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Abstract 

We show that the family of recognizable Z-subsets of A· is closed 
under (integer) division by a positive integer. The technique that 
we use to prove this result is constructive and, by generalizing 
this construction, we obtain a characterization of recognizable 
Z-subscts of A+ as a sum of finitely many simple 2-subsets of 
A+. We also show that the family of recognizable Z-subsets of 
A· is not closed un<lcr division by a negative integer, or under 
taking the remainder of the division by a non-zero integer. 

1 Introduction 

In the seventies, S. Eilenberg 12] studied the recognizable subsets with multi­
plicities in an arbitrary semi ring ]\., paying special attention to the cases of 
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the Boolean semiring and the semiring of natural numbers. A mor<' alg<'brrti<­
treatment of recognizable /\'-subsets is given by Berst.el an<l Heutenauer [l J. 

In [7] and [SJ. we studied some properties of M-subsets of A". where M is 
the tropical scmiring. For background and the most important results about 
M-subsets sec Simon [12. 1:L 1-1. 1.5. lG]. Hashiguchi 13, -1, .5, 6]. Leung IJ l] 
and I,rob [9, 10]. 

This paper is concerned with the corresponding theory for the semi ring Z, 
which is just an extension of M to the set of all integers; that is, Z consists 
of the integer numbers extended with oo and equipped with the minimum 
and addition operntions. 

Here, by considering a crrt.ain construction of Z-a.utomata. W<' prow• two 

results concrrning t.o tlw r<'rngniza.bl<' Z-suhsf'ls or A·. TllC' first of t lws(' 
(see Theorem 2) assert.~ that.. if X is a recognizablf' Z-subset of A" and d 
is a positive' inl<'g(•r. tlw Z-suhs<'I l .- = X div d is rerngnizabl<'. wher<' wY 
is the division quotient of wX by ,l, for alt w in A". Th<' scco11<l result 
(see Theorem 15) gives a characlc•riza.tion of recognizable Z-subsets t.hrough 
simple Z-subsets. More precisely, we show that every recognizable Z-subset 
of A+ is the sum of a finite number of simple Z-subsets of A+. 

We also show (see Lemma S} that if d is a negative integer. X div d is 
not always a recogniza.ble Z-subset, and (see Lemma 10) if d is a non-zero 
integer, Y = X mocl d is not always a recognizable Z-subset, where u;}'" is 
the division remainder of wX by d, for a.II win A". 

Eilenberg [2] showed that if X is a recognizable N-subsct of .-1". wliere 
N is the scmiri11g of tlw natural numbers. and d is a positive integer. the 
N-subsets ) .. 1 = X div d and }~ = X mod dare recognizable. l\1oreovcr. in 
[2] it is prm·<'d that. X = dV1 + }2. and hence X can be 'recovered' from 
Yi and Yi. However, we prove tha.t. for the recognizable Z-subsets, such an 
'inversion operat.ion' to division does not exist. 

2 The semiring Z, Z-subsets and Z-A-auto­
mata 

The semfring Z h,u; as support ZUoo a11d as operations th<> minimum and the 
addition. The mi11imum plays the rol<> of semiring addition and the addition 
plays the role of semiring multiplication. Note that Z is a commutativf' 
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semiring an<l the identities with respect to minimum an<l addition art" oc 
and 0, respectively. 

The subscmiring z- of Z consists of the nonpositivc integers and x. It 
is isomorphic to :\11 '1, tll<.' du,d of M, whose support is NU -oc aud whose 
operations arc the maximum and the additiou. 

Let A be a finite alphabet. :\ Z-subsct X of A· is a functio11 X: :-1"--+ Z. 
For each w in A". w.\ is call('cl the multi7,licity with which w bc./0119.:- to .\. 

If lX = oc then w1· also say tha.t X is a 2-subsel of .. 1+. 
The following opera.lions arc defined over Z-subsets of .4 ·, where { X, I 

i E J} is a family of Z-subsets of A" indexed by a set /, X and Y are Z­
subsets of A", and m E 2. For (a) and (b) we assur:ne that / is finite. and 
for (e) and (f) w1• assume that IX= oo. 

(b) \/w EA", tt•O:::iE/ X;) = L,e1(wX;) 

(c) Vw EA", w(.\'Y) = 111i11r11=u•(J·X +yl _. ) 

(d) VwE A", 11'(111 +X) = m+wX 

(e) \/w EN, wx+ = w(minn~l xn) = minn~1(wXn) 

(miuimum) 

(additiou) 

(c~ncatenatiou) 

{f) x· = min( 1. x+ ), where the Z-subset 1 is defined by V-w E A". tt'l = 0 
if w = 1 and tl'l = oo, oth<>rwise. 

Recall that, for any semi ring /{. one naturally has t.he operation~ of ad­
dition, intcrsectio11, and multiplication of /{-subsets. In tlw case in which 
I{= Z, these opc;rations an-, respectively, the ones given i11 (a), (b) aud (c) 
above. 

Observe that if/= 0, 111i11,e1(m;) = oo and Lie/ m; = 0. 
The family Z{{A)) of all Z-subsets of A" with the minimum ,a) and 

concatenation (c) operations constitutes a semiring, whose identities are, re­
spectively, the Z-subset 0 (where, for all w EA", w0 = oo) and the .Z-subset 
1. 

