


ON THE RICCI CONDITION AND
MINIMAL SURFACES WITH CONSTANTLY CURVED GAUSS MAP

Chi Cheng Chen*

§1 - INTRODUCTION

A riemannian metric ds? on a surface is said to satisfy
the Ricci condition if its Gaussian curvature K satisfies K <0,
and if the new metric ds? = /-Kds? is flat, i.e., its Gaussian cur-
vature K=0. It's known that every metric on a minimal surface in
R®satisfies this condition away from the points where K=0. As a
matter of fact, Ricci [1, p.124] showed that every metric éatisfy-
ing this condition can be locally realized on a minimal surface in
IR®. Lawson [7] has discovered that a minimal surface S in R™ whose

induced metric satisfies the Ricci condition off the set of isolated

points where K=0 if and only if the Gauss 1image of S

has constant curvature 1, and, that the constancy of the curvature

of the Gauss image will impose a necessary and sufficient condition
on the induced metric. We shall use that condition to generalize

the Ricci condition. And we will show that under this new definition
the classical Ricci-Curbastro theorem\can be extended. On the other
hand, the generalized Gauss map of a minimal surface in R" repre-
Qents a holomorphic curve in the complex projective space Pn—l(ml
With a normalized Fubini-Study metric on p“'l(m), holomorphic curves

with constante curvature in P“'l(m) have been classified by Calabi
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[2]. This fact, together a general theory of Calabi [3] about minimal
surfaces isometric to regular holomorphic curves in €™, can therefore
be used to study minimal surfaces in euclidean spaces whose Gauss
images possess constant curvatures. In this paper, we will also
discuss some properties of these minimal surfaces, including some

results of Lawson [7] and Hoffmann-Osserman [5].

§2 - PRELIMINAIRES

We first recall some elementary properties of regular
orientable minimal surfaces in R™. Detailed discussion can be found
in [4].

Let S be a minimal surface given by the immersion
x: M2 — R®. The isothermal parameters (£,n) give a complex

structure { = £+in on M.Then the induced metric is given by

(1) ds? = x?|dg|?
where
(2 RNk
k=1
with
(3) ¢, (2] = i;—?—(-ii;:—(, k=1,2,...,n.

The Gaussian curvature of the minimal surface, calculated

by the formula

(4) K = - Alogi



d

can be expressed by

(5) K = 4 Ad! 2
|é|¢
where
n
(6) o= (6g5-vent )y (012 = ] [
k=1
and
7 A2 = b.bi-0te, 2.
(7) |¢ ¢ I 1$j§k5nl j'k Yj k]

The generalized Gauss map is defined to be the complex

analytic map

n-1
(8) g(z) = [8,(2),. ... (T)IEQ _,cP" “(E)
- where
- n-1 n 2
(9) Qg = {lzg..e0yz 16P (D) kz1zk=0}
is the hyperquadric in the complex projective space Pn-l(c).

The Gauss map defined in (8) is conjugate to the usual one.

With respect to the normalized Fubini-Study metric

1z*

on Pn-l(t). the metric induced on the Gauss image S of S is given by

(11) ds?= -Kds?= -KA%|dz|?

-~

From (4), the Gaussian curvature K of S can be expressed by




(12) % - Alogv-K)
KA?

We say that S is a minimal surface with constantly curved
Gauss map if K is constant, which is an intrinsic condition: it

depends only on the metric ds?.

§3 - RICCI CONDITIONS AND MINIMAL SURFACES WITH CONSTANTLY CURVED GAUSS MAP

 From (8) we see that the Gauss image of a minimal surface

n-l(di). Therefore the study of

represents a holomorphic curve in P
regular holomorphic curves in Pn—l(t) with constant curvature will
be of central importance in our discussion. Calabi [2] classified

these curves by proving

THEOREM 3.1 - i) The curve cy Pl(E) — Pn(E) given in homogeneous

coordinates by
(13)  [zg.2,] ¢— [zg,/ﬁzg‘lzl,....\/(?) 2p792d, .0, 20

has constant curvature 2/n.

ii) Any holomorphic curve y: D —s Pn(t) which has constant
curvature and does not lie in any linear subspace of Pn(t) must be

unitarily equivalent to the curve En: D — Pn(t) given by
(14) z — [1,/0z,..., (;.‘) 23, ...,z2"1

iii) If ¢: D — Pn(E) has constant curvature i, then i-%; for
some k in the range 1<k <n. Any two such curves are unitarily
equivalent. Furthermore K=2/k if and only if ¢y takes values in

some k-dimensional linear subspace of Pn(t) and is unitarily



equivalent to

(15) zo———v[l./ﬁz.....\/(? zj,...,zk,O.....O]

