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Abstract

In this paper we study the relative asymptotic equivalence between the solutions of
the following two evolutions equations in a Banach space Z

y = A(t)y, &= Alt)z+ f(t,z), t>0, y,z € Z,

where A(t) generates a strongly continuous evolution operator T'(¢, s) and the func-
tion f : Ry x Z — Z is small in some sense. A generalized concept of dichotomy
plays an important role in the proof of our main results. We provide sufficient con-
ditions to prove that given a solution y(t) of the unperturbed system, there exists a
family of solutions z(¢) of the perturbed system such that, |ly(t) —z(t)|| = o(|ly(2)]]),
as t — oo. Also, under certain conditions, we prove that given a solution z(t) of the
perturbed system, with Liapunov number a € R there exists a family of solutions

y(t) of the unperturbed system such that ||y(t) — z(t)|| = o(||z(¢)]|), as t = co. Fi-
nally, we present examples of ordinary, partial and functional differential equations.

Key words. asymptotic equivalence, asymptotic behavior, Liapunov number, polynomial-
exponential dichotomy, nonlinear evolution equation.

AMS(MOS) subject classifications. primary 34C11, 34G20, 34G10, 35B35, 35B40.

1 Introduction

Let Z be a Banach space and D be a dense subspace. We assume that A(t) : D — Z is
a family of unbounded operators which generates a strongly continuous evolution operator
T(t,s) (see [16]) and f: Ry X Z — Z is a continuous function such that equation (1.2)
has a unique Mild solution z(t) with z(0) = z, for each (to,z0) € Ry x Z.

Consider the following equations:

y=Alt)y t=20, ye 7 (1.1)
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y=AR)y+[fty), t=20, yez, (1.2)

In order to study the asymptotic equivalence of the above equations, we consider the
following problems:

e The Direct Problem: Given a solution y(t) of (1.1), such that y(t) # 0, for all
sufficient large t, does there exist a solution z(t) of (1.2), such that the relative

lly(t)—=z(t)]l ?
error, =y 0, as t — oo

e The Converse Problem: Given a solution z(¢) of (1.2), such that z(t) # 0, for all
sufficient large ¢, does there exist a solution y(t) of (1.1), such that, '”ﬁl{f;ﬁ”“ — 0,
as t — oo?

For ordinary differential equations, results in this direction can be found in Szmidt[23],
Onuchic[12], Coppel[5], Brauer and Wong|[1], Rodrigues[17], etc.. For retarded differential
equations, this problem was studied by Rodrigues(18]. For neutral functional-differential
equations, this problem was studied by Izé-Ventura[11].

In this work, we extend the above results to abstract evolution equations and so we
can also consider applications to partial differential equations and to infinite-delay partial
differential equations. A generalized concept of dichotomy that is defined in this paper is
very helpful to the proofs of our main results. On the solution of the converse problem,
an integral inequality which was stated and proved in Rodrigues [18] (See also Pachpatte
[13]) , plays an important role.

It is easy to see that if we have two functions z(t), y(t) defined for all sufficient large ¢
and if ﬂﬂﬁﬁl—l — 0, as t — oo then H%;H — 1, as t — oco. One could compare functions
z(t), y(t), for all sufficiently large values of ¢ in many different ways. For example, one
could require that ||z(t) —y(t)|| = 0, as t = co. For some purposes this is not satisfactory.
For example, if we take y(t) = €', and z(t) = t + €' we have ||z(t) — y(t)|| — oo, but
”—y(lfr)c—ztz)%ﬂ — 0, as t — oo. This shows that z(t) and y(t) have the same behavior, or
order of magnitud, near the infinity. Therefore, sometimes it is more convenient to use
the relative error instead of the simple error.

