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A B S T R A C T

Cellular materials can be designed to achieve mechanical properties with low weight. Among them, hollow
spheres have been investigated since modern manufacturing methods can accurately produce them. This work
aims to develop an optimisation procedure to distribute hollow spheres to minimise the compliance of a
structure through a multiscale approach. The model has two geometrical parameters: internal and external
diameters, in which the asymptotic homogenisation method (AHM) is employed to predict the effective
properties of the material. Equations relating the effective properties to geometrical parameters are obtained
through the least square method. Then, topology optimisation is employed to minimise compliance constrained
by an admissible relative density. The optimised structures are compared to homogeneous distributions of
hollow spheres, and compliance reductions up to 79% are reached. The optimum distributions of hollow
spheres are validated against the classical solid isotropic with material penalisation (SIMP) approach. Moreover,
some structures are 3D-printed to show the feasibility and capabilities of the proposed approach. Experimental
tests are conducted on the structures through additive manufacturing. It is shown that optimised structures
outperform the ones with homogeneous distributions of hollow spheres with the same relative density.
. Introduction

Cellular materials are formed, necessarily, by two phases [1,2]: the
irst is composed of solid and continuous material and the second lacks
aterial, that is, void. These materials can roughly be divided into

wo distinct groups: open and closed cell materials [3]. In closed-cell
aterials, voids are discontinuous and dispersed into the solid phase.
n open-cell structure presents a continuous void phase within the
tructure [1]. In practice, most cellular materials present characteristics
f both open and closed-cell structures simultaneously. Another way
f defining a cellular material is through the concept of a composite.
onsidering that a composite is a set of two or more different materials
ombined into a macroscopic scale, cellular materials can be seen as a
articular type of composite, in which one of the constituent materials
s solid and the one is void [4].

The most important feature of cellular materials is their relative
ensity, i.e., the density of the cellular material divided by the density
f the solid of which the cellular material is made [5] since these
aterials can be designed to achieve very small relative densities.

∗ Corresponding author at: School of Mechanical and Aerospace Engineering, Queen’s University Belfast, Belfast, UK.
E-mail address: humberto.almeida@qub.ac.uk (J.H.S. Almeida Jr.).

According to Gibson and Ashby [5], the four major areas of applica-
tion of cellular materials are thermal insulation, packaging, structural,
and buoyancy. The cellular structure provides excellent properties to
the structure, such as high energy absorption, good formability, and
excellent insulation [6]. In addition, such cellular structures allow
tailoring their mechanical, thermal, and acoustic properties, which aids
in multi-functionality, such as in thermo-structural applications [7]. As
these kinds of materials can be designed to achieve a broad range of
properties, they can be used in several industrial applications. Cellular
materials are widely used in thermal conductivity applications [8,9],
damping and vibration control [10,11], structural applications [12–15]
and frequency shielding [16,17].

A type of cellular material is hollow spheres [18–20]. These struc-
tures provide a specific microstructure with the likelihood of en-
hanced properties for low-density lightweight structures [21,22]. This
type of structure is characterised by easily reproducible geometry,
guaranteeing physical consistency in the properties of the material [23–
25]. Additionally, hollow sphere structures can be manufactured from
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a broad range of materials and can be assembled in a periodic structure
[26]. Augustin et al. [27] show the technological development of
manufacturing processes for hollow spheres focusing on their produc-
tion and prospective applications. Waag et al. [28] present several
manufacturing processes for hollow spheres made of porous metals,
ceramics and polymers. Kalamar et al. [29] performed a structural
analysis of full-scale hollow, laminated glass columns under combined
in-plane compression and impact loads. Liu et al. [30] investigated
the residual mechanical properties of hollow spherical joints with H-
beam (H-WHSJ) after being loaded in elevated temperatures. Gasser
et al. [31] predicted the elastic behaviour of a hollow sphere foam
using a model derived from the thin shell elastic theory. Marcadon and
Feyel [32] studied the influence of localised plasticity and buckling
of hollow spheres on the effective behaviour of their packing. Yan
et al. [33] assessed the mechanical behaviour of H-shaped steel member
(WHS-HSM) joints under axial compression. Hosseini et al. [34] inves-
tigated the thermal properties of a perforated hollow sphere structure.
Solorzano et al. [35] analysed the thermal conductivity of hollow
sphere structures analytically. Fiedler and Solorzano [36] used Monte
Carlo and finite element methods to predict the effective thermal
conductivity properties of randomly oriented hollow sphere structures.
Marcadon [37] aimed at exploiting the potential of using hollow
spheres in high-temperature applications, wherein elastic, plastic, and
viscous properties on the effective behaviour of hollow sphere structure
were investigated. Liu et al. [38] exploited the dynamic crushing of
hollow spheres, Marcadon [39] evaluated the influence of geometri-
cal defects on the mechanical response of hollow sphere structures,
whereas Wu et al. [40] focused on tailoring the sound absorption
properties. Shufrin et al. [41] investigated the negative Poisson’s ratio
in auxetic cellular structures.

After this non–extensive state-of-the-art, three main gaps are found:
(i) How to predict the effective material properties of a media formed
by hollow spheres? (ii) How to optimally distribute hollow spheres in
a domain to maximise their performance whilst keeping the relative
density? (iii) Is it possible to manufacture the structures with the design
variables considered? (iv) Do the optimised structures have superior
experimental structural stiffness? To answer these questions, the main
novelties of the present work are listed as follows:

• The problem is tackled in a multiscale environment, in which the
global domain is locally represented using an RVE. An idealised
model for a single hollow sphere is proposed (microscale), which
is described by its geometrical parameters;

• The effective properties are numerically obtained by AHM and
translated as a continuous and differentiable function of the
geometrical parameters of the RVE;

• The distribution of the hollow spheres within the domain is
performed by an adaptation of the classical topology optimisation
based on the optimum criterion method;

• The optimum distribution of the cellular material can be deter-
mined to achieve optimised hollow sphere structures;

• The geometry of the microstructure and the distribution of the
hollow spheres can be concurrently tailored, thus enhancing de-
sign horizons;

• It is possible to obtain manufacturable structures strictly as–
optimised, with high resolution (i.e., resolution of 100 μm) and
with precise distribution of the spheres in the domain.

Given these novel characteristics of the proposed approach, this
paper aims at minimising the compliance of hollow sphere structures
in a multiscale environment against two classical benchmark cases: (i)
cantilever beam and (ii) three-point bending. The maximum allowed
relative densities considered are 5%, and 10%. Experimental validation
2

in terms of manufacturing and testing is also carried out.
2. The approach

An anisotropic and quasi-periodic elastic body is considered. Let
𝛺 be a domain in R3 with boundary 𝜕𝛺 (see Fig. 1). Consider that
Dirichlet and Neumann boundary conditions are applied on 𝜕𝛺𝑢 and
𝜕𝛺𝑓 , respectively, where

𝜕𝛺 = 𝜕𝛺𝑢𝑖 ∪ 𝜕𝛺𝑓𝑖 ; 𝜕𝛺𝑢𝑖 ∩ 𝜕𝛺𝑓𝑖 = ∅ 𝑖 = 1, 2, 3, (1)

such that

𝑢𝑖 = 𝑢𝑔𝑖 on 𝜕𝛺𝑢𝑖 𝑖 = 1, 2, 3, (2)

where 𝑢𝑖 is the 𝑖th component of the displacement and 𝑢𝑔𝑖 is known, and

𝜎𝑖𝑗𝑛𝑗 = 𝑡𝑖 on 𝜕𝛺𝑡𝑖 𝑖, 𝑗 = 1, 2, 3, (3)

where 𝝈 is the stress tensor, 𝒏 is a normal vector, and 𝒕 is a traction
vector.