REMARK - Therefore we can see that for a minimal surface with
constantly curved Gauss map, the Gaussian curvature K of the Gauss

image has to be of the value 2/k, k=1,2,... . This property is

equivalent to a condition on the metric ds? of the minimal surface,
which generalizes the classical condition of Ricci. In fact, Lawson

[7] observed:

PROPOSITION 3.2 - Let S be a minimal surface in R™. Then the Gauss

image has constant curvature K = 2/k (k21) if and only if the new

metric ds? = (-K) in flat off the set where the Gaussian

curvature K of S vanishes.
PROOF - From (2), (5), (12) and the formula
v |2
(16) blog|e|? = 4 22 105 |3]2 = 4ler0"17
3z 3L "

we see that

(17 K = 2/k <= Alog|éas' |2 = 8(1-11;)-]-%%]—2-
¢
And from (1), (2), (4), (16), we have

8k-8 [¢rd’ |2
k lo|*

(18) ds? is flat <= Alog]¢A¢'[2 a

Q.E.D.
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Therefore we define that a C” riemannian metric ds? defined
on a Riemann surface is said to satisfy the Ricci condition of type

k (kz1) if K <0 and the new metric d§2 = (-K)¥X/k*24s2

is flat.
First let's consider the question: whethere there exists
minimal surface whose Gauss image has constante curvature 2/k for

each k 21. Such examples can be easily constructed by considering the

minimal surface

(19) x*(2) = (,z-izg’ﬁ'---'\/(g /501,000 M e ekt - r 22

whose Gauss map is

200 g¥(z) = (1,./Ez,...,\/(_’j‘) zj,..‘.,zk,-i,-:b’Ez,...,-1V/(.§_)z1,...,—izk]

which is unitarily equivalent to the curve (15) under the unitary

transformation

I I
/3 k+1 k+l.

2
-iI ir

k+1 k+1

To study the general situation, from now on, we only
consider simply connected holomorphic curves, by passing, if neces-
sary, to the universal covering spaces. Let ¢ be any regular holo-
morphic curve in £® = R?® whose Gauss image has constant curvature
2/k. It's clear that its Gauss map [y'-iy'] is isometric to [y'].
Therefore, form Thm. 3.1, [¢'] is unitarily equivalent to
[1,/E7,...,/ (?)zj,...,zk]. Thus we may assume that ¢ is of the

form

(22) $(z) = [f(z)(l,/Ez,...,\/{E;zj,...,zk)dz
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where £(z) is holomorphic function which never vanishes. And it's
clear that y lies fully in Ek+1.

Next we turn our attention to see whether any metric
satisfying the Ricci condition of type k can be realized on some

minimal surfaces in euclidean spaces. This can be easily answered

by using a theorem of Calabi [3].

THEOREM 3.3 - Let ds? =F|dz|? be a real analytic metric on a
Riemann surface M. Then ds? is induced by a linearly full holo-
morphic immersion ¢: M — ™ if and only if the functions

- P zdpy k-1
Fpo det[(a aF)p’qgo} k=1,2,3,...

satisfy
szo and not = 0 for k<m

FkEO for k>m

A

And further, the functions Fk can be computed by a recursive formula:

FZ

k -
F = —w——39log F
k+1 Fk—l k

where Fo =1 and F1 =F,

Now using the definition of the Ricci condition of type
k and the recursive formula in Thm. 3.3, a straightforward computa-
tion shows that Fl""’Fk+1 20 but not =0, and Fk+2 2 0. Therefore

we have:

PROPOSITION 3.4 - Any metric ds? satisfying the Ricci condition of

type k can be realized on a holomorphic curve lying fully in Ck+1.=



And we can further show a theorem which generalizes the classical

Ricci-Curbastro theorem:

THEOREM 3.5 - For k even, any metric satisfying the Ricci condi-

tion of type k can be realized on a minimal surface in Rk+1.
Before proving Thm. 3.5, we need another theorem of

Calabi [3] to determine the dimension of the smallest affine sub-

space which contains a given minimal surface isometric to a regular

holomorphic curve:

THEOREM 3.6 - Let y(;z) be a simply connected regular holomorphic
curve lying fully in ™. The space V(y) of non-congruent minimal
immersions in euclidian spaces which are isometric to y is naturally
described as the set of all complex symmetric mxm matrices P such
that

(i) Im-Pon, and

(ii) ¢'Py't = 0.

