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Resumo

Neste artigo provamos que a dinamica assintdtica de um “problema
parabdlico semilinear escalar em um dominio um-dimensional” é topologica-
mente equivalente a dinamica assintética de sua discretizagio semi-implicita.
[sto é feito para problemas com ou sem dispersao e para condigdes de fron-
teira homogeéneas de Neumann ou Dirichlet. A principal técnica utilizada
¢ a teorla das variedades invariantes.



THE DYNAMICS OF A ONE-DIMENSIONAL SCALAR PARABOLIC
PROBLEM VERSUS THE DYNAMICS OF ITS DISCRETIZATION

SIMONE M. BRUSCHI*, ALEXANDRE N. CARVALHO!, AND JOSE G. RUAS-FILHO!

ABSTRACT. In this paper we prove that the spatial discretization of a one dimensional
scalar parabolic problem, with suitably small step size, contains exactly the same asymptotic
dynamics as the continuous problem.

INTRODUCTION

Consider the following one dimensional scalar parabolic problem

(0.1) u =auzg+ f(u), 0<z<l, t>0
' uz(0) = ug(1) = 0, ¢ > 0,

where a > 0 and f:R — R is a C? function satisfying the dissipativeness condition
flw)u <0, fuf>¢,
for some & > 0. Also, consider the semi-implicit discretization of (0.1) with p equally spaced
steps
(0.2) U= —aLU +f(U)

where L is the p X p matrix given by

1 -1 0 0 0 0]
-1 2 -1 0 0 O
0 -1 2 0 0 0
(0.3) L =p° : : ;
o 0 0 -~ 2 -1 0
o 0 0 --- -1 2 -1
.0 0 0 --- 0 -1 1]

f(U) = (f(ur), -+, f(up)T and U = (ug, -+ ,up) "
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Under the above assumptions on f we have the existence of a global attractor A for (0.1)
and a global attractor A, for (0.2).

The aim of this work is to show that the asymptotic dynamics of the two equations above
are topologically equivalent for a sufficiently large p; that is, for sufficiently small step size.

In order to illustrate the differences that may arise between the dynamics or (0.1) and
(0.2) we consider the case p =2 in (0.2); that is if we write, z; = 1/4, 25 = 3/4 and denote
by uy(t) = u(xy,t) and us(t) = u(xq,t), then we have (already with the boundary conditions
incorporated) the following equation:

’I:Ll = —4a(u1 — 'U/Q) + f(ul),

(0.4) Uo = 4a(uy — ug) + f(ug).

Take f(u) = u—u3. We observe that for any value of a the equation (0.4) has at most nine
equilibrium points whereas the problem (0.1) for small values of a may have any number of
equilibrium points (see, [CI]). Besides this, for 4a < 1/3 we have the existence of equilibrium
points for (0.4) which are stable and of the form U = (u1, u2) where u; # uy. If the dynamics
of (0.4) were equivalent to the dynamics of (0.1) the equilibrium point U would correspond
to a stable, nonconstant equilibrium point for (0.1); that is, a pattern. It is well known (see
[Ch, CH]) that patterns do not exist for the problem (0.1). That way even for values of a
not so small the dynamics of the discretized equation may differ significantly from that of
the continuous problem. Of course a similar reasoning could be carried out for larger values
of p the advantage of p = 2 is the possibility of computing all the equilibrium points of (0.4)
which gives a complete picture of its attractor.

It has been shown in ([CP]) that, for any p given, there is a function a(-) such that the
dynamics of (0.2) is equivalent to the dynamics of the problem

= (a(3)iz): + flu); O<z<1,t>0
U (0) =ml)=0. >0

After having presented the problems that may arise when comparing the dynamics of (0.1)
and (0.2) we are ready to state the main result of this paper.

(0.5)

Theorem 0.1. For p large enough, there is a homeomorphism H : A — A, which maps
orbits onto orbits preserving time direction.

The proof of this result requires us to embed the discrete problem into the setting of
the continuous problem. Since the continuous problem is infinite dimensional the first task
is to reduce it to a problem on a finite dimensional space. That is accomplished through
the invariant manifold theorem. Unfortunately if we consider the continuous problem on a
fixed finite dimensional invariant manifold we are not able to prove that the vector fields of
the continuous and discrete problem with same dimension are close. The proximity of the
vector fields will come when the step size is very small and therefore the dimension of the
discrete problem may now exceed the dimension for the continuous problem. We could now
project the discrete problem onto an invariant manifold with same dimension as the one for
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the continuous problem but then we would have to study the convergence of the invariant
manifolds which would lead to technical complications.

We chose a different approach allowing the dimensions of both invariant manifolds to
increase in such a way that the invariant manifolds are both very flat and therefore very
close to one another in the C*! topology.

Let us now consider the slightly more general situation (0.5) with a being a strictly positive
C*((0,1),R) nC([0, 1], R) function. With a change of variables (0.5) can be converted into

(0.6) us = uge +@(€)f(u), 0<E<L, s>0
: LS

ue(0) = ug(1) s>0
where

s = (a(z) ™, §=/O$a—(15ds

1
and a(§) = a(z(§)), L = / ﬁs)ds. This leads us to study only the case (0.1) possibly with
0

f also depending on the space variable.

