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Theorem. Let (A,7) be a finite directed translation quiver and A be
the corresponding mesh algebra. The following statements are equiva-
lent:

(a) A is simply connected.

(b) A ts simply connected.

(c) A is strongly simply connected.

(d) The orbit graph O(A) of A is a tree. )

(€) The orbit graph O(A’) of any subquiver A’ C A of type A, is
a tree.

(f) Each irreducible cycle is a contour and each irreducible contour

N
%

for some non-injective vertez x.

The proof of this result is given in sections 2 and 3 and uses re-
cent results by Assern-Liu [3] and their notions of cycles and contours
(see below). As a consequence, we also characterize the completely
separated mesh algebras (Theorem 4.3). Recall that an algebra is com-
pletely separated provided it is Schurian and strongly simply connected.
A subclass of mesh algebras defined using the so-called postprojective
partition is studied in section 5. Also, we give necessary conditions for
the first Hochschild cohomology of a mesh algebra to vanishes, extend-
ing a result by Happel [17] for Auslander algebras.

The authors would like to thank I. Assem and S. Trepode for helpfull

conversations during the preparation of this work.

1. PRELIMINARIES

1.1.  Along these notes, k will denote an algebraically closed field. All
algebras are assumed to be basic, finite dimensional over k. For an
algebra A, denote by modA the category of all finitely generated right
A-modules and by indA its full subcategory with one representative of
each isoclass of indecomposable A-module.

1.2. A quiveris given by two sets Ag and A, whose elements are called
vertices and arrows, respectively, together with two maps s,e: A; —»
Ao which assign to each arrow a € A, its start point s(«a) and its end
point e(a). A path v in A is a concatenation of arrows a, --- oy such
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that (o) = s(a;1) for each 1 < i < n— 1. If e(an) = (), we say
that v is an oriented cycle. An oriented cycle of length 1 (the length of a
pathis the number of arrows in it) is also called a loop. A directed quiver
is a quiver without oriented cycles. A walk between vertices a and b is
given by a sequence of arrows ay,- - , @, such that a € {s(a1), e(a;)},
b € {s(an),e(as)}, and, for each i, {s(a;), e(e;)} N {s(cis1), (1)} #
. A quiver is called connected if there always exist a walk between any
two given vertices on it. Let A be a quiver and A’ be a subquiver of A
(that is, Ay C Ag and A} C A,) and let a,b € Aj. Then, A’ is said to
be full if all arrows from a to b in A, also belong to A, and it is said
to be convez if all paths from a to b in A also belong to A,

1.3. Let A be an algebra. By the assumptions above, we infer that
A is isomorphic to a quotient of a path algebra kA4 by an admissible
ideal. Recall that the path algebra kA of a quiver A is defined as
follows. As a k-vector space, kA has a basis formed by all possible paths
(including the so-called trivial paths associated to each vertex) and the
multiplication is given naturally as concatenation of paths whenever
possible. Denote by J the ideal of kA generated by all arrows of A.
An admissible ideal I of kA is an ideal such that there exists an n > 2
such that J* C I C J? Observe, then, that an algebra can also be
considered as a k-category (see [10]).

1.4. Let A be a directed quiver and I an admissible ideal of kA. A
k-linear combination & = Y-, A;w; of paths w; from z to y is called
a minimal relation provided (i) ¢ € I; (ii) m > 2; and (iii) for any
nonempty proper subset J of {1,...,m}, Zjes Ajw; ¢ I. We shall now
define a homotopy relation on the set of all walks of A. Observe that
a walk can be seen as a formal concatenation of arrows and inverse of
arrows. So, define the homotopy relation ~ as the smallest equivalence
relation satisfying :
(a) aa! ~ B! ~ trivial path at z,Ya,B € A, with s(8) =z =
e(a).
(b) m ~ 72 if 3 a minimal relation £7-, A;w; such that v = w;
and v = w; for some ¢, j.
(c) If 1 ~ 72 then 117 ~ 727 and 471 ~ 72 whenever these make
sense.

Fix z € Aq. So there is naturally a product on the set w1 (A, 7 ,z) of
the homotopy classes of walks starting and ending at z, which makes
it a group. When A is connected, then the groups m (A, I, z) and
m(A, I,y) are isomorphics for any z,y € Aq. In this case, it is called
the fundamental group of (A, I) and it is denoted by m1(A, I).



4 F. COELHO AND R. VARGAS

An algebra A is said to be simply connected provided for each pre-
sentation A = "TA of A, its fundamental group is trivial. Also, A is
called strongly simply connected provided any full convex subcategory
of A is simply connected.

