





1.AN ELEMENTARY PROOF OF SARD'S ALGEBRAIC THEOREM.

n 1
Let f:R —> R be a C -function.

We denote by V(f) and V*(f) respectively the =sets below:

n
V(f) = [ x e R : rank [grad f(x) x] <2

, n 2 2 2
- [ meR ¢ << grad £f(x) / x >> = llgrad £(x)I1! .1lIx! |

n
g UX(f) = { x e R : << grad £(x) / x >> =0 ].
Remark:
(1) V(E) A\ 1 0} is adherent to the origin, because V(f) N s

€

(C 5 0) is precisely the set of the critical pointa of fiS .
€
2
(2) V*x(f) \ { 0 ) can be empty. For example, if f(x) = lixtl

then U*(f) = { O }.
(3) (uer) N vx(£)) \ 1 0} is precisely the set of the criti-

. n
cal points of fI(R \ t 0 }).

Definition 1:
n
A subset V ¢ R is called an algebraic variety if there is a fa-

nily ( £ ) in R[x ,...,x ] such that
J 3ed 1 n






n n »
by F the function F:R —> R which components are £ ,...,f .
: 1 m

The next proposition and the theorems 1 - 4 , as their proofs
are in [3].

Proposition 2:

n

fLet V c R be an algebraic variety and let { £ L.:..t } be a set
1 .

of generators of I[V]. For any point x € V , the number
e{V](x) = rank DF(x),

wvhere F=(f ,...,f ). is independent of the particular fixed set of ge-
1 n
* nerators of I[V].
1

Defipition 3:

: n

Let V ¢ R be an algebraic variety. The number

= o{V] = Bup {v]1ix)
e~e oo ¢

iz called rank of the ideal I{V) and is denoted by rank I[V].

Defipition 4:
n
,Let V c R be an algebraic variety , and o = rank I[{V]. The set

H1[V] = {xeV: elvl(x) =0 !

i# called the set of the non-critical points of V , and vV \ H1[Vl i
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the sét of the singular points of V.

Theorem 1:
n .
Let V c R be an algebraic variety and consider V =V \ M [V )
0 " 1 0 1 0
Then V is an algebraic variety.
’ 1
Iheorem 2:

n .
Let V c A be an algebraic variety. For i ¢ N* we define by in-
O o . -

!/
duction:

M = M [V ] and Vv =y \ M.
) i 1 i-1 i . 1i-1 i
“Then:

1

(a) There is k € N* such that V = f; consequently V = MU ... UM .
4 0 1 k

Moreover the union ia disjoint, \

n
(b) For § = 1,...,k, Hi is an analytic submanifold of R .

Theoxem 3:
n -
Let V ¢ R be an algebraic variety and let V = MU ... UM be
0 0 1 k

the decomposition of V defined in the theorem 2. Then for i = lo...0k
0

Hi has a finite number -of connected components.



Theorem 4:
n
If UV and W are algebraic varieties of R , the difference V \ W
has a finite'number of connected components.Moreover each one is a fi-

n
nite disjoint union of connected analytic pubmanifolds of R .

« Definition 5:
n n 1 .
Let V¢ B be an algebraic variety and g:R —> R a C -function.
A'point x € V is said a critical point of glV if x is a critical
point of giIM , 1 £ 4 £ k, vhere V=M U ... UM is the deconbosition
i 1 k

of V presented in the theorem 2 and X € M . (Remember that M Nu =3¢
: i i 3

if 1 ¢+ J).

Sard‘'s Algebraic Theorem:
! n n
Let V ¢ R be an algebraic variety.Let g:R —> R be a polynomial

function. Then the set of the critical values of ¢iV is finite.

Broof:
Let V=MU ...UM be the decomposition of V presented in the
. 1 k

theorem 2. We denote by Z the set of the critical points of glV. Tﬁus.