In many interesting applications, when one perturbs autonomous linear equations, The
Direct Problem has a positive answer. For ordinary differential equations, The Converse
Problem has a positive answer, as shown in the above references. However for infinite
dimensional systems the Converse Problem may not hold true. The perturbed system
may have some solutions with a different order of magnitude at the infinity, namely it
may have solutions that go to zero faster than any exponential. For example, z(t) = et
is a solution of the retarded differential equation # = —2te!~?*z(¢ —1). This equation may
be considered as a perturbation of y = 0. Therefore z(t) = e~ has no equivalent solution
of the unperturbed equation. In a similar way, one can also verify that z(t) = et is a
solution of the following neutral functional differential equation,

130 + %x(t — 1)+ %r(t = 2)] = h(t)z(t — 4),

where h(t) := —2te!®=8 — (t—1)d"* =5 — (t —2)e'*~**. The unperturbed neutral differential
equation is discussed in Hale-Lunel[8], p. 285. However, it was conjectured by J. Hale
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and N. Onuchic that for perturbed linear retarded equations the Converse Problem has a
positive answer if the chosen solution, z(t), of the perturbed equation has finite Liapunov
number. This was proved in Rodrigues[18]. It turns out that the same is true for quite
general evolution equations, as it is proved in Section 3. We point out that, somehow the
results and the proofs presented in this paper bring new ideas, simplify some procedures
and extend considerably the range of applications.

In many perturbation problems one is often involved with perturbed linear systems
and it may be necessary to obtain refined estimates of its solutions, near the infinity. For

example, let us consider a nonlinear system:
& = f(z)

where f : R" — R" is sufficiently smooth. Let ¢(¢) be a solution such that sup,cp ||#(t)|| <
oo. This solution could be, for example, a parametrization of a homoclinic or a heteroclinic
orbit. Let us suppose that one is interested in studying bounded solutions, that are close
to ¢(t), of a perturbed equation such as:

& = f(z) + F(t,z,A)

where ) is small, and F' is a smooth function, such that F'(¢,z,0) = 0. This kind of prob-
lem can be found in Chow, Hale, Mallet-Paret[4], Chow and Hale[3], Rodrigues and Ruas
[19], Rodrigues and Silveira[22], etc.. See also Rodrigues and Silveira[21], Rodrigues and
Ruas-Filho[20], Palmer[14, 15], for related problems. To use Liapunov-Schmidt Method,
one needs very refined estimates on the solutions of the variational system:

z = fa(o(t))z.
Under certain assumptions, the above system can be put into the form:
z = f(0)z + B(t)z,

where ||B(t)|| — 0, as |[t| = oo, exponentially. Therefore it is important to know the
behavior of the solutions of that system as || = co.

This work is organized as follows. In Chapter 2 we analyze The Direct Problem. In
Chapter 3 we study The Converse Problem. In Chapter 4 we present some examples that
include Retarded-Functional Differential Equations and Partial Differential Equations.

2 The Direct Problem.

In this paper we shall study the relative asymptotic equivalence between the solutions
of the following two evolution equations in the Banach space Z,

y=Alt)y t=20, ye 2z, (2.1)

y=A(t)y+ f(t,z) t=20, yeZ, (2.2)



where A(t) : D C Z — Z is a family of unbounded operators in Z which generates a

strongly continuous evolution operator T'(t, s) (see Pazy[16]).
In this section we shall introduce a very general concept of dichotomy that includes
the usual exponential dichotomy. This new concept will play an important role in the

solution of our main problems.
In this work we assume the perturbation function f: R x Z — Z is continuous and:

£ 2 < h@l2ll, 20, z€ 2, (2.3)

“f(t’ Z) - f(ta w)“ S h(t)llz - w“) t Z 07 Z,w € Z’ (2‘4)
where h : R — R is a continuous function.

Definition 2.1 (Polynomial-Exponential Dichotomy (PE-dichotomy)) We shall
say that the equation (2.1) has a Polynomial-Exponential Dichotomy, with respect to
o € R if there exist an integer N > 1, M > 0, € > 0 and complementary continuous
projections S(t), P(t), Q(t), U(t): Z = Z, t € R such that

1. For t 2> s,
Pt)T(t,s) =T(t,s)P(s), Q)T(t s) = T(¢,5)Q(s),
St)T(t,s) =T(t,s)S(s), Ut)T(t,s) =T(t,s)U(s)
2. T(t,s): R(U(s)) = R(U(t)), t=>s,isan isomorphism with inverse
T t,s) =T(s,t): R(U(t)) = R(U(s)), t>s,
T(t,s): R(Q(s)) = R(Q(t)), t>s,is an isomorphism with inverse