A Z-A-,mloma/011 A = (Q, I, T) is an automaton over .4. with a finite 
set Q of states. two Z-subsets I and T of Q and a 2-subset E..A of Q x Ax Q. 



If pl -:f; oo (rri-;p. pT :f= oc ), we say that ]J is a.n initial .,tat, ( rt·sp. final 
state) of A. 

If (p, tt, q) is an edgr i11 A. W<' stt.y that its label is a and that its multiplicdy 
is (p.a,q)E.A. H (J).(t,q)E.A-/:- oo. the edge (p.a,q) is sa.id to be a useful edg, 
of A. · 

If P is a path of lengt Ii 11 in .A, with origin p0 and terminus p,.. that is 

then its label is \Pl = o1 "2 ... a" and its multiplicity II Pl! is tlw sum of the 
multiplicities of its <'dg<'s. 1 hat is 

" 
111111 = 2)11,_,.a,,71,)£..4 

i=I 

For convenience. if /J is th<' pat Ii ahovc. we also write 

p,., . 

Concatenations, fortorizations and fact.ors of paths .irC' dt•finrd as usua.l. 
A path Pis tt-"cful if II Pl! :f= oo. A useful pa.th, whosr ori~i11 i and l<'rminus 

t satisfy ii :f= oo and IT :f= -:,o. is railed surce.,;,,;/11/. 
The bdtavim· of A is the Z-subset II.All of A• tha.t associates a multiplicity 

to each word a.s follows. Let III h<' in A* and let C be tlw srl of successful 
paths P in .A wit.It la.hd IPI = w. Then, 

u·IIAII = min(i/ + IIPII + tT) , 
l'EC 

where i and I ore the origin and tlw terminus of the path P. resp<"ctively. 
A successful path P i11 A, with label w, origin i and tC'rminus t. is called 

victorious. if if+ IIPII +IT= u·II.AII. 
The structure C = ( q. Ee) over Al. consisting of a finite sci of states 

Q, a set of edges Q x .-l x Q a.n<l a 2-subset Ee of Q x A x Q. is called 
a Z-A-semia1tfomafo11. from C we can construct a Z-:\-automa\.011 .A b~· 
introducing two Z-subscts / and T of q. 'In this case, A can also be denoted 
by A = ( C, I, T). 

We say that. a Z-A-aul.omaton A = (Q, I, T) is 11ormali=erl if A has c1 

unique initial st.ate- i and a uniqur• fina!I state l, wit.h t ::/:- i and i I = fT = 0. 
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and, mon.·ovc•1-. t.her<' an· 1ll'itlacr C>dges with terminus i nor edges with origi11 

t. 
We say that a Z-:\-a11/0111alo11 A= (Q, /, T) is simple if 

(Q x Ax Q)L'.,4 ~ {0,1,-1.oo}. QJ ~ {O,oo} and QT~ {0.oc} 

It is important lo obsen'<' that in a nor;11alized or simple Z-A-automato11 

A, every victorious palh P with label w satisfies IIPII = wJIAII (because 

QJ,QT ~ {O,oc,}) ;md <'very successful path P' with label 11• is sucl1 that 

wJlAII S IIP'JI (becausc IIPII S IIP'II). These properties will \)(' fn.·qtu.·ntly 

used in the proofs. 
A Z-.~11/i.,, I or .·\· is /"f ("O!fUi::al,lt if il is llu· behavior of SOllll' 2-.4-

automalcrn. It i:- m·II k11ow11 lli,,t c•very l'Pcog11izable 2-subsct of .. \+ is the 

behavior of a 11onnaliz<'d Z-1\-c1utomato11. The family of all recognizable 

2-subscts of/\" is dc·uolcd by 2 Hee A·. 
A class of rc•rng11iiabl<' 2-subset.s of A• that has received som<' atte11tio11 

is that of simple Z-subsels of A". cle11oted by ZSRecA•. A Z-subsct of A" 

is simple. if it is tlw behavior of some simple Z-A-automaton. \Ve showed 

(7, 8] that tlie family of simple .,\1-subsC'ts of N is a proper subfamily of 

all recognizable .M-subsets of:\·. This result. ca11 be easily cxt.en<lc<l to llw 

family of recoguizablc 2-suhs<>ts of rt•; that is. Z SRec A· ~ Z Rec .--t·. 
Let us denol<' hy A+ th" 2-subsrt of A· such that 

Vu• E . .\". ll'A + = {. oo 
. 0 

if w == 1 
otherwise 

Then, one can easily \"crify tlw following result. 

Proposition 1 Fol' P1'<-r.lJ rrcogni=ablc Z-:mbsel X of A• thrrt tri.,t., " 11or­

malize,l Z-r\-1111/011111/011 A ·"""" tlrnl IIAII = X +A+. 

■ 

3 Closure of Z Rc.•c- A* under the division by 

an integer 

We studied tl1c- closure properties of the family of recognizable .\If-subsets 

of A• and of two of its suhfamili<'s under several operations. These results 



can be found i11 our cloct.oral thesis [7} and in {8]. Herc, we investigate llw 

closure properties of familif's of Z-subsets under taking the quotient and the 

remainder of the division by an integer different from zero. 

