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1. Introduction

In [11], Renault introduced the notion of an approximately proper equivalence relation on a compact
topological space X, consisting of an increasing sequence { R, }nen of equivalence relations on X, each of
which is proper in the sense that the corresponding quotient map is a local homeomorphism. When equipped
with the inductive limit topology, the union R = (J,, R,, becomes an étale groupoid, and if one is moreover
given a suitable sequence of continuous real-valued functions on X, a cocycle' may be defined on R.

As its title suggests, the main goal of [11] is to study the corresponding Radon-Nikodym problem, i.e.,
to find the probability measures on X which are quasi-invariant with Radon-Nikodym derivative equal to
the aforementioned cocycle.

Among other things, the relevance of solving the Radon-Nikodym problem lies in the fact that the
solutions lead to KMS states on the groupoid C*-algebra and hence have a profound relevance to Statistical
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Mechanics. For compact subshifts of Z?, these solutions for the Gibbs relation are precisely the Gibbs
measures, and they are KMS states for the respective C*-algebra [3].

As mentioned in [11, Section 7], approximately proper equivalence relations arise naturally in the study
of local homeomorphisms from a compact topological space to itself. Precisely speaking, given a compact
topological space X, and a local homeomorphism o : X — X, one lets,

R, = {(x,y) eEXxX:0"x)= J”(y)},

for each n > 0, and it is not hard to see that each R, is a proper equivalence relation so that {R,},en i8
an approximately proper equivalence relation in the sense of [11].

Prominent examples of local homeomorphisms on compact topological spaces are given by Markov shifts.
On the other hand, in a recent paper [2], we have focused on a generalization of Markov shifts introduced
by M. Laca and the second named author in [6], which in turn have been shown by Renault [10] to consist
essentially of a generalized shift space, with the notable difference that the shift map is no longer defined
on the whole space, but only on a proper open subset.

The precise setup of [10] is that of a locally compact space X, an open subset U C X, and a local
homeomorphism

c:U— X.
However, if one starts from this data, it is not possible to build an approximately proper equivalence relation
by the procedure indicated above, not least because ¢” fails to be defined on the whole space X. If one
wants to make sense of the relation

e~y = () =0"(y),

one must restrict attention to elements x and y for which o™ (z) and 0™ (y) make sense, namely elements of
the domain of ¢™, which we shall henceforth denote by U,,. We thus define

R, = {(z,y) eU, xUpy,:0™(x) = a”(y)},
which is clearly a proper equivalence relation on U,. If n < m, observe that
o"(z) =0"(y) = o™ (x)=0"(y),

as long as all of the above terms are defined, i.e., as long as = and y lie in the smaller set U,,. This may be
more succinctly expressed by saying that

Ry N (Up X Up) C Ry (1.1)

If one misreads the above inclusion, ignoring the intersection with U, x U,,, one will be left with the
impression that the R,, are increasing, just as in [11], although this is evidently not true given that the sets
where these relations are defined in fact decrease.

Another distinctive feature of the R, is the fact that, still under the hypothesis that n < m, one has
that U,, is invariant under R,,, meaning that

(z,y) € Ry) A (y€Up) = x €Uy,

which may be expressed by saying that
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R, N (U, X Up) CUp X Upy,. (1.2)
The reader may easily verify that, together, (1.1) and (1.2) are equivalent to
R, N (U, X Up) C Ry,

which might not have an immediately intuitive interpretation, but due to its sheer simplicity, is adopted in
this work as the main axiom in our generalization of Renault’s notion of approximately proper equivalence
relations, given in full detail in (5.1), below, and referred to as a GAP, for short.

The main aim of the present work is to conduct a study of GAPs along the lines of Renault’s study
of approximately proper equivalence relations. We thus show that the union R = |J,, R, is an equivalence
relation, hence a principal groupoid, which becomes étale when given the inductive limit topology. A suitable
notion of potential is introduced, leading up to a cocycle relative to which the Radon-Nikodym problem
may be investigated.

Since each R, is assumed to be proper, one has that R is the (not necessarily increasing) union of proper
equivalence relations, so it is not surprising that the study of proper relations is as important here as it
is in [11]. Should our U,, be compact we would be able to borrow the results of the first few sections of
[11], but the example of infinite state Markov shifts, our main motivation, requires an understanding of
the Radon-Nikodym problem for proper relations on non-compact spaces. The lack of compactness indeed
brings several complications, most of them stemming from the fact that equivalence classes no longer need
to be finite. For example, the normalization achieved in [11, Proposition 3.1.iii] by means of replacing a
potential p’ by

_ A=)
pla) = >y P (1)

needs to be dealt with in a more careful way if equivalence classes are allowed to be infinite.

Once the proper case is taken care of, we apply our results for GAPs, showing, among other things, that
quasi-invariant measures may be characterized, much in the same way as DLR measures, as those which
are fixed by a family of conditional expectations. See section (6), and in particular Corollary (6.8), for full
details.

The existence part of the Radon-Nikodym problem, which follows easily from compactness when that
property is present, e.g. as in [7, 8.2], turns out to be a delicate question here. In fact, existence may already
fail in the proper case, but it is nevertheless easy to determine precisely when this happens. The crucial
point is to analyze the partition function

(@)= ply),

Yy~

defined in (4.2), which may well return infinite values, should equivalence classes be infinite. The set of
points « for which {(z) = oo, which we denote by Z,, is a forbidden zone for finite quasi-invariant measures
in the sense that any such measure assigns zero mass to Z,. Thus, if ¢ is identically infinite, a situation very
easy to arrange, there are no nontrivial solutions for the Radon-Nikodym problem. Excluding this extreme
situation, i.e. when ( is finite on at least one point, one may easily show the existence of quasi-invariant
measures. See section (4) for more details in the proper case.

Unfortunately, we have no definitive answer for the existence question in the most general situation of
GAPs treated here, which is perhaps to be expected given that similar results rely heavily on compactness.
However we can offer several partial existence results which the reader will find in section (7).
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The second named author would like to acknowledge the warm hospitality of Rodrigo Bissacot and his
group during a very productive visit to the University of Sdo Paulo, when the bulk of the results presently
being reported were developed.

2. Proper equivalence relations

As mentioned above, we start by analyzing proper equivalence relations, avoiding the compactness as-
sumption.

2.1. Standing hypothesis

Throughout these notes we will assume that X is a locally compact, second countable, metrizable space.
We will denote the o-algebra of Borel measurable subset of X by B(X), and the set of all Borel measurable
functions

f:X —[0,+00]
by M" (X, B(X)).

2.2. Definition. An equivalence relation R C X x X is said to be proper, provided the quotient space X/R
is Hausdorff, and the quotient map

m: X > X/R
is a local homeomorphism.?

» From now on we shall fix a proper equivalence relation R on X.

Given any z in X, we will denote its equivalence class by R(x), in symbols
R(z) ={y € X : (z,y) € R}.

2.3. Definition. For each f in M (X,B(X)), we will let

ENl,= Y f.

yER()

Observe that the above sum could very well diverge, in which case we of course set E(f )‘z to be oo.
Therefore, like f, one has that F(f) is a function taking values in [0, co].

We will soon prove that E(f) is B(X)-measurable, but so far we will see it simply as an element of
M* (X,P(X)), where P(X) is the o-algebra of all subsets of X (with respect to which any function is
measurable). In other words, E may be seen as a map

E: M (X,B(X)) = M (X,P(X)).

2 A map ¢ : X — Y, between topological spaces X and Y, is said to be a local homeomorphism provided for every x in X, there
are open subsets A C X, and B C Y, such that z € A and ¢ is a homeomorphism from A onto B.
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2.4. Proposition. E is o-additive, in the sense that it is positively homogeneous and

B3 1.) = S B,
n=1 n=1

for any sequence {fn}n in M* (X,B(X)).

Proof. It is evident that E is positively homogencous. Given any sequence {f,}, in M (X,B(X)), for
every x in X, we have

EQY_fa)l,= 22 D_fw) =3 > fal) =) E(f)l, O
n=1 yER(x)

yeR(z) n=1 n=1 n=1
2.5. Proposition. If f is in M (X,B(X)), then so is E(f).
Proof. Let {U,}nen be a countable open cover of X, such that the quotient map
m: X > X/R

is a homeomorphism when restricted to each U,. Also let {¢,},en be a partition of unit subordinate to

this cover.
Given f in M* (X,B(X)), put fn, = fin, so that f =" f,, pointwise. Using (2.4), we then have that

o0

B(f) = B( i fa) = Y E(f).

n=

so it suffices to prove that each E(f,) is Borel-measurable. Write
T:7m(U,) = Uy

for the inverse of the restriction of 7 to Uy, and let V,, = 7= (7 (U,)). We then claim that

) fa (7’(7‘[‘(3’3))), if v e Vy,,
E(fn)|x B {0, otherwise.

Indeed, when z is not in V,,, then 7 (z) is not in w(U, ). So, while f,, vanishes outside U,,, there is no y in
U, such that (z,y) € R. The sum defining F(f,) |J: therefore has no nonzero terms, and hence E(f,) ‘x =0.

On the other hand, if = is in V,,, then 7(z) € w(U,), so w(x) = 7w(y), for a unique y in U,, namely
y= T(ﬂ(x)), whence f(y) is the only possibly nonzero term in the aforementioned sum. Therefore

E(fn)’I = f(y) = fn (7(71‘(1‘)))7

as claimed. Since the correspondence z — f, (7(7(x))) is easily seen to be Borel-measurable on V;,, we have
that E(f,) is Borel-measurable on X. 0O

Notice that, in view of the above result, £ may be viewed as a map from M’ (X,B(X)) to itself. We
therefore no longer need to consider the o-algebra P(X), and we shall henceforth use the simplified notation

+

M (X) = M (X,B(X)).
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A few other useful properties of E are as follows:

2.6. Proposition. Given f,g € M+(X), one has that:

(i) E(f) is R-invariant, meaning that if (z,y) € R, then E(f)}z = E(f)
(ii) if g is R-invariant, then E(gf) = gE(f),
(iii) if f < g, then E(f) < E(g),
) if f vanishes outside a subset A C X, then E(f) vanishes outside

(iv
Orb(A) :={ye X :3x € A, (z,y) € R}.

Proof. We prove only (iv). Given x € X, suppose that

0£E(f),= > fly

yER(x)

Then it is easy to see that there exists at least one y such that (z,y) € R, and f(y) # 0. Consequently
y € A, whence z € Orb(A). This proves that

E(f)|x # 0=z € Orb(A),
from where the conclusion follows immediately. O
When multiplying extended real numbers, as in the multiplication “gf” above, we adopt the convention
according to which 0 X oo = co x 0 = 0. A trivial, but highly relevant fact to be noted regarding this

convention is that the multiplication of positive extended real numbers is both associative and infinitely
distributive, i.e.,

[e's) [e's)
C E ap = E CQp,
n=1 n=1

for every ¢ and every sequence {a,}, in [0,00]. Incidentally, the above choice for the value of 0 x co is
necessary for the validity of the distributive property, since

1
Oxoo_OxZ ZO E:

Given p, f in M (X), we have that E(pf) € M+(X). Fixing p we may then define the map
+ +
E,:feM (X)— E(pf) e M (X),

which is clearly also o-additive. Therefore, for every measure v on B(X), we may consider the measure
E%(v) given by (A.3). Some elementary observations regarding E(v) are in order:

2.7. Proposition. Given a function p in M+(X) as well as a measure v on B(X), one has that

(i) E;(v) is a finite measure if and only if E(p) is v-integrable,
(ii) if A is any R-invariant’ Borel-measurable subset of X with v(A) =0, then E}(v)(A) =0 as well.

