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J;NTRODUCTION. 

, Inspired by (2), the purpose of the first ■ec:tion la to ■hov a 

proof of the Sard's Aloebralc Theore• without_ the u■e the Tar■k1-Se1-

denbero Theorea, ■oreover by u■ino thl ■ result we ■ake • oeo■etrical 

d■■cription of th■ followlno aloebralc vari■tL■■: 

D 
V (f) - I .ll C ll rank [ored f(a) •J < 2 

n · 
V*(f) • . , • s ll << orad f(.ll) / x )) • 0 I 

where f is a polynomial of n variables. 

tn ■action 2 ve define the •radial derivate• of a oer■ of func­

n 
tton f:(R 101 -> (R10) and we describe the relation between th■ be~ 

havioura off and lt ■ •radial d0r1vate• at the orloin. 

In ■ec:tion J, ve present• ■oecial cl•■• of oer■■ of function■ 

for vhlc:h the behaviour of• oer■ and the behaviour of it■ •radial de- · 
. , 

rivate• are the aame. 

In the last ■ec:tlon we present _an appllcatlon to tiapunov' ■ ■ta-

b111ty of Haailtonlan sy■te■■ of two d■or■■ ~f fre■do■ • 

. Ve vtll ·use the notation■ 

n 
I • I .ll C a Ital I < r '. r 

D 
I • I .ll C • llxl I -' r I,· 
r . 

I' • B \ I 0 ,. 
r r 

. n 
I •fa c R ·~. llxll • r J. 

r 
n • 

f:(R ,0) -:> (R ,O) wtll denote th■ o■r■ at the oriotn of a 

n • function f:I -> a ■uch that f(O) • O. 



l.AN ELEMENTARY PROOP 01' SARD 'S ALOEBllAIC THEOREM. 

n l 
Let f:R -> R be a C -function. 

We denote by V(f) and V*(f) respectively the sets below: 

V"(f) • 
n 

Xe R rank [orad f(x) x) < 2 I 

n 2 2 2 
• l X CR : << orad f(x) / X >> • (l9rad f(x)II ~llxll 

n 
V*(f) - IX CR << orad f(x) / x >> • o J. 

Remark: 

I (1) V(f) \ I O I is adherent to the orioin, b!!cauae V(f) n 

cc > 0) is precisel_Y the set of the critical points of flS. 
e 

.1 

s 
C 

2 

(2) V*(f) \ I 0 I can be empty. For example, if f Cx) - I lxl I 

then V*(f) • IO J. 

(3) (V (f) () V* (f)) \ 0 is precisely the aet of the criti-

n 
cal points of fl(R \IO I). 

DeOuitioU-J.: 

n 
A aubaet V c R is called an aloebraic variety if there is a fa-

■ilY f in R[x , ... ,x auch that 
j j e J 1 n 
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n 
V • I x e R 

Pefinitio~: 

f (x) • 0 , j c J I • 
j 

, n 
Let V c R be an alvebraic variety. The ideal of R[x , ••. ,x J 

defined by 

I(VJ • ·1 f e: R[x , ... ,x J flV • 0 J 
1 n 

ie called ideal of V. 

Proposition 1: 

n 
Let V c R be an aloebraic variety. 

There are f , .•• ,f e A[X , ... x J •uch that 
l ■ l n 

n 
V • x c R f (.it) - 0 ' j - 1, ... , II J • 

j 

1 . n 

It i• sufficient to choose a •et t. •...• f . of generators of 
1 • 

I(V]. 

Remark! 

n 
(4) If f:R ->. Risa polynomial function then ·vet) and V*(f) : 

are aloebraic varieties. 

(SJ If If •. ~.,f I is a sot of oenerators of · I[VJ, we denote 
l ■ 
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n • 
by F the function F:R -> R which components are f , ... ,f. 

1 • 

The next proposition and the theorems 1 - t, aa their proofs 

are in ( 3]. 

ecoposition 2: 

n 
-Let V c R be an aloebraic variety and let t f ~---,f be a set 

1 ·· . • 

of oeneratora of I[V]. For any point x e V, the number 

e(VJ(x) • rank DF(x), 

where F• (f , ..• ,f ) , is independent of the par_ticular fixed set of ve-
1 • 

· rierator11 of I[V). 

PeOottioo 3: 

n 
Let V c R · be an aloebraic variety. The number 

f • f(VJ • SUP e(V](Jt) 
Jl CV 

ta called rank of_ the ideal· I[VJ and i ■ denoted by rank I[VJ. 

PeUnttion 4.: 

n 
, Let V c R be an aloebraic variety, and o • rank I(V]. The ■et 

M [VJ - l Jl CV: e(V)(x). r I 
l 

1• called the set of the non-·cri ti cal potnta of V , and V \ M [VJ . il!I 
l 
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\ 

the set of the ain;ular points of V; 

Theorem 1: 

n 
Let V c R be an aloebraic variety ■nd consider V • V \HIV J 

0 l O l 0 

Then V is an ■l9ebralc variety. 
1 

n 
Let V c R be an aloebraic variety. For 1 c N* we define by in­o · 

duction: 

H • ff . (V l and V • V \ M. 
1 l t~l 1 . 1-1 1 . 