All the results proved here are for the case when the nonlinearity f depends only upon the
unknown u. More general situations like the case when the function f also depend on the
space variable and on the dispersion can be obtained in a similar fashion. The assumptions
required for these more general situations and the Dirichlet boundary condition case can be
found in Section 5.

There has been several works in the literature where part of the results presented here
have been announced. Among them we cite [Ha, FR]. To our knowledgement there is no
rigorous proof of such results in the literature.

This paper is organized as follows. In Section 1 we present the discretized problem obtain-
ing uniform bounds for the attractors A, and the existence of an exponentially attracting
invariant manifold for it. In Section 2 present the continuous problem obtaining uniform
bounds for the attractor A and the existence of an exponentially attracting invariant man-
ifold for it. In Section 3 it is proved that a certain set of eigenvalues and eigenfunctions
of the discrete problem converges uniformly to the eigenvalues and eigenfunctions of the
continuous problem and use these facts to compare the vector fields of the discrete and
continuous problem on the invariant manifolds. In Section 5 we make several comments on
possible extensions of the results. Finally, in the Appendix, we prove a theorem on exis-
tence of exponentially attracting invariant manifolds that deals with changing spaces and
dimensions.
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1. DISCRETIZATION

|
o] —

Firstly we discuss the spatial discretization of (0.1), for that consider the points z; = —*
j=1,---,p and denote u;(t) = u(z;,t). Then, we have

iy = p?(up — wy) + f(w),
(1.1) iy = pH(ujoy — 2u; + ujer) + flug), j=2,--p—1
Uy = p*(up—1 — up) + f(up)
Observe that the boundary conditions have changed to u; = ug, up4+1 = u, and have been

incorporated to the linear operator L.
Denoting U = (uy,- -+ ,u,)" and rewriting the above equation in a matrix form, we obtain:

(1.2) U=—-LU +{{U)

where L is a p x p matrix given by (0.3) and f(U) = (f(u1),- -+, f(up))".
We observe that the system (1.2) is generically Morse-Smale (see [FO]).
By the conditions imposed on f, the above problem has a global attractor A, that satisfies

A, C RE,

where Ry = {v € R?; Juj| <, 1 <14 < p}, see [CDR].

Since We are 1nterested on studying the solutions of the above problem in the attractor
only we may cut the nonlinearity in such a way that f is bounded with bounded first and
second derivatives.

Theorem 1.1. The eigenvalues of L are given by A} = 4p? sin? —” and the associated eigen-
vectors are wh = (cos kwzy,- -+ ,cosknz,) fork=0,---,p—1

Besides that, lim,_,eo A} = Ag, where Ap= (k) is the (k+1)—th eigenvector of the operator
—A with homogeneous Neumann boundary condition.

To be able to compare the dynamics of the discrete problem with the dynamics of the
continuous problem we must assign to RP a norm which is compatible with the norm adopted
for the continuous problem. That leads us to define in R? the inner product: (z,y) =

11) P, T:y;, which is inherited from the L? inner product and will be referred as discretized

L? inner product. Normalizing w} according to this inner product we obtain:

w, _ (coskmzy,---,cos krz,)

A \/% > cos?km;

k=

If we write
D

) = Zia
\/ Y P cos? kmx;
where we denote by I; the interval [—;— i—], we obtain that v2(z) € L*®(0,1) and |lvp(z) —
V2 cos kmz||oo — When p — co.

cos krz; xr,(T)

’
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Consider a base of eigenvectors v}, 0 < k < p, in RP. This basis is orthonormal with respect
to the inner product previously described. We consider the discretized equation in this new

coordinates, that is, if we write: v; = (U,1g), ---, v, = (U,vp_;) and v = (vy,--,vp) we
obtain:
(1.3) o = —Lv+ F(v)

where L is the p x p matrix given by L = diag(\5, -+ \2_;) and F(v) = (Fy(v), -+, Fp(v))"
with each Fj(v) given by

P
1

(1.4) Fj(v) = (f(U), V§—1> = Z;} ;’7~1k Flgeon + oo+ V?p-——l)kvp)'

k=1
where u}’k denotes the k-th coordinate of vf. We denote the matrix of change of basis by
Ziit is given by zy; = V%, and the matrix Z~! is given by (1/p)ZT.