T7H(t,s) =T(s,t) : R(Q(t)) = R(Q(s), t 25,

3. Foreach £,0 < ¢ < N — 1 we have:

IT(t,5)S(s)|| < Mele=2)t=9) ¢ > 5

IT(t, )U(s)]| < Mel@tt=), s > ¢ (2.52)
T (¢, s)(P(s) + Q(s))|| € Mt"~te®t=9) ¢t >s5>0 (2.5b)
|T(t, s)P(s)|| < Mt*=tsV~teal=s) ¢ > 5 >0 (2.50)
IT(t, 5)Q(s)|| < MttsN=t-1leelt=9) s>t > o ¢

where ¢ > 0. If £ = 0 then P(s)
In particular, if P(t) = Q(t) = 0, then the above definition coincides with the usual
exponential dichotomy.



Remark 2.2 In particular, if P(t) = Q(t) = 0, then the above definition coincides with
the usual exponential dichotomy. For Ordinary Differential Equations estimates similar
to (2.5¢) can be found in Coddington-Levinson [2] In many interesting applications we
also have that, T(t,s) : R(P(s)) = R(P(t)), t > s, is an isomorphism with inverse
T-t,s) =T(s,t) : R(P(t)) = R(P(s)), t> s,

Definition 2.3 If « € R and £ is a nonnegative integer, we shall say that a function
y :[0,00) — Z is of order t‘¢®, and denote it by y(t) = tfe™, if,

@I ly @l
0< hgl—)églf%t_ S lllér_l}iilp tTeOT < 0. (26)

Definition 2.4 (Mild Solution) For mild solutions y(t) and z(t) of equations (2.1) and
(2.2) with initial conditions y(to) = yo € Z, z(to) = zo € Z, we mean continuous functions
that satisfy:

y(t) = T(tto)yo, t 2 to, (2.7)
Z(f) = T(t,to)a:0+/T(t,s)f(s,:c(s))ds, t > to. (2.8)

to
The next theorem gives a positive answer to The Direct Problem.
Theorem 2.5 Let y(t) be a solution of (2.1) with y(t) = t'e®*. Suppose that (2.3), (2.4)

are satisfied and that equation (2.1) has PE-dichotomy with respect to «, in the sense
given by Definition 2.1 and the continuous function h(t) satisfies

/00 sNIh(s)ds < oc. (2.9)

Then there ezists a solution x(t) of (2.2) such that

tl_l}rglo I—IW = 0. : (2.10)
Proof: If we let z := e %(z — y(t)) in equation (2.2), we obtain the following equation
for z,
2 = As(t)z+ F(t,z), t>0, (2.11)
where
Ao(t) = (A(t) —al) and F(t,z) = e * f(t,y(t) + e*z). (2.12)

Therefore, the evolution operator Ty(t, s) generated by the family of operators Aq(t) is
given by

To(t, s) = e =0T (L, ), t>s. (2.13)



Hence, redefining the projections P(s), Q(s), if necessary, in such a way they include the
projections U(s), S(s), we obtain the following conditions for T, (¢, s) and F(t, z)

ITu(t, s)P(s)]] < MtV t>5>0>0, (2.14)

|Ta(t,s)Q(s)|| < MtV 1 s>¢t>0>0, | (2.15)

IFt I < h@e*ly@l+ @zl t20, z€2,  (2.16)

|F(t, z1) — F(t,2)|| < h(t)||lz1— 2], t>0, 2,2 € Z. (2.17)

Now, the problem is reduced to prove the existence of a mild solution of (2.11) such that
[z

tll)rgo m = {J; (2.18)

