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1. IMPORTANCE MEASURES OF INDEPENDENT COMPONENTS

We consider a collection of n components, Cy, Ca, ..., Cn. These are often assumed
to form a large system ¢. Each component C; has a positive lifetime T; after 0,
where 0 can be thought of as the time at which & is installed. Welet T;,1 <i<n,
be random variables in a complete probability space (02, S, P). If the vector of the
component’s lifetime is denoted by T = (T1, .-y Tu), the system lifetime can be set
ag its series-paraliel decomposition

0. = &(T) = mi :
(1.02) T=e(F)'= oiny max Ty,
where Kj,1 < j < k are minimal cut sets, that is, a minimal set of components
whose joint failure causes the system’s failure. ® is the system structure function.

We also consider such decomposition on the equivalent notation

X(0) = #(X() = iz, max Xi(0),

where (X(t)):»0 and (Xi(t)):>o0 are right continuous stochastic processes with
X(t) = I(T > t), Xi(t) = I(T; > t) and X(t) = (Xa(2), Xa(t), -, Xu(t))-

A component § is critical to the system at time & if

Q(l.’,X(t)) - Q(O(,X(t)) =1,
where (.4, X(t)) = (Xa(t), ey Kim1(8); 1y K1 ()5 - Xn(£))-

Definition 1.0.1. (Birnbaum (1969)). The reliability importance of the compo-
nent i to the system’s reliability at time £ is the probability that this component is
critical to the system at time , i.e.

18G,t) = P(2(1;,X(1) - 2(0;, X(t) = 1)
P(T > tiT; > t) — P(T > t|T; < t).

!

If the components are independent, the system’s reliability is a multilinear func-
tion of the component’s lifetimes distribution functions, F(t) = h(¥(t)), where
F(t) = (Fi(£), -r Fn(8), F1, .., Fa are the distribution function of Ti,...,Ta re-
spectively and F is the system’s lifetime distribution function. For a fixed £, it is
easy to prove that
dh(F(t))

dFi(t) ’
i.e., IB(i,t) is the rate at which the system’s reliability grows relatively to the
component reliability grow. The Birnbaum reliability importance of a component
is a measurable function of the given point ¢ in time. Barlow and Proschan provides
a time independent importance measure:

Definition 1.0.2. (Barlow and Proschan (1975)) Let T = &(T) be the lifetime
of a coherent system of n independent component lifetimes T, ..., T with abso-
lutely continuous distributions functions Fi, ..., Fn, respectively. The Barlow and
Proschan reliability importance of component i to the system reliability is defined
by

IBG,t) =

o= [ ” I3, )dFi(e),

where IB(i,t) is the Birnbaum reliability importance.
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We note that, if the components are independent we have

arQ) _ _dh(F@) | NdhFR) dFi) O dFi(t)
& ST a T dFy(t) dt =2_1%G,1) dt

i=1 i=1

and therefore
BT <§]=PT<t)=3" / 126, 0)dFi(s),
=170

Le. we can improve system reliability through I5P(5),1 < i < n.
Iyer(1992) consider the case in which T1,..., T, are dependent lifetime with
Jointly absolutely continuous distribution, where P(T} = T;) =0 for every i # j.

Definition 1.0.3. (Iyer (1992)) Let T = ®(T1,...,Tn) be the lifetime of the
system, where Tj,i = 1,.n are jointly absolutely continuous. The reliability
importance of component i to the system reliability is

0= " PIO(L, X(®) - #(00 X(6) = 11T, = 4ar (),

This measure correspond to the Barlow and Proschan importance measure when
the components are independents and absolutely continuous.

