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LOCAL STRUCTURAL STABILITY OF ACTIONS OF R™ ON
n-MANIFOLDS

J. L. ARRAUT AND C. A. MAQUERA

RESUMO. Seja M™ uma variedade compacta de dimensdao m e ¢ : R" x M™ —
M™ uma agio de classe C'. Introduzimos o conceito de érbita singular transver-
salmente hiperbdlica para uma agdo ¢ e exploramos este conceito na sua relagio
com a estabilidade. Nosso resultado principal estabelece que se m =n e O, é
uma drbita compacta singular de ¢ que é transversalmente hiperbdlica, entdo ¢
localmente estruturalmente estavel em O, .

ABSTRACT. Let M™ be a compact m-manifold and ¢ : R* x M™ — M™ a C!
action. We introduce the concept of transversally hyperbolic singular orbit for an
action ¢ and explore this concept in its relations to stability. Our main result
says that if m =n and O, is a compact singular orbit of ¢ that is transversally
hyperbolic, then ¢ is locally structurally stable at O, .

1. INTRODUCTION

Let M (resp. N) denote a compact orientable m-manifold (resp. n-manifold)
and A"(R™, M), r > 1, the space of C"-actions of R® on M with infinitesimal
generators of class C” and the topology defined by saying that two actions are C-
close if its infinitesimal generators are Cl-close. Take ¢ € A"(R", M) and p € M.
The @-orbit of p will be denoted by Op(yp) or simply by O,. If dim O, < n, then
Op is called a singular orbit of ¢ and when dim O, =0 p is called a fized point of
¢ and O, a point orbit. An action ¢ is called singular if every ¢-orbit is singular.
The possible topological types of the orbits of ¢ are T% x R, with 0 < k+£ < n,
where TF = S1 x --- x S k-times. Very little is known about actions of R, n > 2,
compare to what is known when n = 1. Camacho, in [4], defined the concept of
hyperbolic fixed point of an action ¢ and proved that if p is a hyperbolic fixed point
of ¢, then ¢ is locally C! structurally stable at p. Here we introduce the concept
of transversally hyperbolic singular orbit of an action ¢; this concept coincides with
Camacho’s definition of hyperbolic fixed point when O, is a point orbit. Next, we
explore this concept in the particular case m = n and prove the following theorem:

Theorem 1.1. If O, is a transversally hyperbolic compact singular orbit of ¢ €
AT(R™ N), r > 1, then ¢ is locally C* structurally stable at O, .
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We also show, see Example 3.1, that Theorem 1.1 is not necessarily true when
n < m. It is natural to ask if the reciprocal of Theorem 1.1 is true. In [1] we
answered this question negatively in the case of real analytic actions. In fact, for each
n > 2, we exhibited a family %, C A“(R™, N) of singular actions such that each
¢ € %, has a first integral and besides ¢ is C! structurally stable. But a compact
singular orbit of ¢ € %, can never be transversally hyperbolic. With regard to
global stability, it seems reasonable to conjeture that if every compact singular orbit
of ¢ € A"(R™, N) is transversally hyperbolic, then ¢ is C! structurally stable. Up
to now, we can prove this conjecture for n = 2 and also for n > 2 in some particular
cases. This topic will be considered in a future paper. The problem of characterizing
the local structural stability of a compact singular orbit of a ¢ € A"(R™, M) is far
from been solved.

2. TRANSVERSALLY HYPERBOLIC SINGULAR ORBITS

M will denote a closed connected and orientable differentiable manifold. A C7-
action of Lie group G on M isa C"™-map ¢ : G x M — M, 1 < r < w, such
that o(e,p) = p and @(gh,p) = ©(g,¢(h,p)), for each g,h € G and p € M,
where e is the identity in G. O, = {p(g,p); g € G} is called the p-orbit of p.
Gp = {9 € G; v(g,p) = p} is called the isotropy group of p. For each p € M the
map g~ ¢(g,p) induce an injective immersion of the homogeneous space G/G)p in
M with image Op. When G = R", the possible y-orbits are injective immersions of
Tk xR 0< k+1<n, where TF =81 x --- x S, k times.

For each 0 < i < n—1 let Sing;(¢) = {p € M;dimO, = i} and Sing(p) =
U4 Sing; (). If p € Sing(p), Op is called a singular orbit and when p € Singy (i),
O, is also called a point orbit and p a fized point by ¢. We also write p €
SingS(), i = 1,...,n — 1, when O, is a T'-orbit. If Sing(y) = M, we call ¢
a singular action.