Now, we consider a discretization with p = n® points and consider the following decom-

position of R** = R* @ R"*~" where R = span[v?”, ... ,v",] and R~ = span[t/", ...,
1/;’:_1], with this decomposition we obtain the following weakly coupled system:

U, ann = gn(vm wn)

1.5 J 2

( ) wn'*'Anwn = fn(vmwn))
where B, is the nxn diagonal matrix given by B, = diag(A2’,--- , A%’ ), A, is the (n®—n) x
(n® — n) diagonal matrix given by A4, = diag(/\f, _ ,/\Qi_l), Gn(Vny wy) = (F1(n, W), -+,

Fn(vny wn))T and fn(vna wn) = (F(n+1)(vm wn)a e 7Fn3 (Um wn))T-
For the weakly coupled system (1.5) we show that there exists an exponentially attracting
invariant manifold; that is, the following holds:

Theorem 1.2. Let f be twice continuously differentiable, bounded with bounded first and
second derivatives; then, the problem (1.5) for n sufficiently large, possess a invariant man-

ifold
M, = {(vn, wn) € R™ Jwy, = Gn(vn)},
which is exponentially attracting, where G, is a C? function, G, : R* — R™ " and the fluz
on M, is given by u(t) = vn(t) + 5n(va(t)) where v,(t) is solution of
(1.6) Un 4 Brvn = Gn(Un, 5 (vn))

To prove this theorem we use the following result. This result is also used to prove the
proximity of the vector fields of the continuous and discrete problems after they are pro jected
on their invariant manifolds.

Lemma 1.3. Let and X, Y, be a sequence Banach spaces, A, : D(A,) C X, — X, be a
sequence of sectorial operators and B, : D(B,) C Y, — Y, be a sequence of generators of
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C%—groups of bounded linear operators. Suppose that f : X®xY,® — X, and g : X xYV,* —
Y, are a sequence of functions satisfying:

| fn(z,y) — falz, w)
“fn(x7y) Xn S Nfu

for every (z,y), (z,w) in X* X Y* and

xo S Li(llz = 2|lxe + [ly — wllye),

9 (2, y) — gn(z, W)y, < Le(|lz — 2||xs + ly — wllve),
”gn(xay)”Yn S Nga

for every (z,v), (z,w) in X x Y. Assume that

le=*rtwl|xe < Mae™P™Mt||lwl|xq,t >0

||e“4"tw||xg < Mat_ae—a(")tﬂwﬂxn, t>0,

||e—B" tZ”Y,g = ||eB"(—t)Z||Y,9 < Mbe_p(n)tllz“Y,?7 t<0,
leBnt2llve < My(~t)=2e o 2]ly,, ¢ <0,

for any w € X2 and z € Yy, where f(n) — p(n) = +00 as n — oco. Consider the weakly
coupled system

T = _‘Anm 1 fn(-r7y)a
(1'7) { y=—-Byy+ gn(xay)'

Then, for n large enough, there is an exponentially attracting invariant manifold for (1.7)
S={(z,7) :z=0.(v),y € Y}
where oy, 1 Y, = X2 satisfies

s(n) = supyey, 3 lon(¥)llxs,
lon(y) — on(2)llxg < Un)lly — 2llve,

with s(n), l(n) — 0 when n — oco. If f, g are smooth; then, o, is smooth and its derivative
Do, satisfy

sup || Don ()| (v, xg) < Un).
ye},n.

The proof of this result can be found in the appendix.

Proof of Theorem 1.2: Making a = 0 in the previous lemma we have: Y, x X, where
Y, =R'and X, = R" ™", §,: Yo x X, — Y, and f, : Y, x X, — X,,. We make the following
distinction relatively to the several norms used here, when the index of the norm is X, or b
we are using the base of eigenvectors and that way the norm is given by || - || = (3, 2)'/?,
when the index of the norm is R¥ we are using the canonical basis and the norm given by
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the L? discretized inner product. Firstly we compute the needed estimates on f, and jn

n

190 (0 wa)llve = (O (Filvn, wa)?)?

< o) e = (3 5 R, 0 )
= (3 5020w Y < (0 S = e

1=1 =1
Similarly, we obtain the estimate
(1.8) “fn(vnawn)”Xn < [ flleo-
For the Lipschitz constants we have

n

|Gn (v Wn) = Gn(2n, ua)lly, = (Z(Fi(vmwn) - ];11'("511,u71))2)1/2

< 2 (ny0)T) = E(Z () g
= (O (B n )R = F(Ben,un) R

=1

(Z %Li([z(vn’ w")T]i - [Z(Zn, Un)T]i)2)1/2

IA

(Z %Lﬁ([Z(vn — 2y W — Un) T ]i)2) /2

Lil|Z((vn = 2n), (wn — un))T”Rn3
< \/iLf(HUn = 2Zn|lv, + [Jwn — un||x,)-
where Ly is the Lipschitz constant of the function f.
In the same way we obtain the estimative for the Lipschitz constant of f,. All the constants
are uniform in n. . .
The constants B(n) and p(n) are: B(n) = A» and p(n) = An_,. That gives us that
B(n) ~n? and p(n) ~ (n—1)? as n — oo and this gives us that 3(n) — p(n) — oo as n — oo.

2. THE CONTINUOUS PROBLEM

We now turn to the problem (0.1). Let X = L?(0,1), we define f¢: H'(0,1) C X — X
by fé(¢)(z) = f(¢(z)) and we define:

A D(4) C L2(0,1) — L*(0,1)
D(A) = H}(0,1) = {¢ € H?*(0,1) : ¢'(0) = ¢'(1) = 0}
A= —¢".