If z(t) is a mild solution of (2.11) such that (2.18) holds, then
1) = Tslho)zlo) +/ Tu(t, s)F (s, 2(s))ds
= T.[t o) {Q(a)z(a) + /00 To(0,8)Q(s)F (s, z(s))ds

t

- Ta(t,a)P(a)z(U)-i—/ T, (t,s)P(s)F(s,z(s))ds

g

_ /tooTa(t,s)Q(a)F(s,z(s))ds, t> o

As it will become clear in the next calculation, in order to make sure that condition (2.18)
is satisfied we impose that:

oo

Q(o)z(o) + / To(o, s)Q(s)F (s, 2(s))ds = 0. (2.19)

ag

From (2.9) and (2.16) it follows that the above improper integrals are convergent.
Therefore, we look for a function z(¢) that satisfies the following integral equation

#2t) = Tauft,0)Ple)z(o) +/ To(t,s)P(s)F (s, z(s))ds (2.20)
- /oo To(t,s)Q(s)F (s, z(s))ds, t>o.

Conversely, if z(t), with t7%2(¢) bounded, satisfies the integral equation (2.20), then z is
a mild solution of (2.11). In fact,

[ee]

al) = Tl &) [P(o)z(a) —/ Ty (o, S)Q(S)F(S,Z(S))ds] +/a Tult, 8 F 13, 2(8))ds; 12 &

Therefore, t

2(t) = Tult, o) +/ To(t,8)F (s, z(s))ds, t> o,

g



where
w=P(o)z(0)~—/ 70, (o, ) () il (o)) e (221

Now, to complete the proof we shall show that the integral equation (2.20) has a
solution in the Banach space

Zy={z2€ C(0,00),Z) : ||z{t)]|e := iggt“éuz(t)ﬂ < &3} (2.22)

We define the operator I' : Z, = Z;, by:

t

(T2)(t) :=Tult, o) P(r)w +/ To(t,s)P(s)F (s, 2(s))ds — /too To(t, s)Q(s)F (s, 2(s))ds

g

fort > o and z € Z,.
Next, we shall prove that I' maps Z; into Z,. In fact, for z € Z, we have the following

estimate:
"y 1 N _—¢ M ‘ N _—¢_—as
TN T2) (@) < M"U o ||w|l+—t— sV s e *|y(s)||h(s)ds
M —@ h d M N 1 —E —as
+ sVs7¢|z(s)||h(s)ds + lly(s)||h(s)ds
+ M/ 5| 2(s)[|(s)ds
Ml|yllae [ M|z
< Tumu%/ s™h(s)ds + M2l ”E/ Vh(s)ds
+ Mllylla,l/ sN_lh(s)ds+M||z||g/ sV 1h(s)ds,
t t

where [|y||a, := sup,>, t~e™*||y(t)||. Integrating by parts, we obtain

1 1/t d * ey _
Z/US h(s)ds—%—/asg(/ooT h(T)dT> ds =
t o o 1 t s
/TN_lh(T)dT—?/ sN”lh(s)ds—Z/ (/ TN_lh(T)dT> ds

and .

hm - </ N h(r ) ds = lim / sV 1h(s)ds = 0.
t—oo t - t—=oo f o

Therefore, lim;_,oo ¢ e”( )(t)|| = 0 and so, 'z € Z,, Vz € Z,.



Next, we shall prove that I' is a contraction. Let z;, 29 € Z; and consider

(T ) () = (Tz2) ()] < —/ s"h(s)s ™ lz1(s) — za(s)llds

+ M/ N-1h(8)s~ 71 (s) — 2(s)]|ds

< ms [ shisyas + [ s oyds -l
< 3 ([T n6)as ) s -zl

From condition (2.9) we can choose o sufficiently large such that

e 1
N=1p(s)ds < —.
/a s (s)ds < i

Therefore, I' is a contraction mapping from Z, to Z,. From the Contraction Principle, we
conclude that it has a unique fixed point which depends on w € Z. The solution z(t) of
(2.2) that solves The Direct Problem, is given by:

z(t) = e*2(t) +y(t)

where z(-) is the fixed point of I'. The above estimates also imply that t=%2(t) — 0, as
t — oo.