2. IMPORTANCE MEASURES OF PATTERNS WITH DEPENDENT
COMPONENTS.

2.1. Mathematical Formulation: The system is monitored at component’s level,
that is, at each instant ¢ the observer knows if the events {T; < t},1 < i < n, either
occurred or not and if its does, he knows exactly the value of T;. The mathematical
formulation is given through a family of sub o-algebras of §, denoted (Sy), >0, Where

Se=o(I(T;>s),1<i<n, s<t),

satisfies the Dellacherie’s condition of right continuity and completeness. We next
describe the failures of Cy, ..., C, as they appear in advancing time, as a stochastic
process. This is conveniently dore in terms of multivariate (or marked) point
process. The failure of a system consisting of C},...,C, can be thought of as a
simple point process derived from the multivariate process.

For any outcome T (w),..., T, (w) of the lifetimes of Ct, ..., Cp let g(w) be the
number of distinct values in the set {Ti(w);1 < i < n}. We denote the strictly
increasing order statistics of this set by Tix), having then

Ty < Ty < - < Tigquy)-
Also let
Jiwy(w) = {i: Ti(w) = Ty(w),1<i < n,}

be the index set of the components failing at the kth smallest failure time Ty ¥
there are no multiples failures, the value of J(x) is one of the singletons {i},1<i<
n. In general, however, J(x) is a A-valued random variable, where A is the power
set of {1,2,...,n}. We call T{x) the kth failure time and Jir) the kth failure pattern.

The random sequence (Tixy, Jeyh1<k<q (of random length g)describes completely
how the components Ci, ..., Cy, fail. We let

Tigr1y = Tigra) = . = 00
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and
Jgry) = Jigs2) = =0
and call the multivariate point process (T(y), J(k)x>1 the failure process of Cy,y ...y Cne
Another equivalent way to describe the failures is by a multivariate counting
process: For each fixed J € A, let T; and Nj(w;t) be defined by
TJ = inf{T(,,) H J(k) = J},
where inf @ = oo and
. [0 H#t<Tiw)
NJ(wat) =I(Ts < t) = { 1 ift> Ty(w).

Each (T;(w))i<i<n determines a sample path of the process (N3(); J € Ao
and conversely. Therefore
9 = o(Ns(s); J €A, 8 < 0)
is equivalent to
Sy =o(I(Ti>8);1<i<n, s<t)

The stopping times T; or T are rarely of direct concern in reliability theory. One
is more interested in system failures times, which depend on the cumulative pattern
of failed components. In more detail, let & a monotone (or coherent) system with
lifetime T'. We let

D) = JyU..u Jix)» fTp <t< Tix+1)
0 if t < Tpy)

be the cumulative pattern of failed components up to time t. The sample paths
t = D(w,t) are then right continuous and increasing in the natural partial order
of A. We let D(t—) = limq D(s). If

Ap = {K1.n Ko} o 2 K,
is the collection of all the cut sets of &, we clearly have
T =inf{t > 0: D(t) € Ag} = min{T) : Jy U - U Jn) € As}.
We can therefore think that the point process with its only point at T, or equiv-
alently the counting process
Na(t)=I(T <t),t 20,

has been derived from the multivariate point process (T(x), J(x))e>1-

Changing the point of view slightly, we can fix a time ¢ and then look what
immediate failure patterns in d¢ would result in a system failure. We call the set of
such patterns,

Pet)={J€A:D(E7) ¢ Ae, D{t)NJT=0,D(7)UJ € As}
the set of critical failure patterns at time {. We see that ¢ = T'p(t) is increasing in
the natural partial order of A for t < T and left continuous. Furthermore,

{reda}y= |J {Tsedt}
Jela(t)
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Will be convenient to define the critical level of the failure pattern J , the time
from which onwards a failure of pattern J leads to system failure, that is, the
J-stopping time Y3 (J) by

Yo (J)

It

inf{t >0:J € Iy(2)}
inf{t>0: Dt~ YuJe As}.

We see clearly that
{JeTa(t)} = (Ya(J) <t <T}

Having treated the component and system failures as point processes, a reader
familiar with martingale methods in point process theory already expects that the
notion of hazard will be in terms of the stochastic intensity of such processes, or,
in an integral form, the compensator of the counting process (N;(t);J € Ao (
or of (Ng(t))e0). This notion of hazard is developed in the following. We remark
that little of what follows depends on the particular structure we have postulated
for the mark space A, the family of all subsets of {1,2,..,n}.

