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Summary 

In this paper we use the predictive likelihood approach (Bjoma­

tad, 1990) to get some results concerned to the prediction of fr 
and the population regression coefficient BN in a finite popula­

tion under the 1uperpopulation model r ~ NN(Xf}, V). 
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1. Introduction 

Let us consider a finite population with N units, where N is known. Asso­
ciated with the i-th unit there a.re t/i, Zil, Zi2, ••• Zi,, where t/i is the value 
of the variable Y and Zit, Zi2, • • • Zi, is an observed set of p variables. 

Under the auperpopulation models approach, we assume that 
r = (t/1, ... tlN )' has a N-variate normal distribution with mean X fl and 
covariance matrix V, where 

fl= (/Jo,/11 .. ,/Jp)' is a. vector of unknown parameters 

and . 
V is a known nondiagonal matrix. 
In order to get information, a sample of n units ia selected and we will 

reorder the elements of r, X and V aa 

with 11, containing the observed sample elements, It, the unobserved ele­
ments, V. = Var(J!,), V,. = Var(fb,), and V.,. = Cov(11,,1t,), 

The paper is organized as follows: Section 2 we consider the likelihood 
prediction of 1lr· Section 3 is devoted to likelihood predicition of tr = 
~1 litli, L' = (11, l2 ... IN) a known vector of constants and BN = 
(X1v-1 X)-1 X'V- 1y, the finite population regression coefficient. Prediction 

of the population total T = ~. t/i, a particular caae of r,, WU considered 

in Roya.ll(1976a) and Tam(1987). Estimation of BN has been the subject 
of papers like Hung(1990), Sirndal(1982), Hartley and Sielken(1975) and 
Fuller(1975). 
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2. Maximum Likelihood Prediction of 11r 

Under the 111perpopulation model 

(2.1) 

given v,, the data vector, we obtain the profile predictive of 11, given ti,, 

a particular kind of predictive likelihood function discussed in details by 

Bjomstad(1990). 
It is easy to see from model (2.1) that the joint density function of (Jl,, 1J) 

is given by 

The profile predictive L,,(tt, I ti,), which is obtained eliminating the 

nuisance parameter /J by maximization, is 

L,,(1u I Jl,) = (21:)N/211 v 1112 exp {-½<r- x BN )'v-1cr - x BN)}. 

We define the maximum likelihood predictor of 1/r as the value of Jlr which 

maximizes L,htr I tt,). In order to obtain our main result, we introduce the 

following expressions: 

where 

B = x;- x;v,.-•v,.., c = v. - v.,.v,.-•v,.., (2.2) 

D = x; - x:v.-•v.,., E = Vr - v,..v.-1v.,. 
"'"' H = sc-1 x, + DE-1 Xr = X'v-1 x. 



Noting tha.t C and E are symmetric matrices, and, since V is symmetric, 

( 
c-1 -v.-1 v.E-1 

) v-• = -Yr-1v,..c-• e-• (2.3) 

ia also symmetric, then 

v.-iv.E-1 = cc-i)'v.,. v,.-1 = c-iv.,.v,.-1. (2.4) 

The result of the next lemma, given in Bolfarine et al. (to appear), la 
used in the proof of Theorem 2.1. 

Lemma 2.1 If P. = (X!V.-1 x.r1 X!V.-1r, ia the weighted lmat square., 

estimator of fl and H, B, C, D and E are the matrices defined in (I.I}, 

then 

Theorem 2.1 Under the superpopulation model (!.1}, the mazimum like­
lihood predictor of 1lr ia 

f,.,"'., = v,..v.-1v, + D'lj. 

Proof: 

Maximizing L,(Jtr I 11,,) with respect to fir is equivalent to minimize 

+r'v-1x(x'v-•xr1x'v-1xBN = ;v-11-;v-1xaN. 

From (2.2), (2.3) and (2.4) it follows that 
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and 

Hence, 

and 

It = -2Vr-t Vnc-11L, - 2E-1 D' s-1Bc-11L, 

+2E-11ir - 2E-1 D' s-1 nE-1Jlr. 