Remark 2.6 From the proof of Theorem 2.5 we conclude that for each £ € P(0)Z the
corresponding solution z(t) of the integral equation (2.20) satisfies

. /oo To (0, 5)Q(s) F (s, 2(s))ds. (2.23)

and we have P(0)z(0) = £. So, if we define the function: ® : P(0)Z — Z by:

0() =€~ [ Taler5)Q(s) P, 2(9)ds
and if we consider the set:
Y ={®(&): €€ P(0)Z, and 2(t) is solution of (2.20)}, (2.24)
then we can prove the following result:

Corollary 2.7 The set ¥ given by (2.24) is a continuous manifold. Moreover, there
exists a continuous function ® : P(0)Z — Z, such that P(c)®(§) =&, V€ P(o)Z

In particular we conclude that ¥ is a graph and for each initial data in % we obtain a
solution z(t) = e**z(t) + y(t) of (2.2), such that [lz(t) — y(¢)l| = o([ly(¥)|])-



3 The Converse Problem.

The object of this section is to give a positive answer to The Converse Problem, in a
special case. In fact, given a solution z(t) of (2.2), with finite Liapunov number, we will
prove that there exists a solution y(t) of (2.1), such that ||z(¢) — y(¢)|| = o(||z(?)|]).

For a proof of the following lemma, see Rodrigues [18] and Pachpatte [13].

Lemma 3.1 Let p,g € Li([0,00),R) be nonnegative continuous functions. Let y(t) > 0
be a decreasing continuous function for t > o and o sufficiently large, in such a way that,
B:= [ g(s)ds+ f p(s)ds < 1. Suppose that u(t) is a nonnegative continuous function
such that y(t)u(t) is bounded and

u(t) <K+ [ uls)pls)is + % / " ys)uls)a(s)ds

fort > o, where K is a constant. Then,

u(t) < =5) [ 9(s)d

=

for t > o. In particular u(t) is bounded fort > o.

Lemma 3.2 Let A(t) : D C Z — Z be a generator of an evolution operator T'(t,s).
Assume that there ezist complementary projections P(s), Q(s), a < § and K > 0, such

that:
|T(t,s)P(s)|| < Ke*t=9 ¢t > s

For s > t we Suppose that T'(s,t) : R(Q(t)) — R(Q(s)) is an isomorphism and
T(t,s) = (T(s,t))~" : R(Q(s)) — R(Q()) satisfies:

IT(t,8)Q(s)|| < Keft=9) ¢ < s.

We also assume that (2.3), (2.4) are satisfied with [° h(s)ds < oo
Then

. 1Tt 5)Qs)e]| 2 9| Q(s)zll, t2 s, Vo € Z.

e There is no solution z(t) of (2.2) with Liapunov number pu, with o < p < 3.

Proof: For t > s, we have:
1Q(s)z]l = IT (s, )QE)T (¢, 5)Q(s)z|| < KePC~I||T (2, 5)Q(s)z],

which proves the first part.
Let us suppose now that limsup,_,, 1 In||z(t)|| = p, where o < 4 < 3. Then we have

fort > o >0,
z(t) = (to:ro+thsf( s, z(s))ds
T(taa:0+thsP( g} fis, 58] ds+thsQ( s)f (s, z(s))ds

9



= T(t U zg +f T(t,s)P(s)f(s,z(s))ds+ [ T(t,5)Q(s)f(s,z(s))ds

—ft )f(s,z(s))ds

_T(t 0 a:0+ f T(0,5)Q(s)f (s, 2(s))ds] + [, T(t,5)P(s) f (5, 3(s))ds
— ft V[ (5, z(s))ds =

T(t,o)w +fUT (t, s)P(s)f(s,z(s))ds — [[°T(¢,s)Q(s)f(s,z(s))ds,

where,

w =Ty + /00 T(o,5)Q(s)f(s,z(s))ds

If § > 0is such that u+d < B, u— & > a, we have ||z(t)|| < Le+t9t ¢t > o, for a
suitable L > 0. Moreover,

IT(t, 5)Q(s)f (s, 2(s))Il < Ke=In(s)|la(s)l| < KePEI L+ h(s) <
Keﬂte_w“(“”)]sllh(s).
Therefore the above integrals are convergent. We also have

e~ W49t [ T(t, 5)Q(s)f (5, 0(s))ds < K Lelo=W+lt [22 e=la=(utlep(5)ds <

KL [ h(s)ds,

Therefore e~W+9t [ T(¢,5)Q(s) f(s,z(s))ds — 0, as t — co. Also,

00 [ (8, 9)P(6) 75,2 (5))lds < e 39 [ Ree (s (o) s <

t t
KLe-[(u+6)—cx]t/ ea(t—s)h( ) (pn+9) Sds < KLe [u+6)—a]t/ e[(ﬂ+6)_a]sh(8)d8.