The elastic body is assumed to be a cellular solid with a mi-
crostructure formed by a distribution of hollow spheres. Two scales
are used to define the problem. On the macroscale, defined by the
slow variable 𝒙, the mechanical properties are homogenised in the
onsidered material point. On the microscale, represented by the fast
ariable 𝒚, the effective properties of the medium are calculated with

a two-scale Asymptotic Homogenization Method (AHM), such that

𝐶𝐻
𝑖𝑗𝑘𝑙 = 𝐶𝐻

𝑖𝑗𝑘𝑙 (𝒚) . (4)

Both coordinate systems are assumed to be coincident.
In Fig. 1, a small portion of the domain is highlighted, depicting

the distribution of the hollow sphere material. An idealised material
model is assumed, in which a regular distribution of hollow spheres is
considered.

A Representative Volume Element (RVE) is used to depict the
medium. The geometrical parameters 𝜌𝑜, and 𝜌𝑖 (outer and inner diam-
eters of the RVE, respectively), describe the entire microscale domain.
In addition, two adjacent hollow spheres are connected by a flat area
and it is considered that the thickness is constant and a function of the
geometrical parameters. Therefore, the homogenised elasticity tensor
of the media can be written as

𝑪𝐻 = 𝑪𝐻 (

𝜌𝑜, 𝜌𝑖
)

. (5)

With the macroscopic properties of the domain written as a function
of the RVE geometry, it is assumed that the distribution of cellular
material within the macroscopic domain varies as a function of its
position. This can be written as a function of the geometric parameters
of the RVE as

𝜌𝑜 = 𝜌𝑜 (𝒙) and 𝜌𝑖 = 𝜌𝑖 (𝒙) . (6)

An adaptation of the classical topology optimisation problem is used
in the present study to find the optimum distribution of hollow spheres
in the domain. Thus, every material point of the domain is described
by a pair of geometrical parameters 𝜌𝑜 and 𝜌𝑖, describing the hollow
sphere for that particular point. The optimisation problem is set as

min
𝜌𝑜 ,𝜌𝑖

𝑓
(

𝜌𝑜 (𝒙) , 𝜌𝑖 (𝒙)
)

Subject to 𝑉
(

𝜌𝑜 (𝒙) , 𝜌𝑖 (𝒙)
)

≤ 𝑉 ,
(7)

where 𝑓 is the compliance, 𝑉 is the relative density of the structure,
and 𝑉 is a given admissible relative density. It is also considered that
the design variables are bounded, such that

𝜌𝑚𝑖𝑛𝑜 ≤ 𝜌𝑜 (𝒙) ≤ 𝜌𝑚𝑎𝑥𝑜

𝜌𝑚𝑖𝑛𝑖 ≤ 𝜌𝑖 (𝒙) ≤ 𝜌𝑚𝑎𝑥𝑖 , ∀𝒙 ∈ 𝛺.
(8)

Linear elastic behaviour is assumed, and Fig. 2 shows the design
domains considered for the optimisation cases. The AHM equilibrium
relations and the entire optimisation procedure are carried out on

in-house routines written in Julia Language [42].
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Fig. 1. Depiction of the microscopic structure of a small portion of the macroscopic
domain, idealised model and the RVE.

Fig. 2. Design domains considered for the optimisation problem: (a) cantilever beam
(cb_1), (b) 3-point bending beam with load application on the upper side (3pb_1), (c)
cantilever beam (cb_2), and (d) 3-point bending beam with load application on the
bottom side (3pb_2).

3. Mathematical background

3.1. Asymptotic homogenisation method

In the context of linear elasticity, the effective properties of a
material with a periodic (or quasi-periodic) microstructure can be
determined through AHM [43]. This method is based on the assumption
that the RVE, a small part of the domain which repeats itself with
periodicity in the whole domain, is considerably smaller than the design
domain [44].

The notation, derivation of the equilibrium problems, and the finite
element (FE) solution are based on [43,45–47].

An anisotropic and quasi-periodic elastic body is considered. The
problem is formulated in the bounded subset 𝛺 of R3, and a slow
variable 𝒙 and a fast variable 𝒚 are considered to describe the problem.

The RVE is denoted by
( ) 3 (9)
3

𝒀 = {𝒚 = 𝑦1, 𝑦2, 𝑦3 ∈ R ∶ 0 < 𝑦𝑖 < 𝑙𝑖, 𝑖 = 1, 2, 3}
where 𝒀 is the size of the RVE, with 𝑙𝑖 as positive numbers. The
macroscopic domain is denoted as

𝛺 = 𝜀𝑌 = {𝒙 =
(

𝑥1, 𝑥2, 𝑥3
)

∈ R3 ∶ 𝜀−1𝑥𝑖 ∈ 𝑌 , 𝑖 = 1, 2, 3}, (10)

where

𝒚 = 𝒙
𝜀
, (11)

with 𝜀 ≪ 1.
The development of the method follows three basic considera-

tions [48]. The first demands that the displacement field of the media
can be written in an asymptotic expansion as

𝒖𝜀 (𝒙) = 𝒖(0) (𝒙) + 𝜀𝒖(1) (𝒙, 𝒚) + 𝜀2𝒖(2) (𝒙, 𝒚) +⋯ (12)

where 𝒖𝜀 is the total displacement field and 𝒖(0), 𝒖(1) and 𝒖(2) are
the contributions for the displacement of the macroscopic scale, mi-
croscopic scale, and eventual smaller scales, respectively. The second
consideration is that the coordinates at each level are related by a
small parameter 𝜀, as shown in Eq. (11). The third consideration is
that the displacements on the boundaries of the RVE are periodic. This
consideration implies that the local domain is periodic, thus describing
the macroscopic domain.

A general field variable 𝑓 𝜀
𝑖 is thus dependent on both fast and slow

variables, such as

𝑓 𝜀
𝑖 (𝒙) = 𝑓𝑖 (𝒙, 𝒚) (13)

and its partial derivatives take the form
𝜕𝑓 𝜀

𝑖
𝜕𝑥𝑗

=
𝜕𝑓𝑖
𝜕𝑥𝑗

+ 𝜀−1
𝜕𝑓𝑖
𝜕𝑦𝑗

. (14)

Assuming that no body forces are acting on the media, one can write
the elastic equilibrium as
𝜕𝜎𝜀𝑖𝑗
𝜕𝑥𝑗

= 0 in 𝛺𝜀, (15)

where

𝜎𝜀𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙 (𝒚)
𝜕𝑢𝜀𝑘
𝜕𝑥𝑙

. (16)

Using the asymptotic expansion, Eq. (12), and the definition of the
stress field, Eq. (16), it is possible to demonstrate that the stress is
dependent on 𝒙 and 𝒚 in the form of

𝜎𝜀𝑖𝑗 (𝒙) = 𝜎(0)𝑖𝑗 (𝒙, 𝒚) + 𝜀𝜎(1)𝑖𝑗 (𝒙, 𝒚) + 𝜀2𝜎(2)𝑖𝑗 (𝒙, 𝒚) +⋯ , (17)

where

𝜎(𝑚)𝑖𝑗 (𝒙, 𝒚) = 𝐶𝑖𝑗𝑘𝑙 (𝒚)
𝜕𝑢(𝑚)𝑘
𝜕𝑥𝑙

+ 𝐶𝑖𝑗𝑘𝑙 (𝒚)
𝜕𝑢(𝑚+1)𝑘
𝜕𝑦𝑙

,… , 𝑚 = 0, 1, 2,… (18)

