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Degenerate Minimal Surfaces in IR 
4 

CHI CHENG CHEN and C£LIA CONTIN GCES 

§ 0 Introduction 

Recently, Hoffman and Osserman [ 4 J have studied de·ge 

nerate minimal surfac~s in JR
4 in great details. In this paper 

we continue the study from a different point of view. We 

first analyse the geometry _of the complex quadric o2 in CP 3 

by looking at its intersecti~ns· with hyperplanes in CP 3 , as 

studied in [4], but we emphasize on their intrinsic aspects 

and their relations with the euclidean geometry in lR4 since 

each point in o2 represents an oriented plane in JR
4 . 

important of all, we will show.that there are natural 

to assign normal directions to each intersection so 

when we study .degenerate minimal surfaces in :m4 there 

Most 

ways 

that 

are 

natural normal vector fields to facilitate urrlerstanding the 

second fundamentul form. And we will apply the study, in par 

ticular, to the stability of such minimal surfaces . 
• 

§ 1 Preliminary 

The quadric i.n CP 3 is defined to be 

(1. 1) 

Each point of o2 
can be viewed naturally as an 

oriented plane .in ]R4 
I generated by its real and imaginary 

parts: 

( 1. 2) X = (xl, x2, x
3

, ·x4) , y = (yl, Y21 Y3 , y 4> 
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where x. + i y. = z., l~j~4 
J J J 

To each orientable minimal surface in ]R4 

given· by the immersion 

( 1. 3) X : M2 - ]R4 ' 

the generalized Gauss map 

( 1. 4) 

is definid by 

( 1. 5) ax , 
an 

where ~=~+in is the conformal structure on M.defi-

ned by isothermal parameters (~,n); 

xis said to be degenerate if its Gauss image lies in some · 

hyperplane in CP 3 , and~ is said to be h-degenerate if h is · 

the largest integer such that the Gaussian image lies in 

a projective subspace of _codimension h. Therefore there are 

only three kinds of degeneracy : 1-degenerate, 2-degenerate 

and 3-degenerate~ It's known [4] tpat 3-degenerate . minimal 

surfaces in m.4 are just planes. We will, therefore_, only 

concentrate on !-degenerate and 2-degenerate minimal surfa 

ces . ]R4 in • 

Finally, for a normal variation 

(1. 6) 

with compact support, the formula for the second variation 

is giv~n [6] by 

(1.7) I(v,v) - ~v - A(v), v > dM 
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.where vis the variational · vector field. If V = hn for some 

unitary normal vector field n and some smooth function h, 

then (1.7) . can be rewritten as 

(1.8) I (V, V) = l (-Ji6h -
2 n n 2 h <A ,A >+h <Vn,Vn>)dM 

A domain D of Mis said to be stable if for 

all non-trivial normal variations with compact support in 

D, I(V,V) is always positive. 

§ 2 The geometry of the quadric o2 

1) It's known [4] that the intersection of Q 2 with 

a hyperplane Hin CP 3 is · congrumen~ in o2 to the 

assuming H be determined by 

one by 

( 2. 1) cz
3 

- z 
4 

= o 

with _ 

( 2. 2) C = it , 0 $ t $ 1 

For t = 1,· S = o2nH is the union of two pro 

jective lines: 

(2."3) 

with only 

curvature 

(2. 4) 

Ll 
. Zl iZ 2 = o, iZ

3 - z4 = 0 . 

L2 Zl + iZ 2 = o, iZ 3 - z4 = 0 

one comrnqn point: [0,0,1,i], ands has constant 

K = 2. 

For O~tsl, Sis isometric to the quadric o1 : 

z2 + z2 + Kz2 = o 
1 2 3 
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. 3 
in CP , where 

( 2. 5) 

Now set 

(2.6) Zl = z 1 I z2 = z2, z3 =h z3 

-
CP 2 /Z 2 z2 z2 which identified Q

1 
with Ql = {Z € + + = O}. 