g o

Therefore e~ (#+9)t f; T(t,s)P(s)f(s,z(s))ds = 0, as t — o0.
We claim that Q(o)w = 0. Otherwise we would have:

1
T (1, 0) Q]| > el BN~ Qo) - oo,

as t — o0.
Then we have,

z(t):T(t,a)p(a)w+/ T(t, 5)P(s) (s, o ds—/ T(t, 5)Q(s) f (s, z(s))ds.

o4

Since
IT (¢, s)P(s)]] < Ke*t=9) < KW= ¢ > g,

IT(t, $)Q(s)|| < KePt=) < Keltlt=s) ¢ < g,

we have:

10



lz@)l < Ke=DE=|P(o)uwl| + [; Kelt=Dt=Ih(s)||z(s)||ds+
[ Kewtt=)p(s)||z(s)||ds
which implies:
e =z (t)|| <
Ke= =97 P(o)ul| + K / " h(s)em 09| (s) s + K2 / " e (5) om0 g (5) | ds

o t
If we let u(t) := e~®=9%||z(¢)||, we obtain:
u(t) < Ke™W=97|| P(o)wl| + K/th(s)u(s)ds + Ket /00 e~ 25 h(s)u(s)ds.
o '

From Lemma (3.1) it follows that u(t) := e~®#~9||z(¢)|| is bounded for t > o and this
contradicts the hypothesis that the Liapunov number of z(t) is p. [ |

Lemma 3.3 Let A(t) : D C Z — Z be a generator of an evolution operator T(t,s).
Assume that there exists complementary projections P(s), Q(s), « < f, K > 0 and a
positive integer n, such that:

IT(t,s)P(s)|| < Kt"e*=9) t > 5> 0 >0

For s > t we assume that T(s,t) : R(Q(t)) — R(Q(s)) is an isomorphism and
T(t,s) := (T(s,t))"!: R(Q(s)) = R(Q(t)) satisfies:

IT(t,5)Q(s)|l < Keft™, ¢ < s.

Assume that [° s™h(s)ds < oo. If z(t) is a solution of (2.2) with Liapunov number o
then = ||z(t)]| s bounded fort > o.

Proof: We have that,

z(t) =T (t,0)zo + / T4, 8) f(352(3))ds =

t

T(t,9)P(9)f(5,(5))ds — [ T, $)Q(s) (s, 2(s))ds,

where w :=zo + [ T(0,5)Q(s)f(s,z(s))ds.
Let € such that a < a+¢e < 3. If we let 0 < J < ¢, we obtain:

T(t,o)w +/

I T(t, $)Q(s)| < K elate)(t—s) < Ke(‘”‘”(t's), t<s.

Proceeding as in the previous lemma we obtain:

H /tooT(t, S)Q(S)f(S,f(s))dSH < Kelatot /t°° h(s) !i(is))lsl ds

11



and so the above integrals are convergent. Also,
15Tt 5)P(s)f (5, 2(s))ds]| < K [} tme*¢=2)h(s)||z(s) | ds <

Kett™ [t emesh(s)||z(s)||ds

Therefore,
1 || DI peo-st N (1O N i lz(s)|
tTM“T(t a)wl| < pryvon /a e’*h(s) s ds + = : h(s) (55 ds
If Q(o)w # 0, we have
1 1 ~late)s
e 1T (4 0)Qo)w]| > gomem(etdtelerallt=e) = eK—tne(H) = oo,

as t — oo.
This implies that Q(o)w = 0 and so P(o)w = w. Then

a:(t)TTl T(t,0)P(o)w + [ST(t,s)P(s)f(s,2(s))ds — [ T(t,s)Q(s)f (s, (s))ds.