3 A subset A C X is said to be R-invariant if, whenever z € A, and (x,y) € R, one has that y € A.
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Proof. The first point follows immediately from
ES(v)(X) :/1dE;(V) = /Ep(l)dV:/E(p) dv.
X X X

Regarding (ii), and denoting the characteristic function of A by 14, it is obvious that pl4 vanishes
outside A. Therefore E(pla) vanishes outside Orb(A) by (2.6.iv). However, since A is invariant, we have
that Orb(A) = A, so in fact E(pl4) vanishes outside A. Therefore

E (v)(A) = [ 1adE;(v) = [ E(pla)dv = E(pla)dv=0. O
[ [ |

3. The operator E on C.(X)

In this section we continue assuming that X satisfies (2.1) and that R C X x X is a proper equivalence
relation on X. Whenever we speak of R as a topological space, we will be referring to the topology induced
on R by the product topology of X x X.

We will often view R as a groupoid under the multiplication operation according to which the product
(z,y) - (z,w) is defined if and only if y = 2, in which case it is set to be (z,w). The unit space of such a
groupoid is, therefore, the diagonal {(z,z) : * € X}, which we identify with X in the obvious way. The
range and source maps are then given respectively by

r(z,y) ==, and s(z,y)=y, V(z,y)€R
It is well known that R is then a Hausdorff étale groupoid.

3.1. Proposition. Given any continuous, complex-valued function f on R, suppose that f vanishes outside a
given subset L C R, such that s(L) is relatively compact. Then:

(i) The expression

gy = > f()

yr(v)=y

gives a well-defined and continuous function on X.
(ii) If r(L) is also relatively compact, then g has compact support.

Proof. We first claim that R is closed in X x X. In order to see this let
m: X > X/R
denote the quotient map and observe that
R={(r.y) € X x X i n(x) = (1)} = {(2,9) € X x X : (n(2),7(y)) € A},

where A is the diagonal in X/R x X/R. Since X/R is Hausdorff, we have that A is closed, and hence R is
closed in X x X.
Given yg in X, let K be a compact neighborhood of gy, and observe that

r N K)NLCK xs(L),
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so r}(K) N L is relatively compact in X x X, and hence also in the closed subspace R. For each
yer Y (K)NL,

namely the closure of r~}(K) N L within R, let U, € R and V, C X be open sets such that v € U,,
r(7y) € V4, and such that the restriction of the range map r to U, gives a homeomorphism onto V.

We shall also insist that, whenever r(y) # yo, the open neighborhood V, of 7(7) is chosen such that
Yo & V. We therefore get an open cover {U,}., of the compact set r—1(K) N L, from which one may extract
a finite subcover, say {U,},cr, where F' is some finite set of ’s.

Splitting F according to whether or not r(y) = yo, we define

FF={aeF:r(a)=y}, and Fr={feF:r(f)#yo}

We then put

V=int(K)n (] Van (] X\ Vs,
a€F BEF>

and we claim that yo € V. To see this, notice that yo lies in int(K) because K is a neighborhood of yy.
Moreover, for every « in Fj, we have that

yo = (@) € Vy,

and finally, for every 3 in Fy, we have explicitly chosen Vj so that yo & Vg.
We next claim that, for every n in R,

r(n) eV A f(n) #0=n€U,, for some a € F;. (3.1.1)
Indeed, given 7 satisfying the above antecedent, we clearly have that
ner YK)nL,

so there exists some « in F', such that n € U,, and we would now like to decide whether v lies in F} or in
F5. The key observation here is that

r(n) e VnrUy) =VnV,,

so V, has a nonempty intersection with V, and this can only happen when v € F, thus completing the
proof of (3.1.1).

Next, use the fact that R is Hausdorff to produce a collection of pairwise disjoint open sets {Wy}aer
such that each a € W, and finally put

Q=vn () r(WanUs).

aEFy

Noticing that W, N U, is open in U,, we see that r(W, NU,) is open in (U,) = V,, so Q is an open
subset of X. Also, since a € W, N U, we have that yo = r(a) € r(W, NU,), so yo € Q.
For each « in Fy, denote by t, the inverse of the homeomorphism

rlu, : Uy = Va,



R. Bissacot et al. / J. Math. Anal. Appl. 538 (2024) 128444 9

and, regarding the function g referred to in the statement, we claim that for every y in €2, one has that

9) =Y f(ta(®)) (3.1.2)

acF;

To prove this claim it is enough to show that

{veR:r(v) =y, f(v) #0} ={ta(y) : a € F1, f(ta(y)) # 0}, (3.1.3)

and that the ¢, (y) in the description of the set in the right hand side above are pairwise distinct.
With respect to this last statement, notice that for each « in F7,

ta(y) € ta(r(Wa NUs)) = Wo MU, C W,

so the t,(y) lie in pairwise disjoint sets and hence are necessarily pairwise distinct.

We next observe that the inclusion “2” in (3.1.3) is evident, so we focus on the reverse inclusion “C”.
For this, pick v in R such that r(y) =y, and f(vy) # 0, and notice that by (3.1.1) it follows that v € U, for
some « € Fy. Therefore v = t,(y), so we see that + lies in the set in the right hand side of (3.1.3).

This proves (3.1.3) and hence also (3.1.2), from where it is clear that the sum defining g has finitely many
nonzero terms, so that g is well defined, and moreover that ¢ is continuous.

In order to prove (ii), it is enough to observe that if g(y) # 0, there must be at least one v with r(y) = y,
and f(v) # 0, whence v € L, and then y € r(L). Viewing through the contrapositive

yér(L) = f(y)=0, for all v such that r(v) =y,

which in turn implies that g(y) = 0. Thus g vanishes outside the relatively compact set (L), and hence it
is compactly supported. 0O

3.2. Corollary. Given f € C.(R), the correspondence

e Y fx,y)

yER(x)

defines a compactly supported, continuous function on X.
Proof. Follows immediately from (3.1.ii) upon choosing L to be the support of f. O

Recall that the operator E defined in (2.3) is only defined for non-negative functions. This is due to the
fact that the summation involved in its definition is not supposed to converge but, as long as the summands
are non-negative, we may always assign a sensible value to the sum, that value being co in the divergent
case. In the case of compactly supported functions, the situation is however much better behaved:

3.3. Proposition. Given f in C.(X), and for every x in X, the sum

> ),

yER(z)

has at most finitely many nonzero terms. Moreover, defining

E(f),= > fy), VzeX,

yER(z)
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one has that E(f) is a continuous function on X.

Proof. Since R is a proper equivalence relation, we have that R(z) is a closed, discrete set for every z in X.
Therefore, if K is the compact support of f, one has that R(z) N K is finite from where the first assertion
follows immediately.

Addressing the last assertion, consider the continuous function

g:(z,y) € R f(y) € C.
Denoting the support of f by L, notice that g vanishes outside the set
K:=(XxL)NR.

Since s(K) C L, we see that s(K) is relatively compact. We may therefore employ (3.1.i) to conclude
that the function g defined there is continuous, namely

gle)= Y gl = > gy = > fly)=E\)

yir(y)=z yER(x) yER(z)

x?

concluding the proof. O
In view of the above result, we get a map
E:C.(X)— C(X).
On the other hand, recall that in (2.3) we defined an operator
+ +
E:M (X)—=>M (X),

using the exact same formula as in (3.3). Clearly the two operators referred to above coincide on the
intersection of their domains, so there is no ambiguity in using the same notation “E” for these maps.
Some of the main properties of E on C.(X) reflect those listed in (2.6):

3.4. Proposition. For every f and g in C.(X), one has that:

(f) is continuous,

)
(ii) if g is R-invariant, then E(gf) = gE(f),
)
) E(f) is bounded.

E
E

Proof. Leaving the easy proofs of (i) and (ii) to the reader, we notice that (iii) was already proved in (3.3).
Regarding (iv), let K be the compact support of f, and let M be the supremum of |E(f)| on K, which
is finite by (iii). We will then prove that |E(f)| is bounded by M on all of X. In order to prove that

|E()],| <M, (3.4.1)

for any given = in X, we may evidently assume that F( f)|x 2 0. In this case

0£E(f)], = Y. f)

yER(z)
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so there exists at least one y in K such that (z,y) € R. Therefore
()
B 2B, < M,
proving (3.4.1). O

Complementing (2.7), we may now describe a few other relevant properties of E(v) under the extra
hypothesis that p is finitely valued and continuous.

3.5. Proposition. Let v be a measure on B(X), and let p: X — R, be a non-negative, continuous function.
Setting p = E;(v), one has that:

(i) if v(X) < oo, then p is a Borel measure (i.e. finite on compact sets),
(ii) of ' is any measure on B(X) such that

[taw = [Eonar <o vrecix),
X X

then p = u', and in particular the above identity holds for every f in M’ (X).
Proof. In order to verify (i), and using (B.4), it is enough to prove that every f in CF(X) is u-integrable.

Given such an f, notice that the continuity of p implies that pf lies in C.(X), whence E(pf) is bounded
by (3.4.iv). Therefore

[ tau= [ Bloniv <X < .
X X

Addressing (ii), observe that the hypothesis says that every f in CF(X) is u/-integrable, so another
application of (B.4) tells us that u’ is a Borel measure. By hypothesis, we then have that

[raw = [ ran vseci.
X X

from where we deduce that p is also a Borel measure. Since any f in C.(X) may be written as the linear
combination of functions in C;f (X)), we deduce that the identity displayed above holds for every f in C.(X),
so p = g/, by (B.3) and the uniqueness part of the Riesz-Markov Theorem. 0O

4. Proper equivalence relations and quasi-invariant measures

> As before, throughout this section we fix a space X satisfying (2.1), as well as a proper equivalence
relation R on X. We will moreover fix a continuous function

p: X =R,
which will henceforth be supposed strictly positive, i.e.,
p(x) >0, VzelX,

and which will be referred to as the potential for R.
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The relevance of p is that it leads to a multiplicative cocycle on R via the formula

D(z,y) = p(x)/p(y), V(z,y) € R, (4.1)

and the goal of this section is to study quasi-invariant measures relative to this cocycle. See (4.9) below for
the precise definition.

In some applications of our theory, the role of p is played by the function p(z) = e®*®) where § > 0
and h is a continuous, real-valued function on X. The assumption that p is strictly positive then holds
automatically. Another reason why we need to assume that p is never zero is that, otherwise, the above
definition of D would run into trouble.

4.2. Definition. For each x in X, define

yER(x)

We will refer to ¢ as the partition function for the potential p.
4.3. Proposition. { is bounded below by p, and consequently

0<((x) <oo, VzelX.
Proof. Obvious. O

Since ( is defined to be E(p), we have by (2.5) that ¢ lies in M' (X). We may in fact prove that ¢ satisfies
a stronger regularity property:

4.4. Proposition. { is lower semi-continuous.

Proof. Let {¢,}, be as in (B.5). Then

. (A30)
¢=E(p)=E( lim ppn) =" lim E(ppn),

n—oo

whence ( is the limit of an increasing sequence of continuous functions by (3.3), from where the conclusion
follows. O

4.5. Corollary. The set
Z,={x e X :((z) =00}
is a Gg, hence a Borel set.

Proof. Noting that

Z, = ({r e X : {(x) >k},

keN

the result is an immediate consequence of (4.4). O
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In what follows we will make frequent references to the function ¢!, so it is worth discussing it briefly
now. Recall from (4.3) that {(x) > 0, for all z in X, so we will never run into the trouble of considering the
inverse of zero. On the other hand, when ((z) = oo, we evidently put (~*(z) = 0.