1 2 3 

Through the identification 

. ( 2. 7) ,e C-10 . ➔ - [~(~ 
1 -i 1 l] ( - c> , 2 ( s+ c> ' 

r; = 0 E ;;,, [l,i,OJ 

r; = 00 · [1,-i,OJ 

betwen C and o1 , we see that the Fubini-Study metric on CP
2 

1z "dz1 2 . 
(2. 8) 

-2 I_ 

ds = 2 

induces a metr•i c in C given by 

(2.9) 

( 2 .10) 

where 

( 2 .11) 

1~1 4 + 2klsl 2 
+ 1 

<lsl 4 
+ ~ 1~1 2 

+ 1>
2 

Us~ng the formula for the Gaussian curvature 

-K = -
2 aa log >,, 2 

>,,2 

we get 

<lr; l4 
+ ~ lr;l 2 

+ 1>
3 

ct,1 4 
+ 2k lr;l 2 + 1> 3 

From {2.11) and the fact that 
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( 2. 12) 

for r; ~ O, we therefore obtain the Ness' formula [5, p60] for 

-the Gaussian curvature on o1 : 

(2.13) 
<lz 1 1

2 + _lz212 
+ iz 3 ,

2
>
3 

K = 2 · - k 2 -------------

( i Zl 12 + IZ2i2 + k2IZ312)3 

To determi·ne the extremum of K, no"te that 

K depends only on r = I r; I 2 
- Studing the function 

r2 + 
2 r ·+ 1 k ( 2 .14) . f(r) = r ~ o, 2 r + 2kr + 1 

we find · that K achieves its maximum at I z: I . = 1 and its mini­

mum at r; = 0 or r; = 00 And we obtain the result of . Hoffman­

Osserman [ 4 J 

( 2. 15) 

d 21 . 
s Ir; I ~r 

find 

(2. 16) 

max 

min 

K = 2 - k
2 

1 K = 2 - k 

Furthermore, from (2.9) we see that 

-2 I and therefore, K( l;) 
1 = ds Ir; I= ; = K(~) • 

... 
Calculating the area for D = { z;ec/ i i;; l s 1 l 

A (D) - 21r 

we 
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Hences qan be viewed, intrinsically; as in 

· Figure 1 

----

------
1 

t=O 

O<t<l 

FIGURE l 

2) Since each point in Q 2 represents 

plane in JR
4 and isometries on Q 2 

are induced 

on JR
4

, 0(4), we now study Sin terms of the 

euclidean geometry. 

t=l 

an orit~nted 

by isometries 

4-dimensional 

Fort= 1, S decomposes in two complex p~o­

jective lines. We take one of them, say, 

(2.17) 

write 

( 2. 18) 

Then the homogeneous vector . 

(2.19) 
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satisfies 

( 2. 20) X = (a., -8, Y, -8), Y = (B, a, o, y) 

Set 

( 2. 21) V = (y, 8 , -a., -B) , W = (8, -y, -8, a.) 

natural orthogonal complements to X, Y in JR
4 . Then 

( 2. 22) 

represents the oriented plane normal to (2.19) and describes 

a complex projective line in Q
2

: 

( 2. 23) 

We can _c9nc~ude now that 

Proposition 2.1 - For each complex projective line in Q 2 , 

there is a natural correspondence to another complex pro-

' 
jective line in o2 such that any two corresponding planes 

4 . 
are mutually orthogonal in JR • 

For O ~ t < l, we will show that there exist 

two natural orthogonal normal fields defined on S. We start 

with some algebraic considerations. 

Let . 

(2.24) 

Write 

{2.25) Z = X + i Y 

with 



(2.26) X = 

where z. = 
J 

(2.27) Nl = 

N2 = 

Lemma 2.2 -

(xl' x2, x3, x4) , y = (y l' 

x. + i y., 
J J 

Define 

Im C z 2z 3, Z3Zi, 

Im (Z2Z4, z4zl.., 

It's trivial to 

Im ( Z Z ) = O· 
1 2 

l ~ j :-;; 4 

z1z
2

,o} 

0, ZlZ2} 

see that 

det 

y 2' Y3 , y 4> 

Let TI be the canonical projection from lR
4 

to" the x1x2 - plane. Then we have 

Lemma 2. 3 - n(X) e n(Y) are li-

nearly dependent. 