Taking the derivatives of the expanded stress, Eq. (17), and taking
in consideration Eq. (14), one can group like exponents 𝜀, and obtain
for 𝜀−1 and 𝜀0, respectively

𝜕𝜎(0)𝑖𝑗

𝜕𝑦𝑗
= 0 (19)

and

𝜕𝜎(0)𝑖𝑗

𝜕𝑥𝑗
+

𝜕𝜎(1)𝑖𝑗

𝜕𝑦𝑗
= 0. (20)

Using Eq. (18) for 𝑚 = 0 and Eq. (19) one has

𝜕
𝜕𝑦𝑗

(

𝐶𝑖𝑗𝑘𝑙
𝜕𝑢(1)𝑘
𝜕𝑦𝑙

)

= −
𝜕𝐶𝑖𝑗𝑘𝑙

𝜕𝑦𝑗

𝜕𝑢(0)𝑘
𝜕𝑥𝑙

(21)

where the solution is represented in the form of

𝑢(1) (𝒙, 𝒚) = 𝜒 𝑗𝑘 (𝒚)
𝜕𝑢(0)𝑗 (𝒙)

, (22)
𝑖 𝑖 𝜕𝑥𝑘
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where 𝝌 is a characteristic periodic displacement field. Thus the fol-
lowing local problem is obtained:

𝜕
𝜕𝑦𝑗

(

𝐶𝑖𝑗𝑘𝑙
𝜕𝜒𝑝𝑞

𝑘
𝜕𝑦𝑙

+ 𝐶𝑖𝑗𝑝𝑞

)

= 0 in 𝑌 ,
[

𝜒𝑝𝑞
𝑘
]

= 0 (23)

and
[

𝐶𝑖𝑗𝑘𝑙
𝜕𝜒𝑝𝑞

𝑘
𝜕𝑦𝑙

+ 𝐶𝑖𝑗𝑝𝑞

]

𝑛𝑗 = 0 on 𝛤 , (24)

where 𝛤 is the interface in the unit cell 𝑌 . The differential relation,
given in Eq. (24) can also be written in its integral, or relaxed form as

∫𝑌
𝐶𝑖𝑗𝑘𝑙

𝜕𝜒𝑝𝑞
𝑘

𝜕𝑦𝑙

𝜕𝑣𝑖
𝜕𝑦𝑗

𝑑𝑌 = −∫𝑌
𝐶𝑖𝑗𝑝𝑞

𝜕𝑣𝑖
𝜕𝑦𝑗

𝑑𝑌 , (25)

here 𝒗 is a periodic virtual displacement field, which is the equilib-
ium relation on the microscale.

Assuming 𝑚 = 0 in Eq. (18), and considering Eq. (22), one obtains

(0)
𝑖𝑗 =

(

𝐶𝑖𝑗𝑝𝑞 + 𝐶𝑖𝑗𝑘𝑙
𝜕𝜒𝑝𝑞

𝑘
𝜕𝑦𝑙

)

𝜕𝑢(0)𝑝

𝜕𝑥𝑞
. (26)

he macroscopic equilibrium is obtained by averaging Eq. (20) as

𝜕
⟨

𝜎(0)𝑖𝑗

⟩

𝑌
𝜕𝑥𝑗

= 0 (27)

where
⟨

𝜎(0)𝑖𝑗

⟩

𝑌
= 1

|𝑌 | ∫𝑌
𝜎(0)𝑖𝑗 𝑑𝑌 = 𝐶𝐻

𝑖𝑗𝑝𝑞
𝜕𝑢(0)𝑝

𝜕𝑥𝑞
(28)

ith

𝐻
𝑖𝑗𝑝𝑞 =

⟨

𝐶𝑖𝑗𝑝𝑞 + 𝐶𝑖𝑗𝑘𝑙
𝜕𝜒𝑝𝑞

𝑘
𝜕𝑦𝑙

⟩

𝑌

, (29)

which is the homogenised elasticity tensor of the media. The cell
average operator is defined as

⟨∙⟩𝑌 = 1
|𝑌 | ∫𝑌

∙ 𝑑𝑌 . (30)

Equations (25) and (29) are sufficient to obtain the complete elas-
icity tensor of a periodic media as a function of its microstructure.
everal analytically explicit relations were derived in the last years
see [46,47,49,50]). However, in all cases, only simple geometries of
he RVE are considered. If a complex geometry is considered, the
xplicit relations for the elasticity tensor of the media might become
edious to obtain, and thus, numerical methods are typically used in
his kind of problem.

In this study, both the equilibrium in the microscopic scale and the
elation for the effective properties are solved by the FE method.

Equation (25) can be written in a vector form as

∫𝑌

(

𝜕𝒗
𝜕𝒚

)𝑇
𝑪
𝜕𝝌
𝜕𝒚

𝑑𝑌 = −∫𝑌

(

𝜕𝒗
𝜕𝒚

)𝑇
𝑪 𝑑𝑌 (31)

Dividing the domain into finite elements and assuming a general
isoparametric interpolation, one can write the derivatives of displace-
ment fields as
𝜕𝒗
𝜕𝒚

= 𝑩𝒗̂, and 𝜕𝝌
𝜕𝒚

= 𝑩𝝌̂ , (32)

here 𝒗̂ and 𝝌̂ are the nodal virtual and characteristic displacement
ectors, respectively, and 𝑩 is the global strain–displacement relation.
lso, as 𝝌̂ is not a function of the local coordinates, and the virtual
isplacement vector 𝒗̂ is arbitrary and chosen to satisfy the same
oundary conditions of 𝝌̂ , the equilibrium becomes

∫𝑌
𝑩𝑇𝑪𝑩𝑑𝑌 𝝌̂ = −∫𝑌

𝑩𝑇𝑪𝑑𝑌 , (33)

hich, in a standard finite element form, can be written as

̂

4

𝝌 = −𝒇 . (34)
quation (34) depicts six independent linearly independent equilibrium
roblems, and the periodicity constraints on 𝜒̂ are enforced directly
o the global arrays by using a condensation method [51]. The global
rrays are assembled in the usual way.

A similar procedure is used for the discretisation of the integral
q. (29), which can be written as

𝐻 = 1
|𝑌 | ∫𝑌

(𝑪 + 𝑪𝑩𝝌̂) 𝑑𝑌 . (35)

The complete homogenised elasticity tensor of the media is obtained
y Eq. (35) subject to the equilibrium relation of Eq. (34). A quadrature
cheme is used to evaluate the integrals on Eqs. (34) and (35).

.2. Optimisation formulation

The domain 𝛺 is divided in a FE mesh, with element subdomains
onated as 𝛺(𝑒), such that

=
𝑁𝑒
⨄

𝑒=1
𝛺(𝑒) = {𝒙 =

(

𝑥1, 𝑥2, 𝑥3
)

∈ R3 ∶ 0 < 𝑥𝑖 < 𝐿𝑖, 𝑖 = 1, 2, 3}, (36)

here 𝑁𝑒 is the number of elements on the mesh, ⨄ is the assembly
perator, and 𝐿𝑖 are positive numbers.