1.5. Alocally finite quiver A = (Ag, Ay, 3, €) is said to be a translation
quiver provided:

(a) A has no loops and it is locally finite, that is, each vertex of Aq
is the start and the end point of at most finitely many arrows
in A; and _

(b) there exists a bijection 7: A} — A}, where A} and Af are
subsets of Ao such that for each £ € Af and each y € ¢~ =
{y € Ao : 3 an arrow y — z}, the number of arrows from y to
z equals the number of arrows from 7z to y.

Such a bijection 7 is called a translation in A. A vertex z in Ag\ A}
(respectively, in Ag\A}) will be called projective (respectively, injective)
and we write 7z = 0 (respectively, 7~z = 0). The symbol 0 does not
belong to Ap.

A semitranslation o in A is defined as follows. For z € A?, o is
a bijection between the arrows y —+ z with y € z~ and the arrows
7z — y. If A has no multiple arrows, then such a o is uniquely
determined. In case A has multiple arrows this is no longer true but for
our purposes here (that is, to assign an algebra to a given translation
quiver) the particular choice of a semitranslation will not affect our
results. So, whenever we refer to a translation quiver, we shall assume
that the semitranslation on it is fixed.

The Auslander-Reiten quiver of an algebra is a translation quiver, the

translation being given by the so-called Auslander-Reiten translation
DTr (see [7]).

1.6. Let A be a finite directed translation quiver. The r-orbit of a
vertex € Ag is the set o(z) = {r"z : n € Z} (we shall denote
7%z = z). By our assumptions on A, for each z € Ay, oz) contains a
unique projective vertex and a unique injective vertex.

Let now A’ C A be a (full) subquiver of A. We shall define the
orbit graph O(A') of A’ as follows. Denote by o'(z) = o(z) N Al). The
vertices of O(A’) are in a one-to-one correspondence with the sets o’ (2).
Suppose now that there are arrows between vertices  and v belonging
to the -orbits o(z) and o(y), respectively. So, there are as many edges
between the vertices o{z) and o(y) in O(A’) as the number of arrows
between u and v.
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Observe that if A’ = A, then the orbit-graph of A as defined above
is just the underlying graph of the usual orbit-quiver (see [19]). Also, it
should be clear that if A’ C A” C A are subquivers of A, then O(A')
is a subgraph of O(A").

Example. Let A be the translation quiver

where the dotted lines indicate the translations and let A’ be the fol-
lowing subquiver of A.

1.7. Let now A be a finite directed translation quiver, and let z € Ao
be a non-projective vertex (and fix a semitranslation o). The element
Yo(a)a, where o runs over all arrows a:y — z withy € z7, is
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called a mesh relation. The mesh algebra of A is defined now to be the
quotient of kA by the ideal s generated by all possible mesh relations.

We further assume in our considerations that (A, ) is finite and
directed, in order to garantee that the corresponding mesh algebra is
finite dimensional.

Observe that if one starts with the Auslander-Reiten quiver I'4 of a
representation-finite standard algebra A, then the mesh algebra of T'4
is finite dimensional independently of I'4 having oriented cycles or not.
These later algebras are called Auslander algebras (see [7] for details).

1.8. We end this section by giving a necessary condition for a mesh
algebra A to have its first Hochschild cohomology H!(A) equals to
zero. See [18] for a definition of the Hochschild cohomology groups
H'(A) of an algebra A, i > 0. Here we shall only need the following
characterization of the first Hochschild cohomology H'(A) of A. A
derivation in A is a morphism § € Homy(A, A) such that é(ad) =
8(a)b + ad(b) for each a,b € A. An inner derivation is a derivation
0z: A — A such that é,(a) = az — za for some z € A. Denote by
Der(A) and Der?(A) the k-vector space of all derivations and the inner
derivations, respectively.

Let now {e;, - ,e,} be a complete system of primitive orthogonal
idempotents of A and denote by Der”(A) = {& € Der(A) : §(e;) = 0 for
each i} the subspace of the normalized derivations. Setting Der™®(A) =
Der"(A)N Der®(A), we will have that

Der"(A)

) = Dermoa)

(see [16]).

1.9. We shall now establishes a necessary condition on a mesh algebra
A to have H'(A) = 0. The proof is based in Happel’s proof of a similar
result for Auslander algebras [17]. Here, however, we shall prove a
further condition, that is, that the associated quiver of such A is Al,,,—
free for p > 2.

Proposition. Let A be a connected finite translation quiver and A =
kA/pa be the corresponding mesh algebra. Assume furthermore that
the characteristic of k is zero. If H'(A) = 0, then A has neither oriented
cycles nor subquivers of type Al,p, with p > 2.