Z=2U ..UZ ,where2z =20 M ,1=1,....k
1 k i ’ i



If $(2) and $(2 ) denote the number of connected components of
i

Z and Z respectively, 1 = 1,...,k, then #(2) £ l(zl) + ... + o(zk) S
i

Let us fix i ¢ { 1,...,3 I.

| )
Remember that M = M [W], where W ¢ R is an algebraic variety
% i | .
zi (see theorer 2).
Let { £ ,...,f )} be a set of generators of I[V].
1 m,

Put ¢ = rank I[V]. Then:

n HE ,....f Q) :
zeM N xenr = il i@ (x) = 0, 1< 31,...,ip <m, =
A iy

d(x ,...,x ) 1< 31,...,3p+1 &n
31 et ‘
n ML ..o f ,0) 1 j <m y
X eR: f (x) =0, il ig (x) =0, 1< 11,...,ip &m \ W
b) a(x rreeerX ) 1< jll---vjp"'l £n
i jo+l

Thus, Z is thé difference of two algebraic varieties.
i
According to theorem 4, #(2 ) is finite and any connected compo-
1 .
nent of 2 ias a disjoint union of a finite number of connected analy-
i
n
tic submanifolds of R . Thus Z is almo a finite disjoint union of con-
. . n
nected analytic submanifolds of R .

It is clear that 9 ims constant in each one of those . submani-

folds. Then. giV has a finite number of critical values.



Propogition 3:
n
Let £:R —> R be a polynomial function. There is r > 0 such that

if € a (O.r).then V(f) is transversal to 8
€

Proof:

2
Take g(x) = {Ixl) .

8ince V(f) is an algebraic variety, by Sard's Algebraic Theorem
we see that g!V(f) has a finite number of strictly positive critical
2

values. Put r > 0 such that r is the =mmallest of them (or r = 1 if

there are no values of this kind). The result follows from theorem 2.

]
Using mimilar arguments it follows that :
Proposition 4:
n
Let f:R —> R be a polynomial function. Then there is r > 0 such

. that if € € (0,r) then V*(f) is transversal to 8 .
€

Next we obtain a result of separation.

Propomition 5:
\ n 1l
Let f:R —> Rbe a C -tunctfbn such that £(0) = 0.
"If x and y are in V(f) and << grad f(x) / x > < 0 then V*(f)

separates x and'y.
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Proof: . .

n
For any continuous curve ¢:[0,1] —> R such that c(0) = x and

€{l) = y, the function F :[0,1] —> R defined by
c

"F (L) = << grad £(c(t)) / c(t) >>
(<

is a continuous function and F (0).F (1) < 0. It follows that there is
c c °

B e (0,1) such that F (s) = 0. Thua we have c(s) € UX(F).
€
Corallarvy:
n
Let £f:R —> R be a polynomial function auch that £(0) = 0.
If there exists two componenfa X and ¥ of V(f) N B' (where r is
r

given by proposition 3) such that for any x € X and ¥ ¢ ¥,

<< grad f£(x) / % >>.<< grad f(y) / v > <0,

A
then V*(f) \ { 0 } is adherent to the oriqin.'



2.THE "RADIAL DERIVATE".

n B
We will consider germs of functions £:(R ;0) —> (R :0) and, as

usual, we also denote by £ any.representative of the gernm.
In this section we will describe the relation between the beha-
n .
viour of a germ f£:(R ;0) —> (R;0) and the behaviour of the "radial
derivate® of f, that we will define below.
Definition 1:

] n 1 o

Ltet £:(R ;0) —> (R;0) be a germ of C -function.

We say that the origin is a strong maximum point (strong mini-
num point) of £ if the origin is a strict maximum point (strict mini-
mum point) of f. If the origin 1im a non-strict maximum point (non-
strict minimum point) of £ we Bsay that it is a weak maximus point

(weak minimum point) of f£. If it is not a maximum or minimum point of

f we may that it is a saddle point of f.

Refinition 2:

n .
We say that the germ f£:(R ;0) —> (R;0) has punctual k-jet at
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n ' 5 n
0eR (k € N) if there is a polynomial P:R —> R of degree less or

equal k (dg 0 = -~ ) such that lim f(x) - P({x) = 0
x—>0 k
1ixtl

Remark:

k
(1) If there is such P, it is unique. Let us denote it by J f.

- on
(2) If £ admits Taylor's polynomial of k-order at 0 ¢ R , then f

n _  k
has k-jet at 0 ¢ R and J f coincides with that polynomial.

/

n 1
Let f:(R ;0) —> (R;0) be a germ of C ~function.