The quotient (div) and the remainder (mod) of the integer division over 

the natural numbers can he extended to the semiring Z by putting 

Vd # 0. oo div d == oo, oo mod d == oc and 

\/m E Z. 111 div ti = l· and m mod d = r . 

where k and,. aw lll<' 1111iq1w integers such that h/ + r· = m and 0::; ,. < ldl . 
Observe that. in this drfinition the remainder is always 11011-ncgatin• and 

the following prop<'rt.i,•s ;irr sat.isfi<'d: 

m div d == -(m div - d) and m mod d = m mod -cl . 

\Ve can ext.c11d the opernt.ions div and mod to thr Z-suhsets of .-1· as 

follows. Let .\" be a Z-subi-ct of A" and let d -:/- 0. The Z-subsets X div d 

and X mod d of A" ar<> d<>fin<>d by: 

Vw EA", w(.\' div d) = wX div d and w(X mod d) = wX mod cl . 

Theorem 2 Lei cl be n positive integer. lf X is a recognizable. Z-subsrf of 

A+ then X div d is rt rrcog11i:;nble Z-subset of A+. 

In the proof of Theorem 2 we will construct a Z-:1-automolon l3 = 
(Q, I, T) from a normalized Z-A-automaton A = (Q_,4. /.,4. 1'.,4 J such that 

IIBII = IIAII div d. Tlie idea is to construct B from d 'copi<'s· or A . 

Let us first constrnct a 2-A-semiautornaton C. drpendi11g 011 A. which 

will also be used i11 t.he 1wxt. section. For convenience. for an integer d ~ 1, 

put [l,d] = {l. .... rl} . Lc•t C = (Q,Ec), whe-re Q ==CJ.Ax [1.d] and the 

useful edges of C wit Ii tlwir l't'sprcLive 11111ltiplicities an· ddi11c<l as fullows. 

Let 0
1 = (JJ, a, q) he a useful edge of A. Let us consider 

l· = o' E.A div ,/ and r = 0 1 E.A mod d . 

Then 0
1 E_,4 =hi+ r. 

For each i E [1.d], a= ((p.i).a,(q,j)) is a useful edge of C. satisfying 
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• if i > r, j = i - ,. and al:,~. = k; thus, 

a:' E.A = kd + r = d( a Ee) + i - J 

• if i $ r, j = i - r + cl and nEc = k + l; thus, 

_a' E.,4 = kd + ,. = hi+ d + r - ,L = d( k + 1) + r - d = d( o.Ec) + i - j 

In both cases, j E 11, d] aud a' E.,4 = d(o.Ec) + i - j. Note that this conditiou 

uniquely defines both j and a Ee, for every i and o' E.,1.. 
Let us see what we can say about the edge multiplicities of C when d is the 

maximum of the absolute valuf's of the multiplicities of the useful edges of A. 

This is, in fact, th(' situation we will have in the next section. If each useful 

edge a' of A is suet. tl1at. 0 $ lo' £.,4 I $ d. it results tl1a1 ~- = o' E..A div d 

is O or l or -1. :\bu, k = I if a11d 011ly if a' £..4 = d an<l, i11 this case, 

r = er' E_,1, mod ,/ = 0. Tl1e11, 

Vi E [I,,l], oEc = { k (which can be O or 1 or -1) 
k (which can be O or -1) + 1 

Thus the edge multiplicities of C are in { 0, 1, -1, oo}. 

if i > r 
if I~ 1· 

In the sequel, we study some properties relating paths in A with the 

corresponding paths i11 C and vice versa. 

Let P.,1. and Pc lw the sets of useful paths in A and in C. respectively. Let 

us define a function \II : Pc -+ ['_,. as follows. If 

is a useful path in C, then 

It is easy to sec· that PIJI is a useful path in A and we say that PIJI is the 

projection of P i11 A. 011 t.h<" other hand, one can see that for each useful 

path P' in A and for each ; E [l. <l]. there exists a unique useful path P in C. 

with origin in Q.,4 x {i}, wliose projection in A is P'. Such a path P will be 

called the i-lifti119 of P' in C. The following lemma relates the multiplicities 

of a useful pat.h in C and of its projection. 
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Lemma 3 Let P be a useful path in C from (p, i) to (q,j), i and j E [l, d]. 
Then its projection P' in A satisfies 

IIP'II = dllP]I + i - j . 

Proof. Let P be a useful path in C from (p, i) to (q,j). Let w be the label 
of P, w = Wt ••• w,, with w, E A, {I :5 I :5 t). The proof is by induction on 
the length t of the path P. 

If t = 1, then P = ((p, i), w, {q,j)) is a useful edge of C. Let P' = (p. w, q) 
be the projection of P in A . By the construction of C, we can verify that 

IIP'II = dllPII + i - j , 

as required. Hence, let us s11ppose that t > 1 and that the lemma is valid for 
useful paths in C of length less than t. Then, the path P = ( (p, i). w, ( q, j)) 
can be decomposed in the path P1 = ((p, i), w 1 ••• wc-1, (s, /)) and in the 
edge o = ((s, l), w,, (q,j)), for some s E Q and l E [l, d], such that P = P1o. 

