





1. Introduction

Let us consider a finite population with N units, where N is known. Asso-

ciated with the i-th unit there are y;, z;, 2i3, ... Zip, Where y; is the value

of the variable Y and z;1, 2i3, ... Zip is an observed set of p variables.
Under the superpopulation models approach, we assume that

¥y = (%1,---yn) has a N-variate normal distribution with mean XJ and

covariance matrix V', where

l zll ons zl’

1 =2 et
X= o ?1 . .2’ ’

1 2y ... zZNy

B = (Bo,P1...Bp) is a vector of unknown parameters

and

V is a known nondiagonal matrix.

In order to get information, a sample of n units is selected and we will
reorder the elements of y, X and V as

= () 2 (3) = (% %)

with y, containing the observed sample elements, y, the unobserved ele-
ments, V, = Var(y,), V; = Var(y, ), and V,r = Cov(y,, ¥ ).

The paper is organized as follows: Section 2 we consider the likelihood
prediction of y,. Section 3 is devoted to likelihood predicition of 'y =
YN Ly, I' = (h,la ... Iy) a known vector of constants and By =
(X'V=1X)~' X'V -1y, the finite population regression coefficient. Prediction
of the population total T = Z:ﬁ._, ¥i, a particular case of ['y, was considered
in Royall(1976a) and Tam(1987). Estimation of Bx has been the subject

of papers like Hung(1990), Sirndal(1982), Hartley and Sielken(1975) and
Fuller(1975).



2. Maximum Likelihood Prediction of y

Under the superpopulation model

¥~ Nu(XB,V), (2.1)

given y,, the data vector, we obtain the profile predictive of y, given y,,

a particular kind of predictive likelihood function discussed in details by
Bjornstad(1990).
It is easy to see from model (2.1) that the joint density function of (y,,yr)

is given by

1 1 P
90 8) = ey P { -5 - XOV G- X))

The profile predictive Ly(y, | %), which is obtained eliminating the
nuisance parameter § by maximization, is

Li(w 1w) = P 96(1 %) = 98, (1 1r);

where By = (X'V-1X)"1X'V~1y, that is,

Lo(w | w) = (2:)~/=1| VAP {-%(y - XBn)V\(y- XBN)} :

We define the maximum likelihood predictor of y, as the value of y, which
maximizes Ly(y, | g,)- In order to obtain our main result, we introduce the

following expressions:
Bnv=H'BC™ 'y, + H'DE 'y,
where
B=X,- X,V Wep, C=Vi=VuV Vo, (2:2)

D=X! =XV We, E=V, =VoV Wi
and H=BC'X,+ DE'X, = X'V-iX.



Noting that C and E are symmetric matrices, and, since V is symmetric,

= ct -V W,E!
.- ( VoW.ct B ) 23)

is also symmetric, then

VW E™ = (CYYV,. V7 =C W, VL (24)

The result of the next lemma, given in Bolfarine et al. (to appear), is
used in the proof of Theorem 2.1.

Lemma 2.1 If § = (XIV,1X,)"' X!V, Yy, is the weighted least squares
estimator of § and H, B, C, D and E are the matrices defined in (2.2),
then

H-'BC 'y, + H'DE™! [X,E + VeV (g - .é)] =4 o

Theorem 2.1 Under the superpopulation model (2.1), the mazimum like-
lihood predictor of y, is

ir,mv = VﬂVa-l!ﬁ + D'§°

Proof:

Maximizing Ly(y, | y,) with respect to y, is equivalent to minimize
S=(y-XBn)VY(y— XBn)=yV'y-2¢/V-'XBn
+HVIX(X'VIX)IX'VIX By = V- ly - ¢V X B,

From (2.2), (2.3) and (2.4) it follows that

YV'ly=4'Cl - 24V, WV E 'y + ' E Yy,



and
YV 1XBy = ByX'V-'XBn = 3'C'\B'H'BC™ "y,
+2y,'C-'B'H'\DE 'y, 4+ 4'E'D'H'DEy,.
Hence,
S=y4'Cly -2V, VWV E 'y + 4'E" Yy, — y,'C'B'H'BC™Yy,

-24'C'BH'DE 'y, — 4'E'D'H"'DE 'y,
and
fuﬁ; = -2V;"V,,C-'y, —2E"'D'H-'BC™ 1y,
+2E-Yy, —2E-'D'H-'DEy,.

