) with Bj, k+1 < j < k+ 14, we consider
two phases. We divide Ap;_ into A’ and A” taking A’ = {b€ Ap_y: 2(b) < 1—3;}
and A" = Ay \ A"
* To combine A’ with B; take
= [(s;,0)] and
4 =[0.0,05%).0.53) 0.E8)] -
ln this case we can obtain an area guarantee of at least 32. This minimum is
attained for j = k4 1.
* To combine A" with B; take
= [(0,0),(},0)] and
=[(0.2),(0.3+55). 0.3+ =) . (0.3 + (15520 - 1) )] -
Here we can obta.m an area guarantee of at least Z. In fact, the values of 3;,
k+1 < j < k+ 14, were chosen in such a way that for the boxes in P; not in Lg

we also have a good area guarantee. The value Z is attained when j = k+1 (one
box from Bjy, with bottom area % and two boxes from A”, each with bottom

area ).
e To combine the lists A;, k+ 1 <i< k+14,and B,,i < j < k + 14, take
[(55,0), (55 + =k5,0) (35 + =553,0) -,
(s + (L1 = 3) - (G — k+2)) = 1) ;=45,0)] and
%g = [(0 0), ( :-k+z) (0' :-k+z) (0 "':‘li)]

In this case we can also obtain an area guarantee of at least Z.

We are now ready to describe the Algorithm A,. We assume that k is an integer greater
than 5.
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Figure 3: Sublists A; and B,.
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Algorithm A,
Input: List of boxes L.
Output: Packing P of L into B = (1,1, 0).

1Llet P, ={bel:z(d) <} y(d) <}y, ={beL:z(d)<} - y(®) > 3},
Py ={bel:z(b)>%, y(b)<i}, P ={bel:z(d)>, y(b)> 1}
2 Let ry,ra,..., 4416 a0d 8y, 82,. .., Sk414 be given as in Definition 3.1. Define the sets A;

and B;, fori =1,...,k + 14, in the following way (see figure 3).
Ai={be L:a(b) € (rasn,rid ) € (15}

B; = {b €lL:z(b)e (3,3-] » y(b) € (ﬂ-n,":]} ’
LAO—A|U...UA§+“, LBG—Blu...UBk.'.u.

Sie—1j1;Pp 0 ’.‘

4 Let pijigisy 1 4,5 < k+ 14, and p,,pl,q,¢), k+1 < j < k+ 14, be as defined
previously.

5 Combine sets L4 and Lg as follows.
5.1 While (i < k and j < k) do
(Pis, Li;) — COLUMN(A;, piji Bj, 4is) 3
A;— A\ L;;; B; ~ B;\ Liji Pas — PasllPi; ;
HA; =Otheni—i+lelseje—j+1;
5.2 If j=k+1
then
5.2.1 /* all boxes B,, ..., By have been packed */
Ap-yg ~ AlU...UA,;
While (j < k+ 14 and Apn-y #9) do
L T
A’ o—_{b € An-4:2(b) St} A" — Ap_g\ A4
(P}, L}) — COLUMN(4", 7, B;,q});
('P" L”) — COLUMN(A”,p",B \ L,,q,),
Pan — pAB_II'P'II_ o
B; — B;\ LiULY  Ap-g — Ap-g\ Lyu LY
if B; =0 then j —; +1;
t—k+1
else

5.2.2 /* All boxes Ay, ..., A; have been packed */
Perform steps symmetric to the ones given in the case 5.2.1;
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5.3 While (i < k+ 14 and j<k+14)do
(Pijs Lisj) — COLUMN(A;, pij, Bj\ 4:,) i
Ai — A\ Lij; B; « B;\ Lij; Pap+ PaslPi,;
HA;=0theni—i+lelsej —j+1;
6 If j > k+ 14 then /* all boxes in Lp have been packed */
8.1 Let Lp be the set of boxes packed in Pyp; L «— L\ Lyp;
8.2 Subdivide the list L in L,,..., L;s as follows (see figure 4).