Furthermore, let n be the dimension of the smallest affine sub-

space containing S, where S is a minimal surface corresponding to

P. Then
n-m= rank(Im-PP)
In particular, m<ns2m, and n=m iff Im-=P13.

PROOF OF THM. 3.5 - From Prop. 3.2 § Prop. 3.4, we see that ds?

can be realized on a holomorphic curve ¥ in Ek+1 =R2k+2

, and whose
Gauss image has constant curvature 2/k. And from the discussions
immediately after Prop. 3.2, we may also assume that y is of the
form (22). Now applying Thm. 3.6 and let P be the (k+1)x(k+1l) sym-

metric matrix given by



P = (_1)k/2

We know then that there exists a minimal surface isometric to P

and lying fully in Rk+1, since

k .
PP = I,,, and P'ePep't = zk[jzo(-1)3(§)] =0
Q.E.D.

Following the same spirit of the proof above, we can

show that

PROPOSITION 3.7 - For k=1 or 3, any metric ds? satisfying the
Ricci condition of type k can only be realized on some minimal
surface in R"™ with n > k+1.
PROOF

It's a simple computation to show that there exists no

(k+1)x(k+1) symmetric complex matrix P such that

ck-P-EE = 0 and PP = I for k=1 or 3.

k+1
Q.E.D.
REMARK
1. In fact, for k=1, the only symmetric complex matrix which

satisfies

is the zero matrix.
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2. It's interesting to know whether Prop. 3.7 continues to
hold for general odd integer k.
Finally, we would like to treat some simplest cases of
minimal surfaces with constantly curved Gauss map.
Case 1. k=1, i.e., K=2
From the proof of Thm. 3.5, we observe that any minimal

surface S with K=2 is isometric to a linearly full holomorphic

curve y: M — [? whose tangent line is of the form

vr(z) = £(0)(1,%)

for some non-vanishing holomorphic function f. From Thm. 3.6 and
remark 1 of Prop. 3.7, we see that S is, in fact, congruent to V.

Thus we have:

THEOREM 3.8 - Any minimal surface S in R™ whose Gauss image has

constant curvature 2 must lie in some 4-dim affine subspace of

R", and is congruent to some holomorphic curve in Gz -RA of the
Y

form

(23) v = @ ee)a

where f(z) is a non-vanishing holomorphic function.

Case 2. k=2, i.e., R=1

Lawson [7] has given a complete description of this case:

THEOREM 3.9 - Let x: M — R™ be a simply connected minimal surface
whose Gauss image has constant curvature 1. Then there is an iso-
metric minimal immersion Xyt M ——4-R3 and a number BE[0,27] such
that

(24) X = xg = cosB X, ® sinB xp: M ——*-Rp
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where xa is the immersion conjugate to X4 Furthermore, up to con-
gruence, every minimal immersion, which is isometric to x, is as-
sociate to one of the surfaces Xg- In particular,

(i) if n<5, then x(M)E]R3
(ii) any two isometric minimal immersions of M into IRSare as-

sociate.
Case 3. k>»2

This general case, to our best knowledge, is far from
being known. We only know that from Thm 3.5 that for k even there

. . +
exist such surfaces S in FF 1, and hence all the surfaces

(25) SB = cosB S ® sin B S*

belong to the same class, where S* is the conjugate surface of S.

But, in general, they don't exhaust the whole class. If we take

-1
0 1/8
P = \1/6
1/8
-1 O
2 V6.3 1 4 1 ¢
And apply Thm. 3.6 for ¢(z) = (¢, 385 TaEL ), then we get a

8 . .
whose Gaussian image has

minimal surface S lying fully in R
constant curvature 2/4. And S, in no way, can be represented in
the form (25).

For k odd, we can see from Thm. 3.6 § Prop. 3.7 that,
in no way, a minimal surface whose Gaussian image possesses cons-
tant curvature 2/3 can be represented by the formula (25). A ge-
neral description of these surfaces would be very interesing.

REMARK. The case of k=1 or 3 was first observed by Hoffman-Osserman

[5], our presentation here is slightly different.