Since 

( 2. 28) 

it can be proved that if x 1y
2 

- x 2y 1 = 0 then N
1 

and N2 are 

linearly dependent. Together with Lemmas 2.2, 2.3 we obtain 

Lemma 2.4 - N
1 

and N2 are linearly dependent if and 

only if n(X) and n(Y) are linearly dependent. 

Furthermore, .by straightforward calculation, 

we have 

Lemma 2 • 5 -



Now in case 

(2. 29) 

for 0 it< 1, we have 

(2.30) 

and 

( 2. 31) 

are orthogonal and possess the same positive norm. 

we have 

Lemma 2.6 N1 will never vanish if (2.29) holds. 

And, in this case, with 

· (2. 32) y 4 = tx3 : 

and 

{ 2. 3 3) 

= 0 

we have 

Lemma 2. 7 

Combining these results and the fact that the 
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-directions of N1 _and N
2 

are indepen~ent of the choice of 

the harogeneCA.1s coordinates, we conclude that 

Proposition 2.8 - For O ~ t < 1, there are two natural uni 

tary normal vector fields, n1 , n 2 '. defined on S, such that 

a) nl : n2 

b) nl II Nl and 
-

c) n // 2 N2 when Im(Z
1 
z

2
) ~ 0 

In order to get a more precise and 

description of the normal . fields we set 

z3 -i Z4 Z3 
(2.34) w = = ( l+t) 

Zl -i z2 · Z 
1 -i z2 

Z3 +i z4 
( 1-t) 

Z3 
w = = 

Zl -i z2 Zl - .i z2 

useful 

Then w = l+t -
1-t w and it can be easily seen that 

(2.35) 

· (2.36) nl = (2 Rew, 2 Im w, (1-t) I , 2 WI - ( l+t) , 0) 

n2 = (-2t Im w, 2t Re.w, o, ( 1-t) I , 2 WI + ( l+t) ) 

respectively, which satisfy obviously <nl,n2> = 0 and 

(2.37) 

Remark - The directions of n
1 

and n
2 

extend naturally over 

z1-i z2 = 0 to the directions of (0,0;1,0) and (0,0,0,1) , 
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respectively, since w extends naturally to 00 at z1=iz 2 • 

!-degenerate minimal surfaces in :R
4 

Let x: M
2 - :R

4 be an !-degenerate minimal sur 

face. Without loss of generality (see [4]), we may assume its 

generalized Gauss map satisfies: 

for some O ~ t < 1 

Set 

(3. 2) g = 

which is a meromorphic function on M. Comparing (2.35), ~can • 

be written as 

(3. 3) <P 
<l>1-i<P2 

~-
1-t g2 ,i (i+ 1-t g2); 2 2it g) = l+t l+t g·, l+t 2 l+t 

Set 

(3. 4) f ( r;) dz; = ( <P1-i<I> 2> dz; 

which is a global .holomorphic differential on M. Then the indu 

ced metric 

(3. 5) ds
2 = A

2 
!dr; i 2 

is given by 

( 3. 6) 
{

l+ _2_(l_+t--=2-) 1912 + 
(l+t) 2 
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Apd the Gaussian curvature K given by the formula (see [3]) 

.. ( 3. 7) K .= -4 

can be computed to be 

(3. 8) K=-

From (2.36), (2.37) and (3.6), setting g=u+iv, 

we get that 

(3.9) N1 = (-2u, -2v, ...;.(1-t) I gl 2 + (l+t), O) 

N 2 = (-2tv, 2tu, O, (1-t)lgl 2 + (l+t)) 

are two normal vector fields defined off the isolated set: 

Furthermore, 

( 3 .11) 

are two mutually orthogonal unitary normal vector fields which 

extend over all M. 

To study tha induced second fundamental form we 

set 

(3 .12) 
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which form a local tangent frame for x. Note that 

(3.13) 

n 
<A 1, 

( 3 .14) 

n 
<A .2, 

n 
<A 1, 

= 

. . 