1
The oriqgin is Baid a critical point of f if there exists J £ and

1
J f is the null polynomial.

4 3
In what follows, A ¢ Mn(R) will denote a symmetric positive de-

fined matrix.

o
Let U c R be an open neighborhood of the origin, and let

£:U -=-> R
1
a C -function such that £(0) = 0.

: o
We will call radial derivate f relative to A qnd we will denote



1 .
by £f' the C -function
A -
£':U —> R
A

defined by f£f'(x) = << grad f(x) / Ax >>.
A

Defipnition 5:
n 1
Let £:(R ;0) —> (R;0) be a germ of C -function.
We whll call of radial derivate of f relative to A and we will
1
denote by f' to the germ of C -function
2 A

n
£':(R ;0) —> (R;0)
A

whose representatives are the radial derivates relative to A of the
[}

representatives of the gern f.

Praoposition 1:

n 1l
Let £:(R ;0) —> (R;0) be a germ of C —function with a critical

point at the origin. Then f' has also a critical point at the origin.

A
Proof:
£'(x)
It is sufficient to prove that lim _A___ exists and is null.
x>0 {ixtl :

If x ¢ 0 then

£ (x)1t
A

tixi izl
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£ ligrad £(x)1t.L1Aax(]
TExid

< 1Al 11grad £(x) !
where (Al = sup Liaytl.
tlyli=}
1

Since £ is a € -function with a criticai poinc a: the origin we

have

lim 1Al tigrad £(x)il = 0
x—>0 -

and the proof is complete.

7
n
It is easy to see that if n=l and £:(R ;0) —> (R;0) is the germ

of a polynomial function, then f and f£' have same behaviour with res-
. A

pect to the critical point. This suggests the queation;

n 1
"If £:(R ;0) —> (R;0) is a germ of C -function, have f and f'
A

the same behaviour with respect to the extreme at the origin 2"

The answer to this question is surprising because it is negative

even when we consider polynomial functions and A = I (I is the iden-

tity matrix). F
Example:
2 2. 4q 2 2 4
P(x,y) = 36X -~ 48xy - 17y = (6x - 4y ) - y has strong
2

minimua at 0 ¢ R .

-
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2 2 4 2 2 4
P'(x,y) = 72x% - 144xy + 68y = 72 (x -~y ) - 4y has sad-

I
2
dle at 0 e R .

The knowledge of this fact suggests another question:

*what behaviour hae f£f' when £ has winimum (or maximum, or sad-
A

dle) at the origin ?”

We will ansver this question by using the following lemma:

I3

Lemma 1: ‘5
n n=
Let U c R be a open neighborhood of the origin and let f£f:U —>R

1l
be a ¢ -function such that £(0) = 0.

IfF B c U (€ > 0) and there is8 x € B' such that f(x) > 0 (res-
€ ] €

pectively f(x) < 0, £(x) = 0) then there is y € B' such that £'(y) > 0
€ A

(reBpectively f£'(y) < 0, £'(y) = 0 ).
A A

Proof:
‘ 1l
We define the C —curve
c: (-~ ,0} —> U
t —> c(t) = [exp(tA)]x

It ias clear that c(t) « B' c B, for all t e (-» ,0), and
tixlt € .
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1
the function f.c 18 a C -function satisfying (f.c)(0) = £(x) and also
lim (f.c) (t) = 0. Then there is 8 ¢ (~o ,0) such that 4 (f.c)(s) and
S t—~>- dt
f(x) have same sign.
On the other hand,
d_(fec)(B8) = << grad f(c(s)) / dc(s) >>
dt dat

- << grad f(c(e)) / Alexp(sA) Ix >>

= <L grad f(c(s)) / Ac(s) >>/

£f'(c(s)).
A

Thus, seting vy = c¢(s) the result follows.

The propositions 2, 3, 4 and 5 follow immediately from this lem-
ma with the help of the subsequent examples.

Proposgition 2:
n 1
Let f:(R ;0) —> (R;0) be a germ of C ~function.