Taking -é‘s;% 0, we find that §, ,,,, the maximum likelihood predictor of

Yr» satisfies the condition

[V 'VeuC™' + B D'EBC™ g, = [ = B D' H DE ™| i ma-
(2.5)
By (2.4), this condition turns

EW, V7 'y, + E'D’ [H" BC 'y, + H'DE™ ‘,,....] = E frmo
or
VeVl + D [B1BC g + B DE | = i
Using the result of Lemma 2.1, we note that
frone = VeV '+ D'B

satisfies this equation, and so, is one maximum likelihood predictor of y,.



Further, we will compute [E~! - E-'D’H™} DE-1]"", and hence we
pote that the predictor is unique. O

Example
Let us consider the model
y=Xp+¢
with
X=1n V=(0=-p)y+plnlUn=(1-p)Ix+pJn
and y~ Ny(XB,V),

where 1 is a vector of one matrix of dimension N, Iy is the identity matrix

of order N and Jy is a N x N matrix of ones. Further, we will also consider
that Jy_, . is the matrix (N — n) X n of ones.
In this model, it's easy to see that

Vo=(1-p)x+pJx

which implies that

o1 [ ——r ] jg = 2=l
Ve T1-p In l+(n—l)pJ"’ B=¥ ==
1-—-
Vie = pJn_nn and D= iTo:_fT)ﬁl'"'”'
Also,
ey P P -
VnVa w_ l+(n—l)PlN--ny"

aule == 1=p 2
D,g— 1+(n_l)p1N—ny.

and thus,

fr.mu = ln-u¥,. O



In the next theorem, we show that L,(y, | ¢,) can be normalized resul-

ting in a function proportional to a normal density. Since two predictive
likelihoods are equivalent if they are proportional to each other, no loss of
information is incorred by this normalization.
We say that Ly(y |y ) @ Nm(p,Z) if
2 1

LI’(Y2 I !l) = k(!l )hm(yzvgv E)s

where hn(y ,4,I) is the m-variate normal density with mean u and cova-

riance matrix £ and k(y ) does not depend on y .
1 3

Theorem 2.2 Under the superpopulation model (2.1),

Lr(w l lb) a NN-—n(E’ W-‘)
where

W=E"-E'D'H'DE™ and g =, = VeV, 't + D'B.

Proof:

Lol | ) = (2:)N/21| Vs P {"%S} ’
where
S=(y-XBx)V ' (y-XBx)=y'[C! - C'BH'BC|y,
~2y' [E'V,V ' + BTV BC g+
+y'[E - E'D’E-DE7Y -
From (24),

S=y'[c -Cc'B'EBC -

L, ]



2y’ [V, 'Ve,C 4+ B DPHBCY g+
+4' Wy,
By (2.5), it follows that
S=y'[c-C'BRTBC |y - W+ ' Wy
= (4 - BYW(y - g) - y'Wa+y' [C' - C'EH'BCT .

We note that §; = y,’'[C~' - C~'B'H™'BC~'] y, - ¢'Wp does not

depend on y,, so

Ly 1) = gy =@ {351} e { -3 - /W - )

a NN_,.(E,W"'). (@]

Since the maximum likelihood predictor of y, is the mode of Ly(yr | %),

it follows from the Theorem 2.2 that §, ., = 88 = VeuV; 13, + D' B, the same
result we got in Theorem 2.1.

3. The Maximum Likelihood Predictor of /'y and
B~

Some other quantities besides y, has been considered in the literature. Under

the model (2.1), Tam$11987) derives the optimal predictor of the population
total, T = U'sy = ¥ iL; Vi, where U'v is a N x 1 vector of ones. It follows

directly by his result that the optimal predictor of I'y, any linear combination
of Vis Y2y --- Un) is

™=y +1' [X,@ + VvV - X.@)] .

where [,’ and , are vectors 1 x n and 1 X (N — n) such that ' = [I,’ ]



Also under this model, Bolfarine et al. (to appear) show that the optimal
predictor of the finite population regression coefficient

BN = (le—lx)—lxlv—ly
is
B=(XVIX)TXW Yy,

~ In this section we find the predictive likelihood function of ['y and Bx

and the maximum likelihood predictor of these quantities. Royall(1976b)
works with another kind of likelihood function to predict /'y under the su-

perpopulation model (2.1) with known diagonal covariance matrix V.