In view of our convention that oo x 0 = 0, observe that

_ 0, ifxeZz,
()o@ = {1, otherwige, (4.6)
so we have that
(T =1x\z, (4.7)
In particular, we note the following partial-isometric-like property of ¢, to be used shortly:
(TR = (4.8)

All things considered, we will see that the somewhat unusual fact that (¢~' vanishes on Z, will not be
so crucial. For example, we will soon encounter expressions such as

X/ ¢,

but often the measure p will also vanishes on Z,, so the funny behavior of (¢~ on Z, becomes totally
irrelevant.
We next recall the definition of a quasi-invariant measure in the special case of étale groupoids.

4.9. Definition (/9, 1.3.15]). Let G be an étale groupoid and let D : G — R’ be a multiplicative cocycle. A
measure £ on G is said to be quasi-invariant relative to D when

S ) du(z) = / S F()D() du(x),

Gloy vEr—1(=) Gloy vEs1(@)

for every f in C.(G).

For the case of our groupoid R, the above quasi-invariance condition becomes

/Z f(@,y) dua /Z 7(,9)D (@) duly). (4.10)

yER(z) TER(y)
for every f in C.(R).
The following result lists several equivalent conditions for a measure to solve the Radon-Nikodym problem.

4.11. Theorem. Let X be a topological space satisfying (2.1). Also let R be a proper equivalence relation on
X, seen as an étale groupoid. Given a continuous, strictly positive function p : X — R, consider the cocycle
defined on R by D(z,y) = p(x)/p(y). Then, for every finite measure p on X, the following are equivalent:

(i) w is D-quasi-invariant,

ii) /fE(pg) dp = /E(pf)gdm Vf,ge€C(X),
X X
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i) [ feau= [ E@pany fecix),
X X

(iv) / fdu= / E(fp¢ Y du, ¥ feCHX),

X X
(v) there exists a positive measure v on X, with respect to which ¢ is integrable, and

[ ran=[Eenan viecx),
X

X

In addition, if any of the above equivalent conditions hold, then u(Z,) = 0.

Proof. (i) = (ii). Pick f and ¢ in C.(X), and consider the function F' on R given by the formula

Fz,y) = f(2)g(y)p(y)-
Plugging F in (4.10) we have
> f@)gW)ply) du(z) = / > f@)g)plx) duly),
X YER(x) X *€R(y)
which translated precisely into (ii).

(ii) = (iii). Given f in CF(X), let {¢,}, be as in (B.5). Then

. (A.3.1)
fCdp= [ fE(p)dp= [ fE(lim ppy)dp =
Jreo=[rmo= ]

n—oo

— lim [ fE(pon)du 2 HILH;O/E(pf)% du:/E(pf) dp.
X X X

(ili) = (iv). We will first prove that u(Z,) = 0. In order to do it suppose by way of contradiction that
w(Z,) > 0. Since p is finite, it is regular by (B.3), so there exists a compact set K C Z,, such that
w(K) > 0. Using Uryhson, take f in CF(X), such that f|x =1, so that

w0 =00 x (k) = [ ¢du= [ fedu<
K K

(3.4.iv)

< / fCdp / E(pf)du < [E(pf)lloe u(X) <" ox.
X X

Arriving at a contradiction we conclude that u(Z,) = 0, as desired.
We next claim that (iii) indeed holds for all f in M (X), namely that

/f(duz/E(pf)du, VfeM (X). (4.11.1)
X X

Letting (p and p play the roles of u’ and v, respectively, in (3.5.ii), we only need to prove that every f
in CF(X) is integrable with respect to Cu, but this follows from

(3.4.iv)

/ JCdp / E,(f) di < ()| Ey(Dlloe | < o0,
X X
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Therefore (4.11.1) is verified so, for any f in C(X), we may plug in f{~! there, obtaining
[ e an= [ 1¢can= [ ran,
X X X

where the last equality is justified by (4.6), which says that ((*' =1 on X \ Z,, and by the fact that p
vanishes on Z,. This proves (iv).

(iv) = (v). Defining v := ¢!y, and given f in C.F(X), we have that
fdu= (pf¢c Y dp 'S [ Blof)c du= [ E(of) dv
e [t froncta- |

Since C.(X) is linearly spanned by C.f(X), the last assertion in (v) follows. Furthermore, employing (3.5.ii)
once more, one has that

/fdu / (of)dv, VfeM (X),

so we are allowed to plug f = 1 above, whence
/Cdl/:/E(p)dl/:/ldu:u(X) < 00,
X X X

hence proving the remaining first assertion of (v).

(v) = (i). In order to prove that p is D-quasi-invariant, we need to check (4.10) for every f in C.(R). As a
notational aid, let us temporarily write

Y fl@y), and Bly)= Y f(=,y)D(=y),

yER(x) z€R(y)

so that our goal is to prove that A and B have the same integral relative to p. En passant, notice that A
and B lie in C.(X) by (3.2).
Starting from the left-hand-side of (4.10), observe that

/meydu /Ad (V/EpA

yER(x)
:/ ST op(z) D flay)dv(a / > Z f(z,y) dv(z). (4.11.2)
X #€R(z) yER(z) X #2€R(z) yeR(z

On the other hand, starting from the right-hand-side of (4.10), we have

/Z F(z,9)D(z,y) duly) = /Bd (L)/E(pB)dy:

z€R(y) X

:/ Z Z f(z,y)D(z,y) dv(z /Z Z f(z,y) dv(z). (4.11.3)

X yER(2) z€R(y) X yER(z) z€R(y)
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Notice that the difference between (4.11.2) and (4.11.3) is simply that, in the former, the sum ranges
over all pairs (z,y) such that

Tz,
while, in the latter, the pairs (y, z) considered are those for which
Ty~ 2.

Being an equivalence relation, R is transitive, whence in both cases above the sum ranges over all y and
all z in the equivalence class of , and therefore we see that (4.11.2) and (4.11.3) coincide. This proves (4.10)
and hence that p is D-quasi-invariant. O

The characterization given by (4.11.v) may be used to produce D-quasi-invariantmeasures, as we now
show:

4.12. Corollary. Given a measure v on X such that  is v-integrable, there exists a unique finite, D-quasi-
invariantmeasure p on X such that

[tan=[EBepan. vrec.x),
b'e X
Proof. Given v, let u= E}(v), so
wX)= [ ldu= [ E(p)dv= [ (dv < o0,
[

so p is indeed a finite measure and it is D-quasi-invariantbecause it satisfies (4.11.v). The uniqueness of y
now follows from the uniqueness part of the Riesz-Markov Theorem. O

The next result settles the question regarding the existence of nontrivial D-quasi-invariant measures.
4.13. Corollary. The following are equivalent:

(i) there exists at least one D-quasi-invariant probability measure on X,
(ii) ¢ is not identically infinite.

Proof. Recall that Z, is the set of points where ¢ is infinite, so (ii) is equivalent to saying that Z, # X, or
equivalently that X\Z, is nonempty.

Assuming (i), let u be a D-quasi-invariant probability measure on X. By the last sentence in (4.11) we
have that p(Z,) = 0, and hence that u(X\Z,) = 1, so X\Z, # 0, proving (ii). Conversely, if X\Z, is
nonempty, it is easy to exhibit a measure v on X satisfying

3(/(de1.

Take, for example, any point yo € X\ Z, and, observing that 0 < ((yo) < co by (4.3), it is enough to choose

v = C(yo)iléy(n
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where ¢y, is the Dirac measure on yo. Given any such v, the measure p built in (4.12) in terms of v is a
D-quasi-invariant probability measure, proving (i). O
The remainder of this section will be devoted to a closer look at the fourth condition of (4.11).

4.14. Proposition. Consider the operator P, : M (X)— M+(X), given by

Py(f) = E(fp¢"Y), VfeM (X).

Then
1) P,(1) =1x\z,,
(ii) Pg =P,

(iii) the range of P, coincides with the set M;yp(X), consisting of all R-invariant functions f in M+(X)
which vanish on Z,.

Proof. We should first observe that, since p and (! lie in M+(X ), the range of P, is indeed a subset of
M (X) by (2.5).
In order to prove the first assertion, we compute

P, (1) = B(p¢™Y) “EY Blo)ct = ¢t ) 1y,

We next claim that:

(a) the range of P, is contained in M;VP(X), and
. +
(b) P,(f) = f, for every f in Mp (X).

In order to verify (a), pick any f in M (X). Since

Py(f) = BE(fp)¢"

by (2.6.ii), and since (! vanishes on Z,, then P,(f) also vanishes on Z,. The fact that P,(f) lies in
M;7P(X) then follows immediately from (2.6.1).

To prove (b), let f € ./\/l;;,p(X). Then

(2.6.ii)

Py(f) = E(fp¢™") FE(p)C = ¢ =,

where the last step relies on the fact that f vanishes on Z,. This said, (ii) and (iii) follow trivially from (a)
and (b). O

Among the characterizations of D-quasi-invariant measures given by (4.11), a particularly useful one is
(4.11.iv), given the nice properties of the operator P, described in (4.14). For that reason, and also for
future reference, we restate part of the conclusions of (4.11) in a way as to emphasize the importance of P,,.

4.15. Corollary. Under the conditions of (4.11) one has that p is D-quasi-invariant if and only if Py (1) = p.
Some further important facts involving P are as follows.

4.16. Proposition. Let v be any finite measure on X. Then
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) if A C X is an invariant Borel subset, then P;(v)(A) = v(A\Z,),

) if v vanishes on an invariant Borel set A C X, then the same is true for P, (v),
) Py(v) is finite,

(iv) P;(v) is nonzero if and only if v(X\Z,) is nonzero,

) if v is a probability measure vanishing on Z,, then so is P;(v),

) P (P;(v) = Py (v),
) P;(v) is D-quasi-invariant.

Proof. Given A as in (i), we have

Py 0)A) = [ 1adp;w) = [ BLape a0 [1am()c -

X X X

- /1ACC*1 av = /1A1x\zp dv = v(A\Z,).

X X

Points (ii-—v) then follow immediately from (i). Regarding (vi), it is an easy consequence of (4.14.ii). Finally,
let us prove (vii). For this, set u = P;(v), so we see from (vi) that P} (1) = p1, and the conclusion follows
from (4.15). O

5. Generalized approximately proper equivalence relations

As before, throughout this section, we assume that X is a locally compact, second countable, metrizable
space.

5.1. Definition. By a generalized approzimately proper equivalence relation on X, a GAP for short, we shall
mean a pair

R = ({Un}nENa {Rn}neN)’

where each U, is an open subset of X, and each R,, is a proper equivalence relation on U, such that

i) X=U2U:1 2022 ---
(ii) Ry is the identity relation on Uy, that is, Ry is the diagonal in Uy x Uy,
(iii) if n <m, then R, N (U, X Uy,) C Ryy.