If £f' has strong minimum (respectively strong maximum) at the
2 !

origin then f has strong minimum (respectively strong maximum) at the
origin.
Propositiong 3:

P n
If a germ of C -function f£:(R ;0) —> (R;0) hLas strong minimum
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(respectively strong maximum) at the origin then the origin can be a

-

strong minimum point, or a 4-|k ainimum point, or saddle point (rea-
pectively a strong saximum point, or a4 weak maximum point, or a sad-

dle point) of £', and each ons of these behaviours is possible.
A
Bronesition 4:
1 n .
If a germ of C -function £:(R ;0) —> (R;0). has weak ®minimum
(respectively weak maximum) at the origin then the origin can be a

veak minimum point or a ll&dlo point (respectively a weak maximum .

point or a saddle point) of f£',and each one of these behaviours is pos
A -

&
sible.

Rropaaition 5:

1 n
If a germ of C -function f£:(R ;0) —> (R:0) has saddle at the

origin then the origin is a saddle point of £°.
A

“ . In whaé follows, A ¢ Mn(R) will denote a symmetric positive de-

n ! n
fined matrix, { v ,....v ) ¢ R will denote a orthonormal basis of R
1 n

such that v .:...v are oiohnvoctorl of the linear tranaformatjon '
1l n
n n
xecel —>aech
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and d ,,..,d are eigenvalues of this transformation that corresponds
1 n

respectively to the eigenvectors v ,...,v .
1 n

Note that € > 0, 1 < i < n.
A .
In the exaiples 1 to 35, ve consider n 2 2.

Example 1:

2
f(x) =<K x /v >
1

h 2
£'(x) = 2o << x/ v >
A 1 1 /

£ and f£' have weak minimum at the origin.
A
Example 2°
] 2
£(X) = (KK X/ V D>=-<<xX/Vv > )
1 2

vhere.c!"andn):d/d .
1 2

b n n
f;(x) -2(<<ulv1>>-<<x/vz>>)(c{l<<xlv>>-m‘(((x/v»)
2

1 2

f has weak minimum and £f' has saddle at the origin.
A

Example 3:

2
f(x)-i«xlv >»
=1 k)

n 2
£'(x) =2 3} d<«<x/v >
A =1 ) J

f and £’ have strong minimum at the origin.
A
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Exanple 4: 5 I-.
n 2 2m n
fin) » (KK X/ vId =KL x/Jvd )+l x/ vzr> + }: <K &/ v >
1 2 =3 b ]
2

vherencu*.l-c(/d and a2 = (€ - ad) (4mdl o )

1 2 1l 2 12

» 2

t'm-z{JE«x/v»-ud +mﬂ/(2f)1<<x/v>> ) +
A 1 1 1 2 1 2

2
+z£ d <Kx/v>™
3=3 3 2

f has strong minimum and £' has weak minimum at the origin.
A

Ezxanple. 3: Y

Let £ be asm in the laat example, but with a satisfying
1 ’ 2
0<ac< (d ~-nd) // (amd £ )
1 2 1 2

. X » 2 :
t'(x)-Z[‘F«x/v))-[(x{+nd)/(2\F)]<<m/v>> ]+
A 1 1 1 2 1 2

2 ri
+2(na-d - (L +-d)/(4d)1«x/v>> 1+
2 1 2 1 } 2

n 2
+2 ) <Kx/Vv>
=1 3 3

£ has strong minimum and £' has saddle at the origin.
A
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. 3.A SPECIAL CLASS OF GERM8 OF FUNCTIONS.

l

The purpose of this section is to determine a nupg-t. A ¢ Mn(R)

v

1l
° of mymmetric pomitive defined matrices, and a class [ of germs of C

n
~functions £:(R};0) —> (R;0) such that for all A ¢ A and for all £ in
E. £ and £' have the same behaviour with respect to extremes.
A
It is eany to see that if n = 1, for any A ¢ M1{(R) and for any

polynomial germ P:(R:0) —> (R30) , P and P' have the same bshaviour
: A

at the origin. This is a tonsequence of the following facte:

Eact 1:
k-1
For all polynomial germ P:(R;0) —> (Ri;0) such that J P =0 wve
k k
gnve JP' = kAJ P, for all A ¢ M1(R). { There, M1(R) = R++]).
A
Eact _2:

F;r all non-null polynomial germ P:(R;0) —> (R;0}), thae first
non-zero jet of P detects the behaviour of P at the origin.

It _ia cleax that this ia false if n > 1.

