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INTRODUCTION 

There seems to be two main reasons for given an importance measure of system's 
component. Firstly it permits the analyst to determine which component merit the 
most additional research and development to improve overall system reliability at 
minimum cost or effort. Secondly, it may suggest the most efficient way to diagnose 
system failure by generating a repair checklist for an operator to follows. Birnbaum 
{1969) defined the reliability importance of a component in a system as follows. Let 
T and T; denote the random lifetimes of the system and component respectively. 
Then the importance of T; for T at time t is 

(0.0.1) JB (i, t) = P(T > tjT; > t) - P(T > tlT; ~ t). 
This measure depends on a given point t in time and it is not quite relevant for most 
design or redesign decisions. Several time independent importance measures have 
been suggested, and most of them are weighted integrals of JB(i,t) overt. Barlow 
and Proschan (1975) defined the reliability importance of component i to the system 
reliability as Jo"° JB(i, t)dF;(t) where F;(t) is the absolutely continuous distribution 
function of T., 1 ~ i ~ n which are independent. Iyer (1992) generalize this 
quantity considering dependent components which are jointly absolutely continuous 
and therefore, rules out ties among the failure times. In this paper we generalize 
the definition of Iyer (1992) considering pattern's failures, that is, failures of a set 
of components at the same time t. 

Its well known that there exists a bijective relation between the class of all 
distribution functions and the class of the 'J't-compensator processes, where 'J', is 
the natural u-algebra (Norros (1986a)). To consider the dependence between the 
components, the structural dependence are the pattern's failure we use this relation 
to formulate the Barlow and Proschan measure through compensator processes. 

Ke11 v,ord$ ond phrosu. Martingale methods in reliability theory, compensator process, reli­
ability importance measure of patterns. 
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1. IMPORTANCE MEASURES OF INDEPENDENT COMPONENTS 

We consider a collection of n components, C1, C2 , ••• , Cn- These are often assumed 

to form a large system ,J,. Each component Ci has a positive lifetime Ti after 0, 

where O can be thought of as the time at which ,) is installed. We let T,, 1 :5 i $ n, 

be random variables in a complete probability space (O, 9', P). H the vector of the 

component's lifetime is denoted by T = (T1, ... ,Tn), the system lifetime can be set 

as its series-parallel decomposition 

(1.0.2) T = ~(T) = min max Ti, 
15,is;J:iEKi 

where K;, 1 $ ; $ k are minimal cut sets, that is, a minimal set of components 

whose joint failure causes the system's failure. ,) is the system structure function. 

We also consider such decomposition on the equivalent notation 

X(t) = •(X(t)) = ~n ~axXi(t), 
15:,!',;i •EK; 

where (X(t}}t,:::o and {X,(t))t,:::o are right continuous stochastic processes with 

X(t) = l(T > t), Xi(t) = I(T, > t) and X(t) = (X1(t),X2(t), .... ,Xn(t)). 

A component i is critical to the system at time t if 

~(11,X(t}} - ~(0;,X(t)) = l, 
where (.i, X(t)) = (X1 {t), ... , X1-1(t), .t,X1+1(t), ... ,Xa(t)). 

Definition 1.0.1. (Birnbaum (1969)). The reliability importance of the comp<r 

nent i to the system's reliability at time t is the probability that this component is 

critical to the system at time t, i.e. 

JB(i,t) = P(~(li,X(t)) - t)(0i,X(t)) = 1) 

= P(T > tlT, > t) - P(T > tlT. $ t). 