Proof. For a path 4 in A, denote its length by I(y). Define now a
derivation §: kA — kA given by §(v) = I(y)7. Clearly, § is a normal-
ized derivation. Now, since 6(m;) € pa for each mesh relation m, of A,
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§ induces a normalized derivation §: 2 —3 ¥4 Gince, by hypothesis,
Der" Ba #a

ﬁ,—.}% = 0, there exists a A € A such that § = §,. An easy calcula-
tion yields to A = 1%, pie; + X', where p; € k and X € @; ei(radA)e;.
For an arrow a: e¢; —» €; denote by @ its residual class in A. Hence,

a=6@) =@ =pa—au;+
with X € rad?A. So y; — uj = 1.
Suppose now that A has a subquiver of type A, as

o o [24
G 2 a; =2 s =3 A Q. = Oy

r > 2. By the above, we have p; — ptiyy = 1 foreach1 <1 < r
and p; — g, = 1. Since the characteristic of k is zero we reach a
contradiction. A similar argument proves that A is directed and the
result is proven. |

Until recently it was an open problem to decide whether an algebra
A with H'(A) = 0 could have cycles in its ordinary quiver. In [12],
Buchweitz-Liu provided an example showing that this has not to be
true in general. The above result shows, however, that the if A is a
mesh algebra with H!(A) = 0, then the ordinary quiver of A has no
cycles.

2. IRREDUCIBLE CONTOURS IN MESH ALGEBRAS

2.1. Let A be a locally finite directed quiver. Following (3], we say
that a pair of paths of positive length (p, q) from a vertex z to a vertex
y is a contour in A, and we shall indicate it by Cyy. Also, a cycle in A
is a subquiver C of A such that each of its vertices belongs to exactly
2 edges of C and there exists an enumeration {zo,- - ,Zn = Zo} of the
vertices of C such that there exists an edge between z;_; and z; for
1<i<n.

We say that a contour C,, = (p, q) is interlaced if the paths p and ¢
have some common vertex other than r and y. Also, Cyy is reducible if
there is a sequence of paths p = pp,- - ,pm = ¢ in A from z to y such
that, for each 1 < i < m, the contour (pi_1,p:) is interlaced. If this
does not happen, we say that C;, is irreducible.

Remark. Observe that a contour Cpy = (p,q) in which p is just an
arrow from z to y is irreducible.

Let C be a cycle which is not a contour. We shall denote by n(C )
(respectively, by 7'(C)) the number of sources (respectively, sinks) of
C. By our definition of cycles, n(C) = n'(C). Suppose now there is a
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path 8 in A between two vertices z and y of C. Observe that C can
be written then as a pair of walks w; and w; from z to y. We shall
say that such path 6 reduces the cycle C if 8~'w, and 6~'w, are both
cycles and n(8~'w;) < n(C), for i = 1,2. In this case, we also say that
C is reducible and otherwise irreducible.

For a quiver A as above, let I be an admissible ideal of kA. We say
that two paths p and ¢ from = to y in A are naturally homotopic if
there exists a sequence of paths p = p,,p1, - ,pm = q in A such that
for each 1 < i < m, p; and p;4, have subpaths ¢; and ¢;41 respectively
which are involved in the same minimal relations of (A, I). A contour
Czy = (p,q) is naturally contractible provided the paths p and q are
naturally homotopic in (A, I).

In {3], Assem and Liu have proven the following result.

Theorem. Let A be a connected triangular locally bounded k-category.
The following conditions are equivalent:

(a) A is strongly simply connected.

(b) For any presentation A = kA,/I4, each irreducible cycle in
Ay i an irreducible contour, and cach irreducible contour is
naturally contractible.

(c) There ezists a presentation A X kA4/I, such that each irre-
ducible cycle in A,y is an irreducible contour, and each srre-
ductble contour is naturally contractible.

2.2. For the rest of this section we shall describe the irreducible con-
tours and cycles in a mesh algebra. We start with the following lemma.

Lemma. Let A be a locally finite directed quiver and w be an irre-
ducible cycle in A which is not an irreducible contour. Let z,¢, and c,
be sources of w and denote by v: c; — ¢3 -+ cp_y — c, the subquiver
of w linking ¢; and c, not passing through x. Then, for each 1 <i <n,
there are neither paths from z to ¢; nor from ¢ to z.

