





2 LOURENCO AND PELLEGRINI

Now we fix some notation. In that follow, Bg is the closed unit ball of a complex
Banach space E. We consider a decreasing sequence w = (wi)ien of positive real
numbers satisying w € ¢g \ /; and w; = 1 and the complex Lorentz sequences space
d(w, 1) given by

d(w,1) = {z = (za) : sup{z |Zx(n) s : 7 is @ permutation of N} < +oo}.

n=1

The norm is given by

oS
Zi|d(w,1) 1= su ZTx(s)|wi < 00.
lellacwsy 1= sup 3 lzrgo|

=1

The norm is given by

llagw,1y = sup =Zl |z 25y lwi < oo.
where II is the set of all permutations of the natural numbers. It is well-known and
easy to verify that the above supremum is attained for the decreasing rearrangement
of z. The usual vector basis (e,) is a Schauder basis. A somehow canonical predual
d.(w,1) of d(w,1) is given by
 Tonalal:
d.(w,1 ={1= T;)ieN € :hm-L"——=0},
1)~ {z = e € o fim T
where ([z];) is the decreasing rearrangement of (lz};) and the norm on d,(w,1) is
given by
k .
flz|| = sup L’}f‘[x}'.
koo i—1 Wi

The space d.(w, 1) has a Schauder basis (en).

2. POLYNOMIALS

In this section we are interested to caracterize the range of restriction operator
£ when F is the space of m-homogeneous polynomials on the predual of Lorentz
space d,{w,1).

For a complex Banach E with dual E', Bg denotes the closed unit ball of E.
P(™E) denotes the Banach space of all continuous m-homogeneous polynomials on
E with the norm |P|| = sup,ep, | P(z)|.

In [1] Aron and Globevnik showed that if E = ¢, the range of R for F = P("¢,))
is the space l; = ¢, for all n € N. The natural question here is: if the Banach
space E has a Schauder basis with similar properties of the canonical basis of ¢y (for
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example shrinking or unconditional) is it possible the range of R(P(*E)) = E'?
We are going to show that in spite of the Schauder basis in d.(w, 1) has the mencined
above properties the restrition operator R is totally different in the predual of
Lorentz space.

We recall (see [1]) that for every natural number n > 2, the generalized Rademacher
functions (s;) are defined inductively as follows. Let a; = 1,ay,..., @, be the com-
plex n-th roots of unit. For j = 1,--+,n let [; = (=L, £) and let I;, ;, denote the
jo-th open subinterval of lenght % of I;, (ji.jz = 1,2, ,n). Proceeding like this,
it is clear how to define the interval I ... ;, for any k. Now s; : [0,1] — C is defined
by setting s,(t) = o; for ¢ € I;, where 1 < j < n. In general, si(t) is defined to be
a; if ¢ belongs to the subinterval ;... ;, where j; = j. There is no harm in setting
sg(t) =1 for all endpoints &.

The next lemma gives us the basic properties of the sequence (s;) of generalized
Rademacher functions which we will need. The verificatiom of these properties fol-
lows exactly the same lines as the corresponding result for the classical Rademacher
functions.

Lemma 2.1. For each n = 2,3,..., the associated Rademacher’s functions {s;}ren
satisfy the following properties:

(a) |si(t)] = 1,Vk € N, Vit € [0,1].
(b) For any k1,. .., kn,

/skx(t)"-sk,,(t)dt={ 1, fky=ky=-- = ky
]

0, otherwise.

Proposition 2.2. For eachn €N, let P € P("d.(w,1)). Then

(P(e))illageny S 1P|

where w" denotes the sequence (w]);.

Proof. Let P € P("d.(w, 1)). Considering a permutation 7 : N - N. We define

|Ple)] . .
A= { Ples)’ if P(e;) #0;
< 1 if Ple;) =0.

Hence, \:P(e;) = |P(e;)]- Let B; € C such that 8} = A;. Let P denote the sym-
metric n-linear associated mapping to P. Let (s;) be the sequence of generalized
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Rademacher functions corresponding to n. For each m € N we get

m m
Y wiplPle)l = 3 wiyhPle)

a1k i (/s.-(t) h 'S‘n(t)dt)w:(i)'\ip(e.', s €in)

1

(X Butgs)sa®Ple....e)d

0 I‘,l’g,...,i’n‘—‘l

/P(Z ﬁ.-w,(;)s;(t)e,-, - 1) Z B;nw,(;n)s,-- (t)e;)dt
0

=1 in=1

i

L m
/P(Eﬂiwx(i)si(t)e")dt. (%)
0 i=1

Foreach ¢ € [0,1], we define 2(¢) = 37, Biwngi)si(t)ei. So, |2(t)i] = |Biwngysi(t)] =
1wy - 1 = weg, if § < m, and |2(8)i] = 0, if § > m.
Hence,