H the components are independent, the system's reliability is a multilinear func­

tion of the component's lifetimes distribution functions, F(t) = h(F(t)), where 

F(t) = (F1(t), ... ,Fn{t)),F1,---,Fn are the distribution function of T1, .. ,,Tn re­

spectively and F is the system's lifetime distribution function. For a fixed t, it is 

easy to prove that 

1sc- t> = dh(F(t)> 
1

' dF,(t) ' 

i.e., JB(i, t) is the rate at which the system's reliability grows relatively to the 

component reliability grow. The Birnbaum reliability importance of a component 

is a measurable function of the given point t in time. Barlow and Proschan provides 

a time independent importance measure: 

Definition 1.0.2. {Barlow and Proschan (1975)) Let T = ~(T) be the lifetime 

of a coherent system of n independent component lifetimes T1 , .•• ,T,. with abso­

lutely continuous distributions functions F1 , ••• , Fn, respectively. The Barlow and 

Proschan reliability importance of component i to the system reliability is defined 

by 

1BP(i) = l'° J8 (i, t}d.F.(t), 

where I 8 (i,t) is the Birnbaum reliability importance. 
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We note that, if the components are independent we have 

dF{t) = _ dh(F(t)) = _ ~ dh(F(t)) dFi(t) = ~ JB(' ) dFi{t) 
dt dt · f;'t dF;(t) dt f;'t 1

' t dt 
and therefore 

E[I(T $ t)] = P(T $ t) = t l JB(i,s)dF;(s), 

i.e. we can improve system reliability through J8P(i), 1 $ i::; n. 

3 

Iyer(1992) consider the case in which T1 , ... , Tn are dependent lifetime with jointly absolutely continuous distribution, where P(T, = T;) = O for every i #; j. 
Definition 1.0.3. (Iyer (1992)) Let T = <l>(T1 , ... , Tn) be the lifetime of the system, where T;, i = 1, ... n are jointly absolutely continuous. The reliability importance of component i to the system reliability is 

J(i) = la+oo P[<l>{li,X(t))- <l>{O;,X(t)) = I!T; = t]dF;(t). 

This measure correspond to the Barlow and Proschan importance measure when the components are independents and absolutely continuous. 

2. IMPORTANCE MEASURES OF PATTERNS WITH DEPENDENT 
COMPONENTS. 

2.1. Mathematical Formulation: The system is monitored at component's level, that is, at each instant t the observer knows if the events { T, $ t}, 1 $ i :$ n, either occurred or not and if its does, he knows exactly the value of T,. The mathematical formulation is given through a family of sub a-algebras of~. denoted (~t)t;::o, where 
~t = u(l(T; > s), I 5 i $ n, s $ t), 

satisfies the Dellacherie's condition of right continuity and completeness. We next describe the failures of C1 , ... , Cn as they appear in advancing time, as a stochastic process. This is conveniently done in terms of a multivariate (or marked) point process. The failure of a system consisting of C1 , ... , Cn can be thought of as a simple point process derived from the multivariate process. 
For any outcome T1 (w), ... ,Tn(w) of the lifetimes ofC1 , ... ,Cn let q(w) be the number of distinct values in the set {TI(w);l ~ i $ n}. We denote the strictly increasing order statistics of this set by Tcr.), having then 

Tc1) < Tc2) < ... < T(q(w))• 

Also let 
J(r.)(w) = {i: T;(w) = T(i.)(w), 1 $ i $ n,} 

be the index set of the components failing at the kth smallest failure time T(A:). If there are no multiples failures, the value of J(i.) is one of the singletons { i}, 1 ~ i $ n. In general, however, J(i.) is a A-valued random variable, where A is the power set of {1, 2, ... , n}. We call T(c) the kth failure time and J(I,) the kth failure pattern. The random sequence (Tu,), J(t))l$A:$q (of random length q)describes completely how the components C1 , ... , Cn fail. We let 

T(q+l) = T(q+2) = ... = oo 



· ,t VANDERLEI DA COSTA BUENO AND JOSI!: ELMO DE MENEZES 

and 
Jc,+i> = 1(9+2) = ... = 0 

and call the multivariate point process (T(1:), Jc1:)h~1 the failure process of C1, ... , Cn, 

Another equivalent way to describe the failures is by a multivariate counting 

procesa: For each fixed J EA, let TJ and N1(w; t) be defined by 

T1 = inf{Tc1:) : J(1:) = J}, 

where inf 0 = oo and 

{ 
0 if t < T1(w) 

N1(w, t) = I(T1 $ t) = l if t ~ TJ(w). 