That way, we rewrite the problem (0.1) as:

%u + Au = fe(u),
u(0) =

By the conditions imposed on f we obtain that f¢ is Lipschitz continuous in bounded
subsets of H'(0,1). Then, the above problem has a global attractor A that satisfies

(2.1)

(2.2) sup sup |u(z)| <¢.
u€A z€[0,1]

The above bound allow us to cut (without changing the attractor) the nonlinearity f in
such a way that it becomes bounded and has bounded first and second derivative. Also after
cutting the nonlinearity we may pose the problem in L?(0,1) keeping the same attractor.
Here after we assume that f is bounded and has first and second derivative we also assume
that the problem is posed in L?(0,1).

Let \g < A\; < Xy < --- be the sequence of eigenvalues of A, where )\, = (k)% and
b0, 1, Pa, - a corresponding sequence of normalized eigenfunctions, ¢x(z) = /2 cos(kmz).

Now consider the following decomposition of X = W & W+ where

W = Span[¢07 ¢17 e a¢n—1]
Wt={peX:(p,w) =0, Ywe W}

where (-,-) is the inner product of L?(0,1).
Then, u € L?(0,1) can be written as:

(2.3)

U =vP+ Vi1 + + Up_1Pp_1 + W,

where

1
vi:/ u(z)¢;(z)dz, i=0,--- ,n—1

n—1
w=u—Y v
i=1

Let u be a solution of (2.1); then, for each ¢, we can write

(2.4) u(t,z) = vo(t)do(z) + v1(t)1(z) + - - - + Vo1 (B) Pnr (z) + w(t, 2)
and

U,’ = —/\ivi + <f(u), i_l

wy + Aqw = fu) — . (f(u), 9i) i

where A,, denotes A DAL
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Writing v = (vg, v1, -+, Un-1), ¥ = v+w and B, an xn diagonal matrix B, = diag(\o, A1,
©, An—1) We obtain the following system:

U+ Bpv = gn(v, w)
(2.5) wy + Apgw = fr(v, w)

n—1

where g, (v, w) = ((f(v+w), do), -, (f(v+w), do_1)) T and fp (v, w) = f(v+w)—2(f(v+

1=0
'U)), ¢1>¢1

Theorem 2.1. Let f € C*(R, R) be bounded with bounded first and second derivatives; then,
for sufficiently large n there ezists an exponentially attracting, smooth invariant manifold S,
for (2.5). The fluz on S, is given by: u(t,z) = v(t) + o, (v) where v is solution of

(2.6) v+ By =g, (U, On (U))

Proof: Let L be Lipschitz constant of f¢ and Nfe = ||f|lcc. Take Ly = Ly = Ly,
Ny = Ny = Nge, f(n) = An, p(n) = Ap—1 and observe that B(n) — p(n) = 2n + 1. The
theorem follows form Lemma 1.3.

3. UNIFORM SPECTRAL CONVERGENCE

To compare the asymptotic dynamics of the discretized problem with the asymptotic dy-
namics of the continuous problem we project the first on the invariant manifold ¢, and the
second on the invariant manifold o, only after that we are able to compare their asymptotic
dynamics. This is accomplished comparing the vector fields (now with same finite dimen-
sion). To compare the vector fields we need to obtain a way of comparing B, and B,. That
is achieved if we prove the uniform (with respect to n) convergence of the eigenvalues and
eigenfunctions of B, to the eigenvalues and eigenfunctions of B, as n — co.

Another way to compare the vector fields would be projecting both problems on fixed
invariant manifolds of same dimension and then to study the convergence of the vector
fields. That would involve studying the convergence of the invariant manifolds and would
lead to unnecessary technical complications. This approach has the clear property that the
eigenvalues and eigenfunctions (a fixed number) converge uniformly. Here we exploit the fact
that for large values of n the invariant manifolds have a very small C' norm and therefore
we can simply neglect them; on the other hand one needs to be careful in order to guarantee
the uniform convergence of eigenvalues and eigenfunctions. That is the reason why we make
the cut between the n—th and (n + 1)—th eigenvalue with the discrete problem having n3
eigenvalues.

If we consider the matrix L with p = n® we have n® simple eigenvalues and orthonormal
eigenfunctions for L. Of course these eigenvalues and eigenfunctions do not converge uni-
formly to the first n eigenvalues and eigenfunctions of the Neumann Laplacian as n — oo.

3
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It is also clear that any finite subset of eigenvalues of L converge uniformly to the corre-
sponding eigenvalues of the Neumann Laplacian as n — oo and in fact more is true. The
first n eigenvalues and eigenfunctions of the n3 x n® matrix L will converge uniformly to the
first n eigenvalues and eigenfunctions of the Neumann Laplacian as n — oo. That is what
we prove in Subsections 3.1 and 3.2.