We start by considering a fixed pattern J € A and introduce the corresponding
pattern-specific hazard process. The family of such processes, indexed by J € A,
is called the multivariate hazard process. We then go on by studying an arbi-
trary system lifetime and derive the connection between its hazard process and the
multjvariate process.

The S¢- compensator (A (2))¢>0 of the univariate counting process (Ny(t));»¢ is
the a.s. unique right continuous increasing predictable process such that, for each
k > 1, the difference process stopped at T(3),

Nyt ATw) — Aslt ATyy)),
is an (Qy)-martingale. In view of the fact that Tin41) = 00 then we have that
Ny(t) — As(t), is an (;)-martingale.
The compensator, when understood as a measure on the real line, is well known
to have the interpretation

Ay(dt) = P(Ty € dt|S,-).
Intuitively, this corresponds to predicting if T is going to occur "now”, based on
all observations available up to the present, but not including it. Motivated by this
we call (4;(#))s>0 the hazard process of failure pattern J and (4;(t); J € A)>o
the multivariate hazard process.

We now go on by studying the Q¢-compensator of the counting process (N t))exo
of system failure, denoting it by (A (2)):26- For obvious reasons we call this com-
pensator the system hazard process.

It is natural to ask what is the contribution of the failure’s component propensity
for predicting the system s failure propensity. To answer this question, in Theorem
2.1.1 below, Arjas (1981) characterize the relationship between the component’s
Q¢- compensator and the system’s $¢-compensator processes.

Theorem 2.1.1. Under the above notation, the y-compensator of M(t) = I(T <
t) is
At)= Y [As(EAT) - As(Ya(I)]H)as.
JET®(t)
where [a]* = max {a,0).
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2.2. Importance of Patterns: In what follows, we generalize the notation of
Section 1. For & = (%1,--,Zn) € R® and J = {j1y-rdr} C {1,..,n} the
vector (17,z) and (0y,z) denote this n-dimensional state vectors in which the
components Zj,,...,%j of z are replaced by 1's and 0’8 respectively.

A pattern J is critical to the system at time ¢ if

B(15,X(t)) — 8(05,X(t)) =1
Clearly we have the equivalence
@221)  {Ya()) <t <T}={&(13,X(t)) - #(05,X(¥)) = 1}-
On the set {Ty = t} we can define

Definition 2.2.1. The reliability importance of the pattern J ( on the set {Ty =
t}), to the system’s reliability at time ¢ is the probability that J is critical to the
system at time ¢, that is

I5(J,t) = P(Ye(J) <t < T|Ty =1).

Remark 2.2.2. In the case where simultaneous failure are ruled out, the values of
J is one of the singletons {i},1<i<n, and

1E({i}, 1) = P(8(14, X(t)) — 8(0, X(t)) = 1|T: = ¢),
which appear in Tyer(1992). If the components are independents, IB({i},t) is the
Birnbaum reliability importance.

We apply the notion of criticality to generalize the Barlow and Proschan impor-
tance of component’s reliability to the system’s reliability.

Definition 2.2.3. Let T be the lifetime of a coherent system and let T; be the
pattern lifetime with S;-compensator processes Aj(t). The reliability importance
of a pattern J to the system reliability is defined by

I*(J) = E[[As(t AT) — As (Yo (IN]]
where J € T'g(t) and Y3 (J) is the critical level of pattern J to the system.