Each (T;{w))1<i<n determines a sample path of the process (N1(t); J E A)t~o 

and conversely. Therefore 

is equivalent to 
9, = u(Im > s); 1 $ i $ n, s $ t). 

The stopping times '.n or TJ are rarely of direct concern in reliability theory. One 

is more interested in system failures times, which depend on the cumulative pattern 

of failed components. In more detail, let+ a monotone (or coherent) system with 

lifetime T. We let 

D(t) = { 1(1) U •.• U J(1:), ~ T(1:) $ t < T(Hl) 

0 ift < Tc1) 

be the cumulative pattern of failed components up to time t. The sample paths 

t ➔ D(w,t) are then right continuous and increasing in the natural partial order 

of A. We let D(t-) = limitttD{s). H 

A•= {K1,,. .. ,K1:0 },ko ~ k, 

is the collection of all the cut sets of~, we clearly have 

T = inf{t 2!: 0: D(t) EA.}= min{T(I:): Jc1) u ..• u Jc1:) EA.}. 

We can therefore think that the point process with its only point at T, or equiv­

alently the counting process 

N+(t) = I(T $ t), t ~ 0, 

has been derived from the multivariate point process (T(1:),J(1:))1:~1 • 

Changing the point of view slightly, we can fix a time t and then look what 

immediate failure patterns in dt would result in a system failure. We call the set of 

such patterns, 

r.(t) = {J EA: D(C) ;_ A+,D(C} n J = 0,D(t-) u J e A+} 

the set of critical failure patterns at time t. We see that t ➔ r+(t) is increasing in 

the natural partial order of A for t $ T and left continuous. Furthermore, 

{TE dt} = LJ {TJ E dt}. 
Jer+(t) 
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Will be convenient to define the critical level of the failure pattern J, the time from which onwards a failure of pattern J leads to system failure, that is, the ;}t-stopping time Y•(J) by 

Y-t(J) == inf{t ~ 0: J E r.(t)} 
== inf{t~O:D(i-)uJeA.}. 

We see clearly that 

{J E r.(t)} = {Y-t(J) < t $ T}. 
Having treated the component and system failures as point processes, a reader familiar with martingale methods in point process theory already expects that the notion of hazard will be in terms of the stochastic intensity of such processes, or, in an integral form, the compensator of the counting process (Ni(t); J E A)t>o ( or of (N•(t))t~)- This notion of hazard is developed in the following. We r~ark that little of what follows depends on the particular structure we have postulated for the mark space A, the family of all subsets of { 1, 2, ... , n}. 
We start by considering a fixed pattern J E A and introduce the corresponding pattern-specific hazard process. The family of such processes, indexed by J E A, is called the multivariate hazard process. We then go on by studying an arbi­trary system lifetime and derive the connection between its hazard process and the multivariate process. 
The ~t- compensator (Ai(t))t2'.o of the univariate counting process (NJ(t)),2'.o is the a.s. unique right continuous increasing predictable process such that, for each k 2'. 1, the difference process stopped at T(A:), 

NJ(t" T(k)) - AJ(t A T(k))), 
is an (~t)-martingale. In view of the fact that T(n+l) = oo then we have that NJ(t) - Ai(t), is an (;l't)-martingale. 

The compensator, when understood as a measure on the real line, is well known to have the interpretation 

AJ(dt) = P(TJ E dtl~t- ). 
Intuitively, this corresponds to predicting if TJ is going to occur "now", based on all observations available up to the present, but not including it. Motivated by this we call (AJ(t))t2'.0 the hazard process of failure pattern J and (AJ(t); J E A)t2'.0 the multivariate hazard process. 

We now go on by studying the !il't-compensator of the counting process (N-t(t))t2'.0 of system failure, denoting it by (A.(t))t2'.0· For obvious reasons we call this com­pensator the system hazard process. 
It is natural to ask what is the contribution of the failure's component propensity for predicting the system 's failure propensity. To answer this question, in Theorem 2.1.1 below, Arjas (1981) characterize the relationship between the component's !il'r compensator and the system's ~t-compensator processes. 