3.1. Uniform Convergence of Eigenvalues.
The eigenvalues of the operators B, and B, are respectively /\Z3 and A\;, with & =
0,---,n— 1. In this case we have that:
3 sink—Ti 9
IAe = Al = (k) (—2=)" - 1

2n3

Using the power series expansion of the function sin we obtain:

2 km km
n3 2 2 3
|IAE — M| < (k) |§(ﬁ) +0((ﬁ) )l

That way we have that for £, k=0,--- ,n—1

2, 0w | 1
nd 2 2 3N — -
N =l < () () ol = ()
s0 [\’ — M| = 0forall k=0,---,n— 1 uniformly, as n — oco.

3.2. Uniform Convergence of Eigenfunctions.
We will show that ||7” —v/2 cos(knz)|| < € for sufficiently large n and forallk = 0,--- ,n—

1. First we consider | cos(kmz) — cos(kmz;)| for z € [n%l, ;113]
For z € [L5}, L] we have that

| cos(kmz) — cos(kmz;)| < |kmsin(knZ;||z — z;] < k7r2—n3

Forallk=0,---,n—1and forall j =1, ---,n® we have:

m
| cos(kmz) — cos(kmz;)| < o)

hence, || — V2 cos(kmz)||co < 55z

4. COMPARISON OF THE VECTOR FIELDS

Now we show the proximity of the vector fields. Denote by g} and gl the i-th coordinate
function of ¢, and g, respectively. Then, we have:
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92(v,0) — g,{(v G)I

= IZ ]kf ZVZ}:W) - /0 f(z uV2cos(l — 1)mz)v2cos(j — 1)mzdz|

=1

= IZ K;j ka ZVZ}:”I) - f(z w2 cos(l — 1)mz)v/2 cos(j — 1)mz)dxz|
w3 =1 I=1
= Z/ff Zylk u)( v2cos(j — 1)rz)dz|
k=1"%Y 33
+ | Z /jf(f(z V) — f(z uV2cos(l — 1)mz))v/2cos((j — 1)7z)dz|
k=1"% 73 =1 1=1
< > [TUC o - Vacostj - Dro)lds
k=1"% 73 =1
+ /jj |f(z Vﬁfvz) - f(z uV2cos(l — 1)mz)||v/2cos((j — 1)7z)|dz
k=1" 73 =1 =1
< Nfloogg +Ligms O il

Therefore,

192(v; 0a(v)) = Ga(v,Ga()llva < llgn(v,0n(v)) = gn (v, 0)llv; + llgn(v,0) — G (v, 0)llva
+ IIEJn(v,O)—én(v,ﬁn(v))llyn

. s
< Lylloa()ll + Lyllon ()l + ~ (”f”oo +LiM3)
Since, by Lemma 1.3 ||o,|| — 0 and ||d,|| = 0 as n — oo then

1gn (v, 0n(v)) = Gn(v, Gn(v))]| = O

as n — oo.

Similarly, using the fact that f’ is globally Lipschitz, ||[Do,|| — 0 and ||Ddy,|| — 0 as
n — oo, we show that the functions g, (v, o, (v)) and g, (v, n(v)) are C* close. So, we have
the following theorem:

Theorem 4.1. Let f € C*(R, R) be a bounded function with first and second derwvatives.
Assume that the flow on A is structurally stable. Then, for n large enough the flow of (2.6)
on the attractor A, and the flow of (1.8) on A, are topologically equivalent.

Proof: Since from [He2] we have that (0.1) is generically Morse-Smale the assumption on
structural stability is quite reasonable. Then, we have that (0.1) is A-structurally stable.
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We also have that the vector field of (2.6) is a C' small perturbation of the (1.3) and the
theorem is proved.

5. FURTHER COMMENTS

Though we have chosen to present the results in the simplest formulation they can be
extended to much more general situations. The proofs can be easily adapted for the case
when f also depends upon the space variable z. Another simple extension is that for which
f depends on z, u and u,. The later can be done if the function f(z,u,u,) is a locally
Lipschitz function that satisfies

flz,u,00u<0, [u>&>0

and
|f(:v,u,p)—f(a:,u,q)| SLIP—QI7 Vl‘,u.

In this case we use Lemma 1.3 for & = 1/2 and the comparison of the vector fields need
additional care but it can all be accomplished without significant change. We point out
the main differences. First note that the continuous problem has a global attractor A
satisfying (2.2) and additionally there is a constant C' such that sup, 4 SUP,epo,1] [uz(s)| < C.
That ensures that we may assume that the nonlinearity f is globally bounded with globally
bounded partial derivatives of first and second order. The discretized equations in this case
are

U = p*(ug — 1) + f(z1,u1,0),
(5.1) Ui = p*(wjm1 = 2uj + ujp1) + F(25,45, (0/2) (ujen —wi1)), §=2,---p—1

'l:l'p = p2(up—1 - U’p) + f(mp’ up’ O)
It is easy to check that if p > L then each rectangle of the form [—n,n]P with n > £ is
invariant and the results of [CDR] ensure that the attractor for the discretized problem is
contained in in the rectangle [—¢, £JP for any p.