Proof. Suppose there is an i with either a path from z to ¢; or a path
from ¢; to z. Call v and ¢ the two distinct subquivers of w linking
and ¢;. Also, decompose the walk v = vyv; into walks v; and vq in
such a way that ¢; is the (unique) common vertex of v; and v, and v,
is a subpath of v and v; is a subpath of ¢£. Suppose first that there is
a path 6 from z to ¢;. We will then have two cycles w; = #~'v and
wy = 67'¢. We shall show that n(w;) < n(w) for i = 1,2, leading to
a contradiction to the fact that w is irreducible. Indeed, if ¢; is a sink
in w, we have n(w) = 1 + n(v;) + 7(v2), and so n{w;) = n(v) < P(w),
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for : = 1,2. On the other hand, if ¢; is not a sink in w, we will
have that n(w) = n(v1) + n(v2), and since n(v;) > 1, we infer that
n(wa) = n(v1) < nw) for 1 =1,2.

In case there is a path 6 from ¢; to z, the argument is very similar. Write
again w; = 0~!v and wy = 071¢ the cycles induced by 8. If ¢; is a source
in w, then n(w) = n(v1) +n(v2) + 2, and so n{w;) = n(v;) +1 < n(w) for
t = 1,2, giving a contradiction to the fact that the cycle w is irreducible.
Also, if ¢; is not a source in w, then n{w) = n(vy) + n(v2) + 1 and so
n(wi) = n(vi) + 1 < n(w), since n(v;) > 1, which is also a contradiction
and the result is proven. O

2.3. Proposition. Let A be a finite directed connected translation
quiver. If O(A’) is a tree for each subquiver A’ C A of type A,, then
each irreducible cycle in A is an irreducible countor.

Proof. Suppose there exists an irreducible cycle w in A which is not an
irreducible contour. Let z be a source of w and let a and b sinks of w
such that there are paths p and ¢ from z to a and to b, respectively.
Since w is not a contour, then a # b. Let now ¢; and ¢, be sources of w
such that there are paths p; from ¢, to a and ¢; from ¢, to b. Denote,
also, by v: ¢y —» ¢y -+~ €y ¢— ¢y the walk between ¢; and ¢,

We now observe that o(a) # o(b). Otherwise, suppose a = 77b and

without loss of generality assume that r > 0 (a # b by hypothesis). So
there is a path # from a to b. It is not difficult to see that @ reduces w,

a contradiction. Write w; = gp~! and wy = quupy?.

Claim. If the walk w; passes through y = 7°z for some s # 0, then
s < 0, and y belongs either to p; or to g;.

First observe that y # ¢; for each ¢ by the above lemma. Suppose now
s > 0. Then y cannot belong to p; because otherwise there would exist
a path from ¢; to z, a contradiction to the above lemma. Similarly, y
cannot belong to g;. Therefore, s < 0 and y belongs either to p; or to
¢1, and the claim is proven.

Writenow py:cy =y — - —yr=aand q1: ¢ =y — -+ —
y, = b. Choose a vertez z as follows. If the path p; crosses the r-orbit
of z, choose j the minimum index such that y; is in the 7-orbit of
and set 2 = y;. If py does not cross the T-orbit of z, just set z = a.
Similarly, choose a vertex 2z’ as follows. If the path g crosses the 7-
orbit of z, choose ! the minimum index such that y; is in the 7-orbit
of ¢ and set 2’ = y]. If ¢ does not cross the 7-orbit of z, just set
2’ = b. Clearly now, there are: (i) a path P from z to z (which could
be even p if z = a); and (ii) a path p, from ¢, to z; (iii) a path § from
z to 2’ (which could be even ¢ if 2/ = b); and (iv) a path g; from ¢,
to 2. Finally, consider the cycle 5,vg; 'gp!. Observe that the walks
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@, = gp! and @, = P, induce two different walks in O(A) from
o(z) to o(z') (one passes through the orbit of z and the other one does
not). A contradiction to our hypothesis. ' O

2.4. Proposition. Let A be a finite connected directed translation
quiver and assume that O(A’) is a tree for each subguiver A’ C A of
type A,. If Cyy is an irreducible contour in A, then y = 171z and the
contour Cyy i3 of type