Theorem 2.1.1. Under the above notation, the ~t-compensator of M(t) = I(T ~ t) is 

A(t) = L (AJ(t I\ T) - AJ(Y-t(J))j+)a.s. 
Jer•Ct) 

where [a]+= max{a,O}. 
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2.2. Importance of Patterns: In what follOW11, we generalize the notation of 

Section 1. For z = (z1, ... ,z,.) E Rn and J = {ji, ... ,jr} C {l, ... ,n} the 

vector (11 ,z) and (OJ,z) denote this n-dimensional state vectors in which the 

components z;,, ... , z;~ of z are replaced by l's and O's respectively. 

A pattern J is critical to the system at time t if 

t(l.1,X(t)) - t(0.1,X(t)) = 1 

Clearly we have the equivalence 

(2.2.1) {Y.(J) < t $ T} = {+{l.1,X(t))-t{0.1,X(t)) = 1}. 

On the set {TJ = t} we can define 

Deftnitlon 2.2.1. The reliability importance of the pattern J ( on the set {TJ = 
t} ), to the system's reliability at time t is the probability that J is critical to the 

syst.em at time t, that is 

1g(J,t) = P(Y.(J) < t $ TITJ = t). 
Remark 2.2.2. In the case where simultaneous failure are ruled out, the values of 

Jc•l is one of the singletons {i}, 1 $ i $ n, and 

IB({i},t) = P(t(lt,X(t))-t(01,X(t)) = llTi = t), 
which appear in lyer(1992). If the components are independents, 1g ( { i}, t) is the 

Birnbaum reliability importance. 

We apply the notion of criticality to generalize the Barlow and P raschan impor­

tance of component's reliability to the system's reliability. 

Definition 2.2.3. Let T be the lifetime of a coherent system and let TJ be the 

pattern lifetime with ~t-compensator processes A1 (t) . The reliability importance 

of a pattern J to the system reliability is defined by 

r(J) = E[[AJ(t I\ T) :--A1(Y+(J))j+] 

where J E r+(t) and Y.(J) is the critical level of pattern J to the system. 

In the case where T1,J E f+(t) are unpredictable ~t-stopping time, the~,­

compensator are continuous and 

E[AJ(t I\ T) - AJ(Y.(J))J+ = E[ {TM dA1 (a)] 
JY.(J) 

= E[l I(Y+(J) < B $ T)dAJ(;)]. 

If the components are independent, there are no multiples failures and the value 

ofJ(I,) is one of the singletons {i}, 1 $ i ~ n. A,(t) = -logF\(tAT,); where F,(t) = 
l -1'(t), the survival function of component i, is the reliability of component. i for 

a fixed mission time t. We have the following proposition: 

Proposition 2.2.4. If the components are independent with absolutely continuous 

distribution functions, the reliability importance of component i to the 8J1Btem 'a 

reliability is 
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Proof. Under the proposition assumption,I8({i},t) = JB(t t) and Y♦({i}) = Y•(i) 

J+( {i}) = E[L'" r(Y.( {i}) < t $ T)d(- log,(t AT,)] 

= E[Ln I(Y.({i}) < t S T)d(-log(J;i;(t))] 

= ("'[ r I(Y♦ ({i}) < t $ T)~;(t))df',(s) lo lo F;(t) 

= /""[1
00 

dF;(s))J(Y-t({i})<tST)~ lo t F;(t) 

= fa"" I(Y; < t :5 T)dF,(t) 

loo I = lo P(~(l;,X(s)) - ~(O,,X(s)) = 1rn = s)d~(s) 

= l"' IB(i,s)dF;(s). 

D 
However the independence is not a necessary condition for the both measure's equality, as we can see in Proposition 2.2.5 below. 