= i l (11i:~lgl2) h Ref+uS Imfh+ (i+i:~1912)(-us Imf-vS llef e0} 

(::r = t t~t~ i:~1g1 2)(v, llef+u, rmf)el+t (1 i~lgt j (vsimf-usRefh} 

(::lr = i{+t:~1912) (v, ~f+us r~) e1+H:~1g1 2)(vs Imf-us lle'e2} 

( ::f = i { t(1 i~lgl' h Ref+vs Imf)"i+t(i i~l912) (usimf+v~h} 

Therefore we obtain 

n nl nl _. - nl n 
A l;_ = <A e

1
, A e 1> +.<A e 2 , A le2> = 

{ ("N r ("N r <~Nf (::1/,}= = 2 l 2 < d~l ' d~l >· + 
A IN1I . . 

dn , 

I t_ l 4 I g' I 2 

(1 + i :~ I g I 2) 2 = 
2 >. 6 (l+t) 2 

n2 t
2 1£1 4 lg'l 2 

(1 1..,.t 1 I 2) 2 
A > = 

2 >. 6 (·l+t) 2 l+t g 

n nl n nl n2 
A 2> = <A e

1
, A 2el> + <A e 2 , A e 2> = 0 

; 
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<A,A> 

From (3.14) we see immediately 

~ 0 and for any unitary normal vector n = n1 
cos et + n 2 sen a, 

n n 2 nl Anl 2 n2 n2 
<A , A > = cos a. <A ' >- + sen a <A , A > 

Therefore we have 

Proposition 3.1 - The two natural unitary normal vector fields 

n1 , n 2 defined in (3.11) satisfy 

( 3. 15) 

for any unitary vector field n normal to x. 

And since <A, A> = 1 K 
2 

we have 

Proposition 3.2 - The two orthogonal unitary normal vector fields 

( 3 .16) 

satisfy 

( 3 .17) 

V - f2 (n + n ) W = IT22 (nl - n2) - ---i:- 1 2 ' 

w w 
<A, A> = - K 

Next, considering the normal connection v and 

the fact <V n1 , p
2

> =.- <Ve. · n 2 , n1 > for j = 1,2, we can easi . 
ej J 

ly prove that 

Proposition 3.3 - For any unitary normal vector field 

<Vn, Vn> is a well-defined function, independent of the direc­

tion of n. 

I 
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PROOF - It's sufficient to consider the function 

F(a) = < V(i cos a+ n sen a), V(i cos a+ m sen a)> 

· where {t, m} is any normal frame, and show that 

F' (a) = 0 q.e.d. 

Now we treat the problem of stability. First 

we find that the stability of a domain depends only on the 

normal direction n 1 . 

Theorem 3.4 - Let D be a domain of an 1-degenerate minimal 

surface in lR
4

• Then D is stable if and only if I (V, V) > 0, 

V V = hn1 where h is a non-zero differentiable. 

with compact support in D. 

function 

PROOF - The necessity of the ·hypothesis is obvious by defini­

tion. On the other hand, if Dis unstable then it's known [7J 
-

that there exist a _compact sub-domain D1 of D and a Jacobi 

field V defined on D' which vanishes on ao'. Since the zeros 

of v are anaiytic curves or isolated points, if. we set h = 1.v I , 

n = V 

!vi 
then from Prop. 3.1 and 3.3, we have 

0 = I (V, V) 

with V = hn1 • This leads to a contradiction. 

On the other hand, if we look at the 

I (V, V) 

q.e.d. 

problem 
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of stability intrinsically, following the arguments of Barbosa 

- do Carmo.(1,2], we get 

Theorem 3.5 - Let D be a simply connected domain of an 1-dege­

nerate minimal surface in :IR
4

• If the area of the generalized 

Gauss map on Dis less than 

then Dis stable. 

4n 'where k i's · b J-k 2 given y (2.5), 

PROOF - Since the generalized Gauss map is a branching cov~ing 

on its image and it's known (3] that ds 2 = -k ds 2 in the indu­

ced Fubini - Study metric on the image whose Gaussian curvatu-

re 

by (2.15). From (3.4) and (3.10) in [2], we compute that if 

the Gauss image has area less than 4
n 2 , then the- first eigen 

3-k 

value Al with respect to ds 2 on Dis greater than 2. The rest 

of the proof then follows - the same argument in . [lJ. 

q.e.d. 