Proof. Write C;, as (p,q). Since it is irreducible, then there exist ar-
rows ay: £ — 2y, and ag: £ — z,, with 2; # z; and p = p'ey and
=qda,.
quaign. 2:I‘hc-: contour C,, passes through a vertex z = 7°z, with s < 0.
Suppose this does not happen. Then the walks aza;! and ¢~'p/ from
z; to z; induce two different walks in ©@(A) between o(z;) and o(z5)
(they are different because azaj! crosses the r-orbit of z and ¢~1p/
does not), a contradiction. So C,y passes through a vertex z = 7°z for
some 8. Since A does not have oriented cycles, we infer that s < 0 and
the claim is proven.
In particular, z is not an injective vertex. We shall show now that
= t71z. Suppose y # T7'z. So there exists a path v from 7~z to
y (using the claim above). Write B;: z; — 77!z, for ¢ = 1,2. Hence
there is a sequence of interlaced paths p,vB8;a;,v8202,q from z to y
which implies that (p,q) is not irreducible, a contradiction to our hy-
pothesis, and so y = 7712
Using the above notations, we shall show that p = 8,0; and ¢ = fza;.
Suppose, for instance, that p # f1a;. So, there exists 23 # z; and an
arrow f3: 3 — 771z such that p = Bsp’a;, where p' is a path from
z; to z3. Clearly, also there is an arrow az: z — z3. Observe that p/
does not cross the 7-orbit of z, otherwise we would have an oriented
cycle. Clearly, o(z3) # o(z1), and so the walk a3'p'a; of A induces a
walk in O(A) which is not a tree, a contradiction. Similarly, ¢ = Bza3,
and the result is proven. ]
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3. SIMPLY CONNECTED MESH ALGEBRAS

3.1. In this section we shall proof the result which characterize the
simply connected mesh algebras.

Theorem. Let (A, 1) be a finite directed translation quiver and A be
the corresponding mesh algebra. The following statements are equiva-
lent:

(a) A is simply connected.

(b) A is simply connected.

(c) A is strongly simply connected.

(d) The orbit graph O(A) of A is a tree.

(€) The orbit graph O(A') of any subquiver A’ C A of type A,, is

a tree.
(f) Each irreducible cycle is a contour and each irreducible contour

is of type
N
N\

for some non-injective vertez x.

Proof. The implications (¢) = (b) = (a) and (d) = (e) should be
clear. The implication (e) = (f) follows from Propositions 2.3 and 2.4,
while implication (f) = (c) follows from Assem-Liu’s result (2.1). To
complete the proof, it suffices to show (a} = (d).

() & (d). Observe that A is simply connected if and only if the
fundamental group m1(A, z) is trivial for each £ € Aq. This is clearly
equivalent to m(O(A), z) being trivial for each £ € Ap (see [10]). Also,
this happens if and only if O(A) is a tree. O

z

3.2. We shall now see some consequences of the above result. It is an
open problem whether an Auslander algebra has postprojective com-
ponent or not. For mesh algebras this is not true in general as shown
by the following example.

Example. Let A be the mesh algebra of the following translation
quiver
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where the dotted line indicates the translation. Observe that A is the
one-point extension A = B[M] where M = radP; = Ps @ Ps and B is
the (mesh) algebra given by the quiver

The module M is not directing because there exist a non-sectional path
between P; and Fg. Therefore, by the criterion of Drixler-de la Pefia
[15], A has no postprojective component.

3.3. By [9, 20], it follows that any strongly simply connected algebra
has postprojective components. This together with our main result
gives the following.

Corollary. Let A be a directed finite translation quiver and A =
kA[pa be the corresponding mesh algebra. If O(A) is a tree, then
T4 has a postprojective component.

3.4. Next example shows that the converse of the above result is not
true.

Example. Let A be the mesh algebra of the following translation
quiver
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where the dotted line indicates the translation. Clearly, A does not
satisfy the properties of our main theorem. Observe that A is the one-
point extension A = B[M], where M = radP; = P, ® Ps and B is the
(mesh) algebra given by the quiver

lo—s

The B-module M is directing and belongs to the postprojective com-
ponent of I'g. By [15], A has a postprojective component.

4. COMPLETELY SEPARATED MESH ALGEBRAS

4.1. The purpose of this section is to characterize the completely sep-
arated mesh algebras, that is, mesh algebras which are Schurian and
strongly simply connected. Recall that an algebra A = kA/I, where
A is a quiver and [ is an admissible ideal of kA, is called Schurian
provided dimgHom4(P;(A), P,(A)) < 1 for all vertices z,y € Ap. We
shall see that, for a mesh algebra, to be Schurian or completely sep-
arated is equivalent. We refer to [14] for a discussion on completely
separated algebras.

4.2. In order to prove our main result, we shall need the following
lemma.
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Lemma. Let A be a finite quiver without oriented cycles and let Cr, =
(p1,p2) be a contour in A such that py = oup; and pp = aaph, where
o and ag are distinct arrows (ending at y). Then, there ezists an
irreducible contour Cuy = (g1, q2) with g = asq] and ¢ = 04q;, where
a3 and a, are distinct arrows, and a path from z to z'.