In the case where Tj,J € T's(t) are unpredictable 3,-stopping time, the Q-
compensator are continuous and

TAL
EASGAT) - As(Ya(DI* = B /Y , 44500

B /0 * H(Ya(d) < 5 < T)dAs()}

If the components are independent, there are no multiples failures and the value
of Jx) is one of the singletons {i},1 < i <n. Ai(t) = - log F; (tAT;), where Fi(t) =
1— Fj(t), the survival function of component i, is the reliability of component i for
a fixed mission time t. We have the following proposition:

Proposition 2.2.4. If the components are independent with absolutely continuous
distribution functions, the reliability importance of component i to the system’s
reliability is

1*({i}) = IPP () = /o ) IB (1, t)dFi(t).
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Proof. Under the proposition assumption, 75 ({i},t) = IB(1,¢) and Yo ({3}) = Yo ()
PG = B[ 10 <t <y g Fy¢AT)

i

T
E| /o I(Ya({3}) < t < TYd(~ log(Fi(2))]
oo dF(1)
[ 10 () < <D T ar
00 poo . . Fz(t)
/0 [ft dE(s)]I(Ye({z})«sT)%m

[ 1% <t < ryarer
0

/0 " P(@(14,X(6)) - 800 X(6)) = 117, = 8)dFi(s)

/°° I8(i, 5)dFy(s).
0

O

However the independence is not a necessary condition for the both measure’s
equality, as we can see in Proposition 2.2.5 below.

Proposition 2.2.5. Under the above notation I ) = [ 15, 8)dF;(s).
Proof. Firstly we note that

/ I(Ya(9) < 5 < TN (5) — Ay (o)

is an §¢-martingale because J (Ye(J) < s < T) is left continuous and Qy-predictable.
Therefore

ru)

It

B /o T e () < s < T)dA;(s))

E] /0 = I(Ya() < s <T)dN;(s)] = P(Ye(J) < Ty < T)

/ " (@11, X(s)) - 805, X(8)) = 1Ty = 8)dFy )

/ " 184, 9)dF> (s).
0
O

Definition 2.2.6. Let T = ®(T1,...,T,) the lifetime of a coherent system. If T’
is an unpredictable $i-stopping time, the reliability importance of the pattern J to
the system is IEP(J) = [7° 1B(J, 5)dF(s).

Remark 2.2.7. In the case where simultaneous failure are ruled out, the value of
J(x) is one of singleton {i},1 < { < n. If the distribution of T = (T,...,Ty,) are
Jointly absolutely continuous we have :

r*({iy = /Dm P(2(1i, X(s)) - 8(0:,X(8)) = 1T = s)dFi(s),
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and we conclude that I%(J) generalize the importance measure of Iyer (1992).

Example 1: We analyze a system of two dependent components Ci,Ca.
To this purpose the two-dimensional exponential distribution of Marshall
and Olkin with parameters given by $1,582 > 0 and Big > 0 is used, with
bivariate distribution function given by

P(T1<sTa <t) = 1= g~ (Brthra)s _ e~ (BatPra)t
+ o~ (Bratfat+Pra(sV)}

where T, and T; are the component’s lifetimes. An interpretation of this
distribution is as follows. Three independent exponential random variables
Z, Za, Zy2 with corresponding parameters 1, Bz and Bz describe the time
points when a shock causes failure of component 1 or 2 or all intact com-
ponents at the same time respectively. Then the components lifetimes are
given byTh = Z1 A Zjp and Ty =22 A Zya. The three different patterns to
distinguish are {1}, {2}, {12}. Note that Ty} # T a3 we have for example
Tpy=ocon {fi = Tz}, ie., on {Z12 < Z1 A Z3}. Calculations then yield

Bit on {T;l >t,T, >t}
Agpt)=14 (Br+Pu)t on {Ii>t,Ta<t}
0 elsewhere.

Ag2)(t) is given by obvious index interchanges, and

t on{T1 >t,Ta>1t
py={ Bt BB

The marginal distributions functions are exponential random variables ,
P(T; < t) = 1 — e~ (BetAia)e § = 1,2, If the system is series, its lifetime is
T = T, AT, with distribution function P(T <t)=1- e (Br+hathia)t

The critical level of component 1 is Ya(1) = 0 and A (t) = (B + Bra)t
on {T; > t}. Therefore

ro = =f " 10 < s < Ty AT2)dA(9)]

Ty
E /o 10 < 8 < Ty AT)(B1 + Bra)ds)

(B1 + br2)
(B1 + B2 + B12)-

The critical level of pattern {1} is also 0, however

A{l}(t) =/t >t,Ta>t)+(f+ PitI(Ty >t,Ta < t),
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{1y

t, Tz > t).