·Then: 

(a) Then 1B k C N* such that V . ,. con11equently V • M U 
k 0 l 

Moreover the unlqn is dhjoint, 

n 
Cb) For i • 1, ... ,k, M 111 an analvtic eub•anifold of R . 

1 

Theorem J : 

n 
Let V c R be an aloebraic variety and let V •HU 

0 0 1 

. . • u " . k 

UH be 
k 

the decomposition of V defined in the theorem 2. Then for 1 • l, ••• ,k 
0 

M ha■ a finite nWlber ·of connected component■. 
1 



'tbeorem 4: 
n 

1 • • • . . . . 
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If V and Ware aloebraic varieties of R, the . difference V \ W 

has a finite number of connected co■ponents.Horeover - each one is a fi­

n 
• nite disjoint union of connected analytic submanifolda of R • 

..., Definitions : 

l 

n n 1 
Let V c R be an aloebraic variety and o:R ->Ra C -function . .. 
A point x •Vis said a critical point of olV if xis a critical 

point of olM, 1 ii~ k, where V •MU 
i 1 

UH is the deco■poaition 
k 

of V presented in the theore■ 2 and x e H • (Re■eaber that H n M • -
l i j 

if i #- .)) •• 

sard'a ·Alaebraic Ibe0rem: 

n n 
Let V c R be an aloebraic variety.Let o:R -> R be a rx,lyno■ial 

function. Then the set of the critical values of olV is finite. 

Let V •HU ... UM be the decomposition of V preaented in the 
1 k 

theore■ 2. We denote by Z the set of. the critical points of ofV. Thus, 

Z • % U ••• U z , where Z • Z n H , i • 1, ..• , k. 
1 k 1 1 



~ 

.,: 
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If t (Z) and t(Z) denote the nu111ber of connected components of 
i 

z and z respectively, l • l, .•• ,k, then ICZ) ~ I (Z } + ..• + t(Z ) . 

(aee 

z -
i 

i l k 

Let us ftJII 1 e I l, ... ,j J. 

n 
' Remember that " • M [WJ, where w C R la an aloebraic variety 

i l 

theorem 2). 

Let f , ... ,f I be a set of oeneratora of I(VJ. 
1 • . 

Put e • rank l[VJ. Then: 

Mn \· n clef 
C R : 

3cx 

•...• f 
il i(I 

,Q) 
(X) • 0, 1~ 11 , ... , ie ~-, } • 

1~ Jl, ..•. ,je+l ~n i ' ... ,x 
jl je+i 

n 
e: R · : f (x) • 0, 

j 

act· •... ,t ,v> 
i1 . iQ 

cl (Jt , ••• , X ) 
jl j(l+l 

Thus, z ie the difference of two aloebraic varieties. 
i 

Accordinc;i to theorem 4, t(Z) ia finite and any connected co■po­
i 

nent of Z ia a disjoint union of a finite number of connected analy­
i 

n 
tic aubmanifolds of R. Thus Z is alao a finite diajolnt union of con-

n 
nected analytic submanifolda of R. 

It is clear that o is constant 1n each one of tho■• aub■an1-

folds. Then, olV haa a flnlte nu■ber of critical value■. 

' .. 



Proposition J: 

n 
Let f:R -> R be a polynomial function. There la r > 0 auch that 

if e • (O,r) then V(f) la tranaveraal to S 
e 

2 
Take o(x) • I lxl I 

Since V(f) is an aloebraic variety, by Sard's Aloebraic Theorem 

we••• that olV(f) has a finite number of atrictly positive critical 

2 
values. Put r > 0 such that r ill the a■allest of them ( or r • l if 

there are no values of this kind). The result follows fro■ theore■ 2. 

Usino ai■ilar arou■ents · it follows that 
• J 

Proposition 4,: 

n 
Let f:R -> R be a polynomial function. Then there is r > 0 such 

that if Ce (O,r) then V*(f) is transversal to S 
f! 

Next we obtain a result of separation. 

Proposition 5: 

n l 1 
Let f:R -> R be a c· -function such that f(O) • O. 

'If x and y are in V(f) and<< orad f(x) / x >> < 0 then V*(f) 

■eparatea x and 'y. 
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n 
For any continuous curve c:[O,lJ -> R such that c(O) •Kand 

c(l) • y, the function F :(0,1} -> R defined by 
C 

F (t) • << orad f(c(t)) / c(t) >> 
C 

is a continuous function and F (O).F (1) < o. It follows that there la 
C C 

• ~ (0,1) ■uch that F <•> • O. Thu■ we have c(a) c V*(f) . 
. c 

cacaUarv: 

n 
Let f:R -> R be a polynomial function such that f(O) • O. 

If there exi■ta two components X and Y of V (f) () B' (where r 1• 
r 

oiven. by propo■ition 3) ■uch that for any x c X and y c '• 

<< orad f(x) / x >>.<< orad f(y) / y >> < O, 
, I 

I 

. then V*(fJ \IO I ia adherent to the oriotn • 

• • .l · . • 



.9 .. . • 2. TBE •RADIAL DERIVATr • 

n ■ 

We will conaider oer■a of functions f:(R sO) -> CR ;0) and, as 

usual, we also denote by f any.representative of the oera. 