Li=LNC[L1; 5] for i=1,...,16 Liz=LNC[},

p=
a1 |
_—t—

Ls=1LnNC [mi %’%]' Lw=LNC|3.5: i 5
Lo=LnC[L1;0,], Ln=LNC[LY; L3,
La=Lnc (b3 0,4, La=Lnc 0} 3.4,
Lu=Lnclo; L4, Lys = LNCa,
Lc-an[,, 1 b={beL: z(b) < ¥},
b={b€La: 2(b) < &}. Lp=LpULy.

6.3 Generate packings P,..., Py as follows.
(Pcp Lepr) — COLUMN(Lg, ((0,0)], L, [(0, 33 )]).
(Popmr Lope) — COLUMN(Le \ Lope[(0,0)), L (0, ) G 38D
Pep — PeollPeow;
Lep — LepU Lepe;
Ly « Ly \ Lcp;
Lys — L\ Lep;
6.4 P; — NFDHY(L)fori=1,...,22;
P; — NFDH*(L,) for 1 = 23,24;
Pas — LL(L3s,4);
8.5 P" — P] \ ch;
P} — P\ Lp;
Py« P3\ (Las U Lcp);
P{ « Py\ Lcp;

6.6 If Lc C Lep
then (Case 1) p «— ABIB=18 - (440... [sLc is packed » / (see figure 5)

else (Case 2) p e YBMU=N = (455...; [+Lp is packed + / (see figure 6)
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87 Lg—{beP: z())<1-p}; Lpe{beP): L<a(d)<p};
pef{ter: <@ <i}s Lre Lpul
6.8 (Per,Ler) — COLUMN(LE,[(0,0)], Lk, [(1 - p,0)));
(PEF'H LEF") - COLUMN(LE \ Lgm, [(0,0)], ;1 [(oi 1- p)l (01 l-p+ %)s
s ,(0, l-p+ (I.ng r l)%)]);
Per — Per||Pery;
Lgp & Lgr U LEr;
Fy « P\ Lgr;
P« P\ Ler;
6.9 (Subcase 1) If Lg C Lgr then /* L is totally packed */
Pub — UD*(P,U P));
Poc + OC(FP;);
PL—{bepy: (0 <t);
Py {bePy: z(b)> 1);
Py, — NFDH*(PL);
P2y +— NFDH*(PL);
P’ « Poc||Paell Pl Per:
P" — {P € {Pup,P'} : H(P) is minimum };
Paws — PasllPcollPill - - - [|Pas;
P — Pous||P”;
6.9 (Subcase 2) If Lr C Lgr then /* Lr is totally packed */
Poc — OC(FY);
P —{bePy: z(b) < L}
Py — {be P} z(b) > p};
P, — NFDH*(PL);
Pa¢ — NFDH*(P});
P « Pocl|Per;
Pass = Pasl|PeollPelPad|Pill . . |P2s;
P — PauellP
8.10 Return P;

7 Ifi > k + 14 then generate a packing P of L as in step 6 (in a symmetric way);
8 Return P;
end algorithm.
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The next theorem gives an asymptotic performance bound of the Algorithm A, when
k — oo. After the proof of this result we show that for relatively small value of k (k = 13)

the Algorithm A, has already an asymptotic performance bound that is very close to the
value shown for k — co. This conclusion will follow from the proof of the next theorem,

Theorem 3.2 For any instance L of TPP we have
Ax(L) < ay - OPT(L) + (2/: + 5—8—97) z,

where ay — ma“‘;m =2.669... as k — oo.

Proof. Let us recall that when k — 0o the value of r{") tends to %, r = r{*) < % (see
Definition 3.1). Note that for each of the packings Q € {'P.- »P d,'P',’f,} that are used to
generate the packing Psp at the end of step 5, H(Q) < 2£V(Q) + Z. To see this, apply
Lemma 2.4 together with the fact that for each packing Q that combines sets of L, and

Lg, the combined area is at least zZ.
As there is a maximum of (2k — 1) + 28 + 14 = 2k + 41 packings generated from
combinations of sets in L, and Lp, we can see that

H(Pa) S 2V (Las) + (2k +41)Z . (1)

For the packings Pcp, and Pcpw (in step 6.3), since the combined area is at least
(3 + %), it follows by Lemma 2.4 that

H(Pop) < (lﬁjvuco) +27 . @)

Each of the packings P;, i € {1,...,25} \ {1, 18} has an area guarantee that is at least
:—;, this minimum being attained when i = 2. Thus applying Lemma 2.2 and 2.3 we can
conclude that

