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ABSTRACT

We propose a non parametric methodology of esti-
mation of the intensity for Poisson point processes
on [R™. We assume the obsecrvation region, O, is a
bounded IR™ interval. The space of positive func-
tions formed by composition of L?(O)-functions with
the exponential is endowed with a probability in-
duced from another one defined on the set of wavelet
coefficients. This is a convenient space for the inten-
sity to belong to and we choose as our estimate for
the intensity the function that maximizes the pos-
terior probability, given a trajectory of the Poisson
process on O, by means of determining the wavelet
coefficients of its logarithm. This approach presents
the desired feature of furnishing everywhere non neg-
ative amplitude-scale invariant estimates of the in-
tensity that exhibit not only a minimization of the
energy, relative to the wavelet basis, but also a max-
imization of the entropy of the process on O condi-
tional to the realization. A novel adaptive thresh-
olding procedure based on jointly testing hypothesis,
on the wavelet coefficients, and adjusting the priors’
locations is given. We define exponentially decaying
invariance and, as an example of the general estimat-
ing procedure above, we specialyse to self affine and
self similar probability prior Poisson processes.

KEY WORDS
Poisson process, intensity, self afline probability,
wavelct, maximum posterior probability, entropy.

1 Introduction

In this work we address the estimation of Poisson
point processes intensity function. We assume that
the process occurs on IR™ and that we are given a re-
alization of the process on a finite R™-interval. From
this information we want to find a good estimate of
the intensity function on this region. This topic has
already been studied for both the one and two dimen-
sional cases using step functions with congruent, in-
tervals and rectangles, step supports or, equivalently,
Haar wavelets by Timmermann and Novak [1], where
they justify the use of multiscale bayesian methods
for modelling point processes, and by Novak and Ko-
laczyk [2]. Their analysis is developed using beta
mixing distributions for the priors. Heikkinen and
Arjas [3] also used piecewise constant functions to ap-
proximate the intensity for spatial, two dimensional,
point processes. Random step functions on the plane
were generated using Voronoi tessellations of random
point patterns to build the support of the steps of
the step functions. A smoothing technique is then ap-
plied to the stepwise intensity in order to obtain their
final estimated intensity. For related works we refer
to Novak and Kolaczyk [4], Miiller and Vidakovic {5],
Barber, Nason and Silverman [6], Kolaczyk and No-
vak [7], Lam and Wornell [8) and Winter, Maitre,
Cambou and Legrand [9].

The use of multidimensional compactly supported
wavelets brings some advantages in estimating the
intensity. If Haar wavelets are used and we fix the



higher scale so as the supports of its wavelets are
equal to the intervals and rectangles used in 1}, {2),
we recover their amalysis. The possible difficulties
in higher dimensions with Voronoi tessellations are
not present in the wavelet approach. The use of
smooth wavelets directly produces simooth intensity
estimates. In this werk we do not restrict the dis-
tributions of the priors and, in this general setting,
we obtain the estimators of the wavelet coeflicients
of the log intensity of Poisson processes on ™ that
correspond to the maximum posterior prabability in-
tensity. The only requirement on the prior probabil-
ities of wavelet coefficients is that their means and
standard deviations are finile and square summable
over the wavelet coefficient indexing set. This is a
natural condition if we assume the log intensity be-
fongs to L3(0). As special cases we have sclf afline
prior probability distributions sell similar prior distri-
butions and self similar Jocation invariant prior dis-
tributions. We work out the example of self simi-
lar prior probability distributions in the exponential
family. The special case of self similar gaussian priors
shows itself to be particularly simple. 1f it is possibie
to choose, using translation of probability measures
in our modelling procedure, the mean value of the
prior distributions of only those wavelet coefficients
for which there are no chserved occurrences in their
corresponding wavelet supports, we have proved that,
without decreasing the maximum posterior probabil-
ity, the estimate of the intensity that will not only
minimize the log intensity energy but alse maximize
the Poisson process entropy on O is the one that cor-
responds to setting a mode of each of these distribu-~
tions to zero and consequently zeroing these wavelet
coefficients. The minimization of energy maximiza-
tion of entropy criterion suggests an adaptive thresh-
olding procedure based on testing the hypothesis of
wavelet coefficients being equal to zero. Due to the
form of our estimator and the possibility in the gen-
eral case to substitute the constant function on O
by the scale function and to choose the location of
its prior, our estimate of the intensity is automati-
cally amplitude-scale invariant in the sense defined
by Figneiredo and Novak [10} in the context of image