By the induction hypothesis applied to the path P1 = ((p, i), Wt ••• w 1_ 1 , , 

(s,l)), its projection P1' = (p,tt•1 •• • w,_ 1 ,s) in A satisfies 

IIP1'1l = dllPill + i - I . 

Leto'= (s, w,, q) be the projection of o = ((s, /), w1, (q,j)) in A. By the 
construction of C. we havr that 

llo'II = dlloll + I - j . 

Thus, the path P' = P1'o' = (p,tv1 .•• w,_1 ,s)(s,wi,q) from p to q is the 
projection of P in A and 

IIP'II = IIP,'11 + llo·'II = dl!P, II+ i - I+ dlloll + I - j = d(IIP, II+ llo[I) + i - j 

Therefore, IIP'II = dllPII + i - j. 

• 
The crucial property of the construction of C is stated in Lemma 3 above; 

it says that for every useful path P in C and its projection P' in A, the 
difference IIP'JI - dllPII only depends on the origin and the terminus of the 
pa.th P. 
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Corollary 4 Let P be a useful path in C from (p, i) to ( q, j), i and j E [ 1, d]. 
Let P' be the projection of P in A. Then 

_ { [IP'II div d 
IIPII - 1 + IIP'II div d 

if i - j ~ 0 
if i - j < 0 . 

Proof of Theorem 2. For d = l we have nothing to prove. 

■ 

Let d ~ 2. Let X be a recognizable 2-subset of A+ and let A = 
(Q.,4,].,4,T.,4) be a normalized 2-A-automaton such that JIAII = X. 

Let us construct a Z-A-automaton 8 = (C, I, T) from the Z-A-semiau­

tomaton C = ( Q, Ee), whose construction and properties we just described. 

For this, let us define the Z-subsets I and T of Q: 

(q,d)J = qi-" (\:/<1 E Q-") and (q,j)J = oo (Vq E Q-", Vj E (l,d-1]) ; 

(<J,j)T = qT.,.. (\:/q E Q.,.., Vj E [1,d]) . 

We wish to prove that [1811 = HAIi div d. Let w E A+ be such that 

wllAII 'I- oo and let P' be a victorious path in A, with label w. By Corollary 4, 

the d-lifting P of P' in 8 satisfies 

IIPII = IIP'II div d ; 

hence, 
wllBII S IIPII = wllAII div d . {l) 

Let now Pi be a victorious path in 8, with label w. Let Pi' be the 

projection of P1 in A. Then, remembering that the origin of Pi lies in 

Q.,4 x {d}, and using Corollary 4, we have that 

wllBII = IIPdl = !IPi'll div d ~ IIP'II div d = wllAII div d . (2) 

Thus, from ( 1) and (2), we have that wllBII = wllAII div d. 
Moreover, we observe that I 11811 = oo and if wllAII = oo then Corollary 4 

implies that wllBII = oo. Thus, IIBJI = IIAII div d = X div d. Therefore, 

X div d is a recognizable 2-suhset of A+. 
■ 
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In the proof of Theorem 2, if A is an M-A-automaton (resp. z- -A­
automaton), 8 will be an M-A-automaton (resp. z--A-automaton). Thus, 

Theorem 2 is also valid to the recognizable M-subsets (resp. z- -subsets). 

Corollary 5 Let d be a positive integer. If X is a recognizable M -subset 

(resp. z- -subset) of A+ then X div d is a recogni=able M-s11bscl (resp. 

z- -subset) of A+. 

• 
Theorem 2 can be easily extended for the family of all recognizable 2-

subsets as can Corollary 5 for the family of all recognizable M-subsets and 

z- -subsets of A·. 

Corollary 6 Let d be a positive integer. Z Rec A•. M Rec A· and z- Rec A· 

are closed under div d. 

Proof. Let X E Z Rec N. By Theorem 2, (X +A+) div d is a recognizable 

Z-subset of .-1+. Thus, X div d = min((X +A+) div d, (IX div d) + I) is a 

recognizable Z-su bset of A·. 
The proof for X in M Rec A- or z- R.ecA• is similar. 

• 
It follows from Theorem 2 and Corollary 6 that the family of simple Z­

subsets of A• is also closed under integer division by a positive integer. 

Corollary 7 Let d be a positive integer. Z SRec A• is closed unde1· div d. 

■ 

In the sequel, we verify that if d is a negative integer, Z Rec A· is not 
closed under div d. 

Lemma 8 Let d be a negative integer. Z Rec A· is not closed under div d. 

Proof. Let A= {a, b} and let X be the 2-subset of A· defined by lX = oo 

and \/w E A+.wX = min{-lwj0 • -lwl&}, It is clear that XE Z Rec A· . 
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Let us cousidcr till' Z-subsc-t } · = X div - 1. l3y the definition of L we 

have lY = oc and Vw E .. \+. u·} ·· = w(X div - 1) = wX div -1 = -wX = 
- min{-lwla• -lwld = max{lu·la• lwlb}-

Suppose that }' is a recognizable Z-subset of A". Then, there is a nor­

malized Z-A-automaton A such that IIAII = }··. 
Consider the wor<l w = anbn, where n is the number of the states of A. 