In this section we will describe the relation between the beha-

n 
viour of a oer■ f:(R ;0) -> (R;O) and the behaviour of the •radial 

derivate• off, that ve will define below. 

Definition 1: 

n l . 
Let f:(R ;0) -> (R1O) be a oera of c -function. 

We say that the orioin ia a atrono aaximWI point (atrono ■ini-

■u■ point) off if the orioin is a strict ■axi■u■ point (strict mini-

■WI point) off. If the orioin · is a non-strict ■axi■WI point (non-

strict ■inimu■ point) off ve aay that it ia a weak aaxi■ua point 

(weak ■inimua point)" off. If it is not a ■axi■u:a or aini■u■ J;,oint of 

f we say that it ia a saddle point off. 

PeOnition 2 ~-

n 
We say that the oer■ f:(R ;0) -> (R;O) has punctual k-jet at . 
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n n 
0 e R 

. 
(k « N) · if there is a polynomial P:R -> R of de9ree less or 

equal k (do O • -m) such that lia .fjxL- P(gl • 0 
x->O k 

I lxl I 

Remark: 

k 
(1) If there ia such P, it ia unique. Let us denote it by J f. 

. n 
(2) If f admits Taylor's polynomial of k-order at O c R, then f 

' 
n k 

has k-jet at O e R and J f coincides with that polynomial. 

Definition l: 

n 1 
Let f:(R ;O) -> (R;O) be a oerm of C -function. 

1 
The orioin is said a critical point off if there exist■ J f and 

l 
J f is the null polynomial. 

In what follow■• A« Mn(R) will denote a sywaetric positive de-

fined matrix. 

Definition 4,: 

n 
Let Uc R be an open neiohborhood of the orioin, and let 

1· 
a C -function such that f(O) • 0. 

• • We will call radial derivate f relative to A and we viil denote 



1 . 
by f' the C -function 

A 
f':U->B 
A 

defined by f'(x) • << orad f(x) /Ax>>. 
A 

Peli nition s ! 

n l ~ 

Let f: (R ;O) -> (R;O) be a 9er• of c. -function. 

.11 

We whll call of radial derivate off relative to A and ve will 

l 
denote by f' to the oer■ of C -function 

A 
n 

f':(R ;O) -> (R;O) 
A 

whose representatives are the radial dertvates relative to A of the 

representatives of the oer■ f. 

Proposition l! 

n 1 
Let f: (R ;0) -> (R;O) be a germ of c -function vith a critical 

point at the origin. Then f' baa also a critical point at the origin. 
A 

f' (X) 

It is sufficient to prove that 11■ -A­
x->O I htl I 

If x ♦ 0 then 

' If' (x) I 
. A - •« grad f(x) / Ax »I 

flxl I llxl I 

exists and i ■ null. 
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.S: llgrad f(x)ll.lfAJ!! 
I I" I I 

.S: IAl.llorad f(x)II 

where IAI • sup IIAyll. 

have 

I lyl l•l 
1 

Since f is a C -function with & criticai ~oi~~ a~ thd ori~~n ~e 

lill I A I I I orad f {X) I I • 0 
x->O 

and the proof ie com;,.1et9. 

n 
It is easy to see that if n•l and f: CR ;0) -> (R;O) is the oerm 

of a polynomial function, then t and f' have same behaviour with rea­
l\ 

' pect to the critical point. This auogesta the question: 

n 1 
•rt f:(R ;0) -> (R;O) is a oerm of c -function, have f and f' 

• A 

the same behaviour with r ·espect to the extreme at the orioin 1• 

The answer to this question is surprisino because it is negative 

even when we consider polynomial functions and A• I (I is the iden-

tity matrix). 

2 2. 4 2 2 4 
P(x,y) • 36.x. - 48.x.y - 17y • (6x - 4y) - y . has strong 

2 
■inimu• at O e R. 



2 
P' (.x,y) • 72x 

I 
2 

dle at O c R. 

2 
- 14by 

4 
+ 68y 

2 2 
-= 72 (x - y) 

4 
- 4y 

The knowledoe of thia fact auooeata another queation: 

.13 

ha■ sad-

•What behaviour baa f' when f haa ■iniau■ (or ■axi■u■ , or sad­
A 

dle) at the orioin 1• 

We will answer this queation by usino the followino lemma: 

Lemma 1: 

n n .-::1, 
Let Uc R be a open neiohborhood of the orioin and let f:U ->R 

I 1 
be a C -function such that f(0) • 0. 

If B c U (€ '> 0) and there \s x EB' such that f(x) > 0 (res-
c e 

pectively f(x) < O, f(x) • 0) then there ia y EB' such that f'(y) > 0 
E: A 

(respectively f' (y) < 0, f'(y) • 0 ). 
A A 

Proof: 

1 
We define the C -curve 

c: (-°" ,OJ -> U 

t -> c(t) • [exp(tA))x 

It ia clear that c(t) c B' c B' , for all t E (-a, ,0), and 
II.xii E: 
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1 
the function fac is a C -function aatiafyino (f.c) (0) • f(x) and also 

lim (f .c) (t) • O. Then there is a c (-o, , 0) auch that 4- (f.c) (a) and 
..,. t->-Q> dt 

t(x) hav~ same sion. 