denoising.
This article is organized as follows: Section 2 is de-

voted to build some worthwhile notations that will
simplify a lot the rest of our work. Section 3 brings
some lemmas; in section 4 we present some definitions
that will be used to describe the probability struc-
ture on the wavelet coefficients and conscquently of
the point process; the main results under the gen-
eral prior probability setting are prosented in sec-
tion 5 where we assume fixed wavelet coefficient pri-
ors. Adaptivity of the priors is introduced in Section
6, where we show the optimization of cnergy and
entropy are attained without decreasing maximum
probability by zeroing some wavelet coefficients. It
is enhanced in Section 7 where the adaptive thresh-
old is defined. The self similar exponentially decaying
prabability prior Poisson process is studied in Section
8 where we use the novel concept of exponentially de-
caying invariance to determine the hyperparameters
associated to the decay of the priors; the gaussian
case is also studied in this section. Some concluding
remarks are presented in Section 9.

Finally we observe that we could perform similar
statistical modelling and estimation using sines and
cosines, splines, or arthonormal polynomials as bases
of function spaces instead of wavelets and the formal-
ism would remain essentially the same.

2 Some Notations

Let N be a point process on IR™, with unknown in-
tensity pu.

Let {¥;:li,7 € 7Z} be an orthonormal wavelet ba-
sis of L2(IR) of the form v;(t) = 2//24(27t ~ i) or
Wia(t) = 2Pt -n)+h - iT") for some mother
wavelet ¢ obtained, if necessary by the composition
of a standard wavelet with an affine transformation,
such that its support is {t1, 2] with T = {2 = t1. Let
& be the father wavelet corresponding to ¥.

Similarly, let {@ex, it 6k € Z, 5 2 6,4, & €
7} be an orthonormal wavelet basis that contains nll
the scales beyond some fixed integer £i.

It is extremely pleasant to adopt the following no-
tation. Let % = {z€Z:z2d},d € LU {00}
and define Ze(&) = gzUiEZJ?';XM@'If tieZ,

Let us use Greek letters for indexes in Ze(4i) and



we shall write ¥, = @i if and only if 7 € Z and
¥ = ;4 if and only if 7 = (j,¢) € /i

Thus, the wavelet expansions f t) =
Tiem Ljem Siithia(t) and J) = Crez weik(t) +
Yoien Zje,,»%éjiwj,i(t) will be simply written
f= ZnEZc(li) any, for ay given by ff°w Fipdt =
Jn(Xe aepe)ndt = 3, Jroaededndt = Feae <
’(/}{,’(/)n >= Qg

Let for all m, 1 € n € m, {¥n;4lid € Z},
U j.a(t) = 2724 (29t —4) or (1) = 20724 (27 (¢~
an) + an = iTy) end {Bnpik Pngi * LE € Z,
j > lin,j, tin € Z} be orthonormal wavelet
bases of L2(IR) as above where suppt, = [an, bs)
and T, = b, — a,. For easy of notation we
write (Ze(4i))n = Ze(£i)n. These bases are sim-
ply written as {¢ny.|nn € (Ze(&))s} and they
are also orthonormal bases of L*[an,bs), 1 € n <
m. 'Taking tensor products we form the orthonor-
mal base {Yy|y = @Ti¥nm.,l = (My.. s 7m) €

ﬁl(Ze(Zi)),, } of L2(R™) and also of L*( f:[l[a,., Ba])-

Denote [] (Ze(€i))n by Ze(fi).
n=]
f e L2(R™) we have f = )
neZe(ti)
ff'(/),,dg.
mﬂl
Our aim is to obtain the restriction of py to

m

I1 len,ba] = [a,b] = O based on the points of a

In this way if

iy with oy =

n=

trajectory of the process that are contained in this
py ifze [a,b],

0  otherwise.