Taking :i = 0, we find that ir,mv, the maximum likelihood predictor of 

fir, satisfies the condition 

(v,.-1vr.c-1 + E-1 IJ' 9-l Bc-1 ] 1L, = (e- 1 
- E-1 IJ' 9-• DE-•] lr,mv· 

(2.5) 
By (2.4), this condition turns 

E-1vr.v.-11u + E-1 IJ' [9-l BC-1tt, + 9-l DE-1ir,nn,] = E-1,r,mv 

or 

v,..v,-11L, + D' [9-1 BC-11L, + 9-l DE-1ir,mv] = Vr,mv· 

Using the result of Lemma 2.1, we note that 

ir,•• = Vr.v.-ifl, + IJ'§ 

satisfies this equation, and so, is one maximum likelihood predictor of fir· 



Further, we will compute [E-1 - E-1 D' n-1 DE-1r1, and hence we 

note that the predictor is unique. C 

Example 

Let us consider the model 

with 

o.nd 11 ~ N1t(X~, V), 

where lN is a vector of one matrix of dimension N, IN 11 the identity matrix 

of order N and J N is a N x N matrix of ones. Further, we will also consider 

that J,,_ ..... is the matrix (N - n) x n of ones. 
In this model, it'• easy to see that 

which implies that 

;a_ - _ Ei"-1 l'i ~-,.- ' - n 

1-p 
Yr,= pJN-•,• and D = 1 + (n _ l}p l'N-•• 

Also, 

V. v.-1 p 1 -
"' • 11, = 1 + (n - l}p N-•"l'" 

and thus, 

ir,mt1 = 111--J,. a 
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In the next theorem, we show that L,(ttr Ir,) can be normalized resul­

ting in a function proportional to a normal density. Since two predictive 
likelihoods are equivalent if they are proportional to each other, no 1011 of 
information is incorred by this normalization. 

We say that L,(r1 I 11 ) o Nm(#;!, l:) if 
2 1 

L,Ctt Ir > = k(r )h..ht ,lb E), 
2 1 1 2 

where h..(11 ,e,l:) is them-variate normal density with mean e and cova-
2 

riance matrix l: and k(r ) does not depend on 11 • 
I 2 

Theorem 2.2 Under the auperpopulation model (1.1), 

where 

W = E-1 - E-•D1H-1nE-1 _J • v. v.-• + D'a "™' e = tlr,111• = ,,.. I 1l, ~-

Proof: 

where 

-211r' [e-1Vr.v.-1 + E-1 D' n-• Be-•] r,+ 

+1tr' [e-• - e-1 D' H-1 DE-•] flr· 

From (2.4), 
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-2,/ [v,.-1v,..c-1 + E-1 D' n-1 sc-1] 1t,+ 

+1tr'Wr,. 

By (2.5), it follow, that 

s = 1t,' [c-1 
- c-1 B' n-1 sc-1

] 1t, - 211r'We + 11r'W11r 

= (11r - e)'W(11r - e>- e'We + 1t,' [c-1 
- c-1 B' n-1 sc-1

] r,. 

We note that S1 = r,' (c-1 - c-1 B' n-1 sc-1J 1l, - e'We does not 

depend on !lr, so 

L,C!t, I !t,) = (2r)N/211 V 1112 exp {-iSt} exp {-i(llr -e)'W(11r - e)} 
Q NN-n(e, w-1). a 

Since the ma.ximum likelihood predictor of 1lr ia the mode of Lp(Jlr I r,), 

it follO\Vs from the Theorem 2.2 that j,.•"'" = e = v...v.-111,+D'b, the same 

result we got in Theorem 2.1. 

3. The Maximum Likelihood Predictor of tr and 
BN 

Some other quantities besides !lr has been considered in the literature. Under 

the model (2.1), Tamkr1987) derives the optimal predictor of the population 
total, T = l'Nfl = D=i J/i, where l'N is a N x 1 vector of ones. It follows 

directly by his result that the optimal predictor oft f, any linea.r combination 

of Ji, ,i, ... ,,,, is 

J.. I I [ 2, -1 • ] 
l = ,., fl, + lz x,.P. + v,. V, (r, - x.g) ' 

where l1 ' and lz' are vectors 1 x n and 1 x (N - n) such that l' = [11
1 l.,. 1-
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Also under this model, Bolfa.rine et al. ( to appear) show that the optimal 
predictor of the finite population regression coefficient 

8N = cx'v-1 xr1x'v-1r 
is 

. In this section we find the predictive likelihood function of l'1L a.nd BN 
and the maximum likelihood predictor of these quantities. Royall(1976b) 
works with another kind of likelihood function to predict l' 1l under the su-

perpopulation model (2.1) with known diagonal covariance matrix V. 