Furthermore, the mechanical properties of each element of the mesh
re described by the geometrical parameters of a hollow sphere as
(𝑒) = 𝑪 (𝑒)

(

𝜌(𝑒)𝑜 , 𝜌(𝑒)𝑖

)

, (37)

here 𝜌(𝑒)𝑜 and 𝜌(𝑒)𝑖 are the outer, and inner diameters, respectively, of
hollow sphere associated to element 𝑒. The vectors containing the

esign variables are written as

𝑜 =
[

𝜌(1)𝑜 𝜌(2)𝑜 𝜌(3)𝑜 … 𝜌(𝑁𝑒)
𝑜

]𝑇
, (38)

nd

𝑖 =
[

𝜌(1)𝑖 𝜌(2)𝑖 𝜌(3)𝑖 … 𝜌(𝑁𝑒)
𝑖

]𝑇
, (39)

nd for simplicity, the following notation is adopted:

=
[

𝝆𝑜 𝝆𝑖
]

. (40)

A compliance minimisation problem is considered constrained by
known maximum allowed relative density of the structure. The

ptimisation takes the following form:

in
𝝆

𝑓 (𝝆) = 𝑭 𝑇𝑼 (𝝆)

ubject to 𝑉 (𝝆) ≤ 𝑉 ,
(41)

here 𝑓 is the compliance (proportional to the strain energy) of the
tructure, 𝑭 is the global external load vector, 𝑼 is the global displace-
ent vector, 𝑉 relative density of the structure, and 𝑉 is a fixed known

relative density (upper bound).
Additionally, side constraints are applied to the design variables, as

the minimum and maximum admissible values for the diameters, as

𝜌𝑚𝑖𝑛𝑜 ≤ 𝜌(𝑒)𝑜 ≤ 𝜌𝑚𝑎𝑥𝑜

𝜌𝑚𝑖𝑛𝑖 ≤ 𝜌(𝑒)𝑖 ≤ 𝜌𝑚𝑎𝑥𝑖 𝑒 = 1,… , 𝑁𝑒.
(42)

Linear elastic behaviour is considered, and thus the FE equilibrium
can be written as

𝑲 (𝝆)𝑼 (𝝆) = 𝑭 , (43)

where 𝑲 is the global stiffness matrix.
The optimisation problem can also be stated as an unconstrained

problem, as

min
𝝆

𝐿 (𝝆) (44)

where 𝐿 (𝝆) = 𝑓 (𝝆) + 𝜆
(

𝑉 (𝝆) − 𝑉
)

is the Lagrangian function and 𝜆 is
the Kuhn–Tucker multiplier. The minimum is attained when

∇ 𝐿 = 𝟎 (45)
𝝆
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such that

∇𝝆𝑓 (𝝆) + 𝜆∇𝝆𝑉 (𝝆) = 𝟎, (46)

which is rewritten as

−

𝜕𝑓 (𝝆)
𝜕𝜌𝑞

𝜆 𝜕𝑉 (𝝆)
𝜕𝜌𝑞

= 1, (47)

here 𝜌𝑞 is the 𝑞th design variable of the problem.
Equation (47) is also known as the optimum condition and states

hat in the optimum (minimum) point 𝝆∗, all elements which are not
ounded by the side constraints should attain a constant unitary value.
otivated by such behaviour, Bendsøe and Sigmund [52] proposed the

se of an optimum criteria method in which the update of the design
ariables at the 𝑘th iteration can be done as
𝑘+1
𝑞 = 𝜌𝑘𝑞𝛽

𝜂
𝑞 (48)

here 𝜂 is a relaxation parameter, and 𝛽𝑞 is the update parameter, given
y

𝑞 =
− 𝜕𝑓 (𝝆)

𝜕𝜌𝑞

𝜆 𝜕𝑉 (𝝆)
𝜕𝜌𝑞

, (49)

here 𝜆 is the Kuhn Tucker Multiplier, obtained by a simple bisection
lgorithm written to satisfy the volume constraint. The sensitivity
nalyses are presented in Appendix.

It is reasonable to assume that for the external diameter of a hollow
phere, the derivatives of the compliance and the derivatives of the
olume are given, respectively, by
𝜕𝑓

𝜕𝜌(𝑒)𝑜

≥ 0 and 𝜕𝑉
𝜕𝜌(𝑒)𝑜

≤ 0, ∀𝛺(𝑒) ∈ 𝛺 (50)

nd, for the internal diameter, by
𝜕𝑓

𝜕𝜌(𝑒)𝑖

≤ 0 and 𝜕𝑉
𝜕𝜌(𝑒)𝑖

≥ 0, ∀𝛺(𝑒) ∈ 𝛺, (51)

hich ensures that the value of the update parameter 𝛽𝑞 (Eq. (49)) is
lways positive.

The behaviour of the external diameter of a hollow sphere and
he pseudo densities at the classical SIMP case [52] are equal, since
hat, in both cases, when the value of the design variable increases,
he volume increases, and the compliance reduces. Hence, analogously
o the update of the design variables to the SIMP case, the external
iameter is updated with a positive value of the relaxation coefficient,
nd it is adopted that

𝑜 = 0.5. (52)

Conversely, the behaviour of the internal diameter is opposite to the
ehaviour of the external diameter. Therefore, it is adopted a relaxation
oefficient of

𝑖 = −0.5, (53)

uch that, in both cases, the update of the variables is consistent with
he optimal criteria method.

In addition, a basic density filtering scheme [53] is adopted to re-
uce the complexity of the structure. Thus, the filtered design variable

𝜌̃(𝑒) is considered linearly dependent on the neighbouring variables
ithin a filtering radius 𝑅 [54].

The optimisation is solved as a nested problem and it is considered
hat the range for the inner diameter is dependent on the value of
he outer diameter for every iteration. Thus, the outer diameter is
pdated first, and the inner diameter is updated next as a function of
he outer diameter on the current iteration. Fig. 3 shows a flowchart
or the nested optimisation approach. The convergence is assumed to
e reached when the compliance and both outer and inner diameters
ave variation inferior to 1% in 5 subsequent steps.
5

Table 1
Normalised dimension 𝑙𝑖 and number of finite elements 𝑛𝑖 along direction 𝑦𝑖 for the
etermination of effective properties.
𝑦1 𝑦2 𝑦3
𝑙1 𝑛1 𝑙2 𝑛2 𝑙3 𝑛3
1.0 100 1.0 100 1.0 100

4. Results and discussion

4.1. Effective properties

The homogenised elasticity tensor of the hollow sphere material is
obtained by Eq. (35) subjected to the periodic solution of the equi-
librium problem given in Eq. (34). Some considerations are made to
simplify the solution.

As the material distribution within the RVE is complex, a regular
cubic RVE is adopted. In the regions containing material, the properties
of solid isotropic material are assigned (Young’s modulus, E = 70 GPa
and Poisson’s ratio, 𝜈 = 0.3), whilst in regions with no material,
properties of void elements are assigned (E = 1.0−9 GPa and 𝜈 = 0.3).

In this way, void elements do not need to be removed from the
FE mesh, hence the connectivity of the elements does not need to
be updated when the material distribution changes. Additionally, the
application of periodic boundary conditions does not change as well.
Conversely, this approach is computationally inefficient since void
elements contribute to the assembly of global arrays, even though it
does not influence the homogenised elasticity tensor of the media.

Additionally, a regular FE mesh is considered in the simulations, in
which all elements on the mesh are cubes of the same size. The impli-
cation is that the hollow sphere itself cannot be faithfully represented
by a coarse mesh. However, this also renders the mesh generation and
application of periodic boundary conditions simpler. The normalised
dimensions 𝑙𝑖 of the RVE, and the number of elements 𝑛𝑖 in the direction
𝑦𝑖 are shown in Table 1.

Fig. 4(a) shows the FE model used to discretise the RVE, in which
both void and solid elements are portrayed. In Fig. 4(b) and (c), the
complete FE mesh and a cross-section are shown, respectively, with
void elements suppressed in the visualisation. The element used is the
Trilinear Isoparametric Hexahedral element with incompatible modes.
The FE mesh is chosen to be both convergence-independent and able
to faithfully represent the domain.