Proposition 2.2.5. Under the above notation 1•(J) = Jo"° I8(J,s)dF1(s). 
Proof. Firstly we note that 

1• l{Y+(J) < s :5 T)d[N1 (s) -A1 (s)] 
is an ;}t-martingale because /(Y+(J) < s :5 T) is left continuous and ;}t-predictable. Therefore 

r(J) = E[fo
00 

I(Y,.(J) < 8 $ T)dAi(s)) 

= E[fo
00 

I(Y.(J) < s :5 T)dNi(s)I = P(Y.(J) < Ti $ T) 

= fo
00 

P(~(li,X(s))- ~(01,X(s}) = IIT1 = s)dF1(s) 

= l'° 1g(J,s)dF1(s). 

D 
Definition 2.2.6. Let T = ~(T1 , .•. , Tn) the lifetinie of a coherent system. IT T1 is an unpredictable ;},-stopping tinie, the reliability iniportance of the pattern J to the system is rgP(J) = f0

00 
IS(J,s)dF1(s) . 

Remark 2.2.7. In the ea.5e where simultaneous failure are ruled out, the value of J(I,.) is one of singleton { i}, 1 :5 i :5 n. IT the distribution of T = (T1 , •.. , Tn) are jointly absolutely continuous we have : 

r({i}) = fo00 

P(~(l,,X(s))- ~(O;,X(s)) = llT, = s)~(s), 
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and we conclude that ~(J) generalize the importance measure of Iyer (1992}. 

Example 1: We analyze a system of two dependent components C1, C2, 

To this purpose the two-dimensional exponential distribution of Marshall 

and Olkin with parameters given by /J1, /h. > 0 and /J12 ~ 0 is used, with 

bivariate distribution function given by 

P(T1 Sa, T2 St) = 1- e-CP1+.812)• - e-<"2+.8u)c 

+ e-(JJ1.+"2c+.812(•VC}) 
1 

where T1 and T2 are the component's lifetimes. An interpretation of this 

distribution is as follows. Three independent exponential random variables 

Z1, Z2 , Z12 with corresponding parameters /31, /32 and /112 describe the time 

points when a shock causes failure of component 1 or 2 or all intact com­

ponents at the same time respectively. Then the components lifetimes are 

given by Ti= Z1 A Z12 and T2 = Z2 A Z12, The three different patterns to 

distinguish are {1}, {2}, {12}. Note that T{i} #: T1 as we have for example 

T{t} = oo on {T1 = T2}, i.e., on {Z12 < Z1 A Z2}- Calculations then yield 

A{2}(t) is given by obvious index interchanges, and 

A (t) = { fJ12t on {T1 > t,T2 > t} 
{12} 0 elsewhere. 

The marginal distributions functions are exponential random variables , 

P(T. $ t) = 1 - e-(.8,+.8u)•, i = 1, 2. H the system is series, its lifetime is 

T = T1 I\ T2 with distribution function P(T .:5 t) = 1 - e-(.81 +"2+.Bult. 

The critical level of component 1 is Y~(l) = 0 and A1 (t) = (/J1 + /312)t 

on {T1 > t}. Therefore 

= E(fo''
0 

I(O <a$ T1 /\ T2)dA1(s)J 

= E[1Ti 1(0 < s $ T1 A T2)(.81 + fJ12)dsJ 

Uh+ .812) 
= 

The critical level of pattern {l} is also 0, however 
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and therefore 

J+({l}) = E[l10

J(0<sST1AT2}dA{1}(s)) 

= E[l'° I(O < s S T1 A T2)[.B1I(T1 > s, T2 > s) 

+ (/J1 + fJ12)I(T1 > s,T2 $ s)Jds] 
= .81E[T1 A T2] 

= (,81) 
(fJ1 + f12 + P12r 

9 

The critical level of pattern {12} is also 0, and A{12}(t) = fJ12tI(T1 > · t,T2 > t). 