On the other hand, 

'1,_(f.c) (e) • << orad f(c(s)) / dc(e) >> 
dt dt 

• << orad f(c(s)) / A[exp{sA)lx >> 

• << orad f{c(s)) / Ac(■ ) - >> ' 

• f' Cc Ca)> • 
A 

Thua, aetino y • c(a) the result !ollows. 

The propositions 2, J, 4 and 5 follow immediately from this le■-

ma with the help of the subsequent example~. 

P.roposition 2: 

n 1 
Let f:(R ;O) -> (R;O) be a oerm of C ~function. 

If f' has atrono minimum (respectively etrono maximum) at the 
A 

or1~in then f has atrono minimum (respectively atrono maximum) at the 

orioin. 

Proposition J: 

·l n 
If a oer■ of C -function f: (R 10) -> (R10) tas atrono ■inimWI 

' . · • 



t. 

.u 

(reepectively ■tronQ aaaiaua) at the orlQln then the orlQln can be• 

•tron• ■tnt■.- potnt, or• ~•■k ■tnt■ua ootnt, or f ••••••~•tnt (reo­

pect\vely • ■tronQ ■aat■ua point, or• weak ■aat■u■ point, or a ■ad-

dl• point) of f•, · and each one of th••• behaviour■ i ■ po■■ ible. 

A 

Prgpg■ t,tign 1, : 

1 n 
If • Qer■ of c -function f: (8 , 0) -> (81 0) . ha■ weak ■ini■WI 

(re■pectively weak ■Alli ■ua) at the oriain then the oriQin can be a 

weak alnlaua paint or• ■addle point (re■pectively • weak ■Alli■ua 

point or a ■addle paint) of f',and each one of th••• behaviour■ 1 ■ poe 
A 

I 

■tble. 

Prppg■ttign 5 : 

1 n 
If a 9era of C -function f:(R 10) -> (R1D) ha■ uddle at the 

orlQln then the orlaln 1 ■ • ■addle point off'. 
A 

In what · follov■, Ac Mn(R) will denote a •v-etric poaitive de-

n D 

fined ■atria, v , ••. ,v I c I will denote• ort~onor■a.1 ba.aia of R 
1 n 

■uch that v , •.. ,v are ela•nvector■ of the linear tranafor■a.tlon 
1 n 

n n 
x ca -> Ax ca 
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and d. ,, .• ,d are etoenvaluee of thla tranaforaatlon thit corre■pond■ 
1 n 

re■pectlvely to the etoenvector• v , ••• ,v. 

Note that d.. > 0, 1 ~ l ~ n. 
l 

Ea-■vl■ 1! 

2 
f(K) • (( Jl / V )) 

1 
2 

f' (K) • 2 q (( A / V )) 
A 1 1 

1 n 

f and f' have weak ■lnl■ua at the orloln. 
A 

• 2 
f(X) • ( (( X / V )) - ((A/ V )) ) 

1 2 

where ■ c IP and ■ > 2 J. /d.. 
1 2 

• • f' (X) • 2 (« X / V )) - (< X / V )) ) (f{ (< Jl / V )) - -~ (( Jl / Y )) ) 
A l 2 1 1 2 2 

f ha■ weak ■lnl■ua and f' ha■ ■addle at th• orloln. 

E1a■Pl■ ] : 

f (K) • t. . (( Jl / V 
J•l i 

2 
» 

f' (K) • 2 t. d. (( X / Y 
A j•l J J 

2 
)) 

A 

f and f' have ■trono ■lnl■u■ at, the orloln. 
A 
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EBillllill i : 
"\ 

• 2 2■ n 
f(a) • (« • I V )) - « a / V )) 

1 2 
) + .« a / l V > _ ♦ F-3 « Jl / V )) 

j 

2 
where ■ c N*, a • d /d- and A • Cc! - ad:

2
> / (tac£ d. ) 

1 2 1 ,· 1 2 

• 2 
f~(a) • 2 [ J1i. <<a/ v

1
>> - [Cc£

1 
+ ~

2
> / (2 Jl

1
>J <<a/ v

2
>> J + 

+2 f a. «a/v»
2 

j•J j ~ 

f ha■ atron9 ainiaua and f' ha■ ve•k ■ini■u■ at the ori;in. ,. 
lll■Pll ,5 : 

Let f be a■ in the la■t ••A!Ple, but with ~ 

I 2 t 
O < • < (d'. - ■d. > / (4114 d.. > 

l 2 1 2 

• 2 
f 1 (Jl) • 2 [ g <( X / V )) - [ (r/. ♦ ■a. ) / (2 · g ) ] (( JD / V )) ) ♦ 

A VJ. l 1 2 Vl . 2 

2 2• 
+ · 2 [ ■ <a - 1) c£ - I (d + ■c! > / (tel > J <IC x / v » 

2 l 2 l f 2 
I + 

n 2 
♦ 2 I:• ~ « Jt / V )) 

j•J; j j 
I 

f ha■ ■tron9 aini■ua ·•nd f' h•• ■addle at the ori9in. 
A 
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• 3.A SPECIAL CLUB or OZ1U1S OF ~ CTIONS. 