5.2. Remark. Two immediate consequences of the definition are as follows: if R = ({Up}nen, {Rn}nen) is
a GAP on X then, whenever n < m, one has that

(i) the restriction of R,, to U,,, namely R, N (U,, x U,,), is contained in R,,, because

(5.1.ii)
Ry N (Up X Up) € Ra O (Un X Up) € Ry

(ii) If n < m, then U, is invariant under R,, in the sense that if a point z in U, is equivalent under R, to
a point y in U,,, then x lies in U,,. In fact,

1
(xvy)ean(UnXUm) - ngUmXUmv

sox € U,.
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Tt is not hard to see that also (5.2.i-i) imply (5.1.iii), so the reader might think of the latter as subsuming
the former, which some may consider a more natural set of conditions.

The main motivation and the main source of examples for GAPs is described in detail in Section (8),
below.

» From now on we fix a GAP R = ({Un}ne]N, {Rn}neN) on X.

5.3. Proposition. Setting

R= ] R,

neN

one has that R is an equivalence relation on X.
Proof. The only slightly nontrivial point regards the transitivity of R. In order to prove it, suppose that

(z,y) and (y, z) lie in R. We may then pick n and m such that (x,y) € R, and (y,2) € R, and we may
assume without loss of generality that n < m. In that case we have that

(#,9) € Ry N (Up X Up) € Ry
Since R,, is transitive we have that
(z,2) € R,y CR. O

5.4. Lemma. Equipping each R, with the topology induced from the product topology on X x X, one has that
R, N R, is open in R,, for alln and m in N.

Proof. Given (z,y) in R,,NR,,, by the definition of the product topology on R,, we must prove the existence
of open subsets V, W C X, such that

(r,y) € Ry N(V x W) C R, N Ry,

Assuming that n < m, choose V = U,, and W = U,,, and observe that the above inclusion is then
immediately verified thanks to (5.1.iii). On the other hand, proving the result under the opposite assumption,
i.e. that n > m, is equivalent to maintaining the assumption that n < m (with which the reader must be
used to by now) and proving instead that

(,y) € Ry N(V x W) C R, N Ry, (5.4.1)

For each k € N, denote by 7, the quotient map

TE © Uk — Uk/Rk,

and for each k € {n,m}, let us choose an open set W}, C Uy, such that y € W}, and such that 7 restricts
to a homeomorphism from Wy, to the open set 7, (Wy). Replacing both W,, and W,,, by

W =W, N W,

we may assume that W, = W,.
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Notice that m,(z) = m,(y) € (W), so we have that z € 7! (m,,(W)), and upon setting
Vi=m, (1 (W) N U,

we see that V' is an open subset of X, and we moreover claim that (5.4.1) holds. The first part, namely that
(z,y) € Ry N (V x W), is evident and, in order to prove that

R,.N(VxW)CR,NR,, (5.4.2)
let us pick (z,w) in the set appearing in the left-hand side above. It follows that z € V', whence m,(z) €
Tn (W), so there exists some w’ in W such that 7, (z) = m,(w’). Another way to express this is by saying
that (z,w’) € Ry, but since (z,w’) also lies in Uy, X U,,, we deduce that

(z,w") € Ry N (Upy X Up) C R

Recall that (z,w) € Ry, as well, so transitivity yields (w,w’) € R,,. Observing that both w and w’ lie in
W, and using that 7, is injective on W, we see that w = w’, whence

(z,w) = (z,w') € R,.
This finishes the verification of (5.4.2), and hence also of (5.4.1), concluding the proof. O
Recall that the inductive limit topology on the union of an increasing sequence of topological spaces
XoCX;CXoC -

is the topology according to which a subset U C |J,, X, is open if and only if U N X, is open in X, for
every n. In our situation, where R = |J,, R,,, the R,, do not form an increasing sequence of subsets but one
may nevertheless equip X with the topology defined as above, that is, in which a subset U C R is open
if and only if U N R, is open in R, for every n. Even though this might constitute a slight abuse of the
language, we shall refer to that topology as the inductive limit topology on R.

5.5. Lemma. Fquipping R with the inductive limit topology we have that each R, is open in R.
Proof. Follows immediately from (5.4). O

The two previous Lemmas form the key to showing the following result, whose otherwise easy proof we
leave for the reader.

5.6. Proposition. Given a generalized approzimately proper equivalence relation on X, one has that R is an
étale groupoid when equipped with the inductive limit topology.

6. Quasi-invariant measures and GAPS

As before, throughout this section we assume that X is a locally compact, second countable, metrizable
space. We will also assume that we are given a GAP

R = ({Us}neny {Rubuex)

on X.
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6.1. Definition. By a potential for R we shall mean a collection {k;,}»>1, of continuous functions
kn: U, > R,
such that for every n > 1, one has that
(x,y) € Rp—1 N (Up, X Up) = kn(x) = kn(y). (6.1.1)

It is perhaps worth pointing out that a potential involves no kg. On the other hand, the lowest case of
(6.1.1) is tautological, that is, when n = 1, we have that R,,_1, also known as Ry, is the identity relation,
and it is no surprise that = y implies that k,(z) = k,(y).

Regarding (6.1.1), notice that

Rnfl N (Un X Un) = Rnfl N Rna
because
(5.1.iii)

Rn—l N Rn - Rn—l N (Un X Un) c Rn—l N (Un—l X Un) - Rn—l N Rn-

An equivalent way to state (6.1.1) is therefore to require that k,(z) = k,(y), for all (z,y) in R,_1 N R,.
» From now on we assume that we are given a potential {ky},>1 for R.

Our next goal is to use a potential to produce a cocycle on the groupoid R = |J R,,. As a first step,

neN
we introduce the following notation:

6.2. Definition. For all n > 0, let h,, : U, — R, be defined recursively by hg = 0, and
hy =hn_1lu, +kn, Yn>1.
In addition, for all n > 0, we define
cn: (z,y) € Ry — hy(x) — hy(y) € R.

Of course one may alternatively define h,, by

hn =Y kilu,
=1

observing that, when n = 0, the usual convention about sums without any summands gives hg = 0, as
expected.

6.3. Proposition. For every n > 1, and all (x,y) in R,_1 N R,, one has that

cn_1(x,y) = Cn(xa y)

Proof. The difference between c¢,(x,y) and ¢,_1(z,y) is precisely k,(x) — k,(y), but since (z,y) lies in
R,—1 N R, condition (6.1.1) applies. O

6.4. Proposition. There ezists a (necessarily unique) continuous cocycle ¢ on R, such that ¢ = ¢, on each
R,.
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Proof. We first claim that, whenever 0 < n < m, one has that
R.NRyp=R,NRpt1N...NRpy—1 N Ry, (6.4.1)

In order to see this, it is clearly enough to show that R, N R,, C Ry, for every k with n < k < m, and in
turn this follows from

(5.1.ii)

R.NRy CRy,NUp xUp) CR,NU, xUx) C Ry

Given any 7y in R, choose n such that v € R,,, and put

c(y) = en(7)-

To see that this is well defined, suppose that v € R,,, for some other m, and let us prove that ¢, (y) = ¢ (7).
Assuming without loss of generality that n < m, it follows from (6.4.1) that v € R,NR,,+1N...NRy—1 N Ry,
so we may apply (6.3) to show that

cn(7) = cng1(y) =+ = Cmfl(’V) = Cm(V)'

This shows that c is well defined and we leave it as an easy exercise to show that ¢ is a continuous cocycle
on R. O

We shall next present two general results about quasi-invariant measures on étale groupoids, to be used
later.

6.5. Proposition. Let G be an étale groupoid and suppose that we are given a collection {G;}icr of open
subgroupoids G; C G, such that G = |J;c; Gi. Suppose moreover that D : G — R is a continuous mul-
tiplicative cocycle and that 11 is a finite measure on GO, Then u is D-quasi-invariant if and only if the
restriction (see (A.]) for a discussion regarding the concept of restricting a measure to a subset) of u to
QZ-(O) 18 quasi-invariant relative to the restriction of D to G;, for every i.

Proof. We prove only the “if” part, leaving the “only if” part to the reader. We must therefore check (4.9)
for every f in C.(G). By [5, 3.10] (which holds even if G is non-Hausdorff), we have that f may be written
as a finite linear combination of functions f;, each of which lies in C.(U;), for some open bisection Uj.
Therefore, since both sides of (4.9) are clearly linear with respect to f, it suffices to prove (4.9) under the
assumption that f € C.(U), for some open bisection U.

Letting K be the compact support of f, recall that the hypotheses imply that {UNG;}; is an open cover
for K. Choosing a finite subcover {UNG;, }7_, and a partition of unit {¢y}}_,; subordinate to it [13, 21.1.5],
we may write

f=> for
k=1

observing that foy lies in C.(G;,).

The upshot of this argument is that we may further reduce (4.9) by assuming that f is supported on a
single G;. Under this assumption, observe that the integrands in both sides of (4.9) vanish whenever x is
not in Qi(o), so it suffices to verify a variant of (4.9), namely where both occurrences of G(9) are replaced by
g§0). The resulting expression is then seen to hold because the restriction of u to QZ.(O) is D-quasi-invariant
by hypothesis. O
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*

6.6. Lemma. Let G be an étale groupoid with a continuous multiplicative cocycle D : G — R, and let u be
a finite, D-quasi-invariant measure on GO,

(i) If ¢ is a bounded, invariant," Borel-measurable function on GO, then ou is also D-quasi-invariant.
(ii) If E is an invariant,”> Borel subset of G(O), then pg = 1g u is also D-quasi-invariant.

Proof. In order to prove (i) we pick any f in C.(G) and we set out to verify (4.9) relative to the measure
pp. Starting from the left-hand side, we have

> fden) = [ Y fee duto) =
(z)

G yer—1(=) G(0) yeEr—(=

— / S F@e(r() dutz) L) / S F(e(s(0) D) dpu() =

G(0) yer—1(z) G(0) vEs~(x)

- [ ¥ sopee@due = [ Y 0)D6)denta),

gy v€s~ () gloy v€s~ ()
proving (i). Point (ii) now follows from (i) upon taking ¢ to be the characteristic function of E. 0O

Returning to the GAP we have fixed at the beginning of this section, and assuming we are given a potential
{kn}n>1, leading up to the cocycle ¢ of (6.4), consider the multiplicative cocycle

D:y€Rw e eR2,
as well as the multiplicative cocycles
D, :v € Ry e € RY.
We then have the following immediate consequence of (6.5):

6.7. Corollary. Let pu be a finite measure on X. Then p is D-quasi-invariant if and only if ply, is Dy-quasi-

n

invariantfor every n in IN.

Once the question of the quasi-invariance of a measure p on X is reduced to the quasi-invariance of
measures on proper equivalence relations, namely the R,,’s in the above Corollary, the results of Section (4)
apply. Our goal in what follows is to patch the conclusions of these results for the various R,, in a meaningful
way from the point of view of R. For each n € IN, we shall let

pn i1 € Uy @) € RY,

and we will henceforth let ¢, be the partition function given by (4.2) in terms of p;,.
Alongside py,, D,, and (,, all of the other ingredients introduced in Section (4) will also be relevant here,

and P,

s as well as the operator E, on M+(Un) given by (2.3) relative to the equivalence

such as Z,,
relation R,,.

As a first use of these notations, we have the following immediate consequence of (6.7) and (4.15).