To efficiently handle the dependence of the nonlinearities on the spatial derivative we need
to change from the L? setting to the H' setting when obtaining the invariant manifolds for
the continuous and discrete problems. The continuous problem can be projected on the
invariant manifold obtained from Lemma 1.3 with & = 1/2. The discrete problem needs
more attention. The first remark is that, even though it is a finite dimensional problem, it

should be treated as its infinite dimensional counterpart. Denote by U = (uy,--- ,u,)" and
consider f;, : (R, (-, )%) — (RP, (-, -)) defined by

£,(U) = (f(21,w,0), f(2,uz, (p/2)(us = w1)), -+, f(2p, up, 0)"

where (u,v>% = (u,v) + (Lu,v) and (-,-) is the discrete L? inner product. Then, we apply
Lemma 1.3 for o = 1/2. After projecting both problems on the invariant manifolds we use
the L2 norm to study their proximity. The discrete and continuous spatial derivative require
that we consider p = n* instead of p = n®. As for the splitting of the spectrum, it is still
done between the n—th and (n + 1)—th eigenvalue. After these additional considerations
the proofs will follow as in the case without dispersion.
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The case of Dirichlet boundary condition can be treated in a a completely similar way. In
this case the matrix L has to be replaced by the matrix

2 -1 0 -~ 0 0 0]
-1 2 -1 .- 0 0 0
o -1 2 ..~ 0 0 O
(5-2) Lp =p2 : : e : :
o 0 o0 -~ 2 -1 0
o 0 o0 -+ -1 2 -1
o o0 0 --- 0 -1 2]
The eigenvalues and eigenfunctions of Lp are given by
km km 2km nkm
/\k:42'2 k: 1 3 1 —
< p* sin _—2(p+1)’ oN s1np+1,s1np+1, ’Smp-i-l , k=1,---p

(see [Sm], for example). After normalization of the eigenfunctions they can be used to prove
the results for the Dirichlet boundary condition case following the Neumann case step by
step.

6. APPENDIX

This section is devoted to the proof of Lemma 1.3. This result is reproduced from classical
invariant manifold results as in [He2]. Its proof is adapted to encompass the possibility that
the space (including space dimension) changes according to a parameter and to track the
dependence of the invariant manifold upon the parameter.

In the case for which we apply the abstract invariant manifold result contained in Lemma
1.3, the parameter is a natural number n. It means that we are splitting the phase space
into the space generated by the first n eigenfunctions of the problem and its orthogonal
complement. After projecting the heat equation onto these spaces we produce the pair of
equations that appear in the statement of the lemma.

Before we can start the proof of the Lemma 1.3 we need to establish a generalized version

of Gronwall’s lemma. That requires that we study the convergence of the series

0o Zﬂk
Bod) = rgrp )

It is not hard to see that Ej is an entire function and following [E] we may obtain that there
is a constant ¢ such that
Es(z) < ce’.

Lemma 6.1 (Generalized Gronwall’s Lemma). Let t < 7, ¢ : [t,r] = R be a continuous
function, a : [t,r] = RT be an integrable function, b >0 and 0 < 8 < 1. Assume that

(6.1) é(t) < alt) +b /t "5 — )" lp(s)ds, t<r.
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Then,
k=0
with
e [TRC(B)) .
(6.3) B*a(t) _/t W(S — §)8=1q(s)ds.
Furthermore, if a(t) = a = const then we have that
(6.4) é(t) < aBs((bT(8)) 2 (r — 1)) < ace®@ P (r=t),

if a(t) = co/ (s —t)~%e?~")ds, p > 0, then we have that
t

Co

B

and finally, if 1 : [t,r] = R is a continuous function and a(t) = co/ (s — t)~%e”*Y(s)ds,
p > 0 then we have that t

(6.6) é(t) < cocT(B) /r(s _ t)ﬂ‘le/’se(br(ﬁ))l/ﬁ(S‘t)w(s)ds.
t

(6.5) 8(t) < ZIEo((ED())°(r ~ 1)) = 1] < Z e =0 1]

The proof of this result can be easily adapted from similar results contained in [He2].

Let X and Y be Banach spaces, —A : D(A) C X — X be a sectorial operator such
that Reo(—A) > 0 and B : D(B) C Y — Y be the generator of a C°—group of bounded
linear operators {S(t), t > 0} on Y. Let {T'(t)¢ > 0} be the analitic semigroup of bounded
linear operators generated by A and denote by (—A)® the o fractional power of A and
X* = D((—A)*) endowed with the graph norm.

Definition 6.1. Let f: X xY — X, g: X® XY — Y be locally Lipschitz continuous
functions. A set S C X x Y is an invariant manifold for a differential equation

&= Az + f(z,9)

y = By +g(z,y),
if there exists o : ¥ — X® such that S = {(z,y) € X®* xY : & = o(y)} and, for any
(z0,70) € S, there exists a solution (z(-),y(-)) of the differential equation on R such that

(z(t),y(t)) € SVt € R An invariant manifold S is said exponentially attracting if there
are positive constants v and K such that

lz(t) = o(y)llxg < Ke™|z(0) = a(y(0))

whenever (z(t),y(t)) is a solution of the differential equation.