We will agree that if the trajectory presents no oc-
currences then p = 0 on O. From now on we assume
that p never vanishes and that in p € L?({a,8]). In
practice this is not a severe restriction since the es-
timated values tend to be negligible where p = 0.
Therefore for the wavelet expansion of p we have
Inp = Zq aptn, (1) with ay = [p.(Inp)¢ndf =
Sy pnde. ()

The main purpose is to estimate p through the
expansion (1) and for this we need to estimate the
wavelet cocfficients ay, given by (2).

We use Op = (0,...,0) € Ze(ti), Oy =
((41,0),...,(6,0)) € Ze(ti). We write for n €

R™ interval. Define p= {

Ze(ti), j(n) = &i for n € Z and j(n) = j if 7 = (j,49)
and also, if n € Ze(€), j(n) = (G(m)....,5(7m)) and
MOIEDIWESIUNE

From now on in this work we use & = 0.

3 Some Lemmas

Lemma 1: Let {u;}ier be a class of random vari-

ables. A sufficient condition for the series 3¢ luil®

to almost surely converge is that both 3, (IBu;)?

and 3¢, Var(u:) converge.

Proof: IEZ i = Z]Ehz,-l2 = Z[(lEui)2 +
i€l i€l iel

Var (u;)].

In this way, if 3 ;c;(Eu;)? and 3, Var(u;)
converge, then EY . |uf®> < oo so that
P ($ier il = 00) = 0. "
Lemma 2: Let A and B be such that AUB =
Ze(ti) and AN B = 0. Then the subset of L%(0),
E = E((%)neA) = {f € 1‘2(0)” = Z‘IIGA an"l"r) +
ZneB Bytby, B € R} is convex.

Proof: Let fi = e 4 ¥y + Lnen B, i=1,2
belong to £. Then, for all p, 0 <p <1,

(L=pfi+pfr = D ogtn+ » [(1-p)BY

ncA nes
+pBP)yn € E. .

Lemma 3: E((cy)nea) C L2(0) is closed, thus com-
plete.
Proof: Let (fn)new be a sequence in E such that
fo = f € L*(0) as n — oo. Write f, =
Yonca ¥+ Xoen By and f = Fopep Tty +
ep Ontn. In this way, for all € A, joy — 7| =
I(fn - fv"/)fl)l .<. “fn - f” - Ov as n — o0, $0 that
= oy and f € E. Completeness follows from that
of L2(0). ]
Lemma 4: Let E be a convex set of functions from
A€ Brm to R and g : R — R be such that for all
z and y, (g(z) + g(v))/2 > g((z + u)/2). Define the
functional F': E — R by F(f) = [, 9(f)d¢, €(A) #
0. Then, for all f; and f2 in E we have (F(fi) +
F(f2))/2 > F((fi + f2)/2) and, consequently, if it
exists, the function f, which minimizes F is unique.



Proof: F(fi) + F(f2) = [u9(f1) + 9(f2)dt >
Ja29 (.[1%.[1) df=2r (ﬁ%&)

Suppose 3fy, f2, f1 # fa ¥f, (F(f) 2 F(f1)
AF(f) 2 F(f2)). Then T = L4 is such that
F(f) < F(f) = F(f2). .
Lemma 5: Let E, A and F be a3 in lemma’s 4
hypothesis. Suppose that there exists g R —R}
if there is f. such that ¥v: A — IR, 8/0x [, (S +
M)déjp=0 = 0, then [u is the unique function that
minimizes F.

Proof: Since ¢’ is positive, Vr,y, ﬁﬂ,‘iﬁ&l >
g (%1) and we arc under lemma’s 4 hypothesis.

Now it suffices to show that Vv, Ea;gF(f- +

Av) =0 > 0.