4 A function ¢ defined on G(© is said to be invariant when ¢(r(7)) = ©(s(v)), for every v in G.
5 A subset E C G is said to be invariant when r(v) € E < s(y) € E, for every v in G.
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6.8. Corollary. Let u be a finite measure on X. Then u is D-quasi-invariant if and only if

*

Py (ulu,) = plu,, Vn€N.

Part of the difficulty in simultaneously dealing with so many maps and sets is the fact that they each refer
to a different equivalence relation. Attempting to bring everything to a common environment we introduce
the following:

6.9. Definition. Let n € N be given.

(i) For any f in M (Un), we will denote by ¢,,(f) the extension of f to the whole of X obtained by setting
it to be zero outside U,,. When no confusion is likely to arise, we shall denote that extension simply by
f, by abuse of language.
(if) We will write Z,, and Y, for Z,, and U,\Z,
of X (which of course they are).
(iii) We will denote by F,, the map from M' (X) to itself given, for every f in M (X), and for every x in
X, by

respectively, and we will view both Z, and Y,, as subsets

n )

> fy), izl
Fu(f)], = veRu(@)
0, otherwise.

(iv) We will denote by @, the map from M (X) to itself given, for every f in M (X), and for every z in
X, by

> eyt ifz €Uy,
Qu(h)], = veRn(@)

0, otherwise.
(v) We will say that a given f in M (X) is Ry-invariant if f(x) = f(y), whenever (z,y) € Ry,.
6.10. Remarks.

(a) Since hg = 0, we have that py = 1, and clearly also {, = 1. Therefore Z, = (.
(b) Notice that F,(f) and Q,(f) may be alternatively defined as

Fo(f) =t (En(f TU,,L)), and  Qn(f) = tn(Pp, (fon))-

For that reason F;, and ), should be seen as natural extensions of E,, and P, to M (X), respectively.
Notice also that

Qn(f) = Fu(fin(pnCi ), Vfe M (X).

(c) Observe that the invariance of a function under an equivalence relation is a concept usually considered
when the relation is defined on the whole domain of said function. However, the fact that R, is an
equivalence relation on U, rather than on X, does not prevent us from introducing the invariance
notion expressed in (6.9.v). An example of a function obeying this property is given by ¢, (f), where f
is any function in M (U,,) which is constant on each R,-equivalence class.
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Some elementary properties of these extended notions are in order.

6.11. Proposition. Given n € N, one has for all f,g € M+(X), that

Sﬁ

Pn ) - LTL(Cn>7
1Yﬂ,
Fo(lu, f).
Qn(lU f) Qn(lYnf)7
n - 1Y Qn(f)

) L
)
)
)
)
(vi) Fn(f) and Q. (f) are Ry-invariant and vanish off U,,
)
)
)
)

n

(en
(1
n(f
(f
(f

O

n

) =
)
)=
) =

OO

if f is Ry -invariant and vanishes off Uy, then f is Ri-invariant for every k <mn,

if g is Ry-invariant, then Fn(gf) = an(f); and Qn(gf) = an(f)7

if A is an Ry -invariant subset of U, then, as a subset of X, A is Ry-invariant for every k < n,
F, and Q., are o-additive.

Proof. Left for the reader. 0O

Recalling that

and that
Y, =U\Z,, ={z €U, : (:(z) < o0},
we will now study certain relations among these sets, and we begin with the following auxiliary result.

6.12. Lemma. For every 0 < n < m, and for every x in U,,, there exists a subset A C R,,(x), such that
r €A, and

z) = || Ra(Y)

A€EA

the square cup denoting disjoint union.

Proof. We first claim that if C,, and C), are equivalence classes for R,, and R,,, respectively, then
CoNCp #0=C, CCpp.

To see this, choose z € C,, N C,y,, and let y € C,,. Then

5.1.1ii)

(5.1
<y7z) € Rn n (Un X Um) c Rma

so y € C,,. This said, we see that the R,,-equivalence class of = splits as the union of R,,-equivalence classes,
whence the conclusion. O

The promised relations among the Z,, and the Y, are in order.
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6.13. Proposition.

(a) For every m > 1, and every x in U,,, one has that e, 1 (x) < ().
(b) If 0 <n <m, then Z, NUp, C Zp,,
(¢) If 0<n<m, thenY,, CY,.

Proof. In order to prove (a) write

Rp(z) = || R (),

AEA

where € A C R,,,(z), by (6.12). So

Cm(z) = Z ehm (W) — Z Z ehm (W) — Z Z ehm-1() km(y) — ...

YERm (z) AEA YERm_1(N) AEA YERm_1(N)

For every A € A, and y € R,;,—1(\), notice that

(1 2) € Ronet O (U % Una) " ke (9) = ki (M),

so the above equals

e = Z ekm()\) Z Chmfl(y) = Z ekm()\)gmfl(/\) > ekM(x)Cmfl(x)'

AEA YERm_1(N) AEA

This proves (a). In order to prove (b), observe that under the hypothesis of (a) we have that

Cm—1(x) = 00 = (n(z) = 0,

from where we trivially deduce that Z,,_1 N U,, C Z,,. Assuming now that 0 < n < m, we will prove (b)
by induction on m — n.

In order to do this, notice that the case “m — n = 0” is immediate, while the case “m —n = 1” has just
been proved. When m —n > 1, we then have that

anUngnmUm—lmUmme—lmUngm;

taking care of (b). With respect to (c), we have

(a)
Yoo =Un\Zin =Un NZE, C U N(Z, NUR) C U, N (ZEUUS) =
=UnnNZHU (U, NUS)=U,nNZ, CU,NZe =U\Zp =Y,. O

m
There are many situations in the present context in which not necessarily increasing sequences satisfy
some increasing-like property as we look inside the appropriate U,,. For example, when n < m, there is
no comparison between R, and R,,, as sets, but when we restrict R,, to U,,, that is, when we consider
R, N (Up, x Uy), we get a subset of R,,. Similarly, there is no comparison between Z,, and Z,,, but as seen
above, Z, NU,, C Z,,.
We next present some crucial properties of the F,, and the Q,,.

6.14. Proposition. If 0 <n <m, and if f,g € M+(X), then
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(i) Fm(an(g)> :Fm(Fn f)9)7
(i) Qum(@n(f) = Qu(f) = Qu(Qm(f))-

Proof. Addressing (i), since both sides vanish on X \U,,, by definition, it is enough to prove that they agree
on U,,. Given z in U,,, we have

FEn(fE@)], = Y. fy) Y gz)=-- (6.14.1)

YERm () 2€R(y)

Employing (6.12) we write

=] Ra()

AEA

where A C R,,,(z), so (6.14.1) equals

=Y g Y =3 Y Y ez =

AEA yeR,(N) zER, (y) AEA yER,(N) zER,(N)
=3 ) 9 > fw= D> 92 Y. fW)=FulgFu(h)],
AEA zER,(N) YER, (%) 2ER;, (T) YER, (%)

m

This proves (i). In order to prove (ii), recall that h,, =Y ."; k;i[v,,. So, defining
=" kilu,,
i=n—+1

we then have that h,, = h, + ¢. We next claim that
(z,y) € Ry N (U, X Upy) = £(x) = L(y).
This is because, for every i =n + 1,...,m, we have that
(,y) € RyN (Upy xUp,)) C R, N(Up, x Ui—1) C Ri—1,

so (z,y) also lies in R;_1 N (U; x U;), and this implies that k;(z) = k;(y), according to (6.1.1). In other
words, ¢, or rather ¢,, (), is R,-invariant.

To prove (ii) we start with its left-hand-side, taking full advantage of the abuse of language announced
n (6.9.):

1 (6.11.viii)

Qun(Qu(D) E™ B (Fu(£9na Vo) Gt € Foa(F0uC Fuepn)) o
P (£ G e Fo(pn)) Gt = Fon (fomC )Gt 2 B (L pon) Ci! =
—Qun(fly,) Qu (v, 1v.) 27 Qu(f1v.) = Qu(f).

blllv)

With respect to the second equality in (ii), we have

(6.11.vi,vii&viii) (() 11.if)

= 1y, 1, @ () 2 1y, Qu(f) = Qu(f)- D
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We next present some useful properties of the dual operators Q.

6.15. Proposition. Given n in IN, and given any finite measure p on X, one has that

(i) Qi(gn) = gQ:(w), for every Ry -invariant function g in M+(X),
(i) Q4 (1) = Qi Ly, ) = Ly, Q4 (1),
(i) Q3(1)lv, = P2 (1o,
(iv) if A is an R -itnvariant, Borel subset of X, then Q% (u)(A4) = u(ANYy,),
(v) if m is another integer with n < m, then Q7 (Qh (1)) = Qf (1) = Q* (Qr.(w)).

Proof. The first point follows easily from (6.11.viii).
(ii): Pick any f in ./\/l+(X). Then

/ F Qi / QN "= [ @iy, du =

X

:/ Fdly.p= /fdQZ(lynu),

X X

proving the first identity in (ii). As for the second one, we have

/ FdQ;( / Qu(nan = [ Qutry, fau= [ 11y, Qi)
X

b
taking care of (ii).

(iii): Given f € M" (U,), we have

[ rar i) = [ B (hdnio, = [ (P, (5) du =
U, U, X
= [ (B ea)10,)) e 2 / -

X

_ / 1) dQz (s / £ Q3 (1

X

(iv): We have

. . (6.11.viii)
Q) = [ 14d@; 0 = [ Qu(rayan =
X X
6.11.viii 6.11.ii
- )/1AQn(1)dp( = ’/1A1yn di = p(ANY,).
X X

(v): This is a direct consequence of (6.14.ii). O

We may now state an important quasi-invariance condition for measures on X.
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6.16. Theorem. Let i be a finite measure on X. Then u is D-quasi-invariantif and only if, for every n € N,
one has that

Qr (1) = 1y, p.

Proof. We have already seen in (6.7) that p is D-quasi-invariant if and only each if ply, is D,-quasi-

invariant. By (4.15) this is in turn equivalent to saying that P; (ulv,) = plv,, but in view of (6.15.ii), this

n?

is now the same as

Qn(m)lu, = plu,-

Since we know that Q7 (u) vanishes on X\U,, by (6.15.iii), the proof is concluded. O
7. Existence of quasi-invariant measures

Having characterized quasi-invariantmeasures in a concise way in (6.16), we now discuss their existence.
This is a multi-faceted question manifesting itself in different ways on different parts of X. It is therefore
convenient to break X down into simpler pieces, so we shall henceforth consider the following subsets

Vi = Up\Uny1, VneN,

Voo 1= ﬂ Un, Z = U Zn7

neN nelN
W, :=V,\Z, VneNU{x},

which we represent in the following Diagram (7.1). Please note that each Z, should be thought of as the
largest shaded rectangle possessing the indicated lower-left-hand corner.

Wa

W3 Weo

Vo W Vo V3 Veo
Diagram (7.1). The sets V,,, Voo, Wy, W and Z,, inside of X.

The all important sets U,,’s may then be described as

U= || Vm, VneN,

n<m<oo
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the square cup denoting disjoint union. In particular

X=U= || Vu

neNU{oo}

whence also

X=zu || WwW. (7.2)
neENU{co}

7.3. Proposition. The following sets are R-invariant:

(i) U, for allm € N,
(ii) V,, and W, for alln € N U {co},
(i) Z.