For this model, two adjacent spheres are connected by a flat area
delimited by the hollow sphere and the boundaries of the RVE. The
thickness of the hollow sphere is constant and it is a function of the ge-
ometrical parameters 𝜌𝑜, and 𝜌𝑖. By varying the geometrical parameters
in a given range, one can obtain a discrete set of the effective properties
of the media. The considered normalised range for the geometrical
parameters of the hollow sphere is

1.09 ≤ 𝜌𝑜 ≤ 1.2
𝜌𝑜 − 0.2 ≤ 𝜌𝑖 ≤ 𝜌0 − 0.01.

(54)

The ranges are chosen so that the geometry of the sphere is main-
tained. If a large outer diameter is used, the sphere tends to become
a cube, due to the area used to connect two adjacent spheres. On the
other hand, if a small outer diameter is used, adjacent spheres have
small contact areas, which lowers the overall stiffness. Additionally, the
minimum inner diameter is chosen so that the finite element mesh can
represent the thickness of the hollow sphere.
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Fig. 3. Flowchart of the optimisation framework depicting the update of outer and inner diameters.
Fig. 4. The FE mesh for the hollow sphere model: (a) complete FE mesh; FE mesh
with void elements suppressed for (b) the entire RVE and (c) a cross-section of the
RVE.

For all combinations of parameters, the homogenised elasticity
tensor has the form of

𝑪𝐻 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐶𝐻
1111 𝐶𝐻

1122 𝐶𝐻
1133 0 0 0

𝐶𝐻
2222 𝐶𝐻

2233 0 0 0

𝐶𝐻
3333 0 0 0

𝐶𝐻
1212 0 0

𝐶𝐻
2323 0

𝑠𝑦𝑚. 𝐶𝐻
1313

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (55)

in which
𝐶𝐻
1111 = 𝐶𝐻

2222 = 𝐶𝐻
3333,

𝐶𝐻
1122 = 𝐶𝐻

1133 = 𝐶𝐻
2233,

𝐶𝐻
1212 = 𝐶𝐻

2323 = 𝐶𝐻
1313,

(56)

indicating a cubic symmetry on the material. Thus, the homogenised
elasticity tensor is described by 3 independent constants.

For the optimisation procedure, the homogenised elasticity tensor
has to be written as a continuous and differentiable function, in the
6

following form

𝑪𝐻 = 𝑪𝐻 (𝜌𝑜, 𝜌𝑖). (57)

Thus, the least square method is used to adjust a continuous and
differentiable surface based on the data given by the simulations. The
Least Square Function is given by

𝛷 =

√

√

√

√

𝑛𝑠
∑

𝑛=1

(

𝐶𝐻
𝑖𝑗𝑘𝑙

(

𝜌(𝑛)𝑜 , 𝜌(𝑛)𝑖

)

− 𝐶 (𝑛)
𝑖𝑗𝑘𝑙

)2
, (58)

where 𝑛𝑠 is the number of simulations, 𝜌𝑛𝑜 and 𝜌𝑛𝑖 are, respectively, the
external and internal diameters of the hollow sphere at the 𝑛th simu-
lation and 𝐶𝑛

𝑖𝑗𝑘𝑙 is the value of the component 𝑖𝑗𝑘𝑙 of the homogenised
elasticity tensor at the 𝑛th simulation.

A polynomial function is assigned to each independent coefficient
and the optimum function is found when

∇𝒂𝛷 = 𝟎, (59)

where 𝒂 is the vector containing the coefficients of the function used
to approximate the effective properties.

For all components of the homogenised elasticity tensor, the ideal
polynomial function is obtained when 𝑅2 ≥ 0.999 is achieved. The con-
tinuous functions for the independent components of the homogenised
elasticity tensor are given by

𝐶𝐻
1111

(

𝜌𝑖, 𝜌𝑜
)

= +216.82 𝜌𝑜3 − 20.83 𝜌𝑖 𝜌𝑜2 − 348.38 𝜌𝑜2

− 588.11 𝜌𝑖2 𝜌𝑜 + 847.58 𝜌𝑖 𝜌𝑜 − 183.31 𝜌𝑜 + 326.72 𝜌𝑖3 − 266.65 𝜌𝑖2

− 92.39 𝜌𝑖 + 108.94 [GPa] , with 𝑅2 = 0.9998,

(60)

𝐶𝐻
1122

(

𝜌𝑖, 𝜌𝑜
)

= +1148.55 𝜌𝑖 𝜌𝑜2 − 671.20 𝜌𝑜3 + 282.47 𝜌𝑖3

+ 280.89 𝜌𝑖2 + 263.22 𝜌𝑖 − 833.54 𝜌𝑖 𝜌𝑜 + 1337.64 𝜌𝑜2 − 981.53 𝜌𝑖2 𝜌𝑜
− 1191.81 𝜌𝑜 + 366.79 [GPa] with 𝑅2 = 0.9995,

(61)
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and

𝐶𝐻
1212

(

𝜌𝑖, 𝜌𝑜
)

= −8.13 𝜌𝑜3 − 2.44 𝜌𝑖 𝜌𝑜2 + 80.76 𝜌𝑜2

+ 22.56 𝜌𝑖2 𝜌𝑜 − 117.16 𝜌𝑖 𝜌𝑜 − 26.55 𝜌𝑜 + 23.46 𝜌𝑖3 − 81.61 𝜌𝑖2 + 157.47 𝜌𝑖
− 48.40 [GPa] , with 𝑅2 = 0.9999.

(62)

Furthermore, the optimisation is constrained by the relative density
of the structure. Thus, the Least Square Method is used to adjust a
continuous function for the relative density of a hollow sphere as a
function of the geometric parameters and is given by

𝑣
(

𝜌𝑖, 𝜌𝑜
)

= +0.80 𝜌𝑜2 + 0.73 𝜌𝑖 𝜌𝑜 − 0.67 𝜌𝑜 − 1.68 𝜌𝑖2

+ 1.00 𝜌𝑖 − 0.19, with 𝑅2 = 0.9998.
(63)

Equations (60)–(63) are valid for the ranges defined in Eq. (54), and
are used in the optimisation problem.

Recent works on AHM show a good agreement with experimental
data as well as a better performance compared to other homogenisation
methods (see [55–59]). It is important to note that the homogenisation
method demands that the size of the RVE is much smaller than the size
of the macroscopic domain. As a limit theory, one expects to achieve
better results when the relation of Eq. (11) is satisfied.

In addition, the approach used to find effective properties can be
extrapolated to any kind of heterogeneous material. Thus, it is possible
to derive a set of equations to fit manufacturing constraints, such as
the resolution of the domain, the materials used in the manufacturing
process, and the geometry of the RVE.

The two main considerations made to simplify the AHM analyses
have a couple of drawbacks. The first one considers void elements with
degenerated properties in regions without material. The second one is
that all elements on the mesh are regular, and thus the geometry of
the hollow sphere is depicted as a pixel-like structure. Both consid-
erations significantly increase the computational effort. Void elements
contribute to the assembly of the global arrays in the finite element
equilibrium and a regular mesh requires a fine discretisation to truly
represent the geometry, which is not possible with a coarse mesh.

It is noteworthy to mention that the dimensions of a
three-dimensional finite element equilibrium problem increase in the
third power with the number of elements in the mesh. This leads to
an expensive computational effort and makes the solution to these
problems the most computationally demanding part of the algorithm.
On the other hand, for complex geometries, such as the ones consid-
ered, the mesh generation and the application of periodic boundary
conditions are the most challenging parts to implement. Consequently,
the considerations to simplify the procedure are used even if they
significantly affect the processing time.