I*({12})
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It

n+

]

I

B /o “I0<s<T A Ty)dApy (s)]

{e ]
E / I0<s ST AT)BIT, > 5,T; > 5)
0

(81 + B12)

I(T1 >s8,Th < 8)]d8]

BLE[T} AT

(81)

(Br+ B2+ B1a)°
The critical level of pattern {12} is also 0, and Apay(t) = Biatl (T >

E[/om I0<s<TI A T2)dAp12)(s))

00
| / I0<s ST AT)BtI(Ty > 5,Ty > s)ds
0
P13E[Ty A Ty)

(B12)

(Br+ B2+

B12)

If we consider a parallel system with lifetime T=9%(T)=T, VT, the
critical level for component 2 is Y (2) = 2, and the compensator process
is Az(t) = (B2 + Bra)tI(T3 > 8).The reliability importance of component 2
is

I*(2)

I

I

E[ A ” I(0 < s < Ty v Ty)dAz(s)]

Ty
B /o I(Zi < s < Ty V)6 + Brz)ds]
(81 + f12) E[T; — 7]

1 1
B +ﬁ12)[m - E]'

The critical level for the pattern {2} is also Z; and
Ay (t) = BatI(Ty > t, Ty > t) + (B2 + Bu)tI(Ty <t,T; > t).

Therefore
r*({23)

i

i

B /0 THZ <5 < Ty v T)dAgy (s)

E'[/oooI(O

<8<y VL)BIT >3T > 8)

(B2 + B12)I(T1 < 8, T, > 3))ds]

1 1 1

Bl + - -5
"BitP2 " Be+Bu Biththa B

(B2 + Br2){

1 1

B2+ B2 E]
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3. IMPORTANCE OF PATTERNS WITH CHANGE OF
INFORMATION LEVEL .

Tn the basic probability space (2,, P), let (S¢)ez0, be the pre-t-history which
contains all events of $ that can be distinguished up to and including time ¢. In
our context (S¢)i>o is the natural o-algebra generated by the components lifetime

g, =o(I(T:>8),1<i<n, s <t).

Let (A)izo0 be another filtration an (0, S, P) which is a subfiltration of (Se)ezo0,
that is A, C Q; for all £ > 0. We can view (St)i>0 as the complete information
filtration and (A:)i>0 as the actual observation an a lower level. We assume that
(S¢)tp0, and (At)e>o satisfies the Dellacherie’s condition of right continuity and
completeness.

We consider that the lifetime T of the system is totally inaccessible S¢-stopping
time and the process Ny = I(T < t) has an smooth semimartingale representation
(SSM),ie.

11
(3.02) N =IT <t)= / HT > s)hods + Myt 20,
1]

where M = (My)ipo is a Q-martingales with paths right-continuous, left-hand
limits and Mg = 0. One of the advantages of the semimartingale technique is the
possibility of studying the random evolution of stochastic process on different infor-
mation levels. This was described in general by the projection theorem (Kallianpur,
G (1980)), which say in which way an SSM representation changes when changing
the filtration from S to a sub-filtration A4;- This projection theorem can be applied
to the lifetime indicator process (N:)po. If the lifetime can be observed in A,,
ie. {T <8} €A, forall0<s<tthem the change of the information level from
9, to A; leads from (3.0.2) to the representation:

(3.0.3) N, = B[I(T < ) A = / : KT > s} X,ds + M,
1]

where X,ds = E[\|Ads = dA, and M, = E[M,|A,]. Note that A(t) =
f;’ I(T > s)A\ds in (3.0.2), is the system’s Oy-compensator process and therefore,
from Theorem 2.1.1, I can be represented by

(304) N=IT<t)= 3. / (Ve (J) < 8 < T)dAs(s) + M.
Jera(t)”°

T for all J € Tg(t),Ys(J) and T are As-stopping time, ¢ > 0, we can use
by projection theorem to write