56
Vi<l ==
H(P;) < 57

V(L) + 2, for i€ {1,...,25}\ {1,18}. 3)
Let us now analyse the two possible cases (cf. step 6.6).
Case 1: Lc C Lep and p = VABIS-195 _ 440

For the packings P, and Py the followings holds:

H(P) < —V(L)+Z, (4)
1

1
®

H(Pys)

IA

V(Ls)+ 2 . (8)
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Since each of the packings Per and Pgpn has an area guarantee that is at least &, we
can conclude that

10
H(Per) < ?V(Lsr) 422 . (6)
Subcase 1.1: Lg g LEF
By Lemma 2.8,
5 53
H(Pup) < ;OPT(PU P)+3Z. (7
Applying Lemma 2.5, since S(b) > (1 - )1?- for b € P}, it follows that

H(?OC) < )19 V(P") - (8)

(1-

For the packings P;, and Py, using Lemma 2.2, we can conclude that

H(PsIPa) < TV(PLUPL) +22 . ©)
3

From (6), (8), (9) and the fact that (1 - p)12 = min{3,(1 — p)12, 1} it follows that

3%6*3
H(P') H(Pocl|Pzcl|Padl| PeF)

l "
TomV (PYU P UPU Ler) +42
(1-p)3

IA U

(1-
Since P” = {P € {P',Pup}: H(P) is minimum}, we have
H(P") = min{H(Pup), H(P")} . )

1
V(P U P) +4Z . (10)
Pz

Now for the packing Paur = Pasl|PcollPill- .. |Pzs, using the inequalities (1),...,(5)
and the fact that r; = min {g,rl, 1+ ‘} we obtain

5[
H(Paue) < r—l-V(L,u) +(2k +68)Z , (12)
where L,.. denotes the set of boxes in the packing Pyy..
Let
H, := H(P")- %Z 5 (13)
Mz = H(Paus)—(2k+68)Z . (14)
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From (7) and (11), in particular we have

My < JOPT(PU ),

and therefore,
OPT(P,U P)) 2

|

M.
Thus,
OPT(L) > OPT(P,U P)) > gn, : (15)
Note that from (12) and (14) we can conclude that
V(Lauwz) 2 M, . (16)
On the other hand, from (11) and (10) we have

H(P") < H(P)
< — L V(PUP)+4z
(1-p)3
1 53

< (l_-p_%V(P;UP‘l)-'-?Z ,
and thus, |

. 53

M= HP) =52 S o VIR P,
ie., o
1
V(RUP) 2 (1-p)3 2t . a7

Since V(L) = V(L.ue) + V(P; U P}), using (16) and (17) we get
19
V(L) 2 nHa +(1 "P)ﬁ“: .

Thus, 9
1
OPT(L) > V(L) > riH, + (1 —p)EH- .

Combining (15) and the inequality abave, it follows that

19
OPT(L) > max {%u..(n -yt + r,u,} :
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Since H(P) = H(Puuz) + H(P"); using (13) and (14), we have

3
HP) = (H, +QE+68)Z+H, + %z)

= i+ Ha+ (24 %)z ;
Thus, Ax(L) < of(r1)-OPT(L) + (2k + 57) Z, where of(r)) = #55E#. To prove this,
14M
we show that =y tﬂn.(l-:) }ium.m} < a(ry), by analysing two cases:
Case (a): max{%ﬂ,,(l -p) M, + T]Hz} = §N,.
In this case, H; > ‘9:?;5'7{2, and thus
Hi+H; _ Hi+H,
max {%Hh (1-p) Rt + 7‘17'12} M

= 5,51
B 4H,
< 49+ 95p +180ny
T 1441‘1

Case (b): m“{%“h(l = P) l!‘Hl +"IH1} = (1 - P) 3!%7'{1 + M,
Then M, < 49+95,H1

In this case, note that ﬁ’ﬁ%‘i'—u— is a strictly increasing function of #;, and hence
when H; = 49+95 1807 _a/. it attains its maximum value. Thus,

Hy + H, he My + Ha
max {tHy,(1—p) BH, + My} (1 —P) M+
49 + 95p + 180r,
= -__LE'_]_ .