An alternative to avoid this high computational effort is either
using external software for mesh generation or algorithms implemented
alongside commercial software (see [43,60]). However, for both AHM
and optimisation procedures, it is important to have full control and
access to all variables in the finite element algorithms, mainly because
the local arrays have to be manipulated, which is not always possible
with external commercial software.

4.2. Optimisation results

The optimum distribution of hollow spheres to minimise structural
compliance is considered and the problem is constrained by a maximum
admissible relative density of the structure. Four cases are chosen
to investigate the proposed formulation. Distinct relative densities,
boundary conditions, and geometrical parameters are considered and
discussed. The nomenclature and definitions for each case are shown in
Table 2. The design variables associated with each element on the mesh
are the outer and inner diameters of a hollow sphere. The update of the
design variables is made through Eq. (48). The mechanical properties
7

Table 2
Nomenclature and definitions for the optimisation cases. The normalised dimension
𝐿𝑖 and the number of finite elements 𝑁𝑖 are used in direction 𝑥𝑖, domain and load
definitions, and admissible relative density. 𝑎 > 0.0.

Case 𝑥1 𝑥2 𝑥3 Domain Relative density

𝐿1 𝑁1 𝐿2 𝑁2 𝐿3 𝑁3 [%]

cb_1 10𝑎 200 𝑎 20 𝑎 20 Fig. 2(a) 5 & 10
cb_2 8𝑎 160 5𝑎 100 𝑎 10 Fig. 2(c) 5
3pb_1 10𝑎 200 𝑎 20 𝑎 20 Fig. 2(b) 5 & 10
3pb_2 8𝑎 160 5𝑎 100 𝑎 10 Fig. 2(d) 5

Fig. 5. Convergence plot for the cb_1 case.

Fig. 6. Optimum distribution of hollow spheres for the case cb_1. External diameter,
internal diameter and relative density for cases with (a) 𝑉 = 5%, and (b) 𝑉 = 10%.
A linear scale is assumed between the minimum admissible value (light grey) and the
maximum admissible value (black) for the considered variables.

and the relative density, as functions of the design variables, are given
in Eqs. (60)–(63), and their derivatives are obtained explicitly.

The filtering radius, for all cases, comprises 4 adjacent elements
on the mesh. No mesh dependency was observed for the discretisation
used in all cases. The visualisation of the results is made using Gmsh
software [61].

A convergence analysis of the objective function is shown in Fig. 5
for the cb_1 optimisation case. The compliance is normalised by its
value in the first iteration. In this case, the compliance is calculated
at the end of each global step of the optimisation procedure, meaning
that both design variables are updated to obtain the value of the
objective function. All optimisation cases follow the same convergence
behaviour, therefore only one plot is presented as it is representative
of all cases. Furthermore, the convergence is monotonic, which shows
the consistency of the implemented algorithm.

For the visualisation of the optimal distribution of hollow spheres,
both design variables are presented separately and represented in a
linear grayscale. Black regions represent the maximum admissible value
for a design variable, whilst light grey regions represent the minimum
allowed value. In addition, as the relative density is a combination of
outer and inner diameters, it is easier to analyse the results with the
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Fig. 7. Optimum distribution of hollow spheres for the case 3pb_1. External diameter,
internal diameter and relative density for cases with (a) 𝑉 = 5%, and (b) 𝑉 = 10%. A
linear scale is considered between the minimum admissible value (light grey) and the
maximum admissible value (black) for the considered variables.

volume fraction alone instead of analysing both external and internal
diameters separately. The optimum distribution of the relative density
for each element of the mesh is also shown in the same linear grayscale.

The efficiency of the proposed multiscale approach is made by quan-
titative and qualitative analyses. Initially, the distribution of design
variables and relative densities are compared for the same case using
different admissible global relative densities for the structures. Thus,
one can verify that the patterns of material distribution within the
domain are the same, regardless of the admissible relative density.
As a quantitative comparison, the compliance of the same structure,
now with a homogeneous distribution of hollow spheres with the same
global relative density is presented. With this comparison, it is possible
to measure the reduction of compliance for optimised structures with
the structure made of a homogeneous distribution of hollow spheres.
As a qualitative comparison, the classical 0 − 1 SIMP [52] approach is
presented for the same cases. This comparison is made to verify that
the patterns of material distribution are the same for both cases. As the
same physical problem is addressed for both approaches, it is expected
that the regions with hollow spheres with a higher relative density,
consequently a higher stiffness, are the same that those regions with
material in the classical SIMP approach.

Figs. 6 and 7 show the distribution of design variables and relative
densities for cases cb_1 and 3pb_1, respectively, for admissible global
relative densities of 5% and 10%. The distribution of design variables
is consistent with a maximum allowed relative density of 5% and 10%
since the same patterns are observed. This indicates consistency in
the results as the patterns of material distribution should not change
regardless of the maximum assumed relative density. The difference
between the results obtained for the different admissible relative densi-
ties is the amount of material in the same regions of the domain. Also,
the results are compatible with the beam theory, as the distribution of
material, for both cases, occurs in the regions where the highest stresses
are expected, i.e., in regions with the highest bending moments and
distant from the neutral axis.

Table 3 shows quantitative comparisons for all cases, where the
optimised results are compared to the compliance obtained by a ho-
mogeneous distribution of hollow spheres defined by 𝜌ℎ𝑜 and 𝜌ℎ𝑖 . For
all cases, a significant reduction in compliance is observed, with values
ranging from 42% to 79%.

For the cases cb_1 and 3pb_1, relative densities of 5% and 10% are
considered. In those cases, the higher the admissible relative density,
the higher the compliance reduction. Since all elements have the same
relative density (homogeneous distribution cases), regions that barely
affect compliance still have a high relative density. On the other hand,
for the optimised results, regions that are not significant to compliance
are occupied by elements with a low relative density. This behaviour
is intensified when higher admissible relative densities are considered.

Moreover, the higher the outer diameter, the lower the compli-
ance minimisation. This is expected since the flat area connecting
two adjacent spheres is a function of the outer sphere, and for a
higher outer diameter, this region is larger, thus there is more material
8

connecting the hollow spheres, hence increasing the overall stiffness of
that particular region. This behaviour is observed in all cases.

Figs. 8–11 show, for all cases, a qualitative comparison for the
optimum distribution of material using SIMP. The results show the
optimum distribution of maximum allowed relative density, that is, the
elements that contribute more to the minimisation of the compliance
remain in the optimised topology towards minimising their compliance.

In a cantilever beam, when bending dominates the problem, some
considerations concerning the stiffness of the structure can be made.
The bending moment is the highest at the cantilever and it has a
null value on the opposite side, where the load is applied. Sections in
which the bending moment is higher are more susceptible to higher
displacements, rendering the beam in these sections to be more flexible.

Considering the cross-section of a beam, the moment of inertia
increases when more material is added to the regions away from the
neutral axis of the section. The higher the moment of inertia of a
section, the lesser its flexibility. Adding material to regions close to the
neutral axis barely modifies the moment of inertia of a given section.

One can see that, for both cases, the optimisation procedure leads
to topologies in which there is a concentration of material close to the
cantilever, alongside material in the regions away from the neutral axis.
These facts show a consistency of the results with the physical aspect
of the problem.

The structure obtained with SIMP follows the same principles of
hollow sphere structures. It can be seen that material is added to re-
gions closer to the cantilever and, at the cross-section, in the regions far
from the neutral axis. The main difference between the two approaches
is that, for the SIMP case, there are solid connections between the
upper and lower regions of the beam since void regions do not provide
stiffness to the structure. Here, it is not necessary to connect the two
regions with spheres with a high relative density since even spheres
with low relative density can provide stiffness to the structure. With this
consideration, it is clear that the algorithm is concerned with adding
material to the most significant regions of the domain.