Xa,

n
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Proof of Lemma 1.3. The first step is to prove the existence of the invariant manifold.
For D >0, A > 0 given, let 0, : V,* — X satisfying

(6.7) low]l| := sUp lon(@)llxg <D, oa(y) — on(¥)llxg < Ally — o/ llve-
yeyy

Let y(t) = (¢, 7,n,0,) be the solution of

63) Y Byt galonly)y), for t<r, ylr) =
and define

(6.9) 6o = | A u(onlylo),u(s)ds
Note that

(6.10) 1G(on)(")

.
X S/ NiM, (T — s) e A=) g
—00

Let ng be such that, for n > ng, ||G(0,)(-)||xe < D. Next, suppose that o, and o/, are
functions satisfying (6.7), n, ' € Y, and denote y(t) = ¥(t,7,n,0n), ¥'(t) = ¥(t, 7,7, 0.).
Then,

And
lun(t) = ¥4 (8 e T

< MM = e + My [ (5 =) 20D g 00 0), ) — 9a (0401, i) v
< MOy — e

ML, [ (5= 17 (o) — oh(uillxg + o — sillve) ds

< Mye?SD]ly — oy

ML, [ (5= )00 (o) - 4 41)
< Myer®e=0]ly — )

+MbLg/ (s = 1)~ 2e™ED ((1+ A)llya — yhllve + lllow = onlllxg) ds
t

< MO0 — e + My Ly(1+ 8) [ (s = )00, — g e ds
t

Xo /T(s — t)"ePMs=t s,

"

xe + (1+ A)|lyn — vhllve) ds

Y2

+M,L,|||on — o)

Let
3(t) = ey, (1) — o (8)llvee-
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Then,

(t) < My[lln = n'llye +Lq /tT(S ~ £) "M ds||lon — oy [l xg)
+My Ly (1+ A) /tT(s —t)7%¢(s)ds

By Generalized Gronwall’s Lemma
[yn(t) = yn(B)llve < [C1H77 ~1'llye +colllon

where cp = (M,Ly(1 + A)L(1 - a)) . Thus,

1G (@) () =G (o) ()| xs

<My [ (=9I on(a), 1) = uloh ), )
<M, [ (= s (Ll (s) - 040l

<M [ (r= )OI (0 )l = e+l — o4l ds

(o Jeletmrerlr=0),

n

x,ds

ve) ds

<M, [ (7= e BIIL (1 o1+ )P i, - |

+C1MaLf(1+A)/ (1 — 5) e Bm=rlm)=erlT=3)gg||n — ||y

—0o0

Let

I,(n) = ML T — §) "% BM(T=9) (1 4 c)(1 4+ A)elrM+erl(=s)) gg
if

—o0

and

In(n) = Clj\/faLf(l + A) / (7- - 5)—ae—[ﬂ(n)—p(n)—cr](f—-s)ds.

It is easy to see that, given § < 1, there exists a ng such that, for n > ng, I,(n) < 6 and
I,(n) < A and
(6.11) 1G(a) () = G(op)()Ixe < Alln —0'llve + 0lllon — oy |ll.

The inequalities (6.10) and (6.11) imply that G is a contraction map from the class of
functions that satisfy (6.7) into itself. Therefore, it has a unique fixed point o} = G(o7}) in
this class.

It remains to prove that S = {(y,0%(y)) : y € Y} is an invariant manifold for (1.7). Let
(zo,Y0) € S, Tog = 0% (yo). Denote by y(t) the solution of the following initial value problem

dr
d‘; —B,y+ gn(on(y),y),  ¥(0) = o

This defines a curve (o7 (y:(t)),yi(t)) € S, t € R. But the only solution of
& = —Anz + fu(07(y2 (1)), 4a (1)),

which remains bounded as t — —oo is

)= [ =) £ (g (4 (5), () ds = 07 (W (1),

o0
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Therefore, (o7 (yi(t)), yi(t)) is a solution of (1.7) through (o, yo) and the invariance is proved.
From (6.10) it is clear that s(n) — 0 as n — oo and from (6.11) that I(n) — 0 as n — oo.
The next step is to prove that, for n large enough, the invariant manifold S is exponentially

attracting. Specifically, if (z,(t),y.(t)) is a solution of (1.7), there are positive constants 7y

and K such that

|2 (t) — o7 (yn ()l xe < K Me™"||za(to) — 07, (Yn (o))l x5
Let £(t) = z,(t) — 0% (ya(t)) and yi(s,t), s <t be the solution of

d 2 * * * *
% = —'Bn yn + gn(Un(yn),yn), S S t7

plttl=1ltl =%
Then,

la(s:8) = gm(llve
= |le=Br C=0yx(t,8) + | e B g, (0n(ya(6,2)), ya(6,1))df

—e Bn o=ty (¢) - /s e 2" (0= g (2n(0), yn (0))dO] ve
¢ i
= Mb/ (6 — 5) "M~ g, (07 (4(6, 1)), 2 (6, 1)) — gn(2n(0), Yn())lv, 40
§ ot
< MbLg/ (6 = 5)7 %" MO~ (|07 (y (6, 1)) — zn(0) | xg + Y5 (6, 1) — Yn(6)]lve)dO
< MbLg/ (6 — 5)~ "™ ) (||oy (yn(8)) — zn(0)|lxg + (14 A)[|yn (8, 1) — ya(6)llv2)dO
< MbLg/ (6 — 5)~ %™ (1 + A)|lyn(8,2) — Yn(0)llvg + 1€(6) Il xg)db-
Therefore,
t t
z(s) < MyLy(1+ A) / (60— s)7%2(6)df + MbLQ/ (0 — 5)7*e”™°|1£(6)]| x¢ b,

