


DELAUNAY-TYPE SURFACES IN THE 2 x 2 REAL
UNIMODULAR GROUP

CLAUDIO GORODSKI

ABSTRACT. We construct surfaces of constant mean curvature in
the 2 x 2 real unimodular group which are invariant under the
adjoint action of a circle subgroup.

0. INTRODUCTION

In 1841, C. Delaunay found a beautiful way of constructing all ro-
tationally invariant constant mean curvature surfaces in the Euclidean
space R%, namely, by taking the generating curve to be the trajectory
of a focal point of a conic section rolling on the axis of rotation of
the surface ([1]). Since then, his construction has been substantially
generalized to constant curvature spaces, and more generally, to other
symmetric spaces (see [6, 7] and the references therein). On the other
hand, in the case of three-dimensional Riemannian geometry, the most
natural class of spaces to be studied after the the spaces of constant
curvature are the three-dimensional Lie groups equipped with a left-
invariant metric. In particular, we mention the Heisenberg group H 3
the group of unit quaternions S* (which happens to be a space of con-
stant curvature, too, so that the geometry of its submanifolds is already
a classical subject) and the 2 x 2 real unimodular group?, SL(2,R). See
[12, 3] for an analysis of H®. The purpose of this paper is to initiate
the study of surfaces of constant mean curvature in SL(2, R) (equipped
with its ‘best’ Riemannian structure). Besides its intrinsic interest, an-
other motivation comes from the fact that, up to a double covering,
SL(2,R) is naturally (isometrically) identified with the unit tangent
bundle of the real hyperbolic plane RH?. Generally speaking, a unit
vector field on an arbitrary Riemannian manifold can be pictured as
a cross-section, and hence embedded submanifold, of its unit tangent
bundle Ty M. Let us agree to say that this unit vector field is minimal
(or has constant mean curvature) if this submanifold is minimal (has
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174 is interesting to notice that from the point of view of sub-Riemannian geome-
try, H3, S® and SL(2, R) represent exactly those spaces of constant sub-Riemannian
curvature in dimension 3 ([2]).
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constant mean curvature, resp.) in Ty M, where the later is equipped
with its natural Riemannian metric inherited from M. For compact
M, this concept is closely related to the volume of unit vector fields
and the volume of flows on M ([9, 4]).

A simple application of the method of equivariant differential geom-
etry ([8]) enables us to reduce the constant mean curvature equation
in G = SL(2,R) to an ordinary differential equation on an orbit space
with singularities. Namely, we consider the adjoint action of a max-
imally compact subgroup K on G and we study the Adg-invariant
surfaces in G. Since G is not simply-connected, it is of interest to con-
sider the construction for its Riemannian universal covering G, too. Let
{e1, €3, €3} be the basis for the Lie algebra of G such that le1, €2] = ea,
[e3, 1] = —e; and [es, €] = €; and equip G, G with left-invariant met-
rics by setting that basis to be orthonormal. We state the main results
as follows:

Theorem 1. a. For each h > 0, there ezists an embedded surface
of constant mean curvature h of cylinder-type in G, and there ez-
ist infinitely many congruence classes of surfaces of constant mean
curvature h of unduloid-type (embedded) and of nodoid-type (im-
mersed) in G.

b. There ezists infinitely many congruence classes of embedded mini-
mal surfaces of catenoid-type in G. .

c. For each h > 0, there ezists an embedded, spherical surface X5 of
constant mean curvature b in G. Moreover, the family {Eh}h>0
forms an analytical foliation of G punctured at the identity, and
Jor any given value of v > 0, there is ezactly one element 5, in the
Jamily which bounds a region ), of volume equal to v.

Theorem 2. a. For each h > 0, there ezist infinitely many congru-
ence classes of immersed tori S' x S! of constant mean curvature
h in G. At least one of them is embedded.
b. For each h > 0, there ezists an immersed, spherical surface of
constant mean curvature h in G. It is embedded if h > 1.04.