Proof. There is nothing to prove if Cy, is irreducible. Also, if s(a;) =
(), then the contour (a;,;) is as required. Suppose then that
C.y is reducible and that s(a;) # s(az). Therefore, there exist paths
Y1 = P1,*** ,Ps = Pa, With 3 > 1, such that, foreach 1 =1,--- ,s -1,
@i and ¢;4; are interlaced. Since oy # a3, there exists an j such that
®; = a1pfp] and @iy = o@iL1P4 where o) € Ay, o # o}, and
p; and ;11 are interlaced at s(y},;) = s(p;) = 7. If the contour
Czy = (¢}, ¢}41) is irreducible we are done. Otherwise, repeat the
above argument to this contour. Since A is finite and has no oriented
cycles, this procedure has to stop at a contour as in the statement. U

4.3. We shall now prove our characterization of the mesh algebras
which are completely separated.

Theorem. Let (A, ) be a finite directed translation quiver and let A =
kA/pa be the corresponding mesh algebra. The following conditions are
equivalent:

(a) A is completely separated;

(b) A is Schurian;

(c) The following two conditions are satisfied:
(i) Each irreducible contour in A is of type.

e
ez

for some non-injective vertex z € Ap; and
(11) For each non-projective vertez y Ao, |y~| < 2.

e

Proof. (a) = (b} Trivial.

(b) = (c) Assume that A is Schurian. Clearly, then, all the irreducible
contour should be of the type described in (i). Also, if there exists a
non-projective vertex with | ¥y~ |=n > 2 in A, then there exists a full
subquiver of A of the following type:
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N
TY -/. s Y

with 370, Biay € pa. Hence S, appear at least n — 1 times as a
composition factor of P, and so dimiHomyu(Py, Py) > n —1 > 2,
which is a contradiction to the fact that A is Schurian.

(c) = (a) Suppose first that (A, 7) satisfies properties (i) and (ii).
Observe that it follows from (i) that A has no multiple arrows.

Let y € Ap. Since A is directed, clearly it is enough to show that
dimgHomy(P;, Py) < 1 for each proper predecessor z of y. We shall
do it by induction on the number n = n(y) of the proper predecessors
of y. There is nothing to prove if n = 0.

Suppose now n > 0 and that dimiHom4(P,, P,) < 1 for each proper
predecessor z of a vertex y’ which has less than n proper predecessors.

Suppose that there exists a vertex z such that dimgHomu(F;, P,) 2
2. Then there exist at least two non-zero paths y and £ from = to y
with o 4+ £ € ua.

Assume first that £ € y~ and let o denote the arrow from z to y.
Since A has neither oriented cycles nor multiple arrows, one of the
above paths from z to y, let us say ¢, does not pass through the arrow
a. Consider the contour C,, given by the paths ¢ and o. It is clearly
irreducible (see (2.1)), which is a contradiction to condition (i). So,
from now on, we can assume that z is a proper predecessor of y not
belonging to y~. Write ¢ = a;¢’ where a is an arrow from ; € y~
to y and ¢’ is a path from z to z,. If the path { pass through o,
say £ = oy, then there would exist two paths ¢’ and ¢’ from z to z,
such that ¢’ + € ¢ ua, a contradiction to the induction hypothesis. So,

= ayt', where a;z: z; — y is an arrow and z; # z;. Consider the
contour Cy, = (i, £). If Cyy is irreducible, then by the hypothesis (i)
and (ii), it follows that dimzHom4(P;, P,) < 1. Suppose then that Cy,
is reducible. By Lemma 4.2 and property (ii), there exist an irreducible
contour Cpy = (p1,&1) such that ¢ = o9}, & = €] and a path §
from z to z'. By properties (i) and (ii), Czy is of type

I

27N,
N

01'2
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where z' = 7y and y~ = {z1,2,}. Observe that, by the induction
hypothesis, we have that 8,6 + ¢’ € pa and B30 + ¢ € pa. Since
a1B1 + aafz € pa, it follows that ¢ + € € pa and this implication is

proven.
O

5. A CLASS OF MESH ALGEBRAS

5.1. For the rest of the paper we shall apply the characterization given
in Theorem 3.1 to a special kind of mesh algebra. Let B be an algebra.
Recall that a partition Po,... ,Pn,.-. ,Peo of indB is called postpro-
Jjective provided:
(b) for each j < oo, P; has the following properties:
(b1) P; is finite. :
(b2) for each X € C; = indB\(U;<; P:), there exists an epimor-
phism Y — X with Y € addP;.
(b3) No proper subcategory of P; satisfies the condition (b2).
The existence and uniqueness of a postprojective partition of a given

algebra was established by Auslander and Smalg in [6]. We refer to this
paper for more details.