Proof. Let us prove first that U,, is R-invariant, for every m. For this suppose that (z,y) € R, and y € U,,,
so we may pick some n such that (z,y) € R,,. Assuming initially that n < m, we have that

(5.1.ii)
-

(z,y) € Ry N (Un x Upy) Rin € U X Un,

proving that x € U,,, as desired. Assuming now that m < n, the conclusion comes even easier because

so again we have that x € U,,.
Let us next prove that Z is R-invariant. So we pick (z,y) € R, with y € Z, whence there are n and m
such that (x,y) € R,,, and y € Z,,. Assuming initially that n < m, we have that

(5.1.ii)

(z,y) e RyN (U, xUp) C Ry,

Since (, is known to be R,,-invariant on U,,, it follows that (,,(z) = (n(y) = oo, whence z € Z,,, as

required.
Assuming now that m < n, notice that

(6.13.b)
y e Z’HL m UTL g Z?’L?

so the R, -invariance of (,, implies that

00 = (n(y) = Cal®),

and we conclude that z € Z,, C Z.
Since the R-invariant sets clearly form a complete Boolean algebra, the remaining statements follow. 0O

The following result further streamlines the various quasi-invariance conditions and it will be instrumental
in the study of the existence question.

7.4. Theorem. Let 1 be a finite measure on X, and for every k € N U {oo}, set pur = lw, u. Then p is
D-quasi-invariant if and only if all of the following conditions hold:
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(i) u(z) =0,
(i) Q;(pk) = p, for every k> 1,
(ili) QF (ftoo) = Moo, for every i > 1.

Proof. Assuming that p is D-quasi-invariant , we have by (6.7) that uly, is Dy-quasi-invariant, for every
k € N, whence we deduce from (4.11) that

0= plu, (Zr) = u(Zy),

from where (i) follows.
Given k > 1, recall that Wy is R-invariant, so py is D-quasi-invariant by (6.6). In then follows from
(6.16), that®

QZ(MIC) = ]‘Uk/"Lk = ]‘Uklwk/‘l’ = ]‘Wk/‘L = Mk,
proving (ii).

By the reasoning in the first sentence of the paragraph above, we also have that u, is D-quasi-invariant.
So, again by (6.16), we have for all k € N, that

QZ(MOO) =lu, oo = Ly lw o p = Iw b = ploos
whence (iii).

Conversely, assuming that p satisfies (i-iii), we will initially prove that u is D-quasi-invariant for all
k € N U {oo}, via the characterization provided by (6.16). We must therefore prove that

Q:L(Mk) = lU",uk, Vn e N. (741)

When k = oo, this is provided for by (iii), and the fact that W, C U, so it remains to prove (7.4.1) for
k € N. Assuming first that & < n, we have that

(6.1

ot

i)

Qy (11x) Qr(Ly, ) = Q1 (Ly, wy pig) = 0,

because Y, N Wy, C U, N W, = 0, and likewise 1y, up = 0. Assuming now that n < k, we have

Qn(pr) = @ Qn (Qr () LD Qk (k) w0 pr = lu, fe-

Note that the above use of (ii) is not quite correct because it has only been assumed for k¥ > 1. However,
when k = 0, that condition holds trivially because (g is the identity transformation. This concludes the
verification of (7.4.1), hence showing that u is D-quasi-invariant.

Employing (7.2) we have that

p=lzn+ S w20

keNU{oo} keENU{oo}

which is seen to be a D-quasi-invariant measure since each factor has this property, which in turn is clearly
preserved under sums. 0O

6 Of course Qr (px) = ly, pw, for all n, but so far we only need the case n = k.
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Before we discuss the result above, let us introduce the notion of a measure living on a measurable set,
which will be used from now on.

7.5. Definition. Given a measure space (X, F, 1) and a set M € F. We say that u lives in M when p(X\M) =
0.

We explain the importance of using Definition (7.5) instead of the notion of measure supported on a
measurable set: the concrete example that motivates this paper is the development of the thermodynamic
formalism on generalized countable Markov shifts X4 = Y4 U Yy, started in [2], these spaces are the
compactification of the countable Markov shift space ¥4 such that both, the space X 4, and its complement
Y4 are dense in the whole space X 4. To characterize conformal measures that give mass for different parts
of the space, we needed to abandon measures supported on sets, since these are closed sets. In section (10),
we present examples of DLR measures living in different parts of the space as well, and some of these parts
are dense.

Now, back to Theorem (7.4), observe that any measure p on X which assigns zero mass to Z satisfies

n= Y (7.6)

keNU{oco}

where each measure py, lives in W, (meaning that ug(X\Wy) = 0), namely uy, = 1w, p. Conversely, if we are
given a collection {Mk}keNu{oo} of measures on X, such that uy lives in Wy, then (7.6) may be used to define
a measure g on X which assigns measure zero to Z. In other words, there is a one-to-one correspondence
between the p’s and the collections {jix}renu{oo}- This said, observe that the conditions characterizing a
D-quasi-invariant measure in (7.4) consist of independent conditions on each “coordinate” piy.

In particular, if we fix any k in N U {oc}, and if we pick any measure py living on Wy, and satisfying the

corresponding condition, namely

(a) condition (7.4.ii), in case k > 1,
(b) condition (7.4.iii), in case k = oo, or
(¢) no condition at all, when k = 0,

then uy, itself, is a D-quasi-invariant measure. En passant, we note that any measure living in Wy is
automatically D-quasi-invariant. In any case, the existence question for quasi-invariantmeasures should be
split into separate questions regarding the existence of quasi-invariantmeasures living in each Wy. In case k
is finite, this question has a very simple answer:

7.7. Proposition. Given an integer n, with 0 < n < co, there exists a D-quasi-invariant probability measure
living in W, if and only if W, is nonempty.

Proof. Ignoring the blatantly obvious “only if” part, we deal only with the “if” part. Assuming that W, is
nonempty, choose any probability measure v living in W, e.g. a Dirac measure based on any point chosen
in W,,. Setting u = Q} (v), notice that

= [ 1aiw) = [ 0udr LY (1) o= vy =1,
u(x) = [ 140;) !Q(l)d [ =vv) =1

X X

where the last equality is a consequence of the fact that
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This shows that u is a probability measure.

Since W), is R,-invariant by (7.3), and since v lives in W, then p also lives in W,, by (6.15.iv). For that
reason we have that ux := 1y, it = Snipt, for every k in IN. So, in order to prove that p is D-quasi-invariant
, we need only check (7.4.ii) for k = n, given that all of the other conditions hold trivially. To do this we
compute

(6.15.1)
Qn(p) = Qn(QL(v) =" Qn(v) = 1,
proving that p is D-quasi-invariant. O
The existence question for quasi-invariantmeasures living in W, is much more subtle, not least because
(7.4.iii) involves infinitely many conditions. The following result might have excessively rigid hypotheses,

but it is the best existence result we can offer in this generality:

7.8. Theorem. Suppose that W, contains a compact, R-invariant, nonempty subset K. Suppose also that
¢k is continuous” for every n € N. Then there exists a D-quasi-invariant probability measure living in
K.

Proof. We begin by observing that W, C Y, for every n € N, because
Weo =Voo\Z CU\Z, =Y.

Denote by P(X, K) the set of all probability measures on X living in K. This is clearly a nonempty set
given that it contains any Dirac measure d,, with g € K. We claim that, for every n in N, one has that

Q. (P(X,K)) € P(X, K).
In fact, if v is in P(X, K), then
Q) (X) EY U(Y) = vV N K) = v(K) = 1,

so we see that @} (v) is a probability measure. Moreover

(6.15.iv)

Q(V)(X\K) v((X\K)NY,) < v(X\K) =0,

so Q%(v) lives in K. Identifying P(X, K) with the set P(K) of all probability measures on K via the
correspondence

peP(X,K)— plx € P(K),

we claim that, for every g in C'(K), the function
pe POCK) o [ 9diin) € @
K

is continuous on P(K) relative to the topology induced by the weak* topology of the dual of C'(K).

7 Please note that by saying that ¢ 'k is continuous we mean that it belongs to C'(K). This should not be confused with the
much more stringent requirement that C;l be continuous at all points of K.
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To prove it we first use Tietze’s extension Theorem to produce a continuous function f, defined on the
whole of X, and whose restriction to X coincides with g. We further use Uhrysohn’s Lemma to obtain
a continuous function ¢ on X such that ¢p[x = 1, and whose support is compact and contained in U,.
Replacing f by ¢ f we may then assume that the support of our originally chosen f is compact and contained
in U,. We then have

[ 9@ = [ £aQuw = [Quitrdn= [ in(P, (71)) du =

K X
= /Ppn (f {Un) d,urUn = /En(f [UnPanl) dl/jUn (3;11)
U, U,
(3.4.1i) " 3
/ /

Recalling that E,(f v, pn) is continuous by (3.3), and that ¢! is continuous on K by hypothesis, the claim
follows.

We will next prove that the fixed points of @} in P(X, K) form a closed subset. To see this let u be any
measure in P(X, K). By the uniqueness part of the Riesz-Markov, to say that Q7 (u) = p is to say that

[odu= [ga@i). vgecm) (7.8.1)
K K

Viewed as functions of the variable u, both sides of the above expression are now known to be weak*-
continuous, so the set of solutions to this system on equations, as g ranges in C(K), form a closed set, hence
proving that the set of fixed points of @} in P(X, K) is indeed weak*-closed.

Choosing any v in P(X, K), we define

fin = Q7 (v),
for every n in N. Using Alaoglu’s Theorem we may then find a limit point, say
loo € P(X, K),

for the sequence {p, }r. Given two integers n and m, with 0 < n < m, observe that

(6.15.v)

Qn(pm) = Q1 (@ () Qrn (V) = fim;

so we see that all but finitely many p,,’s are fixed points for @7, hence the same holds for p., thanks to
the closedness of the set fixed points just proved.
Observing that poo lives in K, and that K C U, for every n, we then have that

Qn(pn) =p=1y,u,

SO lloo is D-quasi-invariant by (6.16). O
8. Renault-Deaconu groupoids

In this section we will describe an example of GAP coming from generalized Renault-Deaconu groupoids
[10]. This is in fact the main motivation for introducing and studying GAPs.
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We will henceforth fix a space X satisfying (2.1) and we will suppose we are given an open subset U C X,
and a map

o:U— X,

which we will assume to be a local homeomorphism.
Let Uy = X, and for each n > 1, put

Up={zeU:0(zx)€Up_1}.

It is then easy to see that U, is effectively the domain of ¢”, and that the U,, form a collection of open
subsets of X satisfying (5.1.1).

The generalized Renault-Deaconu groupoid G, associated to o was defined by Renault in [10], and it
consists of all triples (z,n,y) in X x Z x X, such that there exist k,l € N, satisfying n = k — [, € Uy,
y € Uy, and oF(z) = o' (y).

The multiplication of two elements (x,n,y) and (z, m,w) in G, is defined only when y = z, in which case
the product is set to be (z,n + m,w). The topology of G, is generated by the collection of subsets

Wk:,l,A,B = {(.’E,k - lvy) S Aa Y S Ba ak(‘r) = Ul(y)}7

for all k,1 € N, and all open subsets A C Uy, and B C U;. With this structure G, becomes an étale groupoid
and we refer the reader to [10] for more on G,.
Let us next consider, for each n € N, the subset R,, of U,, x U, defined by

R, ={(z,y) €Uy x Uy, : 06" (x) = 0"(y)}

Recalling that ¢ is a local homeomorphism, it is clear that ¢™ is a local homeomorphism from U, to X, so
R, is easily seen to be a proper equivalence relation on U,,.