Theorem 8. a. There exists a minimal unit vector field on the real
hyperbolic plane RH?.
b. There are no unit vector fields of nonzero constant mean curvature
on RH?.

Corollary 1. There are no unit vector fields of nonzero constant mean
curvature on any hyperbolic surface (compact orientable surface of genus
2 2 and constant curvature —1).
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1. THE BASIC REDUCTION

Let G = SL(2,R) = {(Z 3) : a,b,e,d € R,ad — be = 1}, real
connected simple Lie group of dimension 3. Let o, 3, v, § denote the
canonical linear forms on the space of all 2 x 2 real matrices Mp(R) =
R?Y. Differentiate ad — bc = 1 to get the defining equation for the
tangent bundle TG as a subbundle of TR*:

da—cB—by+ad=0.

A basis of left-invariant vector fields in G is given by

_la-—b _1/b a 1/ -b a
61_2 c —d ’82_§ d ¢}’ 63_5 —d ¢/’

with bracket relations [e;, €3] = €3, [e3, €1] = —eg, [€3, €2] = €1, and the
left-invariant Riemannian metric ds? determined by €, e,, €3 is easily
computed to give

-;—ds’ = (¢ + &) (® + §°) + (a* + B*)(7* + 67) — 2(ac + bd)(ay + 36).

Consider the Iwasawa decomposition G = KAN = SO(2)R*R. An

element g = ( Z 2 ) € G decomposes accordingly as

"":(—Iy z)(ﬁ’ p‘_’,)(é p_llq)

where p = vaZ + ¢2, g =p~!(ab+ cd), z = p~la, y = —p~'c. We want
to describe the orbital geometry of the adjoint action of K on G, that
is, Adg,g = kggk-4, where

_ cos¢ sing _f(a b
k‘b_(—sinqﬁ cosdJ)eK’ g_(c d)EG'

Since this action is not effective, Adx, = Ady,,, = Adi_,, we may
restrict to ¢ € [0, 7).

Lemma 1. The orbit space X = G/Adg = {(0,p) : § € R/21Z,0 <
p < 1} is a topological half-cylinder S* x (0,1]. A representative of the

_1 .
orbit parametrized by (8, p) is given by ( f;:isnoﬂ 5"1 ::::3 ) and K
is embedded into X as the subset {p=1}.

al /

Proof. Set Ad,g = ( J 3, ) A simple computation gives that

a't + dd' = (ab+ ed)cos 2¢ + %(b2 +d* - a’ —-.cz) sin 2¢.
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Let A=ab+ecd=pg, B=j(8*+d —a’~ ) = g? +p~? - p?). We
examine the solutions in ¢ of A cos2¢ + Bsin2¢ = 0. Except for the
case A = B = 0 when g € K, it is easy to see that there are exactly
two solutions for ¢ € {0, r) which differ by 7/2. This shows that each
g € G not in K is Adk-conjugate to two elements in K A. Now

0 -1
Ad,,m(‘g p_l)=(P0 p),

therefore, exactly one of those elements in KA satisfies 0 <p < 1. O
Next we shall compute the orbital invariants.

Lemma 2. a. The orbital metric is given by d3* = 2p*d6? + 4p~2dp>.
b. The length of the orbit through (8,p) € X is given by: L(8,p) =

L(p) = =v2(p~! — p)A/P? + p~2.

