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Abstract. The phenomenological strengths of the real part of the optical potential,

obtained from elastic scattering data analyses within the optical model approach,

present significant energy-dependence. This behavior has been associated to the

intrinsic energy-dependence of the effective nucleon-nucleon interaction. However, in

earlier works, we proposed that at least part of this dependence can arise from the

effect of couplings to inelastic states of the nuclei. In order to deepen this study, in

this paper we present extensive data analyses for the elastic scattering and inelastic

excitation of 111 states of 208Pb, for the 4He + 208Pb system in a wide energy range.

With the purpose of comparison, the theoretical cross sections are obtained in different

approaches for the imaginary part of the potential, and within both contexts: optical

model (distorted wave Born approximation) and coupled-channel calculations.

Submitted to: J. Phys. G: Nucl. Phys.

1. Introduction

With regard to nuclear reactions, the optical model (OM) is the simplest theoretical

approach to study the elastic scattering process and has been extensively used in data

analyses for many systems over a wide energy range. The strengths of the real part

of the phenomenological optical potentials (OP) that fit the data have an important

energy dependence. For energies around the barrier height, the energy dependence of

the OP is related to the closure of the reaction channels and the corresponding behavior

is known as threshold anomaly [1]. The OP energy dependence has also been observed

in a much wider energy range and, in this case, it is associated to the effective nucleon-

nucleon interaction (see e.g. [2–4]). However, this concept has been questioned in recent

studies, in which a significant part of the OP energy dependence is related to the effects

of couplings to inelastic states [5–7]. The purpose of the present work is to deepen this

study.

Due to numerical convergence and computing time problems, solving coupled

equations involving a large number of excited states, including several states at very
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 2

high excitation energies, is a quite difficult task. In [7], we developed a new method that

greatly improves the convergence and computing time of such calculations. This method

is used in the present work to perform large scale coupled-channel (CC) calculations for
4He + 208Pb. The choice of this system for the present paper is for two reasons: it was

the test case of the method developed in [7], and also because large amount of data for

the inelastic excitation of 208Pb is available in the literature .

Within the OM, the real and imaginary parts of the OP involve contributions

related to the couplings of the elastic process with the reaction channels. In principle,

if all important peripheral channels are explicitly included in the CC calculations, the

absorption of flux by the fusion process could be simulated through an imaginary part

restricted to an inner region of distances smaller than the barrier radius. This hypothesis

has been assumed in many works. Nevertheless, in most of these papers the number

of peripheral channels included in the calculations is not very large. In the present

work, we intend to show that important part of the polarization can arise from the

joint contribution of many states with high excitation energies that individually are not

significant.

In order to investigate the effects of the inelastic couplings on the elastic scattering

cross sections, we compare the results obtained through CC calculations with those

from the distorted wave Born approximation (DWBA). We include explicitly more than

one hundred inelastic states in the coupling scheme. In our calculations, we assume

two models for the imaginary part of the OP. In the first model, the OP imaginary part

simulates the fusion process through a Woods-Saxon (WS) shape with parameters values

fixed to provide only internal absorption. With this model, we study the capability and

also the limitations of describing the data (elastic and inelastic) as a function of the

energy without surface absorption arising from the OP. The model works very well for

low energies but it fails progressively with the increasing of energy. In fact, at high

energies other peripheral channels, beyond those included in the CC scheme, become

significant and require superficial absorption. In the second model for the imaginary part

of the OP, we add another term to the WS which is proportional to the real part. This

second term provides superficial absorption that can be varied through an adjustable

normalization factor. The value of this factor is adjusted to fit the elastic scattering

cross sections. With this, we study the variation of the superficial absorption due to

the inelastic couplings as a function of the energy by comparing results of the CC and

DWBA calculations. The data set analysed here is quite wide, containing cross section

data for elastic scattering and more than one hundred of inelastic states, in energies

ranging from the sub-coulomb region to ELab = 699 MeV. With this we study in detail

the characteristics of the reaction mechanisms as a function of the energy.

2. The Coupling Scheme

We adopt a parameter-free model for the real part of the OP: the recently proposed

Brazilian Nuclear potential (BNP) [8]. The effective interaction assumed in the context
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 3

of the BNP was firmly based on data analyses for alpha-nucleus systems [5, 9, 10] and,

therefore, we consider the BNP an appropriated choice for the nuclear interaction

in the present study. In the corresponding REGINA code [8], we assumed the option

of “experimental” charge and matter densities for 4He and theoretical Dirac-Hartree-

Bogoliubov (DHB) distributions for 208Pb. The corresponding root-mean-square radii

for the 208Pb charge and matter densities are: 5.53 fm and 5.64 fm, respectively. A fit

of the 208Pb charge density through a Woods-Saxon (WS) shape provides the following

corresponding values: ρ0 = 0.0624 fm−3, R0 = 6.65 fm and a = 0.55 fm. The same

procedure for the matter density provides: ρ0 = 0.1550 fm−3, R0 = 6.67 fm and a = 0.60

fm.

In the present work, we study couplings to inelastic processes involving the

excitation of a large number of 208Pb states. In our approach, the absorption of flux by

other reaction channels is simulated through the imaginary part included in the OP. 4He

is considered a quite inert nucleus and, therefore, the transfer reactions for 4He + 208Pb

should not be important, mainly at energies around the Coulomb barrier. Thus, in this

low energy region, the OP imaginary part would be mostly related to fusion, therefore

restricted to the innermost spatial region. In other energy regions, where contributions

of peripheral reactions (aside those of inelastic couplings) can become important, the

use of an OP imaginary part with superficial absorption should be appropriated.

Thus, we assume the sum of two contributions for the imaginary part of the OP:

one with a WS shape and other proportional to the real part

W (R) =
−W0

1 + exp [(R−RI0)/ai]
+NI VBNP (R). (1)

The parameter values for the WS part are fix and established to provide only internal

absorption (see [5]): W0 = 60 MeV, RI0 = 6 fm, ai = 0.25 fm. NI is an adjustable

parameter to fit the elastic scattering data. This latter contribution of W (R) is used only

in cases where, in addition to fusion, it is necessary to simulate some absorption of flux

by the peripheral reaction channels. Even so, in some of these cases the fit to the elastic

scattering data can still result in vanishing surface absorption (NI = 0), a situation in

which the fixed WS part of W (R) guarantees internal absorption simulating fusion. It is

important to mention that the NI VBNP term in eq. (1) also provides internal absorption

when NI is not too small (at R = 0 we have VBNP ≈ −255 MeV). In these cases, the

WS part of the imaginary potential is irrelevant in the sense that calculations including

or not this term in the OP result in the same cross sections for the elastic and inelastic

channels.

The coupling scheme involves a very large number of 208Pb states, many of them

with quite high excitation energies. As already mentioned, we adopt the efficient method

proposed in [7] to solve the coupled equations. In order to use this method, it is required

to treat the couplings in first order, i.e. the inelastic states are directly coupled to the

elastic channel (there are no couplings among the inelastic states). We label with S the

spin of a particular 208Pb state. For each total angular momentum J , there are at most
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 4

S + 1 coupled equations associated to this state, with coupling potentials given by:

VN(R) =
iL−J√

4π
CJ S L

0 0 0

[
δC Z1Z2e

2
〈
rS−1

〉 S + 2

2S + 1
VC(R)− δN

∂VBNP (R)

∂R

−iδW
∂W (R)

∂R

]
(2)

VC(R) =


1

RS+1 forR ≥ RC

RS

R2S+1
C

forR ≤ RC

(3)

where L is the orbital angular momentum, δN , δW and δC are the respective nuclear

(real and imaginary parts) and Coulomb deformation lengths for this state. According

to the WS 208Pb charge density, we assumed RC = R0 = 6.65 fm in eq. (3). The

Clebsch-Gordan coefficients in eq. (2) guarantee the angular momentum conservation.