To have the fact 1 satisfied for n > 1 we consider

A= {AcHMn(R) : A= al, a € R++ | ¢ Mn(R).
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n
Thus, if P:(R ;0) —> (R;0) is a polynomial; germ with null (k-1)

k k
=jat, then J P' = kaJ P, for all A = al ¢ A.
' 3

1
On the other hand, to determine a clasas § of germs of C -func-

tions tof which the fact 2 extending., we need the concept of k-decida-

blety.
Definition 1:
n ,
Let £:(R ;0) —> (R;0) be a germ of function such that there ins

n
.punctual r-jst of f at O e R . '

, .
4
We say that £ is k-decidable (k £ r) if it is poasible, by using

t

k
only J f, to decide Af the origin is a maximum, a minimum or a saddle

point of f.

Note that if £ is k~decidable and k £ 8 £ r, then £ is s-decida-
ble. '
(

a

Propemition 1:~
n
If P:(R 10) —> (R;0) im ¢« ¥r~decidable polynomial germ with null

{k-1)-jet, for any matrix A = al ¢« A, P and P' have the same behaviour
A

at the origin.



Broof:

k k s
J P* = kaJ P, and thus, as P is k-decidable, the thesis holds.

A

Bropomition 2:

n 1 i3
Let P: (R ;0) —> (R;0) bse & germ of C ~function and A € Mn(R) a

: k-1
symmetric positive defined matrix. If there exists J (grad f£) then

k-1

k k 7
there exists J £' and J £'(x) = << J (orad £) (x) /7 Ax >>,
A A

RProof: d

It is sufficient to note that for x ¢+ 0 wve have:

k-1 9
I £°(x) = <K J (orad £f) (x) /7 Ax >> |
A
k
1ix)|
k-1 '
grad f£(x) - J (orad f) (x)/ Ax >>|
k-1 1ixll
1ixl1
k-1
Il grad £(x) - J (orad £) (x) 11
< 1Al
4 k-1
11x11
Proposition 3:
n 1

Let £:(R ;0) —> (R:0) be a germ of C -function such that there

k-1 k k-1 k
is J (grad f£). Then there is J £ and J (grad f£) = grad J f.



Proef: *
n 8
Let P:{(R :0) —> (R;0) be a polynomial germ defined by
1
k-1
P(x) = << J (grad £)(tx) 7/ = >> d4at .
0

{
It is clear that P has degree less then or équal k.

Moreover, for x 4 0 we have: ,

* e A

"1 E(x) - P(x) |

k
lixil

.

1 k-1 !
<< grad £(tx) / x >> - << J (orad f)(tx) /x >>
- at
Kk }
' 0 1ixlt
1 k-1 )
k-1 I} grad f£(tx) - J (grad f£) (tx) 11
£ t dat
k-1
0 Hitxli
k-1
It grad £(y) - J (grad f£)(y) It
sup
k  0<tiyliLitxll k-1
Tivit

It is a consequence of the definition of k-jet that
k-1
Il grad f(y) - J (grad £)(y) 1

sup
o<ty I1LIIxt) k-1 x->0
iyt
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k k
Thus, there exists J £ and J £ = p,
Now, define R, Q and 8 , 1< 3 < n, by
3 b ]

k-1

Q =J of. ,fe«P+R , =Q +38

5 ax . g:; 3 )
3

Fix 3 (1 £ 4 £k ). Then, for x sufficient small:

3 33

x
)

f(x) = f(x - x e ) ¢ (xR ~xa +se) ds
\ e 5
o 3 ‘

=P(x-xe) +RA(x~-xa) +
J3 3

x x
b 3
+S Q(x-xe "'l.)dl'l‘g 8B (x ~xa + sa) d»
o 3 ) b | o 3 b )

3 b
n
wvhen x = xe .
’ : ;X-x 33

We have:

a) P(x - x e ) is a polynomial of degree leas than or equal k.
3 )

R(x -~ x e )
3
b) lim

x>0 k
tixi}

x
3
c) S Q(x~-xe + sa) dn has degree less than or equal k.
8 3 b | 5



oo
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x
) t ‘K
d)c(x)-% 8 (R -n2e +8s8) ds has k-3jet and J -0
b ) 3 b | b] §
0 . ]
(because |Ix ~ x,Q’ +gel)l lirll I£ 0L agx , and J 8 =20).
L] b ]

Thus,

R
b ] . .
P(x)-P(x-xa)i-S Q(x-xe +pe) ds,
bR | G ) ”.‘: b ]

and as a conseguence af _ = Q

k-1 k
It follows that J (grad £) = grad J £.