K o0
N P P Sy e TR
tneat sneas the et ; sheas
If we let u(t) := % and (t) := t"e~* and apply Lemma (3.1), we obtain that
u(t) == |ln a)tl is bounded for t > o. [ |

Theorem 3.4 Let A(t) : D C Z — Z be a generator of an evolution operator T'(t,s).
For a fired o € R suppose that the system (2.1) has solutions with Liapunov number o
and there ezists integer N > 1, such that for each solution y(t) of (2.1)with this property,
there exists integer 0 < £ < N — 1, such that ||y(¢t)|| = t‘e®. For each0 < £ < N —1 we
assume that we have a Polynomial-Ezponential Dichotomy as in Definition 2.1.

Then if z(t) 1s a solution of (2.2) with Liapunov number o then there exists solution

y(t) of (2.1), such that

t) —y(t
L0 vl
tvoo |y (#)]]
Moreover there exists £, 0 < £ < N — 1, such that ||z(t)|| = tfe>t.

Proof: From the previous lemma it follows that ~;|q|?:(f—e|;|,— is bounded for t > o. Let
¢ := min{m € {0, - - — 1} : L2Wllis bounded for t > o}

tmeat

As in Lemma (3.2) we obtain

2(t) = y(t) + / T(t, 5)(P(s) + S($)1F (s, 2(5))ds — / Tt 9)(QUs) + U f (5, 2(5))ds,
(3.1)
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for 'tﬂ% o, where y(t) := T(t,0)[z(0) + [ T(0, s)Q(s) f (s, z(s))ds]

llz(t)—y(t)]| <M/ t=1sN et p(s e“”[|ac(s)]|ds+M/ ttsV=leh(s)s 7t |z(s)||ds.
t

Therefore,

PO <ottt {3 [ s¥niopas + [~ tnispas |

As in Theorem 2.5 we obtain,

lim M = .

t—00 tteat

This implies that ”T”,’T is bounded, for ¢t > o > 0.
Suppose first that £ = 0. In this case, we have that e=*||z(¢)|| is bounded for ¢ > o.
From (3.1) it follows:

#(t) :T(t,o)w—l—/ T, s)S(s)f(s,a:(s))ds—/tooT(t,s)[Q(s)+U(s)]f(s,a:(s))ds, LS o

where w := T(t,0)[z(0) + [ T(0,)[Q(s) + U(s)] f (s, z(s))ds]
We claim that [Q(c) + U(o)]w # 0. If this is not the case then we have S(o)w = w
and so:

IT(t, 0)wll = IT(t,0)S(o)w|l < Ke© I Dju||, t >0

Then we have:

@Il < ||T(t,0)wl|+/ 172, 8)5(8)Ilh(S)III(S)|l@’8+/tOo 1T (2, 8)Q()l[h(s)l|z(s)llds, t >0

t o0
lz(t)]] < Kel* ¢ jw||+ / Ke@ 9 In(s) ||z (s) | ds+ / KsN1et=In(s)||z(s)|lds, t > o.
o t

Therefore, for t > o, we have:

t oo
e z(8)]| < Ke @ wl|+K / e~(@=||(s) | ds-+e” / e™*sM " h(s)e™ @[z (s)||ds.

From Lemma 3.1 it follows that e~(@=)¢||z(¢)|| is bounded for ¢t > o, which contradicts
the fact that z(¢) has Liapunov number a.

Since ly t)“ is bounded for ¢t > o, we have that U(o)w = 0.
ec
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Then have that 0 < liminf,_, llv Eft)” < limsup,_, o ot < 00, which implies that

0 < lim inf,_, oo B < lim sup, ”’;Ef?” -

If £> 1, from (3.1) we obtain:

ol < I+ | ¢t e h(s)s~teao)ds21 [ tis¥ 1 eh(s)s~4em a(s) s

We claim that FL]%LJ? is not bounded in [0, 00). Let us suppose that t”glte),l,'t < L. Then
we have,

|z (¢ )” ly(®)] +M/ Neath(s)ste=0%|z (s )“ds-i,-Mt/oo sV e h(s)s b7 ||z(s)]|ds.

te loat — té leat

Therefore,
(B0l foveny oy 2@ RPN CIO]
iicay S LM [ h(s) s +Mt/t sV h(s) o ds.
t
From Lemma (3.1) it follows that llige)ilt is bounded, which contradicts the definition
of £.
Therefore,
ly@ll _ . lv@Il _
0< hmclxljlf o) Shrtllilolp g
ki =) (o)
_ T
0<htrgéglf HTgat Sllgl’_lfxl)lp Ty < 00

Remark 3.5 All the examples to be included in the next chapter are special cases of the
class that will be described below.