5.2. Let B be an algebra and denote by Po,... ,Pa,- .- , P its post-
projective partition. Following [13], we say that B belongs to the class
Hm, for some m > 0, provided it satisfies the following conditions for
J = m but not for j < m: (i) add(Po U - - U P;) is closed under sub-
modules; and (ii) for every irreducible map X — Y with ¥ € P4,
and X indecomposable, X ¢ (PoU -+ U P;y).

Let B € Hn,, for some m > 0. By [13](2.3), for each n > m, the sub-
category add(PoU - - U P,) is also closed under submodules. Consider
now, for each n > m, the algebra A, defined as the endomorphism
algebra of the module which is the sum of one copy of each module of

Pr=PyU---UP,.

Lemma. Let B € H,,, for some m > 0 and suppose I'p has a post-
projective component. Then, the algebras A,, with n > m, as defined
above are mesh algebras.

Proof. Let n > m. Observe that P™ generates a full convex subquiver
T'n of T which is finite and directed. Since, by [19], a postprojective
component is standard, we infer that the algebras A, is the mesh al-
gebra of (T'y, 7).

O
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5.3. It has also been proven in 1] that if B € H,, then either B is the

radical square zero algebra with ordinary quiver A, linearly oriented
or the Auslander-Reiten quiver I'g of B has a postprojective compo-
nent containing all the projectives. If B is the square radical zero with
ordinary quiver A, linearly oriented, then indB = P, U P; and A, is
the Auslander algebra of B for each n > 1. Hence A, is also a mesh
algebra.

Example. Let B be the algebra given by the quiver

. ° . . with O!B = 0= Cl‘)’(s
o 5 é

The Auslader Reiten quiver of B is

where the dotted lines indicates the Auslander-Reiten translation. The
number next to a vertex indicates the postprojective level of the cor-
responding module. The algebra B is clearly in H,. The algebras A;
e A, are given by the full translation subquivers of I'4

SN\ me NN\

respectively, while Az is the Auslander algebra of B.
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5.4. As a consequence of our main result we have the following result.

Proposition.Let B € Hy, for some m > 0 and suppose I's has a post-
projective component. Then, the following statements are equivalent:
(a) B satisfies the separation condition.
(b) For each n > m, A, is simply connected.
(c) For each n > m, A, is strongly simply connected.

Proof. We first observe that B satisfies the separation condition if and
only if the orbit graph of the postprojective component I' of B is a tree
(see [9]). Now, for n > m denote by T, the full convex subquiver of I
generated by P". Clearly, the orbit graph O(l',) equals the orbit graph
of the postprojective component I'. The result now follows easily using
(3.1). O

5.5. We finish this paper with an example of an algebra in ‘H; which
satisfies the separation condition but it is not strongly simply con-
nected.

Example. Let A be the algebra given by the quiver:

N

N4

with 1oy = By and 102 = fra;. The Auslander-Reiten quiver I'4
of A has a postprojective component I' containing all the projective
modules as follows
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where the number near a vertex indicates the postprojective level of
the corresponding module. Clearly, A € H;. It is not difficult to check
that A satisfies the separation condition but it is not strongly simply
connected.

REFERENCES

(1] L. Angeleri-Hiigel, F. U. Coelho, Postprojective components for algebras in
Arch. Math. 69 (1997) 1-7.

{2] 1. Assem, P. Brown, Strongly simply connected Auslander algebras, Glasgow
Math. J. 39 (1997), 21-27.

[3] I. Assem, S. Liu, Strongly simply connected algebras, J. Algebra 207 (1998),
449-477.

[4] 1. Assem, A. Skowroniski, On some classes of simply connected algebras, Proc.
London Math. Soc.(3) 56 (1998), 417-450.

[5] M. Auslander, Representation dimension of artin algebras, Queen Mary College
Mathematics Notes (1971}, London.

[6] M. Auslander, S. O. Smalg, Preprojective modules over artin algebras, J. Alge-
bra 66 (1980), 61-122.

[7] M. Auslander, I. Reiten and S. Q. Smalg, Representation theory of artin alge-
bras, Cambridge University Press (1995).

[8] R. Bautista, F. Larrién, L. Salmerdn, On simply connected algebras, J. London
Math. Soc.(2) 27 (1983), 212-220.

(9] K. Bongartz, A criterion for finite representation type, Math. Ann. 269 (1984),
1-12.



20 F. COELHO AND R. VARGAS

[10] K. Bongartz, P. Gabriel, Covering spaces in representation theory, Invent.
Math., 65 (1982}, 331-378.

[11] O. Bretscher, P. Gabriel, The standart form of a representation-finite algebra,
Bull. Soc. Math. France 111 (1983), 21-40.