where z(s) = e?™3||yx(s,t) — yn(t)||va. By Generalized Gronwall’s Lemma,

t
I0506,8) = va(S)lv < s [ (0= 9) eI e(E)xpd, s <t
Let s <ty < t. In what follows estimates for ||y (s,t) — y5(s,t0)||ye are obtained.

ly (s, £) =y (s, to)llve < lle™PC7yi(to, 1) = ya(to)lllve
+||/ e~ B =0(g, (o7 (y5(0,1)), y5 (0, 1)) — gn(on (i (0, t0)), yn (6, t0))]db|lve

to

t
< C3J\/[b€p(n)(t0_5)/ (9 _ to)—ae[P(n)—’rcF](ﬂ_to)Hé’(&)llxgdg

to

to
ML {1+ ) [ (0= 5)2e MO y3(6,1) = 436, )l 0
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and by Generalized Gronwall’s Lemma

Xg-

t
yn(5:t) = yn(s,t0)||ve < 04/ (6 — to) ~eletm)Ferl®=9)) £ (g)

to

Next, the estimates above are used to estimate ||£(t)]] xe-

(1) —e“i"‘t‘t%(to) = 2a(t) = 3 (Un (1) — e (@a(to) — 07 (4 (t0))
/ e fo(2n(5), Ya(5))ds — 07 (yn (1)) + e~ A=) (3o (1))

/ 0 o a(5), () — [ Oo e~ £ (o7 (u5 (s, £), w3 (5, 1)) ds
oot / e=An0=9) £ (37 (y3 (5, o), U (5, o)) s

/ 4 £ (2a(5), Yn(5)) — Fulon(ya(s,1), w3 (s, 1))]ds

/ e_A"(t 5) (y;‘l(s,t),y;(s,t)) - fn(a;(y;(s,to),y;(s,to))]ds

and

2(t) = 16(8) — e A(-0E(t0) x5
< MLy [ (£ = 9)2 00 (Jan(s) = o3 w5, Dlsg + 1a(5) = oo, BDlve) s

i
0 to

ML+ 2) [ (E=5)7e Iy, t0) = 136, Ollveds

¢ —0Q0
< ML, / (t — 5)=2ePM=)]|¢(s) | xgds

to

t t
+esMLi(1 4 A) / (t — 5)~ e~ Alnt=s) / (6 — s)~Celrm+erl0=9)|1£(9) || xa dbds

to,

to t
+eaMLi(1+ A) / (t — s)~2e~Alnt-9) / (6 — to)~eelem+erl0=9)||£(8) || xo dOdss
—00 to
t
< M,L; / (t — )~ AM=9)|£(5)|| xads
to
t 0
tes / (t — 6)=2e=BM=9)]|£(0)]| xo / (0 — 5)~ e~ BE=(m)+er)(0=5) g5 df
to to

t t
+66/ (6 — to)—ae[p(n)+0r](9—t)”g(@)“/\.a/ (t — 3)—ae—[B(n)—[p(n)+0r]1(t—S)dsdg

to —o0

) csI'(1 — «) ‘ _ g)-ap=Bn)(t—s)

+[ﬁ(n) Cil_‘p((ln)—_CY)CFP_Q/ (9 B to)—ae[/?(n)+cr](0—t)llg(g)Hl\_ng‘

Xe ds
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Thus,
1€ |xg < Mae™PPE0)]l€(20) | xg

[t + ] [ - e e

cl'(1 — @) ‘ N Tl e
+W@%ﬁ@%ﬂ#ﬂ[@ to) ~ el terle=t]€(s) | xq ds

0

and, if w(t) = sup{||¢(s)||xe, to < s < t}, then
M€ (1) xg < Mall€(to)lxg + v(n)ef ™ u(2)

where

=T Mg T oI o

By~ T )~ ) * B = T

n
where K = sup,, (/ u"“e[f’(")“ﬂ(“—’l)du). Choose ng > 0 such that y(n) < 3 for every
- 0

n > ng. Therefore
eﬂ(")(t‘t°)||§(t)||,\;g < eﬁ(n)(t—to)w(t) < Ma”f(to)HXg +’Y(n)eﬂ(")(t_t°)w(t)
and
llxe < 2M,|E(E —B(n)(t—to)
1€@®)]1xg < 2Mall€(to)l|xge :

The smoothness of ¢} is proved in the same way as in [He2] and the estimate for the
derivative follows from the estimate for its Lipschitz constant. This concludes the proof.
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