02
5“/\‘5/ g(f. +,\v)d€==/ 7' (fe + Av).v%dE
A A

so that
&
S F U+ M)lano = L SR> 0

and the result follows. u

4 Some definitions

Let r :
resentation of a function on L?(0), i.
(@p)gezeqesy where f = Znezg(zi) QY-

For each 7 € Ze(fi), take a probability on
IR, P, and form the product probability space

(Hr)EZz(!i) R, @rezeqey B F = Bnezeen P n)‘
Denote p(n) = [pzdP, and Var(p) =
Jr{z~u(n))*dPy and suppose that 3° ¢z, ¢y w(m?+
Sezeey Var(n) < oo Let i : £(Ze(ti) —
nezg(mlR be the inclusion. By lemma 1,

Qnezetiy Fr ({ (Endnezetti) Toezeen (@n)* = 00})
= 0 50 that ®,cze( Prli((Ze(ti))) = 1 and P
can be pulled back to 22(Ze(#)} and £2(0). We will
refer to both these probahilities simply as .

Definition 1: A probability @czeqey o 1

summable if and only if 3, - 7.1 (M) +Var (n)<
0.

L3(®) — £*(Ze(t)) be the wayelet rep-
e, r(f) =

Definition 2: We say that P = ®pezeq I
is self aﬁ‘fne on [, ¢ zeqeiy R with affinity functio{l
s : Ze(i) — R x RS, s(n) = (s1(n),s2(m)), if
and if for all n € Ze(ti) -~ {Or} and all A € Bm,
Po(A) = Poy, (51(Om) + 2281 (s () + A)-
Note that il 5,(O»;) and 52(Oar) are the menn ond
standard deviation of Pp,, respectively then s1(n)
and sz(7) are the mean, p(n), and standard deviation,
a(n), of Py, n # Op.
Definition 3: A self affine probability on
[Theze(eny It is admissible if and only if its affinity
function satisfies:

* Zneze(zi)(sl("1)2 +53(n)?) < o0.

o 5;(04r) is the mean of Pp,, and 52(0) is the
standard devietion of Po,,.

Clearly an admissible self affine probability on
[Tnezecey It induces a probability on the space of
wavelet. cocfficients and on L?(©) which also will be
called self afline probabilities.

Definition 4: A self affine probability on
e zegey R is location invariant if its affinity func-
tion is such that for all 7 and & if j(n) =
(7). »§(nn)) = 3(€) then s(n) = 5(€). That is,
a location invariant self afine probability assigns the
same probability distribution to oll copies of R that
belong to the same scale.

Definition 5: The decay of a probability on
Moezeqsn B is the sequence

(d)ses dr= 3 () +o(n)?)

n.j{ny=J

where S denotes the set of scales S = j{Ze(ti))

OF course & self affine probobility on [T,ezeen B
is admissible il and only if {d)ses is summable,
1(On) = pu(Orr) and s2(Onr) = a(Onr).
Definition 6: A probability on [T, ¢ zeen R is over
exponentially decaying, or decays over exponentially,
with the scales if there exist ¢ > 0 and £ > 0 such
that for all J € S, dy € ce~ ¥V, where |J| = Y i
We will say that k is the decay rate. This probability
is called exponentially decaying if dy = ce~ kL

Clearly 3 ;g dJ < oo for these probabilities.
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Definition 7: Let P be a probability measure on IR.
We say that the probability P, is the translation of P
by v € IR when for all A € Br, Py(A) = P(-v+ A).

Both discrete and continuous probabilities, as well
as their combinations, are all denoted P, so that
when we write y = arg maxzem f(#)P(z), f 1 R —
R, we search the value of y first among the atoms
z;€R,ie ] cINof P, and y will assume the value
x; for which f(z;)P,(z:) = f(z;)Py{z;) forallj € I
If P, has no atoms or for all atoms f(z:) =0 then
we are in a common maximization sctting.

An observation z = {z1,...,2n}; z; € O C R"
generates a partition A, B of Ze(¢i) by 7 € A if there
is an occurrence z; in the support of ¥y and n € B
otherwise.

5 Main Results

Theorem 1: Let N be a Poisson point process with
intensity function p and z = {z1,...,ZN} be an ob-
servation on ©. Suppose that the prior probability =
on the space of wavelet coeflicients is obtained from
Po® (®P,)pe ze(ti)-(OF}» & summable probability on
[T ¢ zeqeiy I by translation of P, i. e, Po, = FPo.