The moments
〈
rS−1

〉
are calculated through the 208Pb charge density. Table 1 provides

the respective values of L

√
〈rL〉. We have not included Coulomb contributions in the

couplings for S = 0 and S = 1, assuming δC = 0 in these cases.

Table 1. Values of L
√
〈rL〉 for the charge density of 208Pb.

L 1 2 3 4 5 6 7 8 9

L
√
〈rL〉 (fm) 5.30 5.53 5.71 5.88 6.03 6.16 6.29 6.41 6.53

In this approach, the transition probability for Coulomb excitation can be obtained

from:

B(Eλ) ↑= e2

∣∣∣∣∣∣
δCZ(λ+ 2)

〈
rλ−1

〉
4π

∣∣∣∣∣∣
2

, (4)

where δC is the Coulomb deformation length. B(Eλ) ↑ can also be defined for nuclear

excitation by exchanging δC with δN and Z with A in this equation.

In some works, it is claimed that different form factors should be assumed for the

monopole and dipole (see e.g. [11]) because they are couplings of second-order. Thus,

we have also used the following nuclear couplings for S = 0:

VN(R) = −iL−J δN

R0

√
4π

CJ S L
0 0 0

[
3 +R

∂

∂R

]
UOP (R), (5)

and for S = 1:

VN(R) = − iL−J δN

R2
0

√
4π

CJ S L
0 0 0

[
10R +

(
3R2 − 5

3

〈
r2
〉) ∂

∂R
+

ε

(
R
∂2

∂R2
+ 4

∂

∂R

)]
UOP (R), (6)

where UOP (R) = VBNP (R) + iW (R) is the central OP, 〈r2〉 = 5.642 fm2 as a result of

the matter density and ε ≈ 0.05 fm2 (for 208Pb). However, from the theoretical point of
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 5

view, the use of second-order form factors coupling the elastic channel to a particular

state should be complemented with couplings in two steps involving two inelastic states

besides the fundamental one. For instance, within the vibrational model, the 0+
2 state

of the triplet is coupled to the 0+
1 fundamental state in one step with a second-order

term in deformation, while these same states are coupled in two steps, each one with a

first-order term in deformation, through the 0+
1 → 2+

1 → 0+
2 path [12]. Two first-order

steps are equivalent to one second-order step, and therefore both couplings are equally

important to connect the 0+
1 and 0+

2 states. Curiously, this complement is not usually

considered in works that assume eqs. (5) and (6) in the calculations. Since here we

neglect the couplings among inelastic states, the use of the second-order form factors

corresponding to eqs. (5) and (6) should not be more “fundamental” than using that

of eq. (2). Even so, in this work it will be discussed the effect of assuming both models

for the S = 0 and S = 1 couplings.

The aim of the present work is to study the effect of a large number of inelastic

couplings on the elastic scattering. Thus, we use the fairly simple scheme presented

here to treat the couplings, since a more fundamental approach such as using transition

densities to calculate coupling potentials [12] is impractical when considering many

states, including several states with very high excitation energies. On the other hand,

the deformation parameter values assumed here were obtained from inelastic scattering

data fits and, in this sense, the respective couplings can be considered quite realistic.

Eq. (2) shows that the nuclear coupling involves the deformation of the real and

imaginary parts of the OP. Many works also make use of this assumption, but others

associate only the real part of the OP in the deformation involved in the inelastic

couplings. This subject was already studied earlier as, for example, in [59–62]. Even so,

here we provide additional analysis of this question, investigating its characteristics in

different energy regions. With this purpose, two parameters δN and δW are included in

the nuclear coupling of eq. (2). However, we assume δN = δW in all calculations, except

those in which we test the effect of the deformation of the imaginary part of the OP.

Thus, for now on, when we do not mention the δW value, it is implicit that δW = δN .

In [7] we showed that the effect of the couplings to a set of many inelastic states on

the elastic scattering cross section can, in some cases, be simulated through the coupling

to only one state. The values of the corresponding deformation length parameters and

excitation energies are related by the following expressions:

δ =

√√√√ N∑
i=1

δ2i , (7)

E∗ =
1

δ2N

N∑
i=1

E∗
i δ

2
i , (8)

whereN is the number of states of the set of states and δ and E∗ are the parameter values

of the single state that simulates the effects of the complete set. This correspondence

can be used to significantly decrease the number of states considered in CC calculations
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 6

and, therefore, it is quite useful. However, in [7] we studied this correspondence only at

ELab = 139 MeV. In the present paper, we study the limits of application of this kind

of simulation in different energy regions.

3. The Data Set

The height of the s-wave barrier for 4He + 208Pb obtained with the BNP is VB = 20.60

MeV in the center of mass frame (21.00 MeV at the laboratory). We have analysed

elastic and inelastic scattering data for this system from ELab = 14 MeV to 699 MeV.

The data were obtained in [13–46]. In addition, we assumed deformation parameter

values obtained in several works from inelastic scattering data fits for proton + 208Pb

[47–56]. The energy spectra of [57, 58] were also included in the data set.

The data analyses (discussed in the following sections) provided the nuclear

deformation length values for 111 208Pb states, which are presented in table 2. Some of

these states correspond to giant resonances that can be represented by more than one

state. Different works have reported values slightly different for the mean excitation

energies of these giant resonances. Here we assume averages of these values. The

accurate determination of the δC parameter value is not simple when inelastic data

at near-barrier energies and forward angles are not available for analyses. Thus, we

assumed δC = δN for all states, except for the first 3− E∗ = 2.615 MeV one, for which

we obtained δC = 0.797 fm and δN = 0.865 fm. For most states presented in table 2,

the deformation length values provided here are compatible with those reported in the

original works where the inelastic scattering data were published.

We have analysed experimental elastic scattering angular distributions for the

energies presented in table 3. The table also provides the ratio of the relative velocity

between the nuclei to the speed of light, v/c. As an estimate for the “size” of a possible

relativistic effect, that is not considered in our theoretical calculations, the table also

provides the percentage value of the length contraction relative to the proper length,

calculated as:

C =

1−
√

1− v2

c2

× 100%. (9)

The contraction reaches about 16% for the highest energy studied here indicating that a

non-negligible effect of relativity is expected in the data analyses for the region of high

energies.

As already mentioned, the strengths of the real part of the phenomenological OP

that fit the elastic scattering data within the OM have an energy dependence. Within

the context of the São Paulo potential (SPP) [4], this energy dependence is related to

the relative velocity between the nuclei as follows:

VSPP (R) ≈ VF (R) e−4v2/c2 , (10)

where VF (R) is an energy independent folding potential. In order to provide an estimate

of this effect, table 3 also presents the values of the term e−4v2/c2 . The effect is negligible
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 7

Table 2. Excitation energy (in MeV), spin and nuclear deformation parameter (in

fm) values obtained in our analyses for 111 208Pb states.