Then wY = n. 
Let P be a victorious path in A, spelling w. Then, IIPII = wllAI] = wY = 

n and exist naturals r, s an<l t, with s > 0 and r + s + t = n such that the 

path P can be factorized as 

Co_nsider the factor P1 = ('12,b•,q2) of P. If !IP.II$ 0, exists a successful 

path P' in A. 
:JI u" b' b' b' b1 

j ; <Jo - </I ---+ <J2 ---+ 92 --+ 92 -- q3 , 

spelling the word w' = anbn+• such that 

IIP'll $ IIPII =n 

Then w' ll AII $ IIP'II $ n . This is a contradict.ion because 

w') ·· = max{ n, n + .s } ~ n + I . 

Thus, llP1 II > 0. And, i11 this case, exists a successful path P" iu A, 

11 a" b' b1 

P : <Jo --+ q, --+ q2 --+ q3 , 

spelling the word w" = anbn-• such that 

IIP"II < IIPII = n 

Then w"IIAII $ IIP"II < n. This is a contradiction because 

w"}' = max{ n, n - s} = n . 

Hence, }·· is not a recognizable 2 -subset of A·. Therefore, Z Rec A" is 

not closed under div d, when d is a negative integer. ■ 

A consequence of the proof of the previous lemma is the statement in the 

next lemma (see [8]) which was also showed by Krob [10] in another context. 

11 



Lemma 9 There i., a Z-,;;11/m/ X of A" such that X is nrogni=tLbh but -X 
is not. 

■ 

We saw that Z Rec A· is closed under the div d operation when d is a 
positive integer. )I turns out that, however, this is not true for the mod 
operation. 

Lemma 10 Ld ,I be n11 infe9c1·, d -:f 0. Z Rec A• is 1101 closed u11d1:1· mod 

d. 

Proof. Let A = { a, b, c} ilnd let X be the 2-subset of A9 defined by 

Vw E A•, wX = min{ lwl,,, -2lwl,., -2lwlb - 1} 

It is clear that X E 2 Rec t1·. 
Let us consider 1 he Z-subset }' = X mod 2 = X mod -:l. Then, 

Vw EA•, wl' = { 0 if (11· E c• and lwlc is even) or ju·la > lwlb 
l if (u, E c• and lwlc is odd) or lwla S lwlb 

Suppose that } .. is a recognizable 2-subset of A•. In this case, there is a 
2-A-automa.ton A= (Q, I, T) such that IJAII = Y. 

Let n = IQI and let us consider the word w = an+lbn. Then, there is 
a. victorious path P in A, with IPI = w and IIPII = wllAII = wY = 0. 
Moreover, there ar<> naturals r, .<i and t, with s > 0 and 1· + s + I = 11 + I 
such that the path P can be decomposed as 

Consider tlw factor (p,n~,,,) of P. If ll(p,a',p)JI ~ 0. the path 

• ar a 1 b" 
Pi:1--+71--+q--+J 

spells the word u.' = an+l-•1,n and we have that 

,,,'IIAII s IIPill s IIPII = o 
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But w'Y = l, conLradicting that 1·· = IIAII. 
Hence, II (p, a•, p) II < 0 and in this case, the path 

spells the word w" = a"+l+•b" and we have that 

w"IIAII :S IIP2II < IIPII = o 

But w"Y = 0, contradicting that Y = IIAII. 
Therefore, Y = X mo<I 2 = X mod -2 is not a recognizable 2-subset of 

A•. 

■ 

The quotient (div) and the remainder (mod) were defined in such a way 
that the remainder is always non-negative. However, there are cases in which 
one defines the integer division ( div' and mod') so that the remainder has 
the same sign as the dividend. That is, 

'vcl i- 0, oo div',/= co, oo mod' d = oo and 

'vm E Z, m div' d = J.: and m mod' d = r , 

where k and r are the unique integers such that kd + r = m, 0 S lrl < ldl 
and rm~ 0. 

The following properties are also satisfied: 

m div' d = -(m div' - d) and m mod' d = m mod' - d . 

As before, we can cxtc11d the operation div' and mod' to Lhc Z-subsets 
of A•. Let X be a recognizable 2-subset of A• and let d 'f; 0. The 2-subsets 
X div' d and X mod' <l of A· are defined by · 

'vw EA•, ui(X div' d) = wX div' d and w(X mod' d) = wX mod' d 

Let us see how the two operations div' and mod' relate lo the standard 
div and mod. 

Let di- 0 and m E Z be given. and let 

111 div d = ~·., m mod d = r1, 
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Then 

and 

m mod' d = r2 . 

if m ~ 0 or r 1 = 0 
if m < 0 and r 1 > 0 and d > 0 
if m < 0 and r 1 > 0 and d < 0 

if m 2: 0 or r1 = 0 
if m < 0 and t 1 > 0 

Let us show that. there is a recognizable Z-subset X of A" such that. 

X mod' d and X div' dare not recognizable Z-subsets of A". 