The pUrpo■e of thl• section l• to deter■in• • ■ub~•t 6 c Mn(R) 
I 

1 
• of ayaaetric poaitive defined a■trlce■, and• cl••• t of oer■• of C 

n 
-function■ f:(R JaO) -> (R10) such that for all A e 6 and for ·a11 f ln 

I, f and f' have the•••• behaviour with re■pect to extre■e■ • 

" 
It ie e■■Y to ■ee that if n • 1, for any . Ac Ml(R) and for any 

polyno■lal oer■ P:(R10J -> (R10J , P and P' have the ••■e behaviour 

" 
at the orloin. Thia l• a ton■equence of the follovlno fact■: 

Fact 1 : 

k-1 
For all polrno■lal oer■ P:(R10) -> CR10J ■uch that J P • O ve 

I 

k k 
.r•ve JP~• kAJ P, for all Ac Ml(RJ, ( There, Ml{R) • R++J . 

.. _ . 
tact 2: 

For all non-null polyno■lal oer■ P:(R:OJ -> (RsOJ, the flr■t 

~ 

non-zero jet of P detect■ the behaviour of Pat the ortotn. 

Jt te cieac that tbte i ■ (al■• 1( n U... 

To have the fact 1 ■atl ■fled for n > 1 we con■lder 

6 •IA c Mn(R) : A• ■I, a c R++ I c Mn(R), 
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I 

n 
Thus, if P:(R 10) -> (810) ie • polyno■i•lj v•r■ with null (k-1) 

k k t 
-jet, then JP' • kaJ P, for •11 A• •I c A . 

. A 
l 

On the other hand, to deter■ine • cl••• t of ver■• of c -func-

tione for which the fact 2 eztendino, ve need the concept of k-decida-

blety. 

PeOottign 1 ! 

n 
Let f:(I 10) -> (R1O) be• ver■ of function auch that there ia 

n 
. punctual r- jet of f at O • a .. 

I ~ 
We aay that f i ■ ~k-d~cidable (k ~ r) if it i ■ PO■sible, by usino 

k 
only J f, to decide if the ori9in 1 ■ • ■aai■WI, • ■ini■WI or• ••ddle 

point off. 

Note that if f i ■ k-decidable and k ~ ■ ~ r, then f 1 ■ ■-decida-

ble. 

Prppp■t,Uon l ~ 

n 
If P:(B 10) -> (R;0) l ■ L ►-decidable polyno■ial 9er■ with null 

, 
(k-1)-jet, for · any ■atria A• aI c 6, P and P' have the •••e beh•viour 

A 

at the orlvin. 

I 



El:g.Qf : 

k k 
JP' • kaJ P, and thua, •• P la k-decldable, the the■ l■ hold■. 

A 

Propg■ itton Z= 

n l 
Let P:(R rO) -> (RrOJ be • 9er11 of C ~function and Ac Mn(RJ • 

• 
k-1 

eyaaetrlc po■ltlve defined ■atrlx. If there exl ■t• J (9rad f) then 

k k k-1 
there exlet■ J f' and . J f'(a) • << J (orad fJ(x) / b >>. 

A 11 

hPslt : 

It 1 ■ aufflct"ent to note that for K +Owe have: 

k-1 
f'(a) - << J (9rad f) (k) I b >> I 

A 

k 
llall 

k-1 
- J (orad 

k-1 
I l.1tl I 

f) Ca) 1~ ~ 
llxll// 

Prgppft l ti an 3 : 

k-1 
11 orad f (Jl) - J . (or.ad f) (Jr.) 11 

·• k-1 
I lxl I 

n l 
Let f:(R ,o> -> (RaO) be a oer■ of C -function ■uch that ·there 

~1 k ~l k 
l ■ J Corad fJ. Then there l• J f and J Corad f) • orad J f. 



l 
n ' 

Let P:(R ;O) -> (R10) be a polynoalal oen defined by 

jl, 1 

P(x) • ) 

0 

k•l 
<< J (orad f)(ta) /a>> dt 

It te clear that P ha■ de9ree 1••• then or •cau•l k. 

Moreover, for ·& f Owe h•v•: 

• I f (A) - P (X) 

k 
I Ix J I 

1 k-1 

) << 9rad f(b) / Jl » - « J (Qrad f)(t~) - k 
0 I IKI I 

1 k-1 · 

\ k-1 II orad t(tx) - J (orad f) (tx) 11 

i t 
k-1 

0 I Ital I 

k-1 
II 9nd f(y) - J (orad f)(y) 

i ..J._ IIUP 
k · O<t IYI Iii I.xi I k-1 

I lyl I 

n · le a consequence of the definl Uon of k-.)et that 

k-1 
II vrad f(y) - J (orad f) (y) " ■UP 

0(1 lyl l~l lxl I k-1 
I lyl I 

'" 

dt 

II 
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» 
dt 

-> 0 
K->O 
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k k 
Thua. there eat■t■ J f and J f • P. 