8.1. Proposition. One has that
R = ({Un}nENa {Rn}nelN)a
is a GAP on X.

Proof. All we need at this point is to verify (5.1.iii). So, suppose that n < m, and let (z,y) € R,N (U, xUp,).
The first conclusion to be drawn is that both  and y lie in U,,, and that ¢™(z) = 0" (y). Besides, y lies in
Upm, 80 y is also in the domain of ¢™. This implies in particular that ¢”(y) lies in the domain of ¢™~ ", so
the same holds for o™ (z). Consequently

thus showing that (z,y) € R,,. O
The Renault-Deaconu groupoid admits a continuous cocycle
0:(x,n,y) € Go —»neEZ,

whose kernel is therefore an open subgroupoid, which is clearly isomorphic and homeomorphic to the cap
groupoid R = |J,, Rn, via the homeomorphism sending each (z,y) in R to (z,0,y).
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In order to speak of quasi-invariantmeasures on G,, we need to introduce a real-valued cocycle. Recall
from [2] that if h : U — R is a continuous function, often thought of as a potential function, one may define

n—1 m—1
b(z,n—m,y) = > h(c'(x)) = Y_ h(o'(y)), (8.2)
=0 =0

whenever ¢”(x) = 0™ (y), obtaining in this way a well defined continuous cocycle on G,, taking values in
the additive group of real numbers.

The restriction of ¢ to the subgroupoid R is then evidently a continuous cocycle on R, but we would
instead like to introduce it from a different point of view, in line with (6.4). For each n > 1, let us define

kn(z) = h(c" ! (z)), VzeU,.
Notice that, for = in U, the largest integer ¢ for which the expression h(ai(x)) is guaranteed to be well

defined is ¢ = n — 1. This is because U,, = dom(c™), so o™ (z) is well defined, which in turn implies that

o™~ Y(z) is in U, and hence it does makes sense to apply h to c"~!(x). However, there is no reason for o™ (z)

to lie in U, so h(c™(x)) may not be well defined.
8.3. Proposition. The collection {ky}n>1 defined above is a potential for R, in the sense of (6.1).

Proof. To verify (6.1.1), let n > 1 and choose (z,y) € R,,—1 N (U, x U,,). Then 0"~ !(z) = 0" 1(y), whence
kn(x) = kn(y), as needed. O

The associated cocycle is then given on any (x,y) € R, by

c(z,y) = en(2,y) = hn(z) — hu(y) = an(x) —kn(y) =

= Z h(ai_l(x)) — h(ai_l(y)) = z_: h(oi(m)) — h(ai(y)), (8.4)

which happens to be the restriction to R of the cocycle b defined in (8.2).

Observe that both the unit space of G, and that of R may be naturally identified with X. So a given
finite measure 1 on X may be tested for quasi-invariance either relatively to the cocycle e? on G, or to the
cocycle e on R.

8.5. Definition. Let i be a finite measure on X. We will say that p is

(i) a conformal measure when it is quasi-invariantrelatively to the cocycle e” on G,,
(ii) a DLR measure when it is quasi-invariantrelatively to the cocycle e® on R.

Since R is a subgroupoid of G,, and since € is the restriction of e® to R, it is immediate that:
8.6. Proposition. Every conformal measure on X is a DLR measure.
9. Eigenmeasures
As in the previous section we let X be a space satisfying (2.1), U C X be an open set, and o : U — X be

a local homeomorphism. Our goal here is to show that every eigenmeasure for Ruelle’s operator is a DLR
measure.
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For each f in M (U), and for every x in X, define

LN, = D f@),

teo—1(x)

so that L becomes a map
L:M (U) = M (X).

Regarding the expression defining L(f) above, observe that if  is not in o(U), then o~ *(z) is the empty
set, whence there are no summands at all, hence the sum turns out to be zero. In other words, L(f) vanishes
outside o (U).

We also consider the operator

+

a: M (X) = M (U),

given by a(f) = f o 0. We finally define

+

E:M (U)= M (U),
by

E(f),= > f(), Vel
o(t)=o(z)

For f in M (U) and any z in U, observe that,

O‘(L(f))’z = L(f)’g(m) = Z f(t) = Z f(t)=E(f)

teo—1(o(a)) o(t)=o(x)

m?

so we see that
aoL=E. (9.1)
Another useful property is
L(alg)f) = gL(f), Yge M (X), VfeM (U), (9.2)

which the reader will have no difficulty in checking.
We shall also fix a continuous function

p:U—=R,

satisfying p(x) > 0, for all x in U. Here p is supposed to play the role of e", where h is the function used
for creating the cocycle b in (8.2). The operator

L, M (U) - M (X),

defined by the formula L,(f) = L(pf), is then the analogue of Ruelle’s operator in the present situation.
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9.3. Lemma. Suppose that

(i) u is a measure on X,
(ii) A is a nonzero scalar,

such that
/L(pf) dy = A/fdu, vieMm ) 9.3.1)
X U
Then
[E@fdu= [ Eepan v5em w) (9.3.2)
U U

Proof. Given g in M+(X), plug f = a(g) in (9.3.1), to get
[a@au=x" [ Liatp)du = 2 [ gLip)an (9.3.3)

Working from the right-hand-side of (9.3.2), we have

/ B(ofy i / a(Llpf)) dn "7 X7 / Liph) (o) dp

I [ Lora(pe))du ™ A [ LiorEG “”/fE Ydu. O

X X

For each n > 1, let U,, be the domain of ¢”, so that the map
o" U, = X,

is a local homeomorphism so it could be used in place of ¢ in order to define all of the above ingredients.
To be precise these are:

o L, ./\/l( )%./\/l( ), given by  Ly( Z f(@)
teo—"(x)

. OénZM+( )—>M+( n)u given by an(f)—foo )

o By M (Uy) = M (Uy), givenby Eu(f)],= Y. @)

o (t)=om(x)

We shall also let

pn = pa(p)az(p) - an—1(p).

Regarding the product defining p,, above, observe that each a;(p) is a member of M (Ui41), so they all
may be restricted to U, before the multiplication is performed, resulting of course in a member of M (Un).

9.4. Proposition. For every n,m > 0, one has that
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(i) Ln(M" (Upim)) €M (U), and
(ii) Ly o Ly = Lyim.

Proof. Given f in M (Upsm), and x in X\U,,, we must prove that L, (f) |x = 0. Arguing by contradiction,
suppose this is not so. Therefore there exists at least one ¢ € o~"(x), such that f(t) # 0, so it follows that

T = (Tn(t) S Jn(Un+m) - Uma

a contradiction, proving (i). In order to prove (ii), pick f in M+(Un+m), and z in X. We then have

Lo(Ln(D), = DY LaDl,= D D> f&)= D> f(8)=Lugm(f)],- O

teo=m(z) teo—m(z) s€o (1) teo—m—m(z)
9.5. Lemma. Let p be a measure on X satisfying (9.5.1). Then

/ Lu(pnf) dy = A" / fdu, VfeM (U

X Un

Proof. For f in M (U,), we have by induction that

/Ln(pnf) dp = /Ln—1(L(pa(pn-1)f))du = /Ln—l(pn—lL(pf)) dp =

X X X

. e 031 1 _n ‘
[ Lef) du= 1!L(pf)du A U/fdu w [ pdu

Un—l U"
9.6. Corollary. Let u be a measure on X satisfying (9.5.1). Then for any n in N, one has that
+
[ Entotdu= [ Ealputyan, ¥ fem ).
Un Uy,

Proof. Follows immediately by applying (9.3) to o™ and p,,. O

Given a continuous function h : U — R, let p = €”, and recall from (8.5) that a finite measure y on X
is said to be a DLR measure for h if it is quasi-invariantrelative to the cocycle e on R, where ¢ is given in
terms of h by (8.4). The cocycle e® is in fact a common extension of the cocycles e defined on each R,, by

n—1

P i P@p(e(e) < plem ) _ pale)
exp ( 3 h(o'(@) = (' W) = ST om0 — )

We then see that, if p is a finite measure satisfying the conclusions of (9.6), then uly, satisfies (4.11.iii)
relative to py,, so it is quasi-invariantfor e» by (4.11). Employing (6.7) it then follows that u is e-quasi-
invariant, hence a DLR measure. Summarizing we obtain the following:

9.7. Theorem. Let X be a locally compact metric space, U be an open subset of X, and o : U — X be a
local homeomorphism. Choosing any continuous potential h : U — R, let p = . Then any finite measure
on X which is an eigenvalue for the corresponding Ruelle operator, meaning that it satisfies (9.3.1) with a
nonzero eigenvalue A, is necessarily a DLR measure.
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Proof. Follows immediately by applying (9.6) to o™ and p,,. O

It should be noted that Corollary (9.6) may be seen as a generalization of Theorem (9.7) to measures
which are not necessarily finite, as long as we redefine the notion of DLR measures as those which satisfy
the conclusions of (9.6). However, since our theory of DLR measures was developed only for finite measures,
the various equivalent conditions for a measure to be DLR have not been proved here for infinite measures.

10. Generalized countable Markov shift spaces and KMS states

This section is dedicated to showing how an explicit application of the theory of Gaps and the DLR
measures developed in this work. In [2], we started the construction of the thermodynamic formalism for
generalized Markov shift spaces. These are compactifications of the usual Markov shift spaces, realized by
adding some finite words, that sometimes can have multiplicity. For simplicity, the major example in this
section is the renewal shift, but we emphasize that our results for DLR measures can be used in full generality
on the transitive shift spaces. In particular, the generalized renewal shift does not present a multiplicity of
extra words, that is, there are not two different points related to the same word, and then we can represent
them by their respective stems only, for details see [2] and [8].

Let A be the N, x N, transition matrix, where N, = N\ {0} given by

Lo ti=tori=jg,
“o, otherwise.

The generalized renewal shift space is the compact Polish space X4 = ¥ 4 U Y4, where

Ya={reNN:A =1 for every i € N}

TiyTi41

is the usual renewal shift, and

Ya={r=2021...0p-1:m € Ny,xpy_1 =1,4,, 5., =1 for every 0 <i <n—2}U{¢’}

is the set of finite words, where £ is the empty word. The length of an element z € X4, denoted by
|z| € N U {oo}, denotes the number of letters of z, and |€°| = 0 by default. Both ¥4 and Y4 are dense in
X 4. The shift map is a local homomorphism o : U — X4, where U = X 4 \ {¢"} is an open set. The GAP

on X 4 is given as follows:

(i) Up=Xa, Uy ={2 € Xa:n<|z|} =070
(ii) Rp = diag X4 x X4, R, ={(z,y) € Xa x Xa:n < |z| =|y|,0™(z) = "((v)}.
In addition, the sets introduced at the beginning of section (7) are given by
(i) V= {2 € Xa: || =n}, Ve =54, Zn =2 =0, W, = V.

Given a potential h : U — R, the sets Z,, (and consequently Z) above are empty because R,,(z) is finite for
every x € U, and n € N. The next lemma is a property of X 4 that will be used in item (b) of (10.2).