Let Z be a Banach space and A : D C Z — Z be a generator of a Cy-semigroup T'(t).
Let # € R be such that the set £5 := {\ € 0(A) : Re(\) > (} is finite and every element
of this set an eigenvalue of A with finite dimensional generalized eingenspace. Let A € £,
and o := Re()). let m+1 € N be the least integer k such that N'(A—XI)k*+! = N (A-XI)k.

Let f: R X Z — Z be a continuous function such that ||f(¢,z)|| < h(t)||z||, where
h: R, — R is a continuous function such that [ t™h(t) dt < co. Consider the equations:

y=Ay (3.2)

& = Az + f(t,z) (3.3)

The conclusions of Theorem (2.5) hold for any solution y(t) = tfe® of (4.1) with
0 < £ < m. The conclusions of Theorem (3.4) hold for any solution z(t) of (4.2) with
Liapunov number greater than f.
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4 Examples.

Example 4.1 Consider the following matrix given by a Jordan block of dimension m +1:

For each 0 < ¢ < m, the projections of (2.5) or (3.4) are given by:

e s 0 0 —Js
P(s)i=¢e <0 Ig)e

Q(s) :=¢’* (Im61_e 8) e=’*

In a natural way one can extend the above definition to general linear differential
equations with constant coefficients defined in finite dimensional spaces.

and

Example 4.2 Consider the retarded functional differential equations:

v = L(y:) (4.1)

= L(=z) + f(t, ) (4.2)
with appropriate conditions on L and f. This example is discussed in [18]

Example 4.3 Let Z := L?(0,7)". Consider the equation:

2
g—? = g;; + Jyu (4.3)
with Dirichlet boundary conditions, where J, is defined as above, v € R and
U1
=
un

If we indicate by T;(t) the analytic semigroup associated to the operator A := 6%25 :

(H2(0,7)NH(0,m))¥ — (L*(0,7))" and by T'(t) the semigroup associated to A+ J, then
T(t) = e’+*Ty(t) and the spectrum of A+ J, is given by {y —n? n € N}. Each eigenvalue
has multiplicity N and the generalized eigenspace associated to it has dimension N.

In fact, one can show that the semigroup has the form:

(e o]

TH)z= Z e "t P,z

1
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sin(nz)
where P, is the projection in the direction of the eigenfunction
sin(nz)
For a fixed ng and 0 < £ < N — 1, one can define the projections P(s), Q(s) given in
(2.5b) and (2.5¢) by:

P(s) i= e™ (g 2) e Pa,, Q(s) 1= €™ (ff{)—f 8) e,

In this case the projections S(s), U(s) given in (2.5a) can be defined as:

ne—1

U(s) = Z P,., S(s) :=I——iPn

The estimates given in (2.5a) can be obtained in a natural way.

Remark 4.4 With some adaptations, the above analysis can be extended to a more
general problem, given by:
ou 0%u

with Dirichlet boundary conditions on a bounded domain 2 C R", where B, D are N x N
matrices, such that BD = DB.

Under certain conditions, using results presented in Hale-Lunel [8] and Wu [25], one
can obtain similar results for Partial-Functional Differential equations, including the case
of infinite delay.
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Resumo

Neste trabalho discutimos a equivaléncia assintdtica entre uma equagdo de evolugdo linear
e uma perturbada. Discutimos as dificuldades que aparecem no caso de dimenséo infinita.
Apresentamos o conceito de Dicotomia Polindmio-Exponencial, que teve um papel
importante na resolugdo do problema. Analisamos aplicagbes a Equagoes Diferenciais
Ordinarias, Parciais, com Retardamento e Neutras.
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