E∗ S δN E∗ S δN E∗ S δN E∗ S δN

2.615 3 0.865 4.937 3 0.110 5.774 4 0.060 6.736 3 0.051

3.198 5 0.360 4.952 4 0.092 5.796 4 0.060 6.843 8 0.150

3.708 5 0.220 4.974 3 0.150 5.813 4 0.200 6.925 4 0.140

3.961 5 0.120 4.983 6 0.150 5.874 3 0.080 6.940 3 0.061

4.037 7 0.190 5.010 9 0.120 5.890 8 0.110 7.019 3 0.150

4.054 3 0.090 5.038 3 0.090 5.966 9 0.190 7.060 4 0.110

4.086 2 0.360 5.074 5 0.115 5.993 5 0.198 7.063 1 0.170

4.106 3 0.069 5.085 7 0.043 6.010 3 0.200 7.171 3 0.050

4.141 2 0.058 5.126 2 0.075 6.052 4 0.120 7.114 3 0.140

4.159 2 0.046 5.195 3 0.110 6.089 3 0.067 7.192 4 0.150

4.181 5 0.120 5.210 4 0.140 6.170 2 0.049 7.280 1 0.100

4.240 5 0.130 5.245 3 0.140 6.191 3 0.140 7.302 5 0.120

4.297 5 0.120 5.277 3 0.090 6.233 4 0.150 7.320 2 0.080

4.324 4 0.420 5.292 1 0.190 6.248 7 0.240 7.334 3 0.120

4.403 3 0.058 5.321 3 0.067 6.276 3 0.130 7.382 4 0.186

4.424 6 0.400 5.347 3 0.200 6.314 3 0.100 7.455 2 0.080

4.444 5 0.062 5.378 5 0.110 6.332 6 0.170 7.491 2 0.080

4.463 2 0.039 5.417 7 0.110 6.351 4 0.100 7.517 3 0.100

4.481 6 0.080 5.482 5 0.240 6.381 7 0.140 8.340 4 0.170

4.611 8 0.240 5.517 3 0.300 6.396 4 0.110 9.300 3 0.260

4.680 9 0.110 5.543 7 0.157 6.428 4 0.100 10.800 2 0.600

4.698 3 0.210 5.561 2 0.120 6.445 3 0.080 10.800 4 0.400

4.762 7 0.100 5.659 5 0.150 6.484 1 0.066 12.600 4 0.346

4.842 1 0.170 5.673 3 0.110 6.529 5 0.180 13.700 0 0.440

4.861 8 0.084 5.690 4 0.210 6.615 3 0.160 16.000 6 0.326

4.895 10 0.130 5.721 7 0.120 6.658 4 0.150 18.800 3 0.606

4.923 2 0.050 5.743 9 0.130 6.688 5 0.290 22.000 1 0.512

4.933 4 0.170 5.763 6 0.090 6.704 3 0.100

(e−4v2/c2 ≈ 1) in the region around the barrier height, but it becomes more significant

as the energy increases reaching the value of 0.31 at ELab = 699 MeV. The potential

assumed here (BNP) is energy independent and, therefore, we test the extent to which an

energy-independent interaction can describe the data in such a wide region of energies.
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 8

Table 3. The table presents the values of bombarding energies, ratio of the relative

velocity between the nuclei to the speed of light, the percentage variation of the

contraction of the space and the attenuation factor of the São Paulo potential. The

table also presents the NI values obtained from elastic scattering data fits in these

energies, in the context of different approaches adopted in the theoretical calculations,

and the respective χ2 values. In the last column, we present the ratio between the

NI values of the CCsup and DWBAsup approaches: CCsup/DWBAsup. Due to

ambiguities, this ratio is not presented for some energies (see text for details).

ELab v/c C (%) e−4v2/c2 DWBAint DWBAsup CCint CCsup ratio

χ2(%) NI χ2(%) χ2(%) NI χ2

17.5 0.10 0.5 0.96 0.5 0 0.5 0.5 0 0.5 -

18.0 0.10 0.5 0.96 0.4 0 0.4 0.5 0 0.5 -

19.0 0.10 0.5 0.96 0.9 0.11 0.6 0.7 0.07 0.6 0.64

20.0 0.10 0.5 0.96 1.0 0.05 0.9 1.0 0.03 1.0 0.60

22.0 0.11 0.6 0.95 5.8 0.23 3.8 1.6 0 1.6 0.00

23.6 0.11 0.6 0.95 15 0.70 3.7 4.7 0.30 2.8 0.43

27.6 0.12 0.7 0.94 49 0.87 5.0 14 0.27 3.0 0.31

40.4 0.15 1.1 0.92 51 0.57 12 18 0.08 8.3 0.14

50.0 0.16 1.3 0.90 30 0.39 13 15 0.13 14 0.33

58.0 0.17 1.5 0.89 69 0.54 11 36 0.19 20 0.35

79.1 0.20 2.1 0.85 74 0.70 17 50 0.35 30 0.50

104 0.23 2.7 0.81 109 0.63 29 77 0.42 37 0.67

120 0.25 3.1 0.78 47 0.61 9.7 32 0.39 12 0.64

139 0.27 3.6 0.75 152 0.61 37 118 0.47 36 0.77

172 0.29 4.4 0.71 51 0.81 13 36 0.52 16 0.64

288 0.37 7.2 0.57 141 5.50 31 111 0.67 47 -

340 0.40 8.4 0.53 141 3.94 44 126 0.80 58 -

386 0.42 9.4 0.49 145 3.00 66 126 0.84 81 -

480 0.46 11.4 0.42 167 2.15 74 130 1.35 83 0.63

699 0.54 15.8 0.31 146 2.31 87 134 1.90 92 0.82

4. Data analyses

In order to illustrate different aspects of our analyses, we performed calculations of cross

sections in four different approaches. To facilitate the reader, we adopt different labels

for these calculations. We name as DWBAint the OM calculations without couplings

(through DWBA) assuming the internal WS imaginary potential (i.e. making NI = 0 in

eq. (1)). DWBAsup also represents calculations without couplings, but in this case NI

is adjusted to fit the elastic scattering data. CCint and CCsup represent CC calculations

including all 111 states of table 2, assuming only the internal WS (NI = 0) or adjusting

the NI value of the superficial potential, respectively.
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 9

The data set was obtained from the EXFOR database [63] and also from tables and

figures presented in the manuscripts of the references. Thus, we do not know the error

bars for part of the data that we have analysed. With the purpose of estimating the

quality of the adjust between the theoretical and experimental angular distributions, we

define a “chi-square” given by the average percentage difference between experimental

(σexp) and theoretical (σtheo) cross sections:

χ2 =

(
1

N

N∑
i=1

∆σ

〈σ〉

)
× 100%, ∆σ = |σtheo − σexp| , 〈σ〉 =

σtheo + σexp
2

, (11)

where N is the number of data points of the angular distribution. With this definition,

the range of variation of chi-square is 0 ≤ χ2 ≤ 200%, where a perfect match between

data and theoretical cross sections is given by χ2 = 0%, while complete disagreement

provides χ2 = 200%

In table 3, we present the NI and χ2 values obtained from the analyses of the elastic

scattering angular distributions in different energies. These values were obtained within

the DWBAint, DWBAsup, CCint and CCsup approaches. Fig. 1 shows the behavior of

the NI values as a function of the energy in the cases of DWBAsup and CCsup. Note

the change from linear scale in the left side of the figure to logarithmic scale (both axes)

in the right side. The “error bars” represent NI regions in which the chi-square varies of

10%, i.e. χ2 ≤ (1 + 10%)χ2
min where χ2

min is the minimum chi-square value. Therefore,

these error bars should not be associated to uncertainties of the NI values; they just

illustrate the sensitivity of the data fits to variations of the NI value. The lines in the

figure represent linear fits to the data, in which only points with ELab > VB = 21 MeV

were considered. For some high energies, there are two NI regions of local chi-square

minimums (in these cases, only the NI value corresponding to the smallest chi-square

is provided in table 3).