10.1. Lemma. For every n > 0,

Z Yo < 2".

yeW,
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Proof. We prove by induction. The case n = 1 is straightforward, and Proposition 4.73 of [8] gives |W,| =

271 for every n > 0. We assume that the result holds for n, and in addition observe that y € W, if and

only if y = (y, + 1)y’ or y = 1y’ for some 3y’ € W,,. Then,

S o= 1+ Y Utw)=2"+ Y w<2v O

YyEWn 41 yeWn, yeW,, yeEW,,

Again, just for matters of simplicity, we fix h = 1 and present several different examples of DLR measures.

10.2. Examples.

(a)

Eigenmeasure living in Y4. Although the Ruelle’s operator in [2] is defined on compactly supported
functions on U, the formulations of eigenmeasure in there and here are equivalent via equivalence to
conformality. The latter notion only involves the measure-theoretic aspect of the theory. By Theorem
90 of [2], a Borel probability p is an eigenmeasure for the Ruelle’s operator L.» and eigenvalue A > 0 if

log \—F

and only if p is e -conformal (sense of Denker-Urbanski). Moreover, identity (6.50) from the same

work above states that such a probability exists and lives on Y}, if and only if the series

E E efnlog)\Jrh E e~ n(log A\—log2—1)

neEN z€Ya,|z|=n neN

converges, i.e., A > 2e. By Theorem (9.7), the eigenmeasure is a DLR measure.

DLR measure living on a proper subset of Y4 that is not an eigenmeasure. By the proof of Proposi-
tion (7.7), for fixed n > 0, take vy, = 0pn—1
Note that, given A > 0,

1, then the measure u, = Q% (v,) is a DLR measure.

.....

A / Fdpin = A / Qu(H)dvm = A ()t

Then, a necessary condition for p be an eigenmeasure for the eigenvalue A is the following: for every
f >0 (and hence L. (f) > 0), we must have

AQn(f)ln,n—l,...,l _
Qn(Leh(f))‘n,nfl ..... 1

By exchanging h by 1, one gets

Qn(f”n,n—l,...,l = 27(n71) Z f(y)

yeW,

Qn(Le(fNlnn-1..0=2"""e Y [f(1L,y) + f(yo + L,y)].

yeEWn
By setting f = 1, we have

— )‘Qn(f”n,n—l,...,l _ )\
Qn(Leh (f))|n,n71,“,71 2¢’

and then, £ = 1. On the other hand, if we set f(x) = z¢, we obtain
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/\Qn(f)‘n,nfl,...,l AZyeWn Yo 2

= = = — , (10.3)
Qn(Leh(f)Nn,nfLm,l ezyewn(yo +2) ﬁ +1

1

where we used that |W,,| = 2"~! (see Proposition 4.73 of [8]). By Lemma (10.1), the right-handed side
of (10.3) satisfies

2
l= g <1,

ZUEWn Yo + 1

a contradiction, and then p,, is not an eigenmeasure, for any A > 0.
(¢) DLR measure living on the whole Y4 that is not an eigenmeasure. For each n > 0, let p,, as in (b). The
Borel probability measure

oo
= Z 27"y,
n=1
is a DLR measure and it is not an eigenmeasure for every A > 0.

As presented above, we have examples of DLR measures that are not eigenmenasures for any eigenvalue.
This phenomenon also occurs for the standard countable Marov shifts: in [1, Example 30] is presented a case
for the reverse renewal shift, whose transition matrix is the transpose of A above. For every Walters’ potential
with finite first variation and finite Gurevich pressure, the probability measure u = 0z, T = (1,2,3,4,...),
is a DLR measure which is not an eigenmeasure for every eigenvalue. In this case, the countable shift space
Y 47 is locally compact, and then its respective generalized shift space X 47 coincides with ¥ 4= because of
[2, Proposition 32], and then the DLR measure lives in X 47.

Finally, we can consider continuous cocycles, for instance, those which arise from a continuous potential
h:U — R as in section (8), here denoted by ¢ : R — R, one gets a KMS state on the groupoid C*-algebra
C*(R) from each DLR measure, via the cocycle dynamics for the 1-parameter group of automorphisms

{T¢}ter where

n(f)(g) = €D f(g), VfeCR).

In this case, the groupoid ¢~1(0) is principal, and by [12, Theorem 3.3.12], the KMS states for the C*-
dynamical system above are in the form ¢ = ¢,,, where p is a DLR measure, and it is given by

ﬂﬂzjﬁmwwuxVhaum,

Xa

where we identified the set of units of R with X 4, via the homeomorphism z — (z, z).
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Appendix A. Elementary remarks about measure theory

In sections 8 and 9 of this work, we make some elementary remarks, mainly to fix our notation. By a
measurable space we shall mean a pair (X, B), consisting of a nonempty set X, and a o-algebra B of subsets
of X.

A.1. Definition. Given a measurable space (X, B), we shall denote by M (X, B) the set of all B-measurable
functions

f:X —[0,+00].
A.2. Definition. Given measurable spaces (X, B) and (Y,C), a positively homogeneous map
T: M (X,B) = M (Y,C)

is said to be o-additive if for any sequence {f,}, in M' (X, B), we have that

T(Y 1) = ST,
n=1 n=1
all sums being interpreted as pointwise sums.
A.3. Proposition. Let (X, B) and (Y,C) be measurable spaces, and let
+ +
T M (X,B) - M (Y,C)
be a o-additive map. Then:

(1) If {fn}n is a non-decreasing sequence of functions in M+(X, B), then

T( lim f) = lim T(fn),

n—oo

all limits being interpreted as pointwise limits.
(ii) For every measure® v on (Y,C), there exists a measure T*(v) on (X,B), such that

/de*(V) - /T(f) dv, VfeM (X,B).
X Y
Proof. Regarding (i), define g1 = f1, and for each n > 2, define

Gn = fu(®) = fnoi(z), VezeX.

Observe that, in case f,,—1(z) = oo, then necessarily also f,,(z) = oo, in which case we adopt the convention
according to which g, (z) = 0. The functions g, so defined are then B-measurable and non-negative, and
we have that f,_1 + g5, = f,. Consequently f, =Y 1", g;, so

T( 1im f) =T(Dg) =D Tlo) = lim 3" T(g) = lim T(fy),
=1 =1 =1

8 All measures in this work are assumed to be o-additive and positive.
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proving (i). In order to prove (ii), for every f in ./\/lJr(X7 B), define

=Zﬂﬁw

We then claim that, given any sequence {f,}, in M (X, B), one has that

I(an) = Zl(fn)
n=1 n=1

This is a consequence of the o-additivity of 7" and the monotone convergence Theorem, as follows:

I(g:lfn):/ andu—/ZTfndu—Z/ (fn)d :Z

thus proving the claim. Defining u(E) = I(1g), for every E in B, it then follows that p is a o-additive
measure on X, and clearly

:/fdu, (A.3.1)
X

for every simple function f in ./\/l+(X, B).

We then claim that (A.3.1) holds for every f in M+(X ,B). To see this, recall that every such f may
be written as the pointwise limit of a non-decreasing sequence {s,}, of simple functions in M+(X ,B) [13,
Section 18.1]. So

n— o0
X X X

I(f) :/T(nlirrgosn) dv & /nlgréoT(S”)dV D lim T(sp)dv =

n—oo n—00

= lim I(s,) = lim snd,u:/fd,u.
X b

In time, we observe that (*), above, is justified by the monotone convergence Theorem and the easily proven
fact that {T'(sn)}» is a non-decreasing sequence.
This proves our claim and we then have for every f in M (X, B) that

!fw=ﬂﬂ:!fuwu

so it is enough to put T*(v) := p. O

Before closing this section let us comment on two related notions which will be used often.
A.4. Remark. In this work we shall consider two similar, but inequivalent, ways of restricting a measure on
a space X to a Borel subset Y C X. The first one, officially called the restriction of p to Y, consists of the

measure denoted puly, defined on the o-algebra B(Y) of all Borel subsets of Y, by

ply (A) = u(A), vAeB(Y).
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The second one, which we will denote by 1y u, is nothing but the well-known measure obtained by multiplying
the measurable function 1y by the measure p. Recall that the domain of 1y p is still B(X), as opposed to
B(Y), and

lyu(A) = /1y dp = p(ANY),
A

for all A € B(X).
Appendix B. Elementary remarks about measure theory and topology
B.1. Proposition. Every space X satisfying (2.1) is o-compact.

Proof. For every z in X, let U, be a relatively compact, open neighborhood of z. By reducing U, a bit we
may assume that it belongs to some previously chosen countable base B of open sets for X. It then follows
that

{U,:7€ X}

is a family of compact sets covering X. This family is countable (even though it might be indexed on an
uncountable set) because the U,’s belong to the countable base B. 0O

The reason for restricting ourselves to (2.1) is to simplify some aspects of measure theory. In this short
section, we will explain exactly what we mean by this.

Recall that the Borel o-algebra, denoted B(X), is the o-algebra of subsets of X generated by the closed
subsets. On the other hand, the Baire o-algebra [13, 21.6], denoted Ba(X), is the smallest o-algebra of
subsets of X for which the functions in C.(X) are measurable.

If one is interested in the measurability properties of none other than continuous, compactly supported
functions, the Baire o-algebra is the most appropriate one to be considered. The Baire o-algebra is known
to be generated by the compact G5 subsets of X [13, Theorem 21.21].

The first advantage of working with (2.1) comes from the fact that X is metrizable and we have the
following:

B.2. Lemma (See [/, Corollary 6.5.5]). Suppose that X is as in (2.1). Then the Baire and Borel o-algebras
on X coincide.

A measure p defined on B(X) is called a Borel measure when it assigns finite measure to every compact
set [13, Section 21.3]. If u is instead defined on Ba(X), it is called a Baire measure provided it is finite on
compact (Baire-measurable) sets [13, Section 21.6].

One of the main applications of Borel measures in Analysis is the Riesz-Markov Theorem [13, Section
21.6] which states that each positive linear functional on C.(X) is given by the integration against a unique
reqular Borel measure (a regular Borel measure is also called a Radon measure).

Another reason to work under (2.1) is that, in this case, every Baire measure is regular [13, Theorem
21.27]. Since we now know that the Baire and Borel o-algebras coincide, we deduce that:

B.3. Lemma (See also [13, Theorem 21.20]). Under (2.1), every Borel measure on B(X) is regular.
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B.4. Proposition. Let p be any measure on B(X). Then u is a Borel measure if and only if

/fdu<007
X

for all f in CH(X).

Proof. We verify only the “if” part. For this, let K be any compact subset of X. Using local compactness
one may find a relatively compact, open set U such that K C U. By Uryshon’s Theorem let f : X — [0, 1]
be a continuous function vanishing off U, and such that f =1 on K. If follows that f € C(X), whence

u(K)=/1Kdu§/fdu<OO~

X X

Being finite on compact sets, p is a Borel measure. O

B.5. Proposition. There exists a sequence {¢n}n of continuous, compactly supported functions
on X = [0,1],

such that ¢, < @n11, for every n, and nh—>nolo wn = 1, pointwise.

Proof. Let {K, }nen be a sequence of compact subsets of X such that

K, Cint(K,41), and X =|JK,.

Using Uryhson, for each n € N, let
wn X = [0,1]

be a continuous function with ¢, = 1 on K,, and ¢, = 0 on X \ int(K,1). It is then easy to see that
©n < @ni1, and that {¢, }, converges pointwise to 1 on X. O
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