J+({12}) = E[100 

/(0 < s $ T1 A T2)dA{12}(s)] 

= E(100 

1(0 < s $ Ti AT2),8i2tl(T1 > s,T2 > s)ds 

= .812E(T1 A T2] 

= (fJ12) 

ff we consider a parallel system with lifetime T = if,{T) == Ti V T2, the critical level for component 2 is Y•(2) == Z1 and the compe!183tor process is A2(t) = (/½ + fJ12)tl(T2 > s).The reliability importance of component 2 is 

J+(2) = E[100 

1(0 < s $ T1 V T2)dA2(s)J 

= E[1T• l(Z1 < s :$ T1 V T2)(fJ1 + fJ12)ds] 

= (,81 + P12)E[T2 - Z1] 
1 1 

= (,Bi + Pi2)[ (/31 + Pu) - P1 ). 

The critical level for the pattern {2} is also Z1 and 
A{2}(t) = fJ2tI(T1 > t, T2 > t) + (132 + /312}tl(T1 $ t, T2 > t) . 

Therefore 

i+({2}) = E[100 

l(Z1 < s $T1 VT2)dA{2}(s)] 

= E[l'° 1(0 < s $ Ti V T2)[t½I(T1 > s, T2 > s) 

+ (/½ + fJ12)I(T1 S s,T2 > s}]ds] 
1 1 1 1 = fJi[.81 + fJ12 + P2 + P12 - P1 + f12 + fJ12 - /31 l 

1 1 + (132 + .812)[,8 p - -/3 ]. 
2 + 12 1 
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3. IMPORTANCE OF PATTERNS WITH CHANGE OF 

INFORMATION LEVEL. 

In the basic probability space (0, 9, P), let (9t),2:o, be the pre-t-history which 

contains all events of 9 that can be distinguished up to and including time t. In 

our context (9t)t2:o is the natural o--algebra generated by the components lifetime 

9, = o-(I(Ti > s), 1 Si $ n, s $ t). 

Let (A,h2:o be another filtration an (0, 9, P) which is a subfiltration of (9,)t2:o, 

that is A, c 9, for all t ~ 0. We can view (9t)t2:o 88 the complete information 

filtration and (.At)t>o 88 the actual observation an a lower level. We assume that 

(9,)e>o, and (At)~>o satisfies the Dellacherie's condition of right continuity and 

completeness. -
We consider that the lifetime T of the system is totally inaccessible 9,-stopping 

time and the process N, = I(T St) has an smooth semimartinga.le representation 

(SSM),ie. 

(3.0.2) 

where M = (Mt)t>o is a 9-martingales with paths right-continuous, left-hand 

limits BDd Mo = 0.-One of the advantages of the semimartingale technique is the 

possibility of studying the random evolution of stochastic process on different infor­

mation levels. This was described in general by the projection theorem {Kallianpur, 

G (1980)), which say in which way an SSM representation changes when changing 

the filtration from 9t to a sub-filtration .A,. This projection theorem can be applied 

to the lifetime indicator process (Nt)t>O· If the lifetime can be observed in A., 

ie. {T $ s} E A. for all O $ s $ t thein the change of the information level from 

9, to At leads from (3.0.2) to the representation: 

(3.0.3) N, = E[I(T $ t)I.A,] = l I{T > s },\:ds + Mt 

where i.ds = E(,\.I.A.]ds = d.A. and M. == E[M.j.A.J . Note that A(t) = 

J; I(T > s)>..ds in (3.0.2 ), is the system's 9t-compensator process and therefore, 

from Theorem 2.1.1, I can be represented by 

(3.0.4) N, = I(T ~ t) = L l I(Y.(J) < s $ T)dAJ(s) + Mt. 

Jer.(t) 0 

H for all J E r+(t), Y+(J) and T are .A,-stopping time, t ~ 0, we can use 

by projection theorem to write 

(3.0.5) Nt = I(T $ t) = L 1' I(Y+(J) < s $ T)dAJ(B) + Mt, 
Jer.(t) 0 

where d.AJ(s) = E[dAJ(s)!A.] and M. = E[M.IA.]. Under these assumptions we 

can define: 

Definition 3.0.8. Let T be the lifetime of a coherent system and let TJ be 

the lifetime of pattern J with continuous 9t-compensator process AJ(t), where 
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(9t)t2:o is the natural history. Let (Ath2:o a sub-filtration of (9t)t2:o if the critical level Y+(J) and T are At-stopping time, then we define the reliability importance of pattern J given At by: 

Example 2: (In continuation of Example 1) 
Information about T1, Z2 and T ie. 