Subcase 1.2: Ly C Ler
In this case,
1 ’
H(Poc) < g V(F) - (18)
73

Since P' = Poc||Per||Per» and all these packings combine boxes in Py, it follows that
OPT(L) > OPT(P{ U Lgr) = H(Poc) + H(Per) = 2Z = H(P') - 2Z . (19)
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Recalling that P = Poc||Pgr, and using (6) and (18) we have

1
H(P') < 5V(Ler UPY) 422 . (20)
2

Now using Lemma 2.2 for the packings P,, and Py we can conclude that

1
H(P||Paa) < ;V(Pé'e UPy)+22. (21)
From (1),..., (5) and (21) and the fact that p = min{Z, % + 2,1, 4,p} we have
H(Puue) < %V(Lm) +(2k+70)Z . (22)
Let
H, = H(P')-2Z, (23)
H: = H(Pu)-(2k+70)2 . (24)

From (19) and (23), it follows that
OPT(L) 2 H, . (25)

Using (20) and (23), resp. (22) and (24), we have
19
> -
gt 72“] '
2 pH; .

V(Ler U PY)
V(Laus)

Since V(L) = V(Lgr U P{ U L..:), adding up the above inequalities, we get
19
V(L) > ﬁHl + pH, ,

and thus 19
OPT(L) > ﬁ'Hl + pH, .
Combining the inequality above with (25) we can prove that
Au(L) < af-OPT(L) + (2k+72)Z ,

where af = 2322, This can be shown by proving that mﬁ% < af. The proof

can be done analogously to the previous case, and therefore will be omitted.
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The valueof p(p = !Emr-%‘-!-’!’-) that we considered in the algorithm was in fact obtained
by setting a}($) = af. We leave to the reader the verification of this fact.

Thus, from the analysis of both subcases we can conclude that
A(L) < - OPT(L) + (26 + 551) 2,
where oy — d(§) = o} = VIBTELST = 9 669... as k — oo.

Case 2: Lp C Lepand p= @'—71 =0.455...

In this case the proof is similar to the one presented in Case 1, therefore we omit the
detais and simply mention the inequalities that can be obtained.

H(P) < :;—(,;V(L.-)+ Z fori € {1,18} .
36
H(Psr) < T7V(ler)+2Z.

Subcase 2.1: Lg C LgF

%OPT(P; UP)+ §8§z .

IA

H(Pub)

1 ’
< (TT%V(P” .

1

TV(PLUPL) +22 .
3
H(Poc||Pzell Pl PeF)

i
< zl—_mV(P,'UP;)+4Z.

H(Poc)

A

H(Pse||P2a)
H(P")

IA

Since 1 + 3 = min{%, e %}, we have

H(Pue) € 1o V(Lews) + (2K 4 68)Z .
4 2

o
Let
H, = H(r")--sgz,
Hy = H(Pau) - (2k+68)Z .
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Then
OPT(L) 2 ;—’Hl .

On the other hand,

v

V(lew) (i +2)#, and
1
V(RUP) 2 (1 s P LU
and therefore ) |
T
> >(-4+1 )=
OPT(L) 2 V(L) 2 (§ + 2) Ha+ (1 - p)5Hy
Thus,
4 1 1
OPT(L) > max {EHI.(x =) gHi+ (I + "2—‘) u,} .

Therefore, Ay(L) < Bi(r1) - OPT(L) + (2k + £7) Z, where fj(ri) = LL£1H10% The last
inequality follows by showing that — T im.(l:)‘ﬁ:.:( ~gyaT S Bi(r1).
Subcase 2.2: Lg C Lgr

H(Poc)

IA

V(P{) .
H(P)-2Z .
TV(LerUP)) +2Z .
4

SV(PLUPL) 422

o |

OPT(L)
H(P')

IN IV

A

H(Pse||P2d)

Since p = min{%%, 144, %,p} we have

H(Pows) < %V(L...,) + (2 +70)Z .

Let
H, = H(P)-2Z,
My = H(Pu)—(2k+70)Z .
Then
OPT(L) =2 ",
V(LerU P{) 2 4171:.
V(Llaws) 2 pHs .

23



Thus . |
OPT(L)>2 V(L) 2 ZHI +pH, .