The approach without couplings and with internal imaginary potential, DWBAint,

provides good precision (χ2 < 1%, see table 3) at sub-Coulomb energies (ELab < 21

MeV), but the data description becomes much worse for higher energies. This behavior

is expected since the absorption of flux by the peripheral reactions increases with the

energy. In fact, the NI parameter values obtained with surface absorption, within

DWBAsup, increase from NI ≈ 0.1 in the vicinity of the barrier to NI ≥ 1 for the highest

energies, and the corresponding χ2 values are much better than those for DWBAint

(mainly for energies above the barrier).

The approach with internal imaginary potential, but now considering the couplings

of table 2, CCint, provides much better data description than the DWBAint (compare

the respective χ2 values in table 3). The CCint does not contain any adjustable

parameter related to the OP and even so it provides precision (χ2) better than 20% for

the region of energies ELab ≤ 50 MeV. This behavior already shows the great importance

of the couplings to inelastic states for the elastic scattering process. Nevertheless, the

CCint does not work so well for higher energies, probably because further reaction

channels besides those of table 2 become important in this energy region. In fact, the

Page 9 of 34 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103847.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t
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Figure 1. (color online) NI values as a function of the bombarding energy obtained

from elastic scattering data fits within the DWBAsup and CCsup approaches. Note

the change from linear scale in the left side of the figure to logarithmic scale (both

axes) in the right side. The lines in the figure represent linear fits obtained considering

only points with ELab > VB .

CCsup approach, with superficial imaginary potential, provides increasing NI values as

a function of the energy (see Fig. 1), and significantly better χ2 values than those from

CCint (see table 3).

The last column of table 3 provides the ratio between the NI values obtained within

CCsup and DWBAsup. Due to the corresponding ambiguities, this ratio is not provided

for three high energies where two NI regions of local chi-square minimums were found.

All the ratio values are smaller than 1 indicating that the CCsup approach demands

less absorption from the OP imaginary part than the DWBAsup. This is expected since

the imaginary potential in DWBAsup simulates the absorption of flux of all peripheral

reaction channels, while in the CCsup it does not contain the contribution of the 111

inelastic states of table 2 (since they are explicitly considered in the couplings of the

CC calculations). For energies below the barrier (that corresponds to ELab ≤ 21 MeV)

the NI values are quite small for both CCsup and DWBAsup. For the region of low

energies given by 22 ≤ ELab ≤ 58 MeV, the ratio (CCsup/DWBAsup) values are about

0.3 indicating that the couplings included in CCsup are responsible by about 70% of

the total superficial absorption of DWBAsup. For higher energies the ratio reaches

larger values around 0.7 indicating that the contribution of the 111 inelastic states is

less important, probably because in this region more reaction channels are contributing

significantly to the total absorption. Note in addition in Fig. 1, that the behavior of

the NI values as a function of the energy in the case of CCsup is smoother than that

for DWBAsup, mainly at the region around the barrier: ELab ≈ VB = 21 MeV. This

difference is thus related to the effect of the couplings to the inelastic states of table 2.

Now we provide a detailed study of the characteristics of the elastic and inelastic
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 11

scattering in different energies.

4.1. Sub-Coulomb energy region: ELab ≤ 21 MeV.

In Fig. 2, we show elastic scattering angular distributions for four energies. Data

obtained in different references are represented by different symbols. For the purpose

of comparison, thin dashed black lines that correspond to σEl.

σRuth.
= 1 are included in the

figure. There is some discrepancy between different data sets, mainly for ELab = 17.5, 18

and 19 MeV at backward angles. The dashed red and dashed-dotted black lines represent

the results of theoretical calculations within two different approaches: DWBAint and

CCint, respectively. The comparison between these theoretical angular distributions

clearly shows that the effect of the couplings on the elastic scattering cross sections is

quite small. The NI values obtained within the DWBAsup in these energies are very

small (see table 3), while, as expected, those from CCsup are even closer to zero. The

theoretical distributions presented in Fig. 2 are in good agreement with the data for all

energies, corroborating that there is no need for including a superficial contribution in

the imaginary part of the OP in this low energy region.
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Figure 2. (color online) Experimental angular distributions for the elastic scattering

process in different energies. The references where the data were obtained are indicated

in the figure. The dashed-dotted black and (thick) dashed red lines represent the results

of the CCint and DWBAint approaches, respectively. The dotted blue lines correspond

to DWBAint calculations where the real part of the OP was increased by 10%.

In order to investigate the sensitivity of the elastic scattering cross sections to the

real part of the OP, we have performed additional DWBAint calculations where the real

part was normalised by a factor of 1.1 (10% of variation). The corresponding results are

shown as dotted blue lines in Fig. 2. Note that, except for ELab = 17.5 MeV, the effect

of varying the normalization by 10% is more significant than that from the couplings.
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 12

Another important point: the results corresponding to ELab = 20 MeV indicate that

there is no room for significant renormalization of the real part of the OP, under penalty

of making the adjust of the data much worse.

Fig. 3 shows inelastic scattering angular distributions with excitation of the first

excited state of 208Pb (3−, E∗ = 2.615 MeV). Again, the dashed-dotted black and dashed

red lines represent the results of the CCint and DWBAint approaches, respectively. The

deformation lengths assumed in these calculations for the 3− state are: δN = 0.865 fm

and δC = 0.797 fm. The comparison between these theoretical cross sections (almost

indistinguishable, except for ELab = 21 MeV at backward angles) allows the estimation

of the effect of the couplings, which is very small in this range of energies.
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Figure 3. (color online) Experimental angular distributions for the excitation of the

first 3− E∗ = 2.615 MeV 208Pb state. The references where the data were obtained

are indicated in the figure. The dashed-dotted black and dashed red lines represent

the results of the CCint and DWBAint approaches, respectively. The dotted blue lines

correspond to DWBAint calculations where the nuclear deformation value for this state

was reduced by 10%. The solid green lines are the results of DWBAint, where now the

Coulomb deformation value was reduced by 10%.

The dotted blue and solid green lines in Fig. 3 represent DWBAint calculations,

in which the nuclear or the Coulomb deformation values for the 3− state were reduced

by 10% (i.e. δN = 0.779 fm and δC = 0.797 fm or δN = 0.865 fm and δC = 0.717

fm). Comparing these results with those obtained with δN = 0.865 fm and δC = 0.797

(dashed red lines), one can see that the effect of a variation of the nuclear deformation

value on the cross sections is negligible, except for backward angles at ELab = 21 MeV.

On the other hand, the cross sections are quite sensitive to the Coulomb deformation.