“Then the maximum posterior probability estimate of

.
¥y

p is given by p” = ezv where

1) Vp € B, o} = my a mode of Fy.
%) Vp€ A~ {Op) = A, a} =
N
arg maxg,, (e”" PR (=) p, (a,,)) .

3) ap, is determined by

S Bopeinea-un S0sVor gp SNy ().
The value of v that corresponds to the maximum
posterior probability is given by a5, —v = mo a
mode of Fp.
Proof: P(p|z) o P(z|p)n(p)
e T1iL; (@) Pou(@0r) Tlyea-up Po(cn) where
u= fO eznem(u) an‘ﬁngy

N
P(plz) ez.-ﬂ znezg(u) ""w”(z‘)e-u

H Polan) | Popleor)

n€EA-UDB
N
H (e“" zm"’"("’)P,,(a,,))
neA-{Or}

N /y
e%OF Z;=1 voF(x‘)Po(a()F)e_” H Pn((l,,).
neR

it

Now P(p|x) is proportional to the product of three
factors that can be maximized separately.

Myen P, () is maximized by taking o5 a mode of

7
N

ea- e"an'ﬁ-‘“-‘)P,,(a,,) is maximized by
H ine a® = ar X 2 Zil U’n(zi)P ( )
choosing @}, = argmaXa,ck€ i= (o

aop Yo Yn(zs) - i
and *9F 2usm Y7179 Py, ~v)e™# is maximized by
N

taking ), such that €90F Domy YT o=k attains its
maximum and then choosing v such that ap, — v is
a mode of Fp. N

Thus o, maximizes aop 2,0y Yor(T:) — # 50
that

i=1

N N
Y dop(z) -4 = > vor(x:)
=

—/ ,"/JOFeZHEA_UD n:"’lj"+ao”¢0'.dé =40.
o

Clearly, the solution for the equation above
is a point of maximum since -p’ =
~Jo "/Jg),,ezveh(m e < 0. "

Corollary 1: pnder theorem’s 1 hypothesis, if
P, << € and %21 = fy is differentiable then aj is
within the solutions of

1) fi(aq) =0ifn € B.

,v’("‘n .
2) o) = PN () ifn € A= {OF).

In case there exists f,/, we add fy/(a,) < 0 to item
L and f} (ag) foloy) - {71 (ag))? <0 to item 2.
Proof: Immediate. »
Corollary 2: If ¢o, is constant on O then p =
foptdt=N.

Proof: ' = Yo, (2) [op'dl = LI, Yo (z:).  w



Observe that, in this case, amplitude scale invari-
ance with respect to the intensity values is equivalent
to summing a random variable, v € IR, with improper
prior m(v) oc 1 to the wavelet coefficient of Yor-.
Corollary 3: Let 7 be a sclf affine prior on the
wavelet coeflicients with affinity function s(n) =
{(1(n), o(n)) and suppose d—'}?“— = fou Is twice differ-
entiable. Denote f its re-scaled density with mean 0

and variance 1, i. e, f(a) = 'a'(bl'mfou ("_;;‘b(hof_ﬁ)fl)

Then we have

1) Vpe B, oy, is of the form o(n)a+u(n) where a is
within the solutions of f’(a) = 0 and f”(a) < 0.
2)Vn € A-, ay

where « is within the solutions of 6%%2 =

aa(n) SiLin(2:) and f(a)f(a) - ('(c))? <

is of the form o(n)a + u(n)

Proof: Straightforward.
Example: The gaussian self affine case.

If f(a) = SA=e**/2 then f/(0) = 0, "(0) < 0,
J'(@) = —af(a) and f"(a) = —f(a) + 0*f(a) so
that for all a, /(a)f(e) ~ (f'(a))? = —(f(a))® <.

In this way, by corollary 3, the gaussian case re-
duces to the simple formulas:

Ve B, oy = py),

N
o) Y ¥n(@:) + u(n)

i=1

i

Vne A", ap
and agp, is obtained from the equation

N
/ wOFezA_UD ea¥ntaogvor gy E¢OF(Ii)'
o i=1

6 Entropy and Energy

Now we are interested in improving the procedure of
estimating the intensity by introducing some adap-
tiveness to our modelling.