Now. define a, Q and · 8 • 1 ~ j ~ n, by 
j j 

k-1 
Q - J slL • f • p + R • !!- - Q + 8 

j a. j j 
j j 

Fia j ( 1 £ j t k ). Then, for• ■ufflclent ... 11: 

• 
f(&) • f(a - a•> ♦. • · \j f- Ca - a• + •• > da 

j j j j j 
0 j 

• PC• - a e) + B(a - a e) + 
j j j j 

Q (a - a• + ■e) d■ + 
j j j j 

A 

\

j 

0 

B (a - a e + ••) d■ 
j j j j 

n 
when a•~ • e . 

1•1 j j 

•> PC& - a•) l ■ • polynoaial of dear•• le■■ t~•n or equal k. 
j j 

R(a - a • > 
j j 

b) Ha - 0 
a->O k 

I I.xi I 

a 

C) \j Q (a - .. ♦-) d■ ha■ dearee l••• than or equal k • . 
j j j 

j 
0 

• 



X 
f · k 

d) a ht) • 
j )

., 
s (x - a• + ■e) da ha■ k-let and JG • 0 

0 
j J j , j 

I 
J j 

k-1 
(becau11e llx - X e + ae II s: llall lf O-' ■-' a and J I ., ., j j j 

Thu■, 
t 

Jl 

P(x) • P(x - a e > + )j Q (Jl - X e ~ .. , d■ • ., ., ., 
' ., j ., j 

0 

and•• a con■equence at.. - Q ax ., 
j 

k-1 k 
It follows that J <orad f) • orad J f. 

.23 

- 0). 

,Note that we have not• reciprocal proPOeition of the propo■l-

tton ]. We can see tht■ vtth the follovlno 

la••pla; Let f:(RaO) -> (RtO) btt the function defined by 

j x03 
f<x> - t 

2 
Then j f • 0 

sln (1/x) • Jl • 0 

and 

1 
Note that there l ■ not J (orad f). 

Praaa■ t U an « = 

■ln (1/Jl) - x COB (1/x). x ~ 0 

n 1 
Let f:(R ;O) ...;.> (RaO) be• vera of C -function. If f la k-deci-
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k-1 k-1 
dable, J f • 0 and there 1 ■ J (orad f) then f and f' · have the ■ue 

A 

be.bav1our v1th re■pect to eatre■••• for any A• ale A, 

k k-1 
A■ f 1 ■ k-dec1dable, P • J f 1 ■ k-dectdable, and•• J t • 0 we 

k-1 
have J P • 0. 

It 1■ a con■equence of the propoe1t1on 1 that P and P' have•-■• 
A 

behaviour v1th re■pect to eatre■••• and the•••• 1 ■ true for f and f'. 
' A 

V1th thi■ propo■ltlon we con■lder that we cath the voal.It 1 ■ 

■uff1cient to con■ider 
' 

D k-1 k-1 
D • lf:(R 10) -> (R10) 

k 
f 1 ■ k-decidable, J f • 0, J (Grad f)I 

I• U D 
Ul k 

A• I Ac Mn(R) : A• al, a c R++ I 

• I 

for that 1f f c E and A• A then f and f' have the ■ue·behav1our v1th . ,. 
re■pect to eatreae■ at the or1a1n. 
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4.AN APPLICATION r TRI LIAPUNOV 'S STABI~IT1' 

or HAMILTONIAN SIBTEMB or TVO DEORII or JRIEDOK. 

. \ l 
I 

Our lntentlon tn thl■ ■ectlon l ■ to prove • P•rtlcul•r caae of 
~ 

the Llapunov's Inatabtllty Theore■ by uslno two auxlllary functlona: 

• 
one, the mechanlcal enerOY, vh1ch v111 ouarantee the 1nvar1ance of• 

' reolon ln the phase space, and another vhlch vlll show that a cert•ln 
~ 

reoion ln this apace i ■ repul■lve. 

The follow notatlona vlll be u■ed ln thla ■ectlon: 

• n • 
Uc R vlll denote an open nelQhborhood of the orlvln. 

n 
Potenttal Energy (vtth crltlcal polnt at O ca> 

2 
Ac -function fr:U -> R , 

q -> fT(q) 

l 
J rr - o 

Unettc; Energy 

2 n 
Ac -function T: UxR -> a t 

(q,pj _;,> ~iq,p) • (1/2) • p l(q) p 

2 
where 8 cc (U,Mn(R)) and 9(q) la a 87111letrlc poelttve defined••-

trix, for all q c U. 

81mtltgnlan [unction (Hechanlcal EnervrJ 

2 n 
The C -function B: Ud -> R 

(q,pJ -> B(q,p) - T(q,p) + O(q) 
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. ' 

(1) 

Th• followlnv theore■ 1• a re■ult of Llapunova of 1~97. 

LilPIIPQY 1 ■ lnatabilitx Theore■ 

If f1' have not- ■inlaua at q • O c U and this fact 1• 2-declda-

bl• then th• orl9ln of th• ■echanlcal ■yet•■ (1) 1• un■table. 

( ... ((J ) • 

Th• next reault 1 ■ • v•n•raliaatlon of the Chetaev•• Theore■. 

(to ■ee[(]). 