Therefore,
A(L) < 8. OPT(L) + (2k + 72)2 ,

where g = 342, The last inequality is proved by showing that m < dbp

4

Here again, the value of p (p = ﬂ-l&‘-—;o‘—n) that we considered in the algorithm was

obtained by setting 8;(3) = 8;. Thus, for the given value of p, as in the previous case we
can conclude that

AdL) < 8- OPT(L) + (264 30) 2,
where B — B(4) = B = BN _ 964 . as k — co.

136
The theorem follows from the conclusions obtained in the cases 1 and 2.

Corollary 3.8 For any instance L of TPP and k > 13 we have

7
Au(L) € - OPT(L) + (2k + %) z,
where 7 = ”4%'_’;”_ VWIS _ g 67
1

Proof. The result follows from the proof of the previous theorem. It is sufficient to observe
that for £ > 13 we have r(,") 2 0.444430896, and therefore all arguments used in the proof
remain valid. Note that the statement of the corollary holds taking

49 4 95p; + 180r{" 534+ 72p, 114 10p;, + 10+ 344
o m‘x{ + 9opm + 1 +12m Jir) 1 D2

144r{Y Tp " 44 8e® 4p;
_ 49+95p +180r" 99 4 1080rY + /190145
144r(® 864r{® ’

where p; corresponds to the value of p in the Case i, i = 1,2. That is, p; = 145-19 and
py = YBRL=11
180 =
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Proposition 8.4 The asymptotic performance bound of the Algorithm A, is between 2.5
and 2.67.

Proof. By the theorem 3.2 it is sufficient to prove that 2.5 is a lower bound for the
asymptotic performance bound of the Algorithm A,.

Let L be an instance for the TPP, L = L' U L”, where L' = (¥,8,...,%y) and
L" = (8,8,...,x), and N is a large positive integer.
Eachbox ¥, in L', i =1,...,2N, is defined as
=Lyl )
b = (2+e,2+e,l .
Each box 8/ in L",i = 1,...,27N, is defined as
. (8,6,1 - (1 - 1)¢n) if imod9=0
L i-ed-el-(i- l){N) otherwise .
The values for ¢, {n ;md § must be positive and very small, and furthermore the following
must hold: 8 (1 ~ ) +8 < § + (1) and 9 (2~ ¢)" 457> } + (). This can be achieved
by fixing a small § and taking ¢ = %.
The Algorithm A, applied to the list L generates a packing P = P’ [|P” where P’ (resp.

P") is the packing generated by the Algorithm OC (resp. LL(L",4)) applied to the list L’
(resp. L”).

It is clear that H(P') = 2N. As for the packing P”, it is generated as follows : P*
consists of 3N levels, each consisting of 8 boxes of type (% —6t-6l—(i— l){N) and
one box of type (5,6,1 — (i — 1)¢n). Therefore, H(P”) = 3N — h(£n), where h(¢én) =
9N (mfw-), and thus

H(P) = 2N + 3N - h(En) = 5N — h(én) .
A better packing P* of the list L can be obtained by generating:

o 2N levels, each consisting of one box of type (% +65+e¢ l) and 12 boxes of type
(l-et-e1-(i-1)n);
¢ one level consisting of all boxes of the form (6,8,1 — (i — 1)éx). We note that this is
possible by choosing § conveniently.
Thus H(P*) < 2N + 1.

Therefore, by choosing {n such that A(¢{x) tends to 0 when N — oo, we have

H(P) > lim 5N — h(én) _

N9 OPT(L) N2 2N +1 -~ 3° 0
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4  Concluding remarks

It is easy to see that all algorithms we have used in the Algorithm A, —except for the
Algorithm UD and LL— have time complexity O(mlogm), where m is the number of
boxes in the input list. It can be seen that the Algorithm LL also has the same complexity
[5]. As for the Algorithm UD, the authors claim (cf. [1]) that it can be implemented to
run in time O(mlogm). Thus, the Algorithm A has time complexity O(n log ), where n
is the number of boxes in the input list.

In the special case of TPP in which all boxes have square bottom we have developed
an algorithm with an asymptotic performance bound close to 2.36. This result will apper
in a forthcoming paper where another variant of TPP is discussed [8].
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