On the other hand, for the 3-point bending cases, the highest
bending moment is at the central section and the lowest is near the
supports. Concerning the moment of inertia, the same considerations of
the cantilever beam cases apply. Thus, the optimisation procedure leads
to a material distribution in which there is more material close to the
central part of the beam. Also, the hollow spheres with higher relative
density, consequently higher stiffness, are concentrated at the upper
and lower parts of the beam, which complies with the beam theory for
a beam under 3-point bending load.

As the hollow spheres with lower relative densities also add stiffness
to the structure, they can be used to join the upper and lower parts
of the beam, letting the material with higher stiffness be placed only
at places with a higher bending moment and at regions in which
the moment of inertia is increased, thus reducing the overall relative
density of the optimised structure.

The comparison of the proposed problem with the classical SIMP
approach shows consistency. In both cases, an arc is formed to provide
higher stiffness for the structures. It is important to highlight that, in the
SIMP case, the arc must be joined with the straight section, and radial
reinforcements appear, otherwise, the structure would not present a
proper stiffness.

For the hollow sphere case, the material in the interior of the arc
still provides stiffness to the structure, while rendering is not necessary
to connect the arc to the region where the load is applied with hollow
spheres with high relative density. The reinforcement that appears in
the hollow sphere case allows the load to be homogeneously distributed
in the regions inside the arc, allowing material with a low relative
density to be used in this region.
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Table 3
Compliance reduction for optimised and homogeneous distributions of hollow spheres of same relative density (𝑉 ) for all cases. Homogeneous
distributions are defined by 𝜌ℎ𝑜 and 𝜌ℎ𝑖 .

Case Homogeneous structures Optimised structures

Sample 𝜌ℎ𝑜 𝜌ℎ𝑖 𝑉 [%] Compliance Sample Compliance Compliance
[N mm] [N mm] reduction [%]

cb_1
h1 1.2 1.1767

5
639.20

o 347.99
45.56

h2 1.15 1.1252 831.88 58.17
h3 1.10 1.0730 1183.99 70.61

cb_1
h1 1.2 1.1520

10
317.57

o 120.67
62.00

h2 1.15 1.0987 372.36 67.59
h3 1.10 1.0443 456.28 73.55

cb_2
h1 1.2 1.1767

5
9.18

o 4.14
54.90

h2 1.15 1.1252 11.68 64.56
h3 1.10 1.0730 16.08 74.25

3pb_1
h1 1.2 1.1767

5
41.21

o 23.56
42.83

h2 1.15 1.1252 53.47 55.94
h3 1.10 1.0730 73.83 68.09

3pb_1
h1 1.2 1.1520

10
20.49

o 8.75
57.30

h2 1.15 1.0987 23.96 63.48
h3 1.10 1.0443 29.28 70.12

3pb_2
h1 1.2 1.1767

5
3.02

o 1.08
64.24

h2 1.15 1.1252 3.84 71.88
h3 1.10 1.0730 5.19 79.19
Fig. 8. Qualitative comparison for case cb_1 between the optimised distribution of
relative densities for (a) 𝑉 = 5%, (b) 𝑉 = 10%, and (c) the optimum distribution of
material using SIMP.

5. Experimental validation

Some hollow sphere structures with different dimensions were man-
ufactured to demonstrate the feasibility of constructing the models and
the possibility of manufacturing the spheres when a range of different
9

geometrical features is considered, and also by varying the dimensions
of the structure. The topologies of the hollow spheres are obtained
directly from the FE mesh of the homogenisation procedure (see Fig. 4).
The FE mesh contains information about the nodes and connectivities of
every node on the mesh. As most commercial additive manufacturing
(AM) processes use STL file format as default, an in-house code was
developed to convert the FE data into an STL file. The void elements are
removed during this process. The smoothing of the geometries is carried
out on MeshLab [62] using the Laplacian Smooth Algorithm [63]. The
complete procedure to generate the STL files can be seen in Ref. [64].

All spheres are produced by AM by using a 3D printer from Form-
Labs, model Form3, which utilises the stereolithography (SLA) prin-
ciple. Here, Clear® resin, a photo-polymerising resin has been used,
which polishes to near optical transparency, ideal for showcasing inter-
nal features. The parts are printer layer-by-layer with a layer thickness
of 100 μm. After the printing is finished, the parts are washed in a Form
Wash chamber with isopropyl alcohol (IPA) bath for 15 min, followed
by curing in a Form Cure oven at 65 ◦C for 60 min, in which the parts
sit on a rotating turntable.

In Fig. 12, the design variables of the hollow spheres are varied,
where both non-smooth and smooth geometries are shown. Fig. 12(a)–
(b) show a homogeneous distribution of the spheres. It can be seen
that the smoothing of the geometry can maintain the geometry of
the structure with high accuracy. In Fig. 12(c)–(d), a variation in the
internal diameters is considered. Four different internal diameters are
considered, with 𝜌(1)𝑖 > 𝜌(2)𝑖 > 𝜌(3)𝑖 > 𝜌(4)𝑖 , showing that this type of
structure can be manufactured with thin walls. Fig. 12(e)–(f) shows the

Fig. 9. Qualitative comparison for case cb_2 between the optimised distribution of
relative densities for cases (a) 𝑉 = 5% and (b) the optimum distribution of material
using SIMP.
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Fig. 10. Qualitative comparison for case 3pb_1 between the optimised distribution of
relative densities for (a) 𝑉 = 5%, (b) 𝑉 = 10%, and (c) the optimal distribution of
material using SIMP.

variation of the external diameters of the hollow spheres. It can be seen
that the higher the diameters considered, the higher the contact area
between two adjacent hollow spheres.

In Fig. 13, samples with different sizes and numbers of hollow
spheres are shown. Structures with 16, 512, and 128 spheres were
printed, which demonstrates the feasibility of using this type of mate-
rial. It is then demonstrated that it is possible to manufacture this type
of structure strictly following the proposed design variables, that is, it
is feasible to produce samples by varying both the internal and external
radii of the hollow spheres. Moreover, it is demonstrated that the num-
ber and size of the spheres can be varied in the manufacturing process
without losing quality and resolution and that it is feasible to obtain
structures comprised of small hollow spheres, which depends only on
the resolution of the used equipment. In this way, it is possible to
manufacture samples with an optimised distribution of hollow spheres
without violating the conditions imposed by the AHM to determine the
effective properties of the medium.

Once the spheres are proven to be manufacturable, both homoge-
neous and optimised structures (see 3) are 3D-printed. The cases 3pb_1
with 𝑉 = 10% (see Fig. 2(b)) and 3pb_2 (see Fig. 2(d)) are considered for
manufacturing and testing. For each case, the three homogeneous and
the optimised structures were 3D-printed. The 3pb_1 structures have
dimensions of 40 × 4 × 4 mm3, whereas 3pb_2 is 24-mm long, 15-mm
high, and 3-mm wide. Three samples of each case are printed to provide
statistical significance to the data.

The samples are then tested under 3-point bending using a LLoyd
universal testing machine at a speed of 0.5 mm/min. Since the opti-
misation aimed to minimise compliance, the 3-point bending tests are
performed in the linear-elastic regime of the structures, therefore, a
load of 30 𝑁 is applied to all samples, ensuring small displacements
and strains, and non-viscous influences. Fig. 14 shows the two 3-point
10
bending testing cases, where the small visible dimples are a result of the
supports needed to print cavities in 3D. These dimples do not affect the
mechanical performance of the structure.