Cbet4ev' a Theoce■ (oeneralised) 

n 
Let G • I (q ,p) c Ud : H{q ,p) < 0 I 

l 
If there are an open ■et+ c O adherent to the orlQin and a C -

D , n 
-function V:Ud -> a auch that, for ■c- e > 0 < vlth 8 c Uxa),. 

e 

(i) 

(H) 

W > 0 in .e, '!'I -& n 
C 

. ' 

-
B • 

C 

V • << vrad V / (aJI, - aJ1 ) >> > 0 
8p. 8q 

ill G • 0 0 8 , 
C C 

then the orioin of th• ■ecb&nical ayate■ (1) i ■ un■table. 
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~= • 
(a) For any 6 > O, the set 

6 
G • ( (q,p) c G: H(q,p) ~ - 6 I 

is invariant, because B ie constant in each trajectory of the mechani-

cal system (1). 

(b) W > 0 

6 
(c) If G 

e 

compact ·set. 

in & • 
e 

6 
• a n B 

e 

t 5 6 
is not empty, then W > o' in G and G 

e e 
i 

i.s a 

• Thus, if a motion has initial condition (g,~) ~~,and we take 

6 • W(g,g)/2 > 0, it follows fro■ (a) , (b) and (c) that this motion 

6 
■ust leaves the compact set G by a point of its boundary that was in 

£ 
s . 

€ 

We are ooino to present now a weaker version of Liapunov'a Ins-

tability Theorem, that we want prove uaino Chetaev's Theorem. 

Theorem 1: 

2 
Let UC R 

2 
be an open neiohborhood of O £ R. 

2 
If ff:u ->R (of C -class) has 2-decidable saddle at 0, then the 

oriain'of the dinamical system Cl) is un■table. 

The two next lemmas will permit to use Chetaev'a Theorem: 
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Lemma 1: 

2 2 
Let f:R -> R be· a C -function such that f(O) • 0. 

If: 

(i) f has 2-decidable saddle at the oriQin, · 

2 
(ii) J f ia null exactly on the .atraioht lines y • ± ax (a > 0), 

2 
(iii) J f(O,y) < 0 if y • 0, 

then arbitrarily near of the identity matrix I. c M2(R) there ia a dia-

oonal matrix A~ M2(R) and there ia C'> 0 ■uch that 

(.ll,y) C B' } 
C' 

f(x,y) ~ 0 

f' (x,y) < o. · 
A 

2 
It follows of (ii) and (iii) that P • J f is defined by 

2 2 2 
P(x,y) • (ax - y) (ax+ y) •ax - y. 

Let A• 
[ 

«02 01 ] where fl. > 0. 

Then 

2 2 2 2 2 
P' • « orad P(x,y) / (dx,y) >> • 2(a d. x y ) . 

A 

--



1 
Now we observe that there exists J (orad f) (because f is 

r 

2 
function), and as a consequence, P' • J f' . f " A 

2 2 
Thus, f • P + R, f' • P' + s, JR - J s • 0. 

" A 

Let be c:£ e: (0, l) • Let UB fi.x be: (ac{, a) • 

(a) There is e· > 0 isuch that 

(X' y) C B' 

.} E:· 
====:, f(x,y) > 0 

2 2 2 
b x - y }. 

Let us show it. 

2 2 2 · 2 
~f Cx,y) f O c R and bx - y ~ 0 we have 

2 2 2 
b x - y 2 2 · 2 

2 
I t (x, y) I I 

~ 0 and ll(x,yJ II ~ (b + l) x. 

Then, since O < b < a it follow that 

.. 
2 2 2 2 2 2 

f(x,y) b X - y (a b ) X 

• + + 
2 2 ,- 2 

II (x,y) II ll(x,y)II 11 (x,y) 11 

2 2 
. a - b R(x,y) 

~ + 
2 2 

b + 1 11 (x,y) 11 

R(x,y) 

. 
11 (x, y) I I 

Thus, it is enough to take e• > 0 such that 

~ 
2 

.29 

I 
a C -



(_ 

• 
• 30 

2 2 
I.R(x,y') I a - b 

< for all (x,y) e B' 
2 2 t:• 

11 (x,y) 11 2(b + l) 

and we have (a). 

In the same way we show that 

(b) There ia ~- > Osuch that 

(X,Y) e: B' 

.} .£:" 
f' (x,y) < 0 

2 2 2 A 
bx - y ~ 

For Cx,y) £ B' we have: 

Lemma 2! 

C' 

(a) 
f(x,y) ~ 0 ~ 

2 2 2 - Cb) 
b X - y ( 0 ~ 

2 2 

t I 

f' (x,y) < 0 
A 

Let Uc R be an open neiohborhood of O e: R, and let 11:u -> R . 

1 
be a potential eneroy of C -class with 2-decidable saddle at the ori-

2 
oin. Suppose that J 11 is null exactly at the straioht lines q • ;f:aq 

2 1 
2 

(a > 0), and that J TT co,q > < o if q + 0. 
2 2 

2 
Let be G • I (q,p) c UxR : H (q,p) < 0 

Then there are a symaetric positive defined matrix Ac M2(R), a 
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non empty open set 4 e: G adlierent to the orioin and 6 > O (with 
l 

2 1 
B c U.xR } such that . the C -function 

€ 
2 

W: UxR -> R 
(q,p) -> W(q,p) • -B << q / Ap >> 

satisfies 

(i} w > 0 in ,e - -& n B 
e e 

(U) w > o in G • a n B 
e s 

2.C.a..Qf: 

It follows fro■ lemma 1 that arbitrarily n,ar of the identity 

■atrix I c M2(R) there ts a diaoonal matrix 

A 
- [

.co ol al e H2 (R) 

and€'> 0 (we can suppose that B c U) such that 
e· . 

q C 
B' } €' fl' (Q) < 0 . 