,Note that we have not a reciprocal proposition of the proposi-
tion 3. We can see this with the following

Ezample: Let f£:(R;0) —> (R;0) be the function defined by

3
x sin (1/x) . x+ 0
£(x) =
0 X =0

2
2 3x w#in (1/x) - x cos (1/x), x ¢ O
Then ) £ = 0 and gf(x) =
dx

e X =0

1
Note that there is not J (grad f).

Prapomition 4:

n 1
Let £:(R ;0) —> (R:0) be a germ of C -function. If £ is k-deci-
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' k-1 k-1
dable, J f = 0 and there iz J (orad f) then £ and £' have the same
A
" behaviour with respect to extremes, for any A = al ¢ A.
Braof:
k k-1

As £ is k-decidable, P = J £ is k-decidable, and as J f =0 ve

k-1
have J P = 0.

It ia a consequence of the proposition 1 that P and P' have sane
A

behaviour with respect to extremes. and the same is true for f and f'.
S ’ A

With thias proposition we consider that we cath the qo.l.If is

sufficient to consider

n k-1 k~1

) D = (£:(R ;0) —> (R;0) : £ is k-decidable, J f =0, J {(grad £))
k

X

‘E=U D and .
KRl k !

A=l AechMn(R) : A= al, a € R++ }
for that if £ ¢ E and A ¢ A then £ and £f' have the same beshaviour with
A .

respect to extremes at the origin.



4.AN APPLICATION TO THE LIAPUNOV'S STABILITY
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OF HAMILTONIAN SYSTEMS OF TWO DEGREE OF FREEDOM.

!

Our intention in this section is to prove a particular case of

1

the Liapunov's Instability Theorem by using two auxiliary functions:

one, the mechanical energy, which will quarantee the invariance of a

recion in the phase mpace, and another which will show that a certain

region in this space is repulsive.

4

The follow notations will be used in this section:

n ' ~
UcR will denote an open nei¢hborhood of the origin.

t

n
Potential Eneray (with critical point at 0 ¢ R )

2 1
A C -function 1T:U —> R v JiT =0
q —> 1@

Kipetic Energy

2 n
A C -function T: UsR —> R t
(q.p) —> T{q.p) = (1/2) . p B(Q) P

3 2
where B ¢ C (U,Mn(R)) and ¥B(q) is a symaetric positive

trix, for all a ¢ U.
f

Hamiltonian Fupnction (Mechanical Enerey)

2 n
The C -function H: UxR —> R
(a.9) —> H(a,p) = T(a.,p) + TT(Q)

defined ma-
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(1)

14

The following theorem is a result of Liapunov, of 1897,

Liapunov's Inatability Theorem

I1f 1Y have not'iint-u- at @ = 0 ¢ U and this fact is 2-decida-

g

ble then the origin of the mechanical system (1) is unatabls.

( msea (4] ).

The next reasult is a generalization of the Chetaev's Theorem.

(to see [4) ).

Chetaev's Theorem (generalized) p

) n
Let G = | (g.p) € UxR : H{g.,p) < 0 |}

1l
If there are an open set 0-c G adherent to the origin and a € -

~function W:UsR —> R such that, for some € > 0 ( with B c UxR ), |

(1) ¥>0ine =eN3B
] e

(11) W=<<gradW/ (3 , -BE) > > 0 4n 6 =G N B,
op. 8q € € .

then the origin of the mechanical system (1) is unqtuble.



(a) For any 6 > 0, the set

)
G = { (g,p) ¢ G : H(q,p) £ - 6 ]

is invariant, because H is constant in each trajectory of the mechani-
cal system (1).

(b) W>0in#o .
€
6 6 . ] 6
(¢) If6 =G [N B is not empty, then W > 0 in G and G is a
€ € € €

compact set.
Thus, if a motion has initial condition (ag.p) € © , and we take

§ = W(a,p)/2 > 0, it follows from (a) . (b) and (c) that this motion
! .
64

must leaves the compact set G by a point of its boundary that was in
. €
s .
€

We are going to present now a weaker version of Liapunov's Ins-
tability Theorem, that we want prove using Chetaev's Thecrem.