305) N=IT<t)= Y, [ ' I(Ye(J) < 8 < T)dA;(s) + My,
JeTs(t) o

where dA;(s) = E[dA;(s)|As] and M, = E[M,|A,}. Under these assumptions we
can define:

Definition 3.0.8. Let T be the lifetime of a coherent system and let T be
the lifetime of pattern J with continuous Q,-compensator process Ay(t), where
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{(St)iz0 is the natural history. Let (Ac)i>o 8 sub-filtration of (St)eso0 If the
critical level Yg(J) and T are Ay-stopping time, then we define the reliability
importance of pattern J given A, by:

(3.0.6) *(5) =gy /0 - I(Ye(J) < 8 < T)dA;(s).

Example 2: (In continuation of Example 1)
Information about T1,Z; and Tie.

A¢=0{Tl>s,Zg>s,T>s,0535t}

i): Parallel system (T=%T)=TiVT, where h=2yAZ;; and
To=25M Zu).
The critical level for pattern {1} is Yo({1}) = Z, and the failure
rate process dAgy)(t) = Ay (t)dt is E[dAny ()| = BB T, >
t)+ﬂlzI(Tl > t)I(Tz < t)'AtJ = I(T] > t)(ﬁ] + Bi2 - Bha exp‘B?‘).The
reliability importance of pattern {1} given A, is:

*({1p

E[/o.oo {Zy<s <Tv Tz)dfi{l}(s)]

) L Ly B BitBn 1
= Gt -+ Bith+bu B

The critical level for pattern {12} is Yo ({12}) = 0 and the failure
rate process dfi{lz} (t) = X{n}(t)dt is EldA{12) (t)}A:] = E[g 2 I{(T >
OIT: > t)|AsJdt = proI(Ty > t) exp~(Pa+h12)t The reliability impor-
tance of pattern {12} given A, is:

P2) = Bl 10<2< T v T)ddgn )
f)
B2 1 (B +ﬁ12))

B2 + P2 Br+82) "

ii): Series system ( T = @(T) =T ATy where =2,A Z12 and
Th=2A Zy3).
The critical level for pattern {1} is Ya({1}) = 0 and the failure rate
process d/i{l}(t) = :\{1}(t)dt is E[dAgy(t)]A4:] = EBI(Ty > t) +
Br2I(Ty > )I(T; < t)| As)dt = B, T (Tq > t).The reliability importance
of pattern {1} given ., is:

({1

Il

E[-/oco I(O <s<T1 A Tz)M(l}(S)]

B
Br+ B+ b’

The critical level for pattern {2} is Y3({2}) = 0 and the failure
rate process dA(t) = Agay(t)dt is E[dA{g}(t)lAt] = E[fI(T, >
)+ Bl(T2 > 1Ty < O)|Adt = B, + Br2I(Ty < t).The reliability
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importance of pattern {2} given A is:
P = B 10<s<TATADE)
(i

P2
Bi+ B2+ b
The critical level for pattern {12} is Ya({12}) = 0 and the failure
rate process dA 123 () = Az (£)dt is E[dApay (8) 4] = ElprI(Th >
)I(Tz > t)\Ay) = Br2I(Ty > t). The reliability importance of pattern
{12} given A, is:

w -~
P2 = E / 100 < 8 < Ty ATy)dApny (8))
(4
Bz )
B+ B2+ Pia
4. IMPORTANCE OF A MODULE AND OF A MINIMAL CUT SET

We consider the structure function & represented by it series- parallel decom-
position

(4.0.7) #(X(t)) = min max X;(t)

1<i<ki€K;

where K;,1 < j < k are minimal cut sets.

Intuitively, a module of a coherent system is a subset of components which
behaves as a "supercomponent”. More technically, the coherent structure ®ofn
components can be represented by

(4.08) B(X (1)) = The(Xa (£)), Xna= (1))

where M is a subset of {1, ..., n} with complement M® over {1, ., n},xisa
coherent system of the components in M, ¥ a coherent structure. Then (M, x)is
a module of & and ¥ is the organizing structure.