For each w € R"\ {0} ¢ induz a C™-flow (¢!)ier given by ¢t (p) = ¢(tw, p)
and its corresponding C"~!-vector field X is given by X (p) = D1p(0,p) - w. If
{ws,...,w,} is a base of R™ the associated vector fields X, ,..., Xy, determine
completely the action ¢ and are called a set of infinitesimal generators of ¢. Note
that [Xu,, Xw,;] =0 for any two of them. We denote by Xj,..., X, the infinitesimal
generators of ¢ associated to the canonical base of R™.

Denote by A"(R", M) the set of C"-actions, 7 > 1, of R™ on M such that
their canonical infinitesimal generators are also C” vector fields. Given two actions
{p; X1,...,Xn} and {¢;Y1,...,Yn} define dp(p,¥) = lrgfganXi—Yin. A"(R™, M)

is a metric space and the corresponding topology is the C*-topology.
The notions of topological equivalence and C* structural stability that we use here
for actions are the standard one’s.

2.1. Camacho’s results on hyperbolic fixed points. In this subsection we give
the definition of hyperbolic fixed point due to Camacho [4] and enunciate without
proof his results that we shall use in this paper. Let E be a m-dimensional real
vector space and Aut(E) the group of its linear automorphisms. Consider Lie groups
G, H of the form RF x Z¢. A homomorphism g : G = R* x Z¢ — Aut(E), is called
a linear action of G on E. By definition rank(G) =k + .
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Definition 2.1. A linear action p is said to be hyperbolic if it satisfies the following
properties:

(a) if k+£ =1, then for each s € G, s # 0, all eigenvalues of g(s) have modulus
different from 1;

(b) if K+ ¢ > 2, we give the definition by induction on k + ¢. Assume that
we already defined hyperbolicity for linear actions of groups H such that
rank(H) < k + £. Then, ¢ is hyperbolic if:

(b.1) There exists a decomposition E = €, E;, p-invariant, such that o is
transitive on each connected component of E; \ {0} for each t.

(b.2) The action x: = ¢lg, (o) : Gu(0) — Aut(@t,# Ey), v € By is hyperbolic
for each ¢. This makes sense since from (b.1) rank(G,(p)) = rank(G) — 1.

A fixed point p of ¢ € A"(RF x Z¢ M) is said to be hyperbolic if the induced
linear action o : R* x Z¢ — Aut(T,M) given by po(g) = Dyy(p) is hyperbolic.

Example 2.2. Each linear action o : R? — Aut(R?) is of the form po(t;,ts) =
exp(t1 Ay + taAp), where A;, 1 = 1,2, is a (2 x 2)-matrix and A; Ay = AsA;.
Assume that p is hyperbolic, then except for a linear change of coordinates, there

are two cases:

(i) if A; = (‘5: _i> , i=1,2, then a0 — f1as # 0. The orbit structure is like
in Figure 1(a).
(ii) if A; = (’\" 0_) , 1 =1,2, then Ajpg — p1A2 # 0. The orbit structure is like in

0 i
Figure 1(b) .

B
S'xR-orbit Forbit | R-orbit
0
Brorbit |R*orbit
(a) (b)

FIGURE 1.

We shall make use of the following results on hyperbolic fixed points whose proof
can be found in [4].

2.1.1. Let p be a hyperbolic fired point of an action ¢ : (R x Z) x M™ — M™
with m < k+1 and g: R* x Z* — Aut(T,M) the induce linear action of ¢ at p.
Then,
(i) there exists a neighborhood V of p, and a homeomorphism h :V — T,M
such that hopg = o(g)oh.
(ii) ¢ is C1 locally structurally stable at p.

For each g € R™ put R"(g) = {tg;t € R} e R%(g) = {tg;t > 0}. A cone on R" is
a set C = Ugeip)R%(g), where i: D — R™ — {0} is an affine embedding of a d-disk
D, 0<d<n.
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Let p be a hyperbolic fixed point of ¢ € A"(R™, M™). There exists a decompo-
sition T,M™ = (P, E; invariant under the induced linear action p : R® x T,M™ —
T,M™, where either E; is straight line and E; — {p} is the union of two R-orbits
or E; is a plane and E; — {p} isa S' x R-orbit of p. The isotropy subgroup Gi(v)
of a point v € Ey — {0} does not depend on the v and G; = R"~! (R""! x Z) if E,
is a straight line (a plane).

2.1.2. Let p a hyperbolic fized point of ¢ € AT(R*, M™), r > 1, and p : R x
ToM™ — T,M™ the induced linear action. Let G be a closed subgroup of