Theorem 3.1 Under the superpopulation model y ~ Ny(X8,V),
Ly(l'y/y;) @ M(T", Var(T* - I'y))
where
T = L'y + ' = L'y, +1,' [V,.V,"g, + D’;:?] is the optimal predictor of I'y;
Var(T* - l'y) = L'W=, and
W =E'-E-'D'H-'DE!,
Proof:

Since Ly(y; | 1) @ NN-n(p, W) and 'y = L'y, + L'y, it follows di-

rectly by properties of conditional distributions and the normal multivariate
distribution that

Lyl'y | ) @ Mi(l'ys + &', L'WL).
After some algebraic manipulations we note that
MSE(*) = E(* -Iy)? = Var(T* - Iy) = L'(Vi - Viu VW )iy
He'(Xr = Ve VX XVIX) N (XD = XV Ve ) =
= L'EL +1'D'(XV;1X,)"1DL,.



According to this result, to prove that Var(T™ — I'y) = L'W 'L, it’s
enough showing that
W-! = E+ D'(X!V,1X,)'D.
From inverse matrices properties,
Wl=(E'-E'\D'H'DEY) =
= E- EE'D'(DEEE™'D' - H)'DE'E
= E+ D'(H - DE™'D')"'D,
E-l = (Vr = VnV,-IVn)-l = V,-l = Vr-l Vr:(Van-IVra 77 Vn)_anVr-l
= V,.-l + Vr-l V"C-IV”V,.-I = Vr_l + Vr—lV"V’—lV"E—l

C™' = (Vo = ViV Woa) ™t = Vi =V Wor (Vea Vo Wi = Vo) VRV
=V, + V7 WR BTV
and so,
H - DE'D’' = BC™'X, + DE™'X, - DE~)(X, — VoV X,) =
= BC'X,+ DE~'V, VX, =
= (X} = XV W (VT 4 VOW,LETW,,V, )X, + DETYW,VTIX, =
=XV, X+
HXV, War — XV W, VW, + DETWVLVIX, = XV VRV X

Since D = X! — X!V, 1V, and V7! = E71 - VW,V MV, E7Y,
H-DE™'D' = X!V X, + XYE™ - VW, VW ETYWWLVT X~
X VWYX,
= X\V7U X, + XWX, - XV, VX,
= X:V,'IX.,

which implies that
w-'=E+ D(XV/1X,)'D. O
The next lemma is proved in Bolfarine et al. (to appear) and will be

useful in the proof of the Theorem 3.2.
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Lemma 3.1 Under the superpopulation model (2.1), the optimal predictor
of Bv is

§" = B'BC™'y, + H'DE™'\V,,V; 'y, + D'B),

where @ is the weighted least squares estimator.
Furthermore,

and
Var(8 - By) = H-'DE'[E + D'(X.V,' X,) ' DIET' 'R~}
=(Xvx,) - (x'vx)lo

Theorem 3.2 Under the superpopulation model (2.1), the predictive like-
lihood function of Bx is given by

Ly(Bx | 1) @ Nps1(3, Var(8 - B))

where
Var(8 - By)= H-'\DE'\W-'E-'D’'H™}
and
W=E'-E'DHE'DE™.
Proof:
From Theorem 2.2,

Ly |y) e NN-»(L"W-‘)

and since By = H-'BC~'y, + H'DE'y;, then

11



Ly(Bx|y) e Nppr(H'BC 'y, +H'DE™ y, B~ DE-*‘W-'E-'D’'H™).
Also, by Lemma 3.1,
H'BC™'y, + H'DE 'y =8.

To prove that Var(8 — Bx) = B-'DE-'W-1E-1D'H", it is enough

to note that
Var(3 - By)= H'DE™! [E + D'(x;v,-‘x.)-lp] ET'D'HY,
from Lemma 3.1, and
w-'=E+ D'(XV'X,)'D,
from the proof of Theorem 3.1.0

An important consequence of Theorem 3.2 is that the weighted least
squares predictor ﬂ is the maximum likelihood predictor of Bx. It follows

from Theorem 3.1 that the maximum likelihood predictor of ['y is T, that
is also the optimal predictor of ['y under the considered model.
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