Proof. These assertions follow from easy calculations by making use
of the following facts: a. the matrix of the orbital metric is given by
the inverse of the matrix of inner products of the gradients of the basic
invariants , p; b. the length functional is given by

T d pcos® p~lsind
/0 IﬁAdk‘( —psind p~lcosf )|d¢
O

Let m : G — X be the projection, $ C G an Adg-invariant surface,
v = n(5) its generating curve in X, H(g) the mean curvature of S
at a point g € S and H(n(g)) the geodesic curvature of v at 7(g). A
standart formula of equivariant differential geometry ([7]) says that

H(g) = H(n(s)) ~ - log L(x(g)),

where 7 is the positive unit normal to 4. This formula immediately
gives the following

Proposition 1. Let v(s) = (6(s),p(s)) be a curve in X parametrized
by arc-length, and let a(s) be the angle between 0/06 and the tangent
vector v'(s). Then the surface S = m~'(y) has constant mean curvature
h if and only if:

g — e
v2p?
) psina
1 = —
(1) P 5

o = F(p)cosa+h
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where
L) _ P2 -p+1)
2L(p)  (P-1F'+1)

Remark 1. The system (1) is singular on the boundary {p = 1}.
Nevertheless, this kind of singularity has been studied quite thoroughly
in the literature, and it is known that given any boundary point, there
is a solution curve emanating from that point and perpendicular to the
boundary ([7]).

Fip)=1+

2. CLASSIFICATION OF THE SOLUTION CURVES

_ The action of K on G lifts to an action on G, and the orbit space
X = G/Adg is {(6,p) : 0 € R,0 < p <1} = R x (0,1]. Now the
system (1) extends from X to X, and its solution curves in X are
exactly the generating curves for constant mean curvature surfaces in
G. In this section we shall classify all the solution curves of the sys-
tem (1) considered defined on X. We start by listing some elementary
observations about these solution curves.

Lemma 3. a. Any translate of a solution curve in the 8-direction is
also a solution curve.

b. Reflection of a solution curve across a line § = 6 is a solution
curve with oppostte sign for h.

c. Reversal of parameter for a solution curve gives a solution curve
with opposite sign for h.

d. Let y(s) be a solution curve defined for s € (so— €, so] with a(se) =
kr, k an integer. Then ~y(s) can be continued by reflection across
6= 0(80).

Proof. The first three assertions are immediate and the fourth one
follows from them. O
In view of Lemma 3, without loss of generality, we henceforth assume

that A > 0.
We have some explicit solutions for (1).

Proposition 2. a. For every 0 € R, 0(s) = 0o, p(s) = e*?, a(s) =
—Z defines a solution curve for (1) with h = 0.
b. Leth > 0. Then there is a unique p, € (0,1) such that h = —F(ps).
Hence, p(s) = py, a(s) = 0 defines a solution curve for (1).

Proof. We discuss (b). We have

ooy —20((P* —1)* +2p%(p* + 1))
= e -1y

<0,



and F(0) = 0, lim, ;- F(p) = —co. Therefore, F is monotonically
decreasing from (0, 1) onto (0, —oo). O

Lemma 4. Let J(p,a) = p*L(p) cos a+hg(p), where g(p) = Jf 2qL(q) dq.
Then J is a first integral of the system (1), that is, J is constant along
the solution curves of the system.

Proof. The differential of J along a solution curve is zero. a

I;zemma 5. If J = C along a solution curve y(s) = (6(s), p(s), a(s)),
then

N C - hg(p)
op) = */ P L) — (C - ha(p)ryr P

Proof. (1) gives d8/dp = v/2cot afp®. Now solve for a in J = C. O

In order to study the behaviour of solutions of (1), it will be conve-
nient to consider the following functions defined for p € (0,1):

P(p) = J(p0)=p’L(p) + hy(p),
_ _PLp
) = S
Lemma 6. a. ¢'(p) > 0, lim, o+ g(p) = ~00, g(1) = 0. Hence g is
monotonically increasing from (0,1) to (~o0,0).

b. §(p) > 0, lim, 0+ S(p) = 0, lim,,;- S(p) = +oco. Hence g is
monotonically increasing from (0,1) to (0, +00).

c. If h > 0, then P'(p) is positive for p € (0,px) and negative for
P € (pn,1) (see Proposition 2(b)), P'(ps) = 0, lim,_,o+ P(p) = —o0,
P(1) = 0 and P(p) = 0 if and only if p = S='(R). Ifh = 0 then
limy0+ P(p) = 72, P'(p) < 0 and P(1) = 0.