At= o-{Ti > s, Z2 > s,T > s,O $ s $ t} 

i): Parallel system ( T = •(T) = T1 V T2 where T1 = Z1 A Z12 and T2 = Z2 A Z12)-
The critical level for pattern {1} is Y+({l}) = Z2 and the failure rate process dA{i}(t) = j{q(t)dt is E(dA{i}(t)IAt} = E[.81/(T1 > t) +/J12/(T1 > t)I(T:2 :$ t)IAt] = /(T1 > t)(/J1 +.812 -.812 exp-t½t).lhe reliability importance of pattern {l} given At is: 

i4'({1}) = E[Lx, I(Z2 < s $ T1 V T2)dA{i}(s)] 

1 1 /J12 /J1 + /312 1 = (Pi + .Bt2)( .81 + /J12 - th) + p;< .81 + th + .812 - pf). 
The critical level for pattern {12} is Y+({12}) = 0 and the failure rate process d.A{l2}(t) = A{12}(t)dt is E(dA{12}(t)IAt] = E[.812/(T1 > t)/(T2 > t)IAt]dt = .812I(T1 > t) exp-<P,+P12>t .The reliability impor­tance of pattern {12} given At is: 

f+({l2}) = E(l'° /(0 < s $ Ti VT2)dA.{12}(s)) 

:::: /312 (1- (/J1 + /J12) ). 
fh + /312 (/31 + f32) 

ii): Series system ( T = ~(T) = T1 A T2 where T1 = Z1 A Zu and T2 = Z2/I.Z12)-
The critical level for pattern {l} is Y+({l}) = 0 and the failure rate process ¼i}(t) = j{t}(t)dt is E[dA{i}(t)IAt] = E[.81I(T1 > t) + f312I{T1 > t)J(T2 $ t)IAt]dt = f31I(T1 > t).The reliability importance of pattern { 1} given At is: 

f+({l}) = E[100 

1(0 < s :S T1 A T2)dA{l}(s)] 

/31 = /J1 + th + .812 . 

The critical level for pattern {2} is Y,.({2}) = 0 and the failure rate process d.A{2}(t) = jt2}(t)dt is E[dA{2}(t)IAt] = E[lhl(T2 > t) + /J12/(T2 > t)I(T1 :$ t)I.At]dt = th + /J12I(T1 :$ t).The reliability 
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importance of pattern {2} given At is: 

.f+({2}) = E[1= I(O<s~T1/\T2)d.A{2}(s)] 

Pl = f:J1 +f:J2 +/312' 

The critical level for pattern {12} is Y.({12}) = 0 and the failure 

rate process dA{i2}(t) = -\{12}(t)dt is E(dA{12}(t)IAt] = E[f:J12I(T1 > 
t)I(T2 > t)!At] = /312/{Ti > t). The reliability importance of pattern 

{12} given At is: 

f+{{l2}} = E[1= 1(0 < a :5 T1 /\T2)d.A{12}(s)] 

f3u = /31 + /32 + /h2 . 

4. IMPORTANCE OF A MODULE AND OF A MINIMAL CUT SET 

We consider the structure function • represented by its series- parallel decom­

position 

(4.0.7) 

where K1, 1 $ j $ k are minimal cut sets. 

Intuitively, a module of a coherent system is a subset of components which 

behaves as a "supercomponent" . More technically, the coherent structure • of n 

components can be represented by 

(4.0.8) 

where Mis a subset of {1, ... , n} with complement Mc over {1, ... , n} , x is a 

coherent system of the components in M, q; a coherent structure. Then (M, x) is 

a module of • and lP is the organizing structure. 

We denote by J~(x) the importance of the module (M, x) for the structure q; , 

To calculate I" (x) we need the following Lemma. 