By definition, the wavelets ¥y with 7 € B have no
occurrences, from the realization we have observed,
in their supports. It seems to be quite sensible to set
their coefficients equal to zero.

Since Inp = Er]éZe(li) Py, the energy of Inp is
Yneaay+ 2pen o

Suppose we have freedom to choose the mean value
of P, for n € B by translation of probability measure.
Then we can minimize the energy of Inp in the detail
scales while maximizing the posterior probability by

taking p = eZenea ®¥7 49 the estimate of the inten-

sity, where ayp for 77 € A are determined as in theorem
1, items 2 and 3. The coefficients ay for n € B may
be set to zero since we can substitute Py m,, for Py,
by changing the mean value of Py, so that one of its
modes is now zero. Observe that the coefficients an,
n € A~{Or} remain unchanged but ap,. is changed.
Note that the maximization of the posterior probabil-
ity is maintained. The following theorem shows that
P also maximizes the entropy of V on 0, (f, pinpde),
given the observation, i. c., letting a; unchanged for
n€ A-{Or}.

Theorem 2: Under theorem 1 hypothesis, if we have
freedom to choose the mean value of P, by trans-

lation of probability measure then p= ezv““:"b"'
is the maximum posterior probability intensity that
maximizes the entropy of N on O,

Proof: For all v € ({4fyy|n € B}) we have

o - ~
ﬁ /O (B + M) In(p + Mv)df|r=o

- % JICEY RN SRR PN
© B

neB

= [t +mpae

nER

-3 %/wn(l + 3 aze)de

neB £€A

=E'717 /¢nd£+zaz(¢mwn) =0.

neB EEA

And the result follows from lemmas 2, 4, and 5. =

7 Adaptive Thresholding

In this section we develop a thresholding procedure
for the wavelet coefficients. In the previous section



we have seen that sctting coefficients to zero decreases
the energy of the log intensity and maximizes the en-
tropy of the process on O given the observed trajec-
tory. Following this reasoning and noting that the
values of the wavelet coefficients we have are based
on only one trajectory of the process, it is reason-
able to test the hypothesis of these coefficients being
equal to zero. We have supposed that we have free-
dom to choose the mean value of the prior probabil-
ities by translation so as to set modes equal to zero
when there are no occurrences on the support of the
corresponding wavelets. Now we will also suppose
we can do so for those wavelet coefficients that are
not significantly different from zero. Due to reasons
that deppend solely on the trajectory, which bears
a random character, our procedure sets a coefficient
equal to zero if either 7 € B or n € A — {Of}
and Efil ¥y(z;) = 0. This resumes to the condi-
tion 21N=1 Py(zi) = 0. In this way we will test the
hypothesis a, = 0 using the sum }:f-ilw,,(x.-) to
build a statistic. If &, = 0 then p = eZvexn ac¥e
and v, = Y n(z:) is distributed as the ran-
dom sum w — X vy(zilw) ~ T, gy(z)
where the independent random variables N’, X;
have distributions N’ ~ Poisson ( fs — pde) and
exn(y,, xeve()
Jusopy TPy, ae¥e(2N
on suppyy there have been N, # 0 occurrences
then the conditional statistic v, = TVLTE.NJI Pn(z:)
will have distribution (v,|N,) ~ -Nl"-Zfi"l Yo (X)),
where {X:}hicicn, are iid. with distribution as
above. Due to independence, N%Zf’:”l %06 2,
N (E¢y(X),™3X0) as N — oo Using
€xp(3 ¢z, @z ¥e) as an estimate for exp(Pg 4, Cety)
we access the distribution of v, via simulation. Ob-
serve that the distribution of 2; depends on an infinite
series and we have to limit the number of its terms.
This can be done in a variety of ways which may in-
clude information from the practical situation under
study as the precision of the occurrences location for
example, may take advantage of the minimum pre-
cision requirement for the estimated intensity or, if