This behavior allowed us to obtain an accurate value for δC of this state. Since the error

bars of the inelastic scattering data are known, we could also estimate the uncertainty:

δC = (0.797± 0.005) fm.
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 13

4.2. Energies around the barrier: ELab ≤ 28 MeV.

Fig. 4 shows excitation functions for the elastic scattering at (a) θcm = 81.1o and 121o

and (b) θcm = 165.3o. With the purpose of not overlapping the data, the cross sections

for θcm = 121o are displaced by a factor of 0.2. Note the change from linear (a) to

logarithmic (b) scales. The dashed-dotted black and dashed red lines represent the

results of the CCint and DWBAint approaches, respectively. The corresponding cross

sections are almost indistinguishable up to about ELab = VB = 21 MeV. From this point

forward, both approaches provide slightly different results, those from CCint describing

precisely the experimental data. In particular, this behavior is also clearly observed in

the region of the Coulomb rainbow, as indicated with an arrow in the figure.
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Figure 4. (color online) Excitation functions for the elastic scattering at three different

angles indicated in the figure. The cross sections for θcm = 121o are displaced by a

factor of 0.2. The data were obtained in [13]. The dashed-dotted black and dashed red

lines represent the results of the CCint and DWBAint approaches, respectively. Note

the change from linear (a) to logarithmic (b) scales.

Fig. 5 presents experimental elastic scattering angular distributions at two different

energies. Note the change from linear (a and b) to logarithmic (c and d) scales. For

these energies, the CCint cross sections are in much better agreement with the data than

those from DWBAint (see figure). This result is a clear indication of the importance of

the couplings in this energy region. Even so, something else is still missing to describe

the experimental angular distributions more accurately.

At this point we present results obtained within the DWBAsup and CCsup

approaches. Both have one free parameter to fit the elastic scattering angular

distribution, NI , which is related to the strength of the superficial imaginary potential.

In Fig. 6 we present the results of these theoretical calculations for ELab = 27.6 MeV

(the results for 23.6 MeV are similar). The agreement between data and theoretical
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Figure 5. (color online) Experimental elastic scattering angular distributions in two

different energies. The data were obtained from [16]. Note the change from linear (a

and b) to logarithmic (c and d) scales. The lines represent the results of the CCint

and DWBAint approaches.

cross sections improved (relative to CCint) at the backward angular region, as shown

(in logarithmic scale) in panel (a) of the figure. In this region, the DWBAsup slightly

underestimates the data for θcm ≥ 160o. In addition, important differences between

DWBAsup and CCsup are shown (in linear scale) at the region of the Coulomb rainbow

in panel (b). Thus, the best fit is clearly that provided by the CCsup approach.

Fig. 7 presents data for the excitation of the first 3− state of 208Pb at ELab = 23.5

MeV. In order to test the sensitivity of the theoretical cross sections to the nuclear

deformation value, we performed DWBAsup calculations with δN = δW = 0.865 fm and

δN = δW = 0.779 (variation of 10%). Note, for these two theoretical results in Fig. 7,

the high sensitivity of the cross sections at backward angles and the lack of sensitivity

in the forward region.

As already mentioned, in this paper we also study the effect of including or excluding

the imaginary part of the OP in the deformation related to the inelastic couplings.

With this purpose, we also present, in Fig. 7, DWBAsup results in which was assumed

δN = 0.865 fm and δW = 0. The effect of disconnecting the imaginary part is very

large. From a theoretical point of view, it is not necessary that the δC and δN values are

identical, but, as they are related to the deformation of the proton and matter densities

of the same nucleus, one could expect similar values. Since we obtained, from sub-

Coulomb analyses, δC = 0.797 fm, it is expected for the nuclear deformation something

about 0.8 fm. Deforming both (real and imaginary) with the same value, δN = δW , the

data fit for the angular distribution presented in Fig. 7 in fact results in δN ≈ 0.8 fm.
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Figure 6. (color online) Experimental elastic scattering angular distribution for

ELab = 27.6 MeV. Note the change from logarithmic (a) to linear (b) scales. The

lines represent the results of the CCsup and DWBAsup approaches.
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Figure 7. (color online) Experimental and theoretical angular distributions for the

excitation of the 3− E∗ = 2.615 MeV state at ELab = 23.5 MeV. The data were

obtained in [15]. The theoretical calculations were performed within the DWBAsup,

with different values assumed for the nuclear deformation parameters δN and δW .

On the other hand, if δW = 0 is assumed, the data fit provides δN ≈ 1.2 (see Fig. 7),

a value much larger than that for δC . We consider this fact as an indication that the

imaginary part of the OP should contribute for the deformation.

Fig. 8 also presents data for the excitation of the first 3− state, but now for

two bombarding energies. The lines in the figure represent the results of two different

approaches: CCsup and DWBAsup. The theoretical angular distributions are in
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 16

reasonable agreement with the data. In these calculations, the nuclear deformation value

was kept as δN = 0.865 fm. Note the significant dependence of the cross sections on the

model assumed in the calculations. For this reason, we estimate a larger uncertainty

in the determination of the nuclear deformation value (in comparison with that of the

Coulomb one): δN = (0.865± 0.030) fm.
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Figure 8. (color online) Experimental and theoretical angular distributions for the

excitation of the first 3− state at ELab = 23.5 MeV and ELab = 27 MeV. The data

were obtained in [15,26]. The theoretical calculations were performed with δN = 0.865

fm within different approaches: CCsup and DWBAsup.

Assuming eqs. (7) and (8), the set of 11 states presented in table 4 would be

equivalent, to simulate theoretical elastic scattering cross sections, to that of the 111

states presented in table 2. Similar characteristic was successfully tested at ELab = 139

MeV in [7]. Fig. 9 presents theoretical elastic scattering angular distributions for

ELab = 27.6 MeV, obtained within the CCint approach, assuming both sets of states.

The figure also presents the results of DWBAint, just to emphasize the effect of the

couplings. The CC theoretical elastic scattering angular distributions obtained with the

sets of states of table 2 and table 4 are quite similar. We verified identical behavior for

ELab = 23.6 MeV as well as for much higher energies, within both: CCint and CCsup

approaches. It is remarkable that a set with only 11 states of table 2 can simulate

accurately the effect of the 111 states of table 2. This characteristics can be useful to

facilitate numerical CC calculations in future works. However, the simulation does not

work for sub-Coulomb energies, where the effect of the couplings of table 4 on the elastic

scattering cross sections is significantly smaller than that of table 2.
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Role of inelastic couplings in the 4He + 208Pb elastic scattering. 17

Table 4. Excitation energy (in MeV), spin and nuclear length (in fm) values of 11

states that are equivalent (for the calculation of elastic scattering cross sections) to

those of table 2.

S 0 1 2 3 4 5 6 7 8 9 10

E∗ 13.7 17.3 8.74 7.35 7.71 4.93 8.37 5.51 5.29 5.55 4.90

δN 0.44 0.609 0.735 1.299 0.902 0.719 0.576 0.420 0.315 0.282 0.13
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Figure 9. (color online) Theoretical elastic scattering angular distributions for

ELab = 27.6 MeV within CCint assuming the sets of states presented in tables 2 and

4. For the purpose of comparison, the figure also shows the results obtained without

considering the couplings (DWBAint).

The data analyses in the energy region around the barrier provided several

important results. 1) There is not room for significant renormalization of the real

part of the OP. 2) The values of the Coulomb and nuclear deformation parameters were

accurately determined for the first 3− 208Pb state. 3) The CCsup approach resulted in

the best elastic scattering data fits. 4) The imaginary part of the OP should be included

in the deformation of the coupling potentials. 5) Eqs. (7) and (8) work very well in

the simulation of the effect of the couplings on the elastic scattering cross sections. We

proceed now with the data analyses for higher energies.

4.3. Energy region from ELab = 40 to 60 MeV.

We have found many data for inelastic excitation in this energy region, particularly

in [29] where experimental angular distributions are provided for a large number of

states with excitation energies up to about 6 MeV.