Iheoxem 1:

2 ¥ 2

Let U c R be an open neighborhood of 0 € R .
2
If TT:U —>R (of C -class) has 2-decidable saddle at 0, then the

origin’ of the dinamical system (1) is unstable.

The two next lemmas will permit to use Chetaev's Theorem:
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Lenma_1:

2 2
Let £:R —> R be a C -function such that £(0) « 0.

If:

(1) f has 2-decidable saddle at the origin,

2 .
(ii) J f ie null exactly on the straight lines vy = + ax (a > 0),

2
(iii) J £(0,y) < 0 if vy + 0,

/

then arbitrarily near of the identity matrix I. ¢ M2(R) there is a dia-

gonal matrix A € M2(R) and there is €'> 0 such that

(x,¥) € B'
(> e £f'(x,y) < 0.
A
f(x.,vy) £ 0
Proof:
2
. It follows of (i1i) and (iii) that P = J £ is defined by
2 2 2
P(xX,¥) = (ax - y)(ax + y) = a x -y .
2
o 0
Let A = where o> 0.
0 1
Then
2 222 2
P' = << grad P(x,y) / («(x,¥Y) >> = 2(adx -y).
A . .

S gt
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1 ‘ 1
Now we observe that there exists J (orad f£) (because £ is a C -
. 2
function), and as a consequence, P' = J £' .
’ A A
2 2
Thus, f =P+ R, £' = P' + 8, JR=J 8 = 0.
A A

Let be e (0,1). Let us £fix b € (ad,a).
(a) There is €" > 0 such that

(x,y) € B'
. e”
—> f(x,¥) >0
22 .2
bx -y 20

Let us show it.

2 22 2
If (x,v) ¢ 0e€eR and bx -~y 2 0 we have
2 2 2
bx -v Y 4 2 C 2
———— > 0 and 1l1(x,¥)Il £ (b + 1) x .
2
1t (x,v) 11
Then, since 0 < b < a it follow that
. 22 2 2 2 2
£fix,¥) bx -y (a -b)=x R(x,¥)
- +y —  — >
. 2 2 Z * 2
11(x,¥)11 1t(x,y) 1) IH(x,y) ! I (x,y)11
2 2
. a - b R(X-Y)
> + .
2 2
b +1 bH(x,y) 18

Thus, it is enough to take'e' > 0 such that
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. 2 2
IR(x,¥)! a -b "
< for all (x,y) € B' =
2 2 €”
Hi(x,y) il 2(b + 1)
and we have (a).
In the same way we show that
(b) There im £€" > 0 such that -
(x,y) ¢ B’ 5
SW
= f'(x,¥) €0 \
22 2 A /
bx -y £0 .
$
Take €' = min { €",£" |} .
For (x,yY) € B' we have:
el
(a) 22 2 - (b)

f(x,y) £0 = bx -y <0 =—=» f'(x,v) <0
A

Lemma 2:

2 2
Let U c R be an open neighborhood of 0 ¢ R , and let TT:U —>R

1
be a potential energy of C -class with 2-decidable saddle at the ori-

2 4
gin. Suppose that J 11 is null exactly at the straight lines ¢ = faq
2 1

2

(a>0), and that J T7(0,a) < 0 if ¢ ¢ O.
2 2
2
Let be G = { (q,p) € UXR : H(g,p) < 0 |}

Then there are a ayﬁmetric positive defined matrix A ¢ M2(R), a



= )

non empty open set 6 € G adherent to the origin and € > 0 (with

= 2 . 1 1
B ¢ UxR ) such that the C -function
€ .
- 2
W: UxR —> R
(gq,p) —> W(q,p) = -H << q / Ap >>
spatiefies

(1) W>0ine =N B ,

¢ ¢
(11) W>0inG =6 N B . 2
€ € e
t TS
b
Broof: faj}s'

It follows from lemma 1 that arbitrarily ngar of the identity

matrix I c¢ M2(R) there is a diagonal matrix

| 4 0
A= e M2 (R)
0

and €'> 0 (we can suppose that B c U) such that
el

q € B’
€' —— fI'(q) <0 .

. a &
M) <0 : 2
n
Let be © = [ (3.,p) € UxXR : W(a.,p) >0 1 N @
(a) € is an open set adherent to the origin.