X ~ If we know that

it is too expensive or time consuming to obtain co-
efficients, penalty functions on the number of scales
may be used. We propose here as a general guide-
line, for simulation and general applications where we
doont have the requirements or clues as above, one
of the following two methods to limit the number of
wavelets: 1) limit the higher scale in such a way that
if this scale is increased then there are at most one
occurrance point in each support of the new wavelets
that belong to this new higher scale. II) limit the
scale as above and use only those wavelets with at
least two points from the observed trajectory in their
support. Let us call the finite sets of wavelets cor-
responding to the choices above as I and I7 respec-
tively. Now, using exp(3 ..., af¥¢) where € I or
7 € I as an estimate for exp(i#n ag1Pe) we access
the distribution of v, via simulation and then we test
the hypothesis a, = 0 for some prescribed signifi-
cance level, with the statistic 9, = - TN ()
we obtain from the realization we have. After per-
forming this tests, we are left with a set of non zero
coefficients which we will call Tr(1) = {a} 1}ner, or
Tr1(1) = {op1}nerrn. Our estimate of the inten-
sity may have changed and we may perform again
the hypothesis testing procedure on the coefficients
that belong to Ty(1) or Ty;(1) so as to generate new
sets T7(2) or T1r(2) and so on till we stabilize the
sets Ty(n) or Tyr(m), that is, Ti(n) = Ty{n + 1) and
Tr1(m) = Ty7(m 4 1). The final thresholded estima-
tor of the intensity will then be p7 = I where
ay € Tr(m) or a, € Tr(m).

8 Self Similar Exponentially
Decaying Prior Poisson Pro-
cess Estimation.

In this section we assume that we have an admissible
self affine exponentially decaying prior for the wavelet
coefficients of our Poisson process. In this way we
hm{e t'he decay‘zj( y=2(@ @) + u(m)?) = e~V
which is a function of two hyper parameters.

Definition: A class C = {ﬁ(c.k)}(c,k)emi of expo-

nentially decaying probabilities P(c i) on Hneze(li) R



is called exponentially decay invariant when we asso-
ciate an improper prior density 7(c, k) to IRi such
that m(c, k) oc L.

This is a natural invariance requirement if we want
our intensity estimates are amplitude scale invariant
with respect to the scales of the copics of IR where
the wavelet coefficients belong to.

If we restrict to self similar location invariant pri-
ors we have 3.\, a(n)? = 2Wg(n)? from which
o(n) = ve.em T and given c and k we can ob-
tain p(c, k) the maximum probability estimate of p
given ¢ and k as in sections 5, 6 or 7 (p will be p*, p
or pT).

An exponentially invariant estimate for the inten-
sity will be given by the mean maximum probability
estimator

( I, #le, k).%dcdk)
T, Ldedk

p= lim
N0

for a suitable choice of compact sets {Kn}nen, Kn C
K:n-Hy UnElN}Cn = m.%.

9 Conclusion

We have presented a non parametric wavelet based
maximum probability methodology of estimation of
Poisson intensities. The procedure has the advan-
tages of easily handling multidimensional processes
and is developed for a very general setting of arbi-
trary priors on the wavelet coefficients. Even com-
pletely different from one another priors can be cho-
sen for the wavelet coefficients in the same practical
situation. This brings both flexibility in modelling
and robustness in analysis. The estimator of the in-
tensity have the desired properties of being nowhere
negative and amplitude scale invariant while present-
ing minimization of energy and maximization of en-
tropy features that are based on adapting priors con-
ditionally to the observation of the process. A novel
adaptive thresholding procedure, with a possible au-
tomatic choice of scales feature, produces a thresh-
olded estimator using as "degrees of freedom”, trans-
lations of wavelet coefficient priors which are allowed

of forbidden by a built in adaptive hypothesis test-
ing. 'The concept of exponentially decay invariance is
introduced and applied to the self similar priors Pois-
son processes furnishing estimators that, in addition
to the general case properties, are also exponentially
decay invariant. Like other adaptive procedures, our
methodology may be computationally demanding, al-
though for special cases, like that of gaussian priors
with heavy amount of occurrences on O relative to
a small practical situation limited number of wavelet
scale, this demand will be reduced. In case the obser-
vation region is not an IR™-interval we refer to the
solutions found in [11]. Our approach is a genecral
purpose Poisson process estimation so finding plenty
of practical applications.
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