Fig. 10 presents an experimental elastic scattering angular distribution at ELab =

40.4 MeV. The results are shown in logarithmic, (a) and (c), and linear, (b) and (d),

scales. Theoretical cross sections from CCint and DWBAint are shown in panels (a) and
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(b). The CCint approach results in much better agreement with the data, indicating,

again, the great importance of the inelastic couplings. Theoretical cross sections from

DWBAsup and CCsup are shown in panels (c) and (d). The CCsup results are slightly

better than those of the DWBAsup (see also the corresponding χ2 values in table 3),

and provides a good data description in the whole angular region.
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Figure 10. (color online) Experimental and theoretical angular distributions for the

elastic scattering at ELab = 40.4 MeV. The data were obtained in [29]. Note the change

from logarithmic (panels (a) and (c)) to linear ((b) and (d)) scales.

Fig. 11 also presents elastic scattering angular distributions, but now for ELab = 50

MeV. The inelastic couplings involved in the CCint result in damping of the strong

oscillations (present in the cross sections from DWBAint), providing a better description

of the data. The theoretical DWBAsup and CCsup angular distributions are almost

identical and describe the data with precision resembling that of the CCint. In fact, for

this distribution the NI value of the CCsup approach is close to zero, indicating similar

results of CCsup and CCint. Note, however, that the experimental cross sections for

ELab = 50 MeV are of order of 10−2 (ratio to Rutherford) at backward angles, while

much smaller values, about 10−4, were measured at ELab = 40.4 MeV (see Fig. 10).

Thus, probably the data analysis at 40.4 MeV is more sensitive to different theoretical

approaches than that at 50 MeV.

Data and theoretical results for the elastic scattering at ELab = 58 MeV are

presented in Fig. 12. From this energy up, the DWBAint cross sections are much larger

than the data at the backward angular region (see panel (a) of the figure). The couplings

of the CCint improve the behavior of the theoretical results that now accompany the

magnitude of the experimental cross sections, but with a stronger oscillatory pattern.

The CCsup and DWBAsup angular distributions describe the data very well. This

time the DWBAsup (instead of the CCsup) is the one that describes slightly better the
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Figure 11. (color online) The same of Fig. 10, for ELab = 50 MeV. The data were

obtained in [18].
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Figure 12. (color online) The same of Fig. 10, for ELab = 58 MeV. The data were

obtained in [19].

oscillations of the data at backward angles (see panel (c)). This is an indication that

other couplings besides those of table 2 become increasingly important for higher and

higher energies.

In Fig. 13, we present an experimental angular distribution relative to the excitation
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Figure 13. (color online) Angular distribution for the excitation of the first 3− 208Pb

state at ELab = 40.4 MeV. The data were obtained in [29]. The lines represent the

results of different approaches, in which δW = δN or δW = 0 were assumed.

of the first 3− state of 208Pb at ELab = 40.4 MeV. Panel (a) contains theoretical results

from DWBAint and CCint. The inelastic couplings of CCint damp the oscillations

(present in the DWBAint) approaching the theoretical cross sections to the data. Panel

(c) shows slightly different results of the DWBAsup and CCsup approaches. The CCsup

angular distribution describes the data slightly better than the other ones. This is the

same behavior as that obtained for the elastic scattering at the same energy (see Fig.

10).

Panels (b) and (d) of Fig. 13 present theoretical distributions for the first 3− state,

but now assuming δW = 0 (only) for this state. Almost identical theoretical results are

found assuming δW = δN or δW = 0 in the cases of CCint and DWBAint (compare panels

(a) and (b)). Thus, the deformation of the imaginary part of the OP is not important

for the inelastic couplings when only the internal WS is included in this imaginary part.

On the other hand, when a superficial contribution is added to the imaginary part,

the δW = δN and δW = 0 assumptions provide significant differences in the theoretical

results. For instance, compare the corresponding results of the DWBAsup in panels

(c) and (d) of Fig. 13, in particular at the angular region indicated with an arrow in

(d). In this case, the approach assuming δW = δN results in much better agreement

with the data than that with δW = 0, indicating, again, that the deformation of the

imaginary part of the OP should be included in the coupling potentials. For this energy,

the NI value of the CCsup is much smaller than that for DWBAsup (see table 3), and,

therefore, the strength of the superficial imaginary potential for DWBAsup is much

larger than that for CCsup. Consequently, the effect of deforming the imaginary part
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Figure 14. (color online) Angular distributions for the excitation of four 208Pb states

at ELab = 40.4 MeV. The spins and excitation energies of the states are indicated

in the figure. The data were obtained from [29]. The lines represent the results of

different theoretical approaches.

of the OP is much larger for DWBAsup than for CCsup (compare the results of panels

(c) and (d)). Even so, in the case of CCsup the assumptions δW = δN and δW = 0

still result in slightly different angular distributions. All these results indicate that the

deformation of the imaginary part of the OP is important, and should be assumed in

CC calculations, but only in cases where this imaginary part has significant strength at

the surface region. Of course, this is an expected result since the inelastic excitation is

a peripheral reaction channel.

We present experimental and theoretical angular distributions for the inelastic

excitation of four 208Pb states at ELab = 40.4 MeV in Fig. 14. The deformation

parameter values used in the respective calculations are those provided in table 2. The

fit to the data presents some dependency on the model assumed in the calculations.

The examples presented in this figure represent typical results obtained in our fits to

the inelastic data in this energy region.

We present inelastic scattering angular distributions for 1− states of different

excitation energies in Fig. 15. The data were obtained at ELab = 40.4 and 48 MeV. The

lines in the figure correspond to CCsup cross sections obtained assuming eq. (2) or eq.

(6) to describe the 1− coupling potentials. The theoretical results obtained with these

two models are very similar in the angular region in which the data were obtained. The

deformation lengths obtained through inelastic data fits with eq. (6) are presented in

table 5. These values differ from those with eq. (2) (table 2) by a factor about 4. Thus,

we conclude that the choice of assuming eq. (2) or eq. (6) to describe the couplings
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Figure 15. (color online) Angular distributions for the excitation of 1− states at two

different bombarding energies. The excitation and bombarding energies are indicated

in the figure. The data were obtained from [29, 34]. The lines represent the results of

the CCsup approach, assuming eqs. (2) or (6) to describe the 1− coupling potentials.

of 1− states is not important for the purpose of this work, as long as the respective

different deformation length values are used in the theoretical calculations.

Table 5. Excitation energies, spins and deformation length values obtained through

inelastic scattering data fits assuming eqs. (5) and (6) for the 0+ and 1− states,

respectively.

E∗ (MeV) 4.842 5.292 6.484 7.063 7.280 13.700 22.000

S 1 1 1 1 1 0 1

δN (fm) 0.035 0.041 0.066 0.039 0.023 0.390 0.143

4.4. Increasing the energy: 70 ≤ ELab ≤ 80 MeV.

Fig. 16 shows data and theoretical elastic scattering cross sections for ELab = 79.1

MeV. The conclusions here are the same as those obtained for ELab = 58 MeV: 1) the

DWBAint cross sections are much larger than the data at the backward angular region;

2) the couplings of the CCint improve the agreement between data and theory, but

differences remain in the oscillatory pattern; 3) the CCsup and DWBAsup approaches

describe the data very well, but the DWBAsup describes slightly better the oscillations

of the data at backward angles.
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Figure 16. (color online) The same of Fig. 10, for ELab = 79.1 MeV. The data were

obtained in [20].