Proof. a. ¢'(p) = 2pL(p) > 0 and g(1) = 0. Also, 2pL(p) behaves
like 1/p as p — 0%, so the indefinite integral fol 2pL(p)dp diverges.

b. A simple computation shows that S'(p) = 2pL(p)(p* L(p) —
9(P)F(p))/9(p)*. Let Q(p) = p*L(p)—g(p)F(p). Now Q'(p) = —9(p)F’(p) <
0. L’Hospital rule gives lim,,,- Q(p) = lim,, ;- ﬁ%.‘l% = lim,_,,- TG’% =
0. Therefore, Q(p) > 0, and hence, S'(p) > 0. Also, lim,yo+ =
7v2, so from (a) we get lim, o+ S(p) = 0. Finally, lim, ;- S(p) =
~limy1- L(p)/9(p) = —limy1- L'(p)/2pL(p) = ~lim,-(F(p) —
1)/p* = +00, again by L'Hospital rule.

c. P'(p) = 2pL(p)(h+F(p)), limy—yo+ p*L(p) = 72 and lim, _,o+ g(p) =
—o0. The assertions follow. 0

Now we are ready to classify the solutions of (1). We will analyse
the solutions y(s) = (6(s), p(s), a(s)) satisfying the initial conditions

6
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8(0) = 0, p(s) = po € (0,1), a(0) = 0 (by 6-translational invariance,
this case includes all solutions that have a maximum or minimum point
for the p-coordinate, that is, all solutions except the solutions 0=
8, described in Proposition 2(a)) Let y(s) have J = C. Notice that

J(p(s), a(s)) < P(p(s)) and C = J(po,0) = P(po).

Classification: case h > 0. By Lemma 6(c), we must have C <
P(p).

a. C = P(py): this implies pp = px, s0 p(s) = px is the corresponding
solution (cf. Proposition 2(b)). See Fig. 1.

b. 0 < C < P(py): here P~}(C) consists of two points, say pg, pg,
where p; < pr < p5. Suppose that pp = pg. Since p*L(p)cosa =
—hg(p) + C > 0, it follows that cosa > 0, hence, t > 0. Also,
J(p(s),a(s)) = C > 0 implies that p(s) is bounded away from p = 1
(because J(1,a) = 0). Since o’(0) = F(po) +h > 0, the angle ofs)
rotates in the positive direction to begin with. We claim there is s,
such that o/(s;) = 0. Otherwise, since a(s) < 7/2, we would eventually
have p(s) approaching 1. Now: at a critical point o/(s) = 0 we get, by
differentiating (1), o’ = F'(p)psinc cos a/2, where we have F'(p) <
0; hence this must be a local maximum in the first quadrant and a
local minimum in the fourth quadrant. We next claim that, since a(s)
starts decreasing for s > s; and has no minimum in the first quadrant,
a(s3) = 0 for some sz > s1. Otherwise, a(s) = 0, p(s) = p1 > ps;
then (1) implies that o/(s) = F(p1) +k < 0, so o/(s) is bounded away
from zero, a contradiction. Finally we must have p(s2) = pt and the
full solution curve is obtained by reflecting successively across the lines
t = ki(sy) for k:0,%£1,£2,....