Theorem 11 /,d d be a 7,0.c;ilive integer. Z Rec A• is not closed under div' d. 

Proof. Let A= {a,b} and let X bet.he Z-subset of A" defined by 

Vw EA". wX = 2(1wl" - lwlb) + 1 . 

It is clear that. X is a rccognir.able Z-subset and we observe that \/w E A", 

wX mod 2 = I. 
Consider the Z-subsets of A*, F = X div 2 and G = X div' 2. Then, 

from the observations in the definition of div', we have that 

if wF ~ 0 
if wF < 0 . 

But, we can observe that, Vw E A". wF = lwl" - lwlb• Therefore, G' can be 

described by 

'vw EA", if lwla ~ lwlb 
if lwla < lwlb 

We will show that. G is not a. recognizable Z-subset of A". 
Let us suppose that G is a recognizable 2-subset of A*. In this case, 

there is a Z-A-automaton .A= (Q, /, T) such that II.All = G. 
Let n = IQI and let us consider the word w = a"b". Then, there is 

a victorious path P in .A. with IPI = w and IIPII = u·IIAII = wG = 0. 

14 



Moreover, there are naturals r, s and !, with s > 0 and 1· + ,'- + t = n such 

that the path P can be decomposed as 

First, suppose that the multiplicity of the factor (p, a•, p) of P is zero or 

negative. In this case, the path 

spells the word w' = n"+'i," and IIPil\ $ IIPII. Then, we have that 

w'IIAII $ IIP1II $ IIPII = o . 

But 

w'G == lw'la - lw'lb == s > 0 , 

contradicting that G = l!AII. 
Now, suppose that O < ll(p.a•,p)II < s. In this case, for the path P1 and 

the word w' described above, we have that 

w'IIAII $ IIPill < IIPII + s = s 

But w'G = s. contradicting that G = IIAII. 
,If II (p, aa,])) II 2: s, the path 

spells the word w" == a"-•i," and IIP2II = IIPll- ll (p,a.,p)II $ -s. Then, we 
have that 

But 
w"G = lw"la - lw"lb + 1 = -s + 1 , 

contradicting that G = II.All. 
iI'herefore, there ca.n not exist a Z-A-automaton whose behavior is G. 

Thus, G is not a recognizable Z-subset of A•. 

-

• 
A consequence of the proof of Theorem 11 is given in the sequence. 
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Corollary 12 Then 1s a nco911i:ablc Z-subset X of A" such that th Z­

subset Y defi11ul by 

\.J A" \? { wX 
vtv E , w, = wX + I 

is not recogni::abl<.. 

ifwX ~ O 
ifwX < 0 

■ 

Lemma 13 /.d ,/ bl a 1u-9alil'< i11lc9ct. Z Hee ,1· is 110/ c/o.~cd u1icfr1· div' r/. 

Proof. For all III E Z. 111 di\' - 1 = m div' - 1, because in this case the 

remainder is zero. Thus, from the proof of Lemma 8, we can conclude that 

Z Rec A• is not dosed under div' d, when dis a negative integer. ■ 

Lemma 14 Ld ,I be an inlege1·, d "f 0. Z Rec A• is not closed unde1· mod' d. 

Proof. Let us consider the Z-subset X in the proof of Lemma 10: 

and take Y = .\' mod' 2 = X mod' - 2. Then, 
. 

Vw EA", 
if (w E c• and lwlc is even) or lwl~ > lwlb 
if w E c• and lwlc is odd 

if lwla ~ lwlb • 

Suppose that )' is a recognizable Z-subset of A". In Ll1is case, there is a 

Z-A-autornato11 A= (Q, I. 7') such tha.t IIAII = F. 
Let n = IQI a11d i<'t. us consider the word w = a"b". Theu. there is 

a victorious path P iu A, with WI = w and IIPII = wllAII = w)· = -1. 

Moreover, there arc naturals r, s and t, with s > 0 and r + s + t = 11 such 

that the path P can be decomposed as 

. a:r a' a. 1 b" 
P:1 --+p--+p--+q--+ f 

Consider the factor (71,a",p) of P. If \l(p,a",p)II ~ 0, the path 

16 



• (Ir a' a• a' 6" 
P1 : ' --+ P --+ P --+ P --+ q --+ f 

spells the word 11'
1 = a"+'f>'' ,rnd we have that 

w'II.AII ~ llPill ~ IIPII = -1 

But w'Y = 0, contradicting that V = IIAII-
Hence, ll(P, aa, ]J) II > 0 and in this case, the path 

• .,• .,, b" 
P2 : 1 --+ 7> --+ q --+ f 

spells the word tt•" = a"-•t,n and we have that 

But w"}' = -1, contradicting that y· = II.All. 
Therefore, Y = X mod' 2 = X mod' - 2 is not a recognizable 2-subset 

of A*. 

• 
The closure properties of 2 Rec A· that we have seen in this section are 

summarized i11 Table 1. 