4.5. Intermediate energy region: 100 ≤ ELab ≤ 172 MeV.

Fig. 17 presents experimental and theoretical elastic scattering angular distributions for

ELab = 104 MeV (in (a) logarithmic and (c) linear scales), and for ELab = 120 and 172

MeV (in logarithmic scale). Again, the DWBAint presents cross sections much larger

than the data for rear angles. This time, the CCint also provides similar behavior, but

for more backward angles compared to DWBAint. It seems that contributions of other

couplings not included in table 2 become very important in this energy region. This

contribution can be simulated through the inclusion of a superficial imaginary part in

the OP, as can be observed in the DWBAsup and CCsup angular distributions shown

in the figure, which agree well with the data. Coherently, the NI values for CCsup are

smaller than those for DWBAsup (see table 3).

Fig. 18 shows data and theoretical cross sections for the elastic scattering

at ELab = 139 MeV. The effect of the couplings included in the CCint causes a

significant approximation of the theoretical elastic scattering cross sections to the data

set compared to the result of DWBAint. Even so, the CCint angular distribution largely

overestimate the data for θcm > 30o. The order of magnitude of the data is correctly

reproduced by the DWBAsup and CCsup theoretical calculations (which are almost

indistinguishable in the figure), but the beautiful nuclear rainbow of the experimental

angular distribution around θcm = 70o is not reproduced by the theoretical calculations.

These data were adjusted very well in [23], assuming a WS shape for the real and

imaginary parts of the OP (with six adjustable parameters). A shallow imaginary part

was obtained (W0 ≈ 23 MeV), indicating a certain degree of “transparency” in the
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Figure 17. (color online) Elastic scattering angular distributions for ELab = 104

MeV, (a) in logarithmic and (c) linear scales, and for (b) 120 MeV and (d) 172 MeV,

in logarithmic scale. The data were obtained from [21,24,38].

collision. We believe that a better adjust of this data set in the context of the present

model would demand the inclusion of many other couplings (besides those of table 2) in

the CC scheme, and the adjustment of the parameters of a shallow imaginary potential.

This task is beyond the scope of the present work.

Fig. 19 presents data for the inelastic excitation of three 208Pb states in different

bombarding energies. All the theoretical angular distributions of the figure were

obtained within the CCsup approach. In panel (a), the data correspond to the first 3−

state and the calculations were performed with and without deforming the imaginary

part of the OP, i.e. assuming δW = δN or δW = 0 (only for the 3− state). At this energy,

ELab = 139 MeV, both options result in similar cross sections that differ each other by

about 20%. Panel (c) corresponds to an 1+ state with very high excitation energy. The

theoretical calculations were performed considering eq. (2) or eq. (6) for the coupling

potential. Small difference is observed between these two calculations, a similar behavior

as that presented in Fig. 15 for other states and energies. Panels (b) and (d) of Fig.

19 refer to the 0+ state with E∗ = 13.7 MeV in two different energies. The calculations

were performed assuming eq. (2) or eq. (5) for the coupling potential. Again no

significant difference is observed in the corresponding angular distributions. Therefore,

the use of eq. (2) or the alternative eqs. (5) and (6) result in similar cross sections, as

long as different values for the corresponding deformation lengths are assumed in the

calculations.
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Figure 18. (color online) Elastic scattering angular distributions for ELab = 139

MeV, in (a) logarithmic and (b) linear scales. The data were obtained from [23].
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Figure 19. (color online) Inelastic scattering angular distributions for three 208Pb

excited states in different bombarding energies. The data were obtained from

[23,24,38,42,43].
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4.6. High energy region: 280 ≤ ELab ≤ 700 MeV.

As shown in Fig. 1, for high energies the NI values obtained from data fits become much

larger than those obtained in low energies. This is an indication that the absorption

of flux by the peripheral reaction channels become quite important for high energies.

Fig. 20 presents elastic scattering data and theoretical cross sections obtained within

the DWBAsup and CCsup approaches. The adjustment for ELab = 288 MeV is

reasonable. However, for higher energies the theoretical distributions only follow the

order of magnitude of the data but with a much larger oscillatory pattern. Indeed, the

corresponding χ2 values of table 3 are larger than 50%. Thus, we consider that the

limits of application of the DWBAsup and CCsup theoretical models assumed in this

work are found in this energy region.
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Figure 20. (color online) Experimental and theoretical elastic scattering angular

distributions in the region of high energies. The data were obtained from [45,46].

5. Discussion.

An observation of the figures presented so far shows that the CCint approach results

in a quite reasonable agreement between theoretical and experimental elastic scattering

angular distributions from sub-barrier energies up to ELab ≈ 80 MeV (about 4 times

the Coulomb barrier height). Note that, within this approach, there is not any free

parameter related to the OP to adjust the data, and only the internal WS shape

is assumed for the imaginary part of the OP (simulating the fusion process). We

thus consider that the data description within such condition in this wide energy

region clearly demonstrates the great importance of the couplings presented in table
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2. Nevertheless, the CCint approach fails in describing the data in the intermediate and

high energy regions: ELab ≥ 100 MeV. In the intermediate one, the CCsup provides good

data fits with NI values significantly smaller than those obtained within the DWBAsup,

again indicating the great importance of the inelastic couplings.

In order to study the importance of inelastic states with high excitation energies,

we have done additional CC calculations assuming only the internal WS shape for the

imaginary part of the OP (like in CCint), but now considering sets of states of different

regions of excitation energy. The first region is composed just by the first 3− state. The

second region includes all states (of table 2) with excitation energies up to 5 MeV, while

the third region involves states up to E∗ = 10 MeV. The fourth region corresponds to

all states of the table and, therefore, it is the result of the CCint as defined in the earlier

sections. Of course, the calculations without any coupling, referred to as the DWBAint

in the present paper, is also illustrative for this study.

Fig. 21 shows elastic scattering data and theoretical angular distributions for two

bombarding energies. The theoretical calculations were performed according to the

regions of excitation energies mentioned above. The effect of the low-lying 3− E∗ = 2.615

MeV on the elastic scattering cross sections is small. On the other hand, the effect

increases a lot when states of high excitation energies are included in the couplings.

Note that the difference of the CCint and the E∗ < 10 MeV cross sections shown in

the figure is due to the effect of only 7 states (see table 2). Even so, this difference is

significant. We believe that the agreement between data and theoretical calculations

could improve even more if other inelastic states (besides those of table 2) were included

in the coupling scheme.

Of course, the states presented in table 2 represent just a fraction of the states

that can be excited in the reaction 4He + 208Pb. At this point, it would be interesting

to obtain a quantitative estimate of the “size”of this fraction. In order to address

this question, self consistent Random Phase Approximation (RPA) calculations were

performed for 208Pb using the code skyrme-rpa [64]. The predicted strength functions

were obtained by using the SLy5 interaction [65], which has also been adopted in several

works to study the 208Pb case (see e.g. [66, 67]). Before presenting the corresponding

results, we discuss the sum rule for inelastic excitation.