SEOE Y

2 (®)llautwury = sup = —— < sup Tr— =1,
2w 2w
=1 =1

In the last inequality we used that the sequence (w;) is decreasing. Consequently,
for each t € [0,1], [P(2(t))| < ||P||- Then, for (*), we get

3w |Pe)] = / P(a(t))dt < || P).

i=1

o0
Since m is arbitrary, Z wa | P(es)] < || P, therefore

i=1

H(P(e:))illagam 1) = sup ) wi Pled] < 1P

i=1
O
From this proposition we conclude that R(P("d.(w, 1))) C d(w™,1). Our main is

to determine R(P("d.(w,1))). In order to do that we will establish the following
lemma.
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Lemma 2.3. Let p > 1 and let k € N. Given o, ..., 04 positive real numbers, then
there exists ° in the group of permutation Si such that for every T € By (w1) we
have

Ealele < ZO‘J 70(5)°

j=t

Before we proof the lemma we need some additional proposition, which the proof
is in [2] and let us recall that a point e of a convex subset A of a vector space is
called eztremal if € = tz + (1 — t)y for some t € (0,1) then, it hastobee =z =y.
We will denote by ext(A) the set of extremal points of A and Bf_(wJ) will denote
the unit ball of C* with the norm given by d.(w,1).

Proposition 2.4. [2] The extremal points OfB:li‘.(w,l) are the ones that (zy,...,z,0,0,...
where there exists m € Sk such that |z;] = wq(.

Proof of lemma 2.3: Among all the permutations = € S, let 70 be the one that
k

maximize the sum E ajw,’;(j). Let z € By, (w,1) We consider = (z1,...,%,0,0,...).
i=1

It is easy to see that # € B, (w, 1) By Krein-Milman’s theorem, we have Bd (w =

co(ext BY (0, 1)) So, % € co(e:cth (w, 1)) Firstly, we suppose that # € co(ezth.(w’I))

Hence, & = Z/\'z' where A > 0, 3.7, X = 1, and for each i, z' is an extremal

point of BE (wn1)” 9 for each 1 < i < m, there exists 7' € S; such that |zi| =
W), V5 < k. Then, for each j < k we have that

k k m
> aleP EMZ'\' LEPLINLS P3N Y el
7=1 =1

3=1 =1 i=1  j=1

m k
< Z’\'Z"J 0) = 2"‘1“’:*’(1)

=1 j=

In case £ € c_d(e:ttB;‘.(wvl)) \ co(exth_(w,l)), we can just consider a sequence in
co(ezth.(w 1)) Which converges to % then it takes the limit. 0O

In the next theorem we will use the lemma above in order to determine R(P(*d.(w,1))).

Theorem 2.5. For each n € N, R(P(*du(w,1))) = d(w",1).
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Proof. Using the proposition 2.2 we get, R(P(*d.(w,1))) C d(w",1). On the other
hand, let y = (y:) € d(w",1) and let consider the polynomial in d,(w, 1) defined by

P(z)= "y}, = = (z).

=1

By lemma 2.3 P is well defined since, for each z € By, (wa)

k k
Y lwllzd <Y el < 1yllan s

=1 i=1

for all kK € N. Then > 77 |yiz?| < co. Obviously R(P) = y. o

Remark 2.1. The lemma 2.3 could be used to give another proof for the well-
known result : if w € I, for p > 1, then d.(w,1) C ;. It could be done just taking
the a; ‘s equals to 1 and so we get

k k
D lailr £ wha, < Julf} < oo
i=1

i=1
3. ANALYTIC FUNCTIONS

In this section, we will discuss the behaivor of the range of the restriction operator
R for the following Banach spaces of analytic functions:

A*(Bg) = {f: Bg = C: f is analytic in BOE, continuous and bounded in Bg}

and
Au(Bg) = {f € A*(Bg) : f is uniformly continucus}.

We remark that theses space are the natural generalization in infinite dimensional
of the disc algebra.

In [1] Aron and Globevnik havei proved that any sequence of 0 and 1 can be
interpolated by a function in A*(B,) with norm 1. More precisely, if S C N is
an arbitrary set, then there exists a function with norm 1 in A*®(B,,) such that
flea) =1,ifn € Sand f(en) =0, if n & S. Besides, if S is finite, f can be taken in
Ay(B.;). An analogous result in d,(w,1) holds, since for each z € d.(w,1) we have

k
X [ea)

el = lels < sup "5 — = Jo

2 Wa

n=1

de(w,1)y

that means the canonical inclusion i : d.(w, 1) — ¢o is continuous and, consequently,
uniformly continous and analytic. More precisely, we have the following lemma.
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Lemma 3.1. Let S and S’ be disjointed subsets of N. Then:

(i) There ezists a function f € A%(By,(w,1y) of norm lower or equal than 2 such
that

I, fnes;
fles)=4¢ -1, fnes,
0, otherwise.
(1i) If both of the sets S and S’ are finite, then the function f above can be taken
in Au(Ba.(w.))-

Using the previous lemma, we obtain the following properties of R(F) being F
the mentioned spaces.