Table 1: Closur<: propcrtif's of Z Rec A• under quotient and remainder by a 

non-zero integer 

II Operator I d > 0 I d < 0 II 

div yes no 

mod no no 

div' no no 

mod' no no 

li 



4 A characterization of recognizable Z-sub­

sets of A+ 

Eilenberg [2] showed thal. for any semi ring A', the family of recognizable 

/{-subsets is clos<•d under i11Lersection. llut we showed [7] that the family 

of simple M-subscts, M SHec .t1·, is not closed under addition. (Recall tha.t 

the addition of 1\11-subsets plays the role of intersection of A' -subsets for a 

general semi ring I{.) This fact led us to investigate the following question: 

Is every recognizable .M-subset of A+ the sum of a. finite number 

of simple .'v1-subsC'I.S of A+·? 

For instance. onr c;rn \'crify tllilt the recognizable M-subsel X <l<-'fi11ed by 

is not a simpl<> ,\.-1-subsct, but it can be described as the sum of five simple 

M-subsets .\'1 , X2, .\'3, .\'-1 and .\'5 defined by 

In fact, X may also be written as Lhe sum of three simple .\.1-subsets Vi, }2 
and Y3 defined by 

We obtained an affirmative answer for this question (see [7] and [8]). The 

next theor<>m gC'neralizes this result to the serniring 2. 

Theorem 15 ..-1 Z-subsd of A+ i.s recognizable if and only if ii is the sum 

of a finite 11umb<I' uf simpll Z-subst:I.'> of A+. 

Proof. Let X b<• a recognizable 2-subset of A+. Let A= (Q,1.. l.,.,., 1',1.) be a 

normalized 2-A-automaton such that IIAII = X and let d be tlie maximum 

of the absolute ,·alues of the multiplicities of the useful edges of A 

Let us co11s1n1ct ,i 2-.-1-automata A, (1 Si S d) such that L~=I IIAII = 
IIAU. 
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For each i E (l. d). the 2-A-automaton A, = (C. l;. T) is constructed from 

the Z-A-semia.utomaton C = (Q, Ee) which was introduced in the previous 

section. We dcfi11e the 2-subsets /; and T of Q: 

(Vq E QA , Vj E (1, d]) (q,i)Ii = c(i,i) + qi.A , 

where 6(i ;·) - { O if i = j 
' - oo otherwise ; 

(Vq E QA, Vj E (l,d]) (q,j)T = qT..A . 

Note that QI;. QT ~ {0, oo} and as the edge multiplicities of C are in 

{O, I. -1. oo} (as we saw in the previous section). A; is a simple 2-A-automa­

ton. We can also ohscrve that the 2-A-automata A; (] ~ ; ~ d) differ from 

each other only in the initial states. 

Before we continue the proof of this theorem. we study, through the next 

lemmas, the properties which relate the paths in each A; ( 1 $ i $ d) with 

their projections in A. We also study the relations existing between the paths 

in A, and in A1, for i # j. 

Let i E [l, d). Let P be a victorious path in A; with terminus in Q..A x {j}. 

for some j E 11, d). We say that. P is a tallest victorious path in A;, if there 

are no victorious paths in .A; with the same label of P and with terminus in 

Q..A x {k}, for i- E [1,d], k > j. 

Lemma 16 Ld P be a tallest victorious path in A;, i E [1, d]. Then its 

projection P' is a victorious path in A. 

Proof. Let P be a tallest victorious path in A;. Then, P has its origin in 

Q .A x { i}. Let us suppose that the terminus of P lies in Q .A x {j}, for some 

j E [I, d). If t.he projection P' of P is not a victorious path in .A, there is a 

victorious path P1' in A such that IP1'I = IP'I and IIP1'II < JIP'II• 
Let P 1 be the i-lifting of P1' in .A; a.nd we suppose that Pi terminates in 

Q.A x {k}, for some k E [1,dj. Then, using Lemma 3. 

Therefore. 
d(IIPi ll - llPJI ) < k-j 
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Moreover, P1 is a successful path in A,. In fact, its origin (p. i) an<l its 

terminus (,1, k) satisfy (p, i)J, = pl.A -::Joo and (q, k)T = qT.A -::Joo, since that 

its projection A I is a victorious path in A. But, as P is a victorious path in 

Ai, IIPdl ~ II PII. -
If IIPi II = II PII tlten P1 is also a victorious path in A and l· - j > 0. Tlial 

is, k > j. So, Pis not a tallest \'ictorious path i11 Ai: a contradirtiou. 

Thus, IIPdl > IIPII. Then, 

d ~ d(IIPi II - JIPII) < k - j 

This is impossible, because h·,j E [l,d]. Therefore, P' is a victorious path in 

A. 
■ 

Lemma 1 7 ld Pi ( i E [ l, d]) be a tallest victorious path in Ai with labtl 

w and let rts assume that P; len11inates in Q.,1. x {j} (j E [l, d]). Let Pk 

(k E [l, cl] and h" =/ i) be a tallest victorious path in Ak with label w and let 

us assume tlwl A te1,ninales in Q.,4 x {/} (/ E (1, d]). Then i - j = k - I 

(mod d). 