The reduced transition probability for the inelastic excitation from the 0+ ground-

state (g.s.) to a particular state i (with spin S) is given approximately by [59]:

B(g.s.→ i;ES) ≈
∣∣∣∣∣3AδiR

S−1
0

4π

∣∣∣∣∣
2

, (12)

where δi is the deformation length of state i and R0 is the radius of the density of the

nucleus. In fact, eq. (12) is a simplified version of eq. (4) when the density is considered

as an uniform distribution without diffuseness. In this context, the energy-weighted

sum rule (EWSR) is obtained by summing over all excited states (of a given spin S)
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Figure 21. (color online) Experimental and theoretical elastic scattering angular

distributions for two bombarding energies. The theoretical CC calculations were

performed by coupling different sets of states corresponding to different regions of

excitation energy.

and results in [59]:∑
i

B(g.s.→ i;ES)× E∗
i ≈

3Ah̄2

8πm0

S(2S + 1)R2S−2
0 , (13)

where E∗
i is the excitation energy of state i and m0 is the mass of the nucleon. Combining

eqs. (12) and (13), we obtain:∑
i

E∗
i δ

2
i ≈

2πh̄2

3Am0

S(2S + 1), (14)

that represents another form of writing the EWSR. Expressions (11) to (13) are not

valid for S = 0 and 1 and should be appropriately modified (see e.g. [11]).

Table 6 presents the number of states (for each spin) and the corresponding fraction

of the EWSR exhausted by the states of table 2. For S = 0, we have 165% of the EWSR

with only one state (that with E∗ = 13.7 MeV). However, it is well-known that the giant

resonances contain contributions from many multipolarities that need to be disentangled

from the angular distributions. Experimental results using a multipole decomposition

analysis show that the exhausted EWSR at this excitation energy is about 40% [68].

Thus, the states of table 2 exhausts about 100% of the EWSR for S = 0, 1, 2 and 3.

On the other hand, for higher spins the states presented in table 2 exhausts only a quite

small fraction of the EWSR, indicating that there is still room for including many 208Pb

states (and also those of 4He) in the CC calculations.
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Table 6. Number of states and fraction of the EWSR exhausted by the states of table

2 for each spin S. The table also presents the average excitation energy (in MeV and

for each spin) obtained for the states of table 2 and from the RPA calculations.

S 0 1 2 3 4 5 6 7 8 9 10

number 1 6 12 33 21 15 6 8 4 4 1

% EWSR 165 95 112 140 41 11 8.5 2.2 0.9 0.6 0.1

〈E∗〉 Table 13.7 17.3 8.7 7.3 7.7 4.9 8.4 5.5 5.3 5.5 4.9

〈E∗〉 RPA 14.1 20.0 10.0 9.0 15.2 17.3 21.7 24.9 26.1 26.1

We turn now to the results of our RPA calculations. Table 6 contains the average

excitation energy values (for each spin) obtained with the states of table 2 and from

the RPA calculations. For each spin, these average values are defined according to eqs.

(15) and (16), for table 2 and RPA respectively. For spins 0, 1, 2 and 3 the average

values for the states considered in our CC calculations are similar to those obtained

from RPA. This is consistent with the other result, already commented, that the states

of table 2 exhaust about 100% of the EWSR for 0 ≤ S ≤ 3. On the other hand, for

S ≥ 4 the states included in the CC calculations exhaust only a small fraction of the

EWSR and, as presented in table 6, the average excitation values for the CC states are

much smaller than those from RPA. This is an indication that many states of high spins

and large excitation energies could provide important contribution if were included in

the CC calculations.

〈E∗〉 =

∑
E∗
i δ

2
i∑

δ2i
, (15)

〈E∗〉 =

∑
E∗
i B(g.s.→ i;Eλ)∑
B(g.s.→ i;Eλ)

. (16)

Fig. 22 presents the fraction of the EWSR reached up to a particular state i

(summation for all states from the g.s. to the state i) as a function of the excitation

energy of this state i, for some spin values. The data presented in this figure correspond

to the states of table 2 and to the RPA calculations. For S = 2, the states included

in the CC calculations present similar behavior as those from RPA. In this case, note

the presence of a state with excitation energy of about 10 MeV that exhausts a large

fraction of the EWSR. For S = 3, the RPA calculations overpredict the importance

of the first 3− state. The strong contribution of a state around 20 MeV (included in

the CC calculations) is not present in the RPA. For higher spins, the behavior of the

states of table 2 is similar to that of the RPA calculations for low excitation energies.

It is clear, however, that many states with E∗ > 7 MeV should be included in the CC

calculations.

Finally, we test our model in the description of the fusion at sub-barrier energies. In

this energy region, the major process related to fusion is the evaporation of one neutron

after the formation of the compound nucleus. Data for this process (from [69]) as a

function of the difference between the energy (center of mass) and the barrier height
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Figure 22. (color online) Fraction of the EWSR reached up to a particular state i

as a function of the excitation energy of this state, for some spin values. The data

correspond to the states of table 2 and to the RPA calculations.

are presented in fig. 23. The figure also shows the theoretical fusion cross sections for

the CCint and DWBAint approaches. The effect of the couplings is small and both

theoretical results describe the data accurately up to the region near the barrier (where

other processes should contribute to the fusion).

6. Conclusion

In this work, we have assumed the recently proposed BNP interaction for the real

part of the OP, which is not dependent on the energy. The purpose was to determine

the energy region in which a good data description is possible to be obtained in this

condition. We have taken into account the effect of couplings to 111 208Pb excited

states. The CC calculations performed in this work are realistic in the sense that the

deformation length values associated to the coupling potentials were obtained from the

corresponding inelastic scattering data fits.

The CCint approach does not contain free parameters related to the OP, whose

imaginary part involves only internal absorption to simulate fusion. Within this

approach, we obtained a quite reasonable description of the elastic scattering data set

from sub-barrier energies to about ELab = 80 MeV. A good data description is obtained

also in the intermediate energy region, 100 ≤ ELab ≤ 172 MeV, but in this case it

was necessary to include a superficial contribution in the imaginary part of the OP

through the CCsup approach. Consistently, the NI values obtained within CCsup are
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Figure 23. (color online) Data (from ref. [69]) for the evaporation of one neutron

from the compound nucleus as a function of the difference of the energy relative to

the barrier height. The figure also shows the theoretical predictions for the fusion

cross sections within the CCint and DWBAint approaches. Note the change from

logarithmic (top) to linear (bottom) scale.

considerably smaller than those obtained with the DWBAsup. The adjust of the data

at the high energy region was poor for both approaches: DWBAsup and CCsup. This

establishes the limit of the present models.

Our analyses provided other important conclusions. 1) The imaginary part of the

OP should be included in the deformation of the coupling potentials. 2) Eqs. (7) and

(8) work well in the simulation of the effect of the couplings of table 2 on the elastic

scattering cross sections, except in the sub-barrier energy region. 3) The use of eq. (2)

or the alternative eqs. (5) and (6) for the coupling potentials relative to the spins S = 0

and 1 result in similar cross sections, as long as different values for the corresponding

deformation lengths are assumed in the calculations.

There is room to improve the scope of the present theoretical model through the

inclusion of other couplings in the CC calculations. The states considered in the present

work represent only a small fraction of the EWSR for high spins. This is an indication
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that important contributions can be related to states with spins S ≥ 4 and excitation

energies E∗ ≥ 7 MeV. Furthermore, contribution of other reaction channels as, for

instance, to transfer reactions can also be important for the elastic scattering process.
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[64] Coló G, Cao L, Nguyen V G and Capelli L 2013 Comp. Phys. Comm. 184 142.

[65] Chabanat E, Bonche P, Haensel P, Meyer J and Schaeffer R 1998 Nucl. Phys. A 635 231.

[66] Cuong D C, Khoa T D and Colò G 2010 Nucl. Phys. A 836 11.
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