Remarks 

1 - Fort= O, we have k = 1. This gives the same result in · 

[1], which is sharp. It would be interesting to know whether 

our result is sharp for arbitrary general t. If it were true, 

then the result obtained by Barbosa - do Carmo [2] for mini­

mal surfaces in :IR
4 would therefore be· sharp also. 

2 ~ From our discussions in this section, we see clearly that 

4 
1-degenerate minimal surfaces in JR possess many proµ:rties si 

milar to those in :IR
3 , as observed first by Hoffrran--Osseman [4]. 
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§ 4 2-degenerate minimal surfaces in JR
4 

It's known [4] that any 2-degenerate minimal 

surface in m.4 is a regular complex analytic curve lying 

in c 2 = m.4 , with respect to some orthogonal complex structu 

re on m.4 
• Now let 

( 4, 1) tJ! = ( f, g) 

be a regular holomorphic curve, where Mis a Riemann surface 

and c 2 = JR
2 EB i lR

2 is the canonical identification to JR
4

• 

Then the real coordinates of tJI are given by 

. . 

( 4. 2) X = Re (f, -if, g, -ig) 

And with respect to a local complex parameter · 

~ = u + iv, the generalized Gauss map is given by 

( 4. 3) 

Writing 

· (4. 4) f I ( r;) = Cl+il3 I g'(r;) -::/y+icS 

in real and imaginary parts, then¢= X + iY with 

( 4. 5) X = (a, f3, Y, o), y = (f3, -a., o, -y) 

which satisfy 

(4.6) <X,Y> = O, I XI 2 = I y I 2 
= ·1 f I I 2 + 

2 2· I g' I = A 

It's easy to see that 

( 4 .. 7) N
1 

= (-o, -y, 8, a), 
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are normal to x and are mutually orthogonal. Then 

( 4. 8) 

form a local adapted frame for x. To calculate the 

fundamental form, using the Cauchy-Riemann equations 

second 

( 4. 9) 

we get 

(4.10) .. 

and 

( 4 .11) 

( 4 .12) 

CL = 8v CL = -6 u I V u 

= -o 
Yu = 0 

V 
Yv 

' u 

A °le = - l:....f-a.y +Bo +ya -08 \ e - _!_ fsy +ao ·-oa -y8 e 
2 .\ 3 \ . u u u uJ 1 A 3 \ u u · u u) 2 

A e.. =·- - -a.o -Sy +y8 +a . e - - So -ay -oS +ya e n2 1·( · ~ 1 ~ ) 
· L A 3 U u u u ~ 1 A 3 U U U . U 2' 

n n 
<A 1, A 2> = 0 

= { I Ct' ,g'> " Cf" ,g" > 1
2 

A 

Therefore, we have the Gaussian curvature 

<.... 
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°for any unitary normal vector n. Summing up, we have 

Theorem 4~1 - Let x: M
2 ~ lR.

4 be a 2-degenerate minimal 

surface in lR.
4·• Then, with respect to any orthonormal normal 

vectors, v,w, the second fundamental form satisfies 

(4.13) 
w w =<A, A>= -K 

V W <A , A > = 0 

where K is the Gaussian curvature of the surface. 

Remarks 

1 - From (4.7) we see that~= · (f,g) is orthogonal and iso-

metric to ~ = (g,: . -£) _as . 2-degenerate minimal surfaces in 

JR.
4 • We thus concl~de that I KI = I K .1 ] , where K .1 is the nor 

mal curvature of x. In fact, this is a characteristic 

perty for holomorphic curves in c 2 • 

pro""'.'. 

2 - The property (4.13) is, ·in fact, also characteristic. We 

will .discuss them elsewhere. 

3 - If Mis simply connected then, using a fixed uniform pa­

rameter, we can construct global unitary normal vector fields·. 

4 - By Wirtinger's inequality [8], we know that any 2-degen~ 

rate minimal surface in :m4 is stable. From our discussions 

in (1.8) Prop. 3.3 and (4.12), we see that for any unitary 

normal vector field n and any normal variational vector field 

v, 

I (V, V) = I (hu, hu) 
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with h = lvl . This probably explain, from the variational 

viewpoint, why holomorphic curves in c 2 = JR
4 

are always sta 

ble. 
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