Proposition 3.2. (i) Given z € I, there exists f € A®(By,(w,)) such that R(f) =
z and || f|| € 4||z}lco. Consequently, R{(A™(By.(w1))) = leo-

(ii) Given z € ¢, there ezists f € Au(Ba.(wy)) such that R(f) = z and ||f|| <
10||z][co- Hence ¢ C R(Au(Ba,(w)))-

Proof. (i): If = = 0, it is enough to take f =0. Let = # 0. First assume that for
each n, z, € R. So, for each n € N, ” ” ﬁ

ZZ ’a,,,J, where each ay; is 0, 1 or —1. For each

|| || ;
3=1
jylet S ={n€N:a,, =1} and S} = {n € N: a,, = —1}, and let consider the

€ [-1,1] and we write in its binary

representation, it means,

function F; obtained by using the lemma 3.1, item (i). Let f = Z2'j||z||F,-. We
i=1
can see that

flen) =3 27 el Fen) = nznZ?"a" Il = o

=1
and for this case -
171 <> 27 el Fll < 2llzleo-
j=1

In the general case, for each n € N take z, = pa + ign, where p,,¢. € R. Hence
using the proof of real case we get that f, and f, and we consider f = f, +1if; with
AL < N foll + Lfell £ 4|2]leo- So, f is the desired function.

(31): Let = € c. We assune that for each n € N, z, € R. Let | = lim, 2, and
let define Bn = 7, — | and B = (Bn)a. Hence, z, = 1 + Bn and |8l < 2||2]l-
Now using the same argument of item (i) for 8, we obtained the functions F; in
Ap(Bi.(wy)), since B, — 0 we have that the sets S; = {n € N: oy, = 1} and
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5} ={n € N: o, = —1} are finite Hence, f = EZ'N[ﬁ“F,- + 1 is the function we
Jj=1
were looking for, and in this case

Il < 2MiBlleo + 11} < 4ll2l| + Jl2l} = 5{l=]|-

The general case it is similar to the item (i). We write each /3, in the form p, +ig;,
where pn, g, € R and we get f such that || f|] < 10{[z]|c. a

The above proposition gave us ¢ C R(Au(Bjy,(w,1)))- But, we characterize, in the
next theorem, under some hypothesis on w, the range of the restiction operator R
associated to the usual basis of d, (w,1).

Theorem 3.3. Let w € g\l be a decreasing sequence of positive real numbers. So,
R(Au(Bi,w1))) = ¢ if, and only if, w € l,, Vp> 1. If w € I, for some p > 1, then
R(Au(Ba.(w,1)) = loo

Proof. Let us assume that w & I,, Vp > 1. In view of proposition 3.2 it will suficient
to show R(Au(Bi,w,z)) C c. Let f € Av(Bjy.(w))- As f is uniform continuous
given £ > 0, there exists § > 0 such that ||z —y|| < § = |f(z) — f(v)| < £/2. Hence,
taking 1 — & < r < 1 we have that for all z € Ba,(w,), lz —r2]| <1 —r < & and
therefore,
|f(7’$) | f(z)l < 6/37 Va € Bd.(w,l)-
The function  ~ f(rz) is analytic and bounded in : f?d_(.,,vl). Hence, the power

series of f(r - ) at zero converges uniformly in 1 f}d_(w,]) (see theorem 7.13 in [6]).
Then, there exist m € N and P; € P(*d.(w,1)), k=0,1,...,m, such that

m
|f(rz) = 3" Pu(z)l < £/2, ¥z € Bu,(uy)-
k=0
Therefore, for all z € By,(y,1), we have

1£(z) = Y Pi(a)| < If(2) = fra)| + [f(re) D R+ <e,
k=0 k=0
in particular, |f(e,) — Y fe, Pe(en)| < &

Asw ¢ I, Vp > 1, by [7] it follows that, for each k = 1, ..., m, the polynomials P;
are weakly sequentially continuous, it means P; applies weakly convergent sequences
in convergent sequences. Since (e,) converges weakly to zero, we have, for each
k=1,...,m, Pi(e,) converges to zero and so

lim|f(ea) = Y Pa(en)| = |lim f(ea) — £(0)] < e.

k=0
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Hence f(e,) — f(0) and R(Au(By.(w,))) C ¢
In case w € I, for some p > 1. by remark 2.1 we have that d.(w,1) C ly, for

N > p. Hence, given any sequence y = (yn) € lo, we can define a polynomial in
P(Nd,(w,1)) by

P(z) = Zy,‘zn’v, z = (z,).

n=1

Therefore, R(P) = y. The proof is now complete. a
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