A 
fl(q) i 0 

n 
Let be --& • (q,p) € U.xR W(q,p} > 0 I 

(a) ♦ is an open set adherent to the orioin. 

' 

. ~flt 
~ 

f) G 

Indeed there is a sequence (q I conver9ino to the orioin of 
n ncN 

2 
R such that fl(~ ) < o. Choosino ■mall enouoh s e: R (n t: N), we have 

n n 



.32 

B(q •• q) < 0 and -aa a consequence 
n n n 

W(q ,a q) > 0 (becauae A ia near 
n n n ~ 

of the identity matrix). 

(b) For a convenient choice of A, there ia C > 0 such that W ■ati ■-

fies~i) and (ii). 

-r 2 2 " 
' In fact, let U:UxR xR -> R be defined by 

V(q,p,r,s) • << p / B(q)Ap » - « q / ·A ill » . 
aq 

where A• [: - 01 . 
9 

e: M2(R). 

1 
u y is a continuous function and for any Re: s • 'f(O,R,1,1) > o. 

1 
It follows from the compacity of S and of the continuity of y 

' that there i• 6 > O (with B c U) ·wcb that if 
6 

. 1 
llqlf < 6, p e: s , Ir - 11 < 6 

then V(q,p,r,sl > n. 

and Is - 11 < 6 
I 
I 

Fix A•[:· :] c M2(R) with the extra condition■ le - 11 < 6 

. la - 11 <&,and consider the correspondent e•> O. 

l 2 
Then ycq,p,c,al > O on Bxs c UxR. 

6 
2 

Now observe that ¥(q,tp,c,a) • t Y<q,p,c,a) for all t ·c ~- Thu■, 

2 
ycq,p,c,a) > 0 for all q c B and for all non-null pc R. 

& 
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Let e > 0 be smaller than min 16,€'1. 

Put a • a n B and & --e-ni. Then: 
e . e e e 

(1) W(q,p) > O for all (q,p) c-e-. 
e 

is a consequence of: 

H ( 0 in 0, « q / Ap » > 0 in ♦ and ♦ c G O :.. ) 
e 

fii) W(q,p) > 0 tor all (q,p) c G. 
e 

It follows that 

W(q,p) • - R << q / Ap >> + << q / Ap >> J 

• - H << aB / Ap >> - << a.H / Aq >> J 
ap aq 

• - B << B(q)p /AP>> - << aL/ Aq >>. - << afl / Aq >> 
aq aq 

- - e ,cq,p,.c,a) - rr• (q) J. 
A 

Now, we have fT(q) ~ B(q,p) < 0 for all (q,p) ~ 0 , of where 
e 

fr•(q) < 0 for all (q,p) c G. Moreover, VCq,p,,c,a) ~ 0 for all (q,p) 
A ' e · 

' in G. Thus, W > 0 in O. 
e e 

Proof of the theorem 1: 

2 
It the C -function n:u -> R have 2-decidable saddle at the 

q ->fl (q) 
2 

orioin CU c R ), chooaino a convenient system of coordinates, we can 

2 
aesuae that J II ia null exactly at the atraioht lines q • ±aq ,a>. 0 

2 l 



~ 

\. 

.34 

2....,. 
and that J ll(D,q) < O if q + o. 

2 2 

Uaino the leua 2 and Chetaev' ■ Theore■ 1t follow■ that the ori-

Qin ill unatable. 

Cauente: 

\ . We could not extend this proof of the theorem 1 for n ~ 3 deore-

es of freedom. 

Thia occur because the result of the le-• 1, which i ■ th• ba■i ■ 

of our proof, 11 false if n ~ 3. 

The next example will justify the laet aaaertlon. 

BH•vle! 

3 2 2 4 
Let be f:R -> R defined by f(x,y,z) • x - y + 1. 

f has 2-decidable saddle at the orioin. 

For A•[:~ ~1 c Ml(R) poaitive deflned ■atrix we have 
C e 0 

3 
f'(x,y,z) • 2x (ax+ by+ cz) - 27 (bx+ dy + e1) + 41 (a+ ey + oz) 

A 

Aa • consequence: 

2 
f(0,1 • I) - 0 and 

2 ( 3 5 4 
f' (0, I ,1) -- 2dz - 2~• ·: + ·4e1 + 4oa 
A . t . 

l 
·., 

4 5 " -- 2•• + 2(20 - d)z + ••• . 

" 
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To ■ake possible the next implication 

• f(x,y,z) ~ 0 } 
'=> f'(X,Y,S) ( o• 

o·< ll(x,y,s)lt ( 0 • A 

we need 

(a) e • 0 and 

(b) 2o - . d • 0. i 
' 

But the condition (b) would imply that it is not possible to 

choose A"arbitrarily close to the identity matrix I• MJ(R). 
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