[12] R. O. Buchweitz, S. Liu, Artin algebras with loops but no outer derivations,
preprint, 1999.

[13] F. U. Coelho, A generalization of Todorov’s theorem on preprojective partitions,
Comm. Algebra 18 (1990), 1401-1423.

[14] P. Draxler, Completely separantig algebras, J. Algebra 165 (1994), 550-568.

[15] P. Dréxler, J. A. de la Pefia, On the ezistence of postprojective components in
the Auslander-Reiten quiver of an algebra, Tsukuba Journal Math. 20, (1996),
457-469.

[16] D. Happel, Hochschild cohomology of finite dimensional algebras, Lecture Notes
in Maths. 1404, (1989} 108-126.

[17] D. Happel, Hochschild cohomology of Auslander algebras, Topics in Algebra,
Banach Center Publications 26 Part I (1990), 303-310.

[18] G. Hochschild, On the cohomology groups of an associative algebra, Ann. of
Math. 46 (1946), 58-67.

[19] C. Ringel, Tame algebras and integral quadratic forms, Lecture Notes in Math-
ematics 1099 (1984), Springer.

[20] A. Skowrotiski, Simply connected algebras and Hochschild cohomologies, Proc.
ICRA IV (Ottawa, 1992) Can. Math. Soc. Proc. 14 (1993), 431-447.

[21] R. R. S. Vargas, Algebras de tipo mesh fortemente simplesmente conexas, PhD’
thesis, Universidade de Sdo Paulo, 1999.

DEPARTAMENTO DE MATEMATICA-IME, UNIVERSIDADE DE SAo Pauro, CP
66281, SAio PauLo, SP, 05315-970, BRAZIL
E-mail address: fucoelhoCime.usp.br

DEPARTAMENTO DE MATEMATICA-IME, UNIVERSIDADE DE Sio PauLo, CP
66281, SAo PauLo, SP, 05315-970, BrAZIL
E-mail address: rosapa®ime.usp.br



TRABALHOS DO DEPARTAMENTO DE MATEMATICA

2000-01

2000-02

2000-03

2000-04

2000-05

2000-06

2000-07
2000-08

2000-09

2000-10
2000-11

2000-12

2000-13

2000-14

2000-15

2000-16

2000-17

TITULOS PUBLICADOS

BARROS, S.R.M,, PEREIRA, A L., POSSANI, C. and SIMONIS,
A. Spatially periodic equilibria for a non local evolution
equation. 11p.

GOODAIRE, E.G. and POLCINO MILIES, C. Moufang unit loops
torsion over the centre. 10p.

COSTA, R. and MURAKAMI, LS.I On idempotents and
isomorphisms of multiplication algebras of Bernstein
algebras. 12p.

KOSZMIDER, P. On strong chains of uncountable functions. 24p.

ANGELERI-HUGEL, L and COELHO, F.U. Infinitely generated
complements to partial tilting modules. 11p.

GIANNON, F., MASIELLO, A., PICCIONE, P. and TAUSK, D.
V. A Generalized Index Theorem for Morse-Sturm
Systems and applications to Semi-Riemannian
Geometry. 45p.

PICCIONE, P. and TAUSK, D.V. Lagrangian and Hamiltonian
formalism for constrained variational problems. 29p.

PICCIONE, P. and TAUSK, D.V. An index theorem for non
periodic solutions of Hamiltonian Systems. 67p.

GIAMBO R., GIANNONIL F. and PICCIONE, P. Existence
multiplicity and regularity for sub-Riemannian
geodesics by variational methods. 25p.

PICCIONE, P. and TAUSK, D.V. Variational Aspects of the
Geodesic Problem in sub-Riemannian Geometry. 30p.

GIANNONE, F. and PICCIONE, P. The Amival Time
Brachistochrones in General Relativity. 58p.

GIANNONE, F., PICCIONE, P. and TAUSK, V. D. Morse Theory
for the Travel Time Brachistochrones in stationary
spacetimes. 70p.

PICCIONE, P. Time minimizing trajectories in Lorentzian
Geometry. The General-Relativistic Brachistochrone
Problem. 23p.

GIANNONI, F., PICCIONE, P. and SAMPALMIERI, R. On the
geodesical connectedness for a class of semi-
Riemannian manifolds. 31p.

PICCIONE, P. and TAUSK, D. V. The Maslov Index and a
generalized Morse Index Theorem for non positive
definite metrics. 7p.

PICCIONE, P. and TAUSK, D. V. On the Banach Differential
Structure for sets of Maps on Non-Compact Domains.
26p.

GONZALEZ, S., GUZZO JR, H. and VICENTE, P. Special classes
of n™-order Bernstein algebras. 16p.