c. C < 0: P Y(C) consists of one point po < S7'(k). Again,
J = C < 0 implies that p(s) is bounded away from 1, and o'(0) > 0.
We claim that there is s, such that a(s;) = m/2 and o/(s) > 0 for
s € (0,s,). Otherwise, if a(s) reaches a maximum in (0,7/2), by the
argument in b. we must have 8] with a(s}) = 0, p(s}) > pc- But then
P(p(s,)) = C, a contradiction. We next claim that there is s, such
that o/(sy) > 0 for s € (51,52) and afs;) = 7. In fact, (1) implies
that o > 0 for a € [r/2,7), and & cannot have any maximum in this
interval, so a(s) must reach 7 (because o is bounded away from zero).
Now the full solution is obtained by reflections, and it has o/ > 0.
Finally, we show that 8(sz) > 6(0). Note that df/da = cos a/V2p*d!
is positive in (0,s;) and negative in (s1,s2). For each s € (0,31), let
5 € (81,82) be such that cosa(s) = —cosa(s). Then o(3) > d'(s)
and p(3) > p(s), g0 |48/da(5)| < |d8/da(s)| and bence, O(s1) — 8(s2) =

__f:/z%da < j;'/z%da = §(s1) — 6(0).
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FIGURE 1. In order: solution curves of cylinder-type,
unduloid type, nodoid-type, sphere-type and catenoid-

type.

d. C = 0: here P7(0) = S~'(h), so pp = S1(h). It follows
from the above that there is s; such that a'(s) > 0 for s € (0,s)
and a(s;) = n/2, p(s1) = 1. In this case, reflection across the line
t = 0 gives a solution curve starting and terminating at the singular
boundary p = 1.

Classification: case h = 0. By Lemma 6(c), we must have 0 <
C < m/v2, and py = P-}(C) is the unique possible value of p(s) for
which we can have a(s) = 0. Also, C > 0 implies that ¢ > 0. Now
a(s) € (—r/2,0) for s > 0 and then (1) implies that o’(s) < 0 for
s > 0. Hence, p(s) — 0 and then cosa(s) = C/P(p(s)) = C/=V2.
Thus, the solution is not periodic in this case.
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3. THE PROOF OF THEOREM 1

We refer to the classification of solution curves of the system (1) in
the previous section.

a, b. The solution curves of (1) generate surfaces of constant mean
curvature h in G. If A > 0, these are of cylinder-type for C = P(py),
unduloid-type for 0 < C < P(px) and of nodoid-type for C < 0. If
h = 0, these are of catenoid-type for 0 < C < /2.

c. Let h > 0 and take the solution curve with C = 0. This solution,
say yh, generates an embedded, spherical surface 1 of constant mean
curvature h in G. Use f-translational invariance to make 7y, start at
the point (8,p) = (0,1). Set u = cosa. Then 0 < u < 1 parametrizes
the left half of ), up to its minimal value of p. Let (6(h,u),p(h,u)) be
the parametric representation of the left half of 4,. Then

* 90 o0 0%
6(h,a) = a—du, ah(h a)= _/3h6 du and
dp ® 9%
plh,a) = 1+/ du, h a) = Bhaud
Now, from J = 0 we get that u = h/S(p), S0
ou _ _hS'(p) Pu __S'(p)
o = "SGR <" ohtp =~ S <O
Pp a, 1 _, 0%u
hdu — Oh\Gujap) " ‘(”_) hap > 0 2nd
a6 009p _ \/i u Op %0 V2u 3%

Ou Bpdu P T—uou’ dhou VI ohou =
Hence, for each fixed a, p(h,a) is a monotonically increasing function
of h but 8(k, a) is a monotonically decreasing function of h. Combining
this with the monotonicity of u = p(k, %) and u — 8(h, u), we see that
for h' > h, the region Ry bounded by 4 must be a proper subset of
the region R, bounded by 7, and therefore vol(Q) < vol({24) where
Q;.' 2, are the inverse images of Ry, Ry, respectively. This shows
that h € (0, +00) — vol(Q;.) € (0, +00) is strictly decreasing. It is also
surjective, as limy, o+ vol(Q,.) = 400.