Proof. Let P; be a tallest victorious path in A with terminus in Q.,1. x {j} 

and label w. Let A- be a tallest victorious path in Ak- with terminus in 

Q.A x {/} and label w. 
Let us consider the projections P/ and P,/ of Pi and Pk, respectively, iu 

A. From Lemma Hi. it results that P/ and P,/ are victorious path i11 A. 

Then IIP/11 = !IP/II. But, from Lemma 3, 

IIP,'IJ = dllPdl + i - j and IIPA:'11 = dllP1,;II + h" - I • 

So, from IIP/11 = IIA'II, it follows that 

dll P; II + i - j = di/ P.1: II + k - I . 

Then 
i - j = cl(II pk II - IIPdl) + k - l 

Thus, i - j = I.· - I (mod d). 

20 
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Note that the previous lemma implies that / =/: j and if i• == i + I then 

I= j + 1 (mod d). 

We continue the proof of Theorem 15 considering X; = ]I.A, II ( I $ i $ d). 
Then. Xi (1 $ i $ ,L) arc simple Z-subsets of A+. MoreO\·er. one can verify 

that Vw E A+. w.\" = oo if. and only if, Vi E [I, d], u-X; = oc. Hence, 

wX = oo iff w °L,f=i X, = oc. Then, for w E t1+. we can assume that 

wX f:. oo and ti'.\; f:. oo ( 1 $ i $ d). 
For each i E [I , d), tltcrc is a tallest victorious path Pi in .Ai, with !Pd = w 

~d · . 

IIPdl = wllA.-11 = wX; . (3) 

Therefore, by Lemma lG, for each i E [l,d], the projccticm /',' of P, i11 A 
is a victorious pat.Ii and 

II J>/11 = wllAII = wX 

Then 
d 

E II P/11 = d(wX) (4) 
i:1 

We suppose that for each i E (1,cl], P; terminates in Q.A x {ki}, for some 
ki E [l,<~. Then, by Lemma li, for each pair j and / E [1.d] , if j -:/:- I it 

results that i:1 =/- i:,. Therefore, 

d d 

Lki = Li (5) 
i=I •=I 

But, hy Lemma 3. for c•ach i E [l, d], 

Then, using (·1) and (5) we have: 

d ,I d d t/ d 

d(wX) = L IIP/11 = L(<LIJ P;ll+i-k;) = LdllP;II+ Li-El-;= dL IIPdl 
•=I •=I •=I t=I t=I t=I 

Hence, from (:l). 
d d 

trX = L IIP;II = L wX; 
i=I i=I 
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Thus, 
d J 

wX = LWX; = wLX, 
•=• •=1 

Therefore, 

i=l 

The converse of this Theorem follows from the definition of simple Z­

subset a.nd the closure of Z Rec A• under addition. 

• 
In the proof of Theorem 15. if A is an M-A-automato11 (resp. z- -.4-

automaton), from Corollary 5 it follows that each A; (1 $ i $ d) is a11 

M-A-automato11 (resp. z- -A-automaton). Moreover. Lemmas 16 a11d Ii 

stay valid when each A; is an M-A-automaton (resp. z- -A-automaton). 

Thus, the characterization given in Theorem 15 is also valid to M-subsets 

(resp. z- -subsets). 

Corollary 18 An M-subsd (resp. z--subset) of A+ is ncogni=c,ble if aud 

only if it is the sum of a finilt- 11.ttmbtT of sim1>le M-subset.-: {rf'SJJ. z- -subsel.'.'i) 

of A+. 

• 
The following corollaries consider the general case of recognizable Z­

subsets, M-subsets and z--subsets of A•. 

Corollary 19 let X bt a 1·ecognizable Z-subset (resp. M-subset, z- -s·ubset) 

of A•. Then, X is the sum of a finite ntimber of simple Z-subsets ( re:;p. M­

subsets, z- -subsets) of N if and only if IX E {O, oo}. 

Proof. Let X be a recognizable 2-subset of A· such that lX E {O, oc }. By 

Theorem 15. it is enough t.o consider the case in which IX = 0. Let X,' ... 

(1 ~ i ~ d) be the simple 2-suhsets of A+, obtained from Theorem 15 for 

X +A+. For each i E [l, dJ, let us consider the 2-subset 1·; = min(X;, 1 ). lt 

is clear that Vi is simple and n ·i == 0. Then, X = L1= 1 li. 
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The converse of tl1is corollary follows immediately from the definitions of 
simple Z-subscts and of the Z-subsets addition operation. 

The proof for X in M RecN or z- Rec A"' is similar. 

■ 

Corollary 20 Ld X be a 1·ccogni:able Z -subset (resp. M-subsct. z- -subset) 
of A• such that 1 X f/. { 0, oo}. Then, there is a positive integtr d and there 
are d simple Z-subsefs (resp. M-subsets, z--subsr:ts) of A" . .\'1 ..... -'d· 

· and a recogni:able Z-subsel (?'esp. M-subset, z--subscl} )" of.-\· sue/, tlrnt 

d 

X = min(L X., Y) . 
•=l 

Proof. It is enough to consider X = min(E~=t X;, IX + 1). where the 2-
subsets (rc-sp. M-subscts. z- -subsets) X/s (1 $ i $ d) are obtained from 
Theorem 1.5 (resp. Corollary IS) for X + A+. 

• 
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