Theorem 3.1 Under the auperpopulation model 11 ~ NN(Xfl, V), 

L,(l'r/r,) a Ni(t•, Var(t- - l'r)) 

where 
'r = l.,'11.,+lz'~ = l.,'11.,+lr' [v,., v.-•r, + D'P.] is the optimal predictor ofl'11; 

Var(T- -L'r) = l_,'w-'1r and 

Proof: 

Since L,hlr I Y.,) Q NN-n(~, w-1) and l'r = l,''!b + lr'11r, it follows di­
rectly by properties of conditional distributions and the normal multivariate 
distribution that 

After some algebraic manipulations we note that 

MSE('r) = E('r -l'r)2 = Var(T• -l'r) = lz'(V,. - Yr,V.-1V,,.)l.r 

+lr'(Xr -Yr,V.-1X,)(X!V,-1X,)-1(X!-X!V,-1V,,.)~ = 
= I/ Elr + I/ D'(X!V.-1 X,>-1 Dir. 
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According to this result, to prove that Var(i'- - L'r) = l/w-•1.1, it's 

enough showing that 

w-1 = E + D'(X!v,-• X,J-1 D. 

From inverse matrices properties, 

w-1 = (E-1 - E-1 D' a-1 DE-I )-1 = 
= E - EE-1 D'(DE-1 EE-1 D' - nr1 DE-1 E 

= E + D'(H - DE-1 D'r1 D, 

E-1 = (V, - V,,v,-iv,,.J-1 = v,.-1 -v,.-iv,.,(V,,.V,-tv,, - V,J-1V,,.V,.-1 
_ v.-1 + v.-1 v, c-t V. v.-1 _ v.-1 + v.-1 v, v.-1 v, E-1 
- r r r• ,r r - r r r, , ,,. 

c-1 = (V. - v,,.v,.-1v,.)-1 = v,-1 - v,-1v,,.(v,.v,-1v,,. - v,.)-1v,.v,-1 

= v,-1 + v,-1v,,.E-1v,.,v,-1 
and so, 

H - DE~1 D' ;;;;; BC..,.1 X, + DE-1 X, - DE-1(Xr - V... v.-1 X.) = 
= Bc-1 x, + DE-1v,..v.-1 x. = 

= (X! - x;v,-1v,.,)(v,-1 + v,-1v,,.E-1v,.,v.-1)x, + DE-1v,.v,-1 x. = 

= X!v,-1x.+ 
+(X!v,-1 v,,. - x;v,.-1v,.. v,-1v,,. + D)E-1 v,.,v,-1 X, - x;v,.-1v,., v,-1 x,. 

Since D = x; - X!V,-1V,,. and v,.-1 = E-1 - v,.-1v,.,v,-1v,,.E-1, 

H - DE-1 D' = x:v,-1 x. + X!(E-1 - v,-1v,..v,-1v,,.E-1)v,..v.-1 x.­
-x;v,.-1v,., v.-1 x. 

= x!v.-• x. + x;v,.-1v,.,v,-1 x. - x;v,-1v,.v,-1 x. 
= x:v,-1x., 

which implies that 

w-1 = E + D'(X!v,-1 x,r1 D. □ 

The next lemma is proved in Bolfarine et al. ( to appear) and will be 
useful in the proof of the Theorem 3.2. 



Lemma 3.1 Under the auperpopulation model (t.J}, the optimal prrdictor 

of 8N U 

mere g ia the weighted lmat square., eatimator • 

.Fbrthennore, .. .. 
I = fl 

and 

= (X!V,-1 x.r1 
- (X'v-• xr1 .o 

Theorem 3.2 Under the superpopulation model (t.1}, the predictive lib• 
lihootl function of B N is given b11 

tDhere 

and 

Proof: 

From Theorem 2.2, 
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Also, by Lemma 3.1, 

To prove that Var(~ - BH) = n-1DE-1w-1E-1D'H-1, it ii enough 

to note that 

Var(P. - BN) = n-1 DE-1 [E + D'(X!v.-1 x.)-1 v] E-1 D' n-1
, 

from Lemma 3.1, and 

w-1 = E + D'(X!V.-1 x.r1 D, 

from the proof of Theorem 3.1. a . . 
All important consequence of Theorem 3.2 is that the weighted least 

squares predictor iJ is the ma.ximum likelihood predictor of BN• It follows 

from Theorem 3.1 that the maximum likelihood predictor of L'11 is 'r, that 

is also the optimal predictor of l' 'II under the considered model. 
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