4. THE PROOF OF THEOREM 2

Again, we refer to the classification of solution curves of (1).
a. If A > 0, the solution.curves with C # 0 are all periodic. They

lift to closed surfaces of constant mean curvature in G as long as their
9
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periods are rational multiples of 27. These surfaces will be immersed
tori. The torus corresponding to C = P(p) is embedded.

b. For each & > 0, the solution curve with C' = 0 lifts to an immersed,
spherical surface of constant mean curvature in G. It will be embedded
if the period T'(h) given by Lemma 5 satisfies

1 dp
T(h) = 2v2h — < 2m.
" s=1(w) P>/ S(p)? — b
Computer estimates show that this holds as long as h > 1.04 (or py >
0.485).

5. THE PROOF OF THEOGREM 3

a. This is essentially the surface Sp generated by the solution curve
described in Proposition 2(a). In fact, take 6, = 0 and let v be any
unit vector tangent to the real hyperbolic plane RH? = G/K at the
basepoint 2o = 1X. Extend v to a unit vector field € on RH? by parallel
translating along all radial geodesics emanating from z, (€ is well-
defined). Under the isometric identification of G/{+1} with the unit
tangent bundle of RH? (sending 1 to »), we claim that Sy = So/{£1}
corresponds to the image of ¢ as a cross-section of that bundle. In fact:
So = {Adia : k € K/{*1},a € A}; any ¢ € RH?, z # 2o, can be
written uniquely as z = kaK for some k € K/{+1}, a € A (“polar
decomposition” of RH?); A C G induces the one-parameter subgroup
of transvections of RH? along the geodesic with initial speed v and
AdgA C G induces the one-parameter subgroup of transvections of
RH? along the geodesic with initial speed k.v, for each k € K. Hence,
Adya € S identifies with the tangent vector €(z).

b. A unit vector field of constant mean curvature A > 0 on RH?
would lift to a surface S of constant mean curvature A in ¢&. Consider
the compact spherical surface £, of Theorem 1. Note that (¢ — RH?
is a trivial line bundle. Since right-translation by K is an isometry in
G, we may move X along that direction until it touches $ in such a
way that the tangent planes of £, and S at the touching point coin-
cide. By Hopf’s maximum principle ([5]), 24 and S must coincide, a
contradiction.

6. FINAL REMARKS

1. An isoperimetric region in a fixed Riemannian manifold M™ js by
definition a compact set with given volume v which minimizes the (n—
1)-dimensional measure of its boundary among all possible regions with

the same volume. It follows easily form the formulae of first variation
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of volume that the regular part of the boundary of an isoperimetric
region is a hypersurface of constant mean curvature. In our case n = 3,
so J. Simons codimension theorem ([11]) implies that boundaries of
isoperimetric regions are always regular, and a result by B. Kleiner
([12], p. 493) implies that isoperimetric regions of sufficiently small
volumes in G (resp. G) are spherical and must be exactly the regions
), (resp. their projections {2 in G) of Theorem 2. It is tempting to
conjecture, based on [7], that any isoperimetric region in G (resp. @)
must be Adg-invariant. The trueness of this conjecture implies that:

a. In G, the solution to the isoperimetric problem for volume v is the
region 1, with volume v.

b. There is v such that the solution to the isoperimetric problem in
G is the region O with vol(Q) = v if v < vp and it is the region
@), with vol(®,) = v if v > vo, where @4 is the Adg-invariant solid
torus generated by the subset of X given by pp < p < 1. Observe
that G is of the topological type of S! x R?, and this situation
mimics the behaviour of isoperimetric regions for cylinders studied
in {10].

2. The isometry group of G is of dimension 4, its connected compo-
nent being isomorphic to the direct product K x G, where the G-factor
corresponds to the left-translations by elements of K, A, N and the
K -factor correponds to the right translations by elements of K. There-
fore, besides the rotational constant mean curvature surfaces studied
in this paper, G may accomodate also translational and helicoidal con-
stant mean cuvature surfaces. An investigation in this direction will
appear elsewhere.
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