Lemma 4.0.9. Let (M, x) be a module of the coherent aystem ~ with organizing 

atnicture q; and let L C M. Thffl the pattern L ia critical to the aystem + at time t 

if, and only if, Lis critical to the module (M, x) and the module (M, x) is critical 

to the organizing atnicture q; at time t. 

Proof. The pattern L is critical to the system • at time t if, and only if, 

•Ch, X(t)) = 1 = q;(x(lL, XM(t)),XM•(t)] 

and 
+(OL, X(t)) = 0 = IP'(x(OL, XM(t)),XM•(t)]. 

We note that if x(XM(t)) = 1, then ~(XM(t),XM•(t)) = +(lM,XM•(t)) and if 

x(Xu(t)) = 0 then +(XM(t), XM•(t)) = ~(OM, XM· (t)). 

Now, x(1L, Xu(t)) = 1, because if it isn't, x(1L, XM(t)) = 0 and the first 

expression above implies that 

1 = 'li(O,XM•(t)) = ~(OM,XM•(t)) :S t(OL, X(t)) = 0, 

that is a contradiction. 
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Also x(OL, XM(t)) = 0 because if it isn't the second expression implies that 
0 = lli(l,XM•(t}) = i(lM,XM•(t)) 2'. ~(li, X(t)) = 1, 

and that is a contradiction too. Therefore Lis critical to module (M, x) at time t. As lli(l,XM•(t)) = 1 and il'(O,XM•(t)) = 0 the module (M, x) is critical to the organizing structure ii! at time t. Obviously, the reverse holds. D 
Theorem 4.0.10. The reliability importance of the module x for .system reliability is 

r(x) = L E[l'° I(Y.(L) < 8 $ T)dAL(s)] = L r(L), 
LE/1.u O LE/1.u 

where AM is the powerset of M. 

Proof. We denote by rx the lifetime of x, Ax(t) its 9't·compensator process; denote by Yx the critical level of the module (M, x) for the system and by Yx(L) the critical level of pattern L for X · 
By definition 

r(x) = Jq,(X) = E[100 

l(Yx < s $ T)dAx(s). 

Using Theorem 2.1.1 we have 

aAT" 
Ax(s) = L r dAL(t) 

LEAMJY,.(L) 

and 

dAx(s) = L I(Yx(L) < s $ TX)dAL(s), 
LE/1.u 

therefore 

r(x) = E E(100 

I(Yx < s $ T)I(Yx(L) < 8 $ TX)dAL(s)]. 
LE/1.u O 

Applying Lemma 4.0.9 we get 

r(x) = L E[L>O I(Yx(L) < s $ T)dAL(s)J. 
LEII.M O 

D 
A minimal cut set is a minimal ~t of components whose joint failure causes the system to fail.Given a minimal cut set Kj we define the minimal cut set structure ~K;(X(t)) = ~X,(t) and its lifetime SK; = ~axT •. ~~ ~~ 

Theorem 4.0.11. The reliability importance of the minimal cut set K; to the s11stem reliability is 

r(K;) = L E(100 

l(Y+(L) < s $ T)dAL(s)] = L 1•(L), 
LEAK; O LEAK; 

where AK; is the power set of Kj. 
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Proof. Firstly, we observe that the cut set structure is in series with the structure 

function ~ and therefore the critical level of the cut set for the system is 0.Follows 

that 

As P(SK1 ~ T) = 1, in the set {SK, = T} we have 

dAK1 (s) = L I(Y • .,..
1 

(L) < s $ SK; )dAL(s), 

LEAKJ 

where Y..,... (L) is the critical level of the pattern L to the cut structure •K1 with 
, 

lifetime Sx1 • Therefore, using Lemma 4.0.9 

1•(K;) = E[ L 100 

I(O <a$ T)I(Y • .,..
1 

(L) < s $ SK; )dAL(s)] 

LEA.,..1 O 

= E[ L Loo I(Y.(L) < a ~ T)dAL(s)] 
LEAKJ O 

== L 1Ks(L). 

LEAKS 

D 
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