We denote by I¥(x) the importance of the module (M, x) for the structure ¥.
To calculate I¥(x) we need the following Lemma.

Lemma 4.0.9. Let (M, x) be a module of the coherent system & with organizing
structure U and let L C M. Then the pattern L is critical to the system @ at time &
if, and only if, L is critical to the module (M, x) and the module (M, x) s critical
to the organizing structure ¥ at time t.

Proof. The pattern L is critical to the system & at time t if, and only if,
&(1z, X(1)) = 1= ¥[x(lz, Xar(t)), Xne(2)]
and
8(0z, X(t)) = 0 = ¥[x(0r, Xnr()), Xpre()]-
We note that if x(Xar(t)) = 1, then $(Xpm(2), X pme (t)) = ®(1n, X< (t)) and if
x(Xas(2)) = 0 then &(Xps(t), Xase () = (0nr, X< (t))-
Now, x{1z, Xum(t)) = 1, because if it isn’t, x(1z, Xa(t)) = 0 and the first
expression above implies that
1= ¥(0, Xps(t)) = ®(0nr, Xpe(t)) < 201, X(2)) =0,
that is a contradiction.
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Also x(0z, X (t)) = 0 because if it isn’t the second expression implies that
0= 'I’(I,XMc(t)) = (I)(IM,Xm(t)) 281, X(t) = 1,

and that is a contradiction too. Therefore L is critical to module (M, x) at time
t. As ¥(1,Xpe(2)) = 1 and ¥(0, X p<(t)) = 0 the module (M, x) is critical to the
organizing structure ¥ at time . Obviously, the reverse holds. 0

Theorem 4.0.10. The relinbility importence of the module X for system reliability
is

o0
P0= 3 B[ @) <s<Danel= T Pw),
LeAy 70 LeAy
where A)s is the powerset of M.
Proof. We denote by TX the lifetime of X Ay (t) its S¢-compensator process; denote
by Y, the critical level of the module (M, x) for the system and by Y, (L) the critical

level of pattern L for y.
By definition

1) =10 = 51 "I <5 < ThaA(s)

Using Theorem 2.1.1 we have
sATX

Ayle) = %ju /[ L Y420
and
dAy(s)= Y I%(L)<s< TX)dAL(s),
LeAy
therefore
P00= 3 B[ 1 <s STUED) <o < TdAL o),

LEAy
Applying Lemma 4.0.9 we get

I*(x) = Z E[ /0 = I(Yy (L) < s < T)dAL(s)].

L€Ar
O

A minimal cut set is a minimal set of components whose joint failure causes the
system to fail.Given a minimal cut set K j we define the minimal cut set structure
Pp,(X(t) = ?é%:ch.-(t) and its lifetime Sk, = fgjag’:T,
Theorem 4.0.11. The reliability importance of the minimal cut set K. j to the
system reliability is

I*(K;) = Z E[/mI(Y¢(L)<sST)dAL(s)]= Z I*(L),
Leax; 0 LeAx;

where Ak, is the power set of K;.
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Proof. Firstly, we observe that the cut set structure is in series with the structure
function @ and therefore the critical level of the cut set for the system is 0.Follows
that

TASKk
PK;) = E[[0 ’ dAx,(#)]

TASK;
= E /0 dNi, (5)]
P(Sk; <T).
As P(Sk, > T) =1, in the set {Sk; =T} we have

dAk,(8)= Y. I(Yex,(L) < s < 5k,)dAL(s),
LeAx;

where Yo, (L) is the critical level of the pattern L to the cut structure ®; with
lifetime Sk,. Therefore, using Lemma 4.0.9

I*K;) = EI Y / “lo0<s< T)I (Y, (L) < 8 < Sk, )dAL(s)]
LeAx; g

0y [ ” [(Y(L) < s < T)dAL(S)]

LeAx;

Y (L.

LeAk;

I
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