Indeed there is a sequence {q } converging to the origin of
’ 2y n ncN
2 3
R such that TT(g ) € 0. choosing small enough 8 € R (n € N), we have
n n
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Hia ,a q ) < 0 and as a consequence W(q ,mq ) > 0 (because A i, near
n nn n nn

of the identity matrix).

{b) For a convenient choice of A, there is C > 0 such that W satis-

fies (i) and (ii).

2 2 ..
In fact, let U:UxR xR —> R be defined by

y(@,p,r.8) = <K< p / B(Q)Ap >> - <K g /A gz >>
' q

r 0
where A =

€ M2(R). /
0 -

i 1
¥ is a continuous function and for any p € § , ¥(0,p,1,1) > 0.
v 1
It followa from the compacity of 8 and of the continuity of §
that there is & > 0 (with 86 ¢ U) such that if

: 1
gl <6, pesS , Ir-11 <6 and Is - £| <

[} a

then y(a.p.r.8) > 0.

£t- 0

Fix A = [ ] € M2(R) with the extra conditions Ir - 1t < 6

0 a
s - 11 < 8§, and consider the correspondent €'> 0.
1 2
Then y(a,p,r.a) > 0 on Bbxs c UxR .

2 . ‘
Now observe that Yy(a,tp.r.a) = t y(q,p,x,n) for all t € R. Thus,

y(q,p.r,8) > 0 for all q ¢ BS and for all non-null p e R .
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Let € > 0 be smaller than min 1§,¢'}.
Put G=G N B and @ =& N B . Then:
€ e € e
(1) w(g.p) > 0 for all (q.p) €€ .
€

(This is a consequence of:

H<O0inG, << q/Ap> >0ineande cG N e.)

€

(i1) W(@.p) > 0 for all (q.p) € G .

€

It follows that

. W(Q.p) = - H [ << Q/Ap>> +<<qa/ap> ]
= - H[ <K QJH/Ap > ~<CBH / AqQ > )
op dq
' = -~ H[ << B(Q)p /7 Ap >> - << g:_/ Ag >> - << ATl 7 Aq >
! q q

HI §(q.p.c.8) - ﬂ;(q) .
Now, we have 17(q) £ H(g,p) < 0 for all (q,p) € G , of where
€
11 (@) ¢ 0 for all (q,p) € G . Moreover, V(q.p.z.l) 2 0 for all (q.p)
A €

in G . Thus, W> 0 in G .

€ €
Proof of the theorem 1:
2
If the C -function T0:U —> R have 2-decidable saddle at the
q —>TT(q) !
2

origin ( U c R ), choosing a convenient system of coordinates, we can

2
assume that J 71 is null exactly at the straight lines q = taq .,a > 0
2 1l
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2~
and that J 11(0,q ) €< 0 if q ¢ 0.
2 2

o Using the lemma 2 and Chetaev's Theorem it follows that the ori-

gin is unstable.

Comments:

We could not extend this proof of the theo;en l for n 2 3 degre-

es of freedom.

/
This occur because the result of the lemma 1, which i=s the basis

of our proof, iy false if n 2 3.

The next example will justify the last assertion.

Example:

3 2 2 L |
Let be £f:R —> R defined by £f(x,v.2) = x -y + 2 .

f has 2-decidable saddle at the origin.

abec
For A = [b d e] € M3I(R) posmsitive defined matrix we have
ceg

r;(x.y.z) = 2x (ax + by + cz) - 2y (bx + dy + ez) + 4z (cx + ey + @2)

A8 a consequence:

2
£(0,z ,2) = 0 and

2 4 3 L] 4q
£'(0,2 ,z) = -~ 2dz -~ 2ez " + dez + 49z
A il

3 4 5
w - 2¢z + 2{(29 - d)zx + 4dez .

%
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To make possible the next implication

" £ix,v,2) £ 0
0< Il(x,¥,2)It € 0O

}> = f£'(x.v,x) < 0"
A

we need

(a) e = 0 and

(b) 29 -4 = 0.

But the condition (b) would imply that it i=s not possible to

choose A arbitrarily close to the identity matrix I € MI(R).
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b
w?

1

(1]

{2y -

[3y -

a1 -

151 -

{61 -
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