The structural stiffness of the structures is then presented in Fig. 15.
The results show the same trend observed in the computational re-
sults (Table 3) for both 3pb_1 and 3pb_2 cases, where the thicker
the spheres the higher the stiffness (h1 > h2 > h3). For both cases,
the optimised structures, which have spheres with thickness locally-
optimised, outperform the homogeneous ones at the same relative
density. The optimised structure o_3pb_1 has a stiffness 22.8%. 30.5%,
and 49.9% higher than h1_3pb_1, h2_3pb_1, and h3_3pb_1 respectively,
whilst the sample o_3pb_2 has a stiffness gain of 28.7%, 38.1%, and
48.4% compared to h1_3pb_2, h2_3pb_2, and h3_3pb_2, respectively.

As depicted in Fig. 15, the structural stiffness is presented as a
box plot, with the purpose to show the statistical relevance of the
data showing the median (on top of the boxes), standard deviation
(box height), range, median line, and quartiles. It is evident that the
data is statistically relevant and there is significant difference between
the cases. Also, all the data lie within the 25th and 75th percentiles,
ensuring good reliability for both the manufacturing process and testing
procedures.

Fig. 11. Qualitative comparison for case 3pb_2 between the optimised distribution of
relative densities for (a) 𝑉 = 5% and (b) the optimum distribution of material using
SIMP.

Fig. 12. Variation of geometrical parameters of the printed hollow sphere structures.
Homogeneous distribution with (a) non-smooth geometry and (b) smooth geometry.
Variation of the internal diameter for (c) non-smooth geometry, and (d) smooth
geometry. Variation of the external diameter for (e) non-smooth geometry, and (f)
smooth geometry.
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Fig. 13. Variation on the size and number of hollow spheres. The structures were
printed with (a) 16, (b) 512, and (c) 128 spheres.

Fig. 14. The 3-point bending tests: cases (a) 3pb_1 and (b) 3pb_2.

Fig. 15. Box plot of the experimental structural stiffness for cases 3pb_1 (with 𝑉 = 10%)
and 3pb_2.
11
6. Conclusion

In this work, a multiscale optimisation framework to find the dis-
tribution of hollow-sphere materials has been developed. The effective
mechanical properties are obtained by the Asymptotic Homogenisation
Method and written as a function of the geometrical parameters of
a single hollow sphere. The topology optimisation procedure is an
adaptation of the SIMP method. The objective function for all cases
is compliance minimisation and the relative density of the structure is
used as a constraint. A cantilever beam and a 3-point bending beam are
considered as design domains, and relative densities of 5%, and 10%
are considered. The structures are then experimentally validated from
both the manufacturing and testing perspectives.

Two comparisons are performed to validate the proposed multi-
scale approach. As a quantitative comparison, the optimised structures
are compared to structures formed by a homogeneous distribution of
hollow spheres with the same relative density. Compliance reductions
between 42% and 79% are reached. Qualitatively, the optimised struc-
tures are compared to an optimal distribution of material using the
SIMP approach. In both cases, the distribution of the material in the
domain follows the same pattern, validating the originally proposed
framework. In the regions where there is material for the SIMP material
model, the developed algorithm adds hollow spheres with high volume
fraction. In contrast, for regions with no material in the SIMP material
model, the algorithm uses a material with a low volume fraction. These
comparisons show the efficiency of the proposed multiscale approach
to optimise the stiffness of hollow sphere structures.

The feasibility of the proposed approach is tested by additively
manufacturing hollow spheres to show how the thickness of the spheres
is locally optimised in an accurate way. Hollow spheres are 3D-printed
by varying their design variables, as well as the number and size of
hollow spheres, thus indicating that it is feasible to design, optimise,
and manufacture such structures without losing quality and resolution.
In addition, homogeneous and optimised structures were 3D-printed
and tested in 3-point bending. Optimised structures showed to have
superior structural stiffness than the homogeneous ones at the same
relative density, demonstrating the efficacy of the proposed multiscale
optimisation framework to maximise the stiffness of hollow sphere
structures.
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Appendix. Sensitivity analyses

For simplicity, the dependency of the arrays on the design variables
is suppressed. The derivatives of the compliance, with respect to the
𝑞th design variable, are given by
𝜕𝑓
𝜕𝜌𝑞

= −𝑼𝑇 𝜕𝑲
𝜕𝜌𝑞

𝑼 (A.1)

and the local stiffness matrix is

𝑲 (𝑒) = ∫𝛺(𝑒)
𝑩𝑇 (𝑒)𝑪 (𝑒)𝑩(𝑒)𝑑𝛺(𝑒), (A.2)

where 𝑩(𝑒) and 𝑪 (𝑒) are, respectively, the strain–displacement matrix
and the elasticity tensor of the 𝑒th element of the mesh. The derivatives
of the local stiffness matrix are obtained through

𝜕𝑲 (𝑒)

𝜕𝜌𝑞
= ∫𝛺(𝑒)

𝑩𝑇 (𝑒) 𝜕𝑪 (𝑒)

𝜕𝜌𝑞
𝑩(𝑒)𝑑𝛺(𝑒), (A.3)

and the derivatives of the global stiffness matrix through

𝜕𝑲
𝜕𝜌𝑞

=
𝑁𝑒
⨄

𝑒=1

𝜕𝑲 (𝑒)

𝜕𝜌𝑞
=

𝑁𝑒
⨄

𝑒=1
∫𝛺(𝑒)

𝑩𝑇 (𝑒) 𝜕𝑪 (𝑒)

𝜕𝜌𝑞
𝑩(𝑒)𝛺(𝑒). (A.4)

As the constitutive tensor of a given element 𝑒 depends only on the
design variables associated with that element, it is possible to state that

𝜕𝑪 (𝑒)

𝜕𝜌𝑞
= 𝛿𝑒𝑞

𝜕𝑪 (𝑒)

𝜕𝜌𝑞
, (A.5)

where 𝛿𝑒𝑞 is the Kronecker delta. The derivatives of the compliance with
respect to the 𝑞th element of the mesh can thus be written in terms of
the local arrays as

𝜕𝑓
𝜕𝜌𝑞

= 𝒖𝑇 (𝑞)
[

∫𝛺(𝑞)
𝑩𝑇 (𝑞) 𝜕𝑪 (𝑞)

𝜕𝜌𝑞
𝑩(𝑞)𝑑𝛺(𝑞)

]

𝒖(𝑞), (A.6)

where 𝒖(𝑞) is the displacement vector of the 𝑞th element of the mesh.
Similarly, the relative density 𝑣(𝑒) of an element 𝑒, is also dependent

n the internal and external diameters of the hollow sphere, such that
(𝑒) = 𝑣(𝑒)

(

𝜌(𝑒)𝑜 , 𝜌(𝑒)𝑖

)

, (A.7)

and the global relative density is given by

𝑉 =
𝑁𝑒
∑

𝑒=1
𝑣(𝑒), (A.8)

with derivatives given by

𝜕𝑉
𝜕𝜌𝑞

=
𝑁𝑒
∑

𝑒=1

𝜕𝑣(𝑒)

𝜕𝜌𝑞
. (A.9)

As the derivatives of a given element depend only on the design
ariables associated with it, one can write

𝜕𝑉
𝜕𝜌𝑞

=
𝑁𝑒
∑

𝑒=1
𝛿𝑒𝑞

𝜕𝑣(𝑒)

𝜕𝜌𝑞
= 𝜕𝑣(𝑞)

𝜕𝜌𝑞
. (A.10)

Eqs. (A.6) and (A.10) are valid for both outer and inner diameters
ssociated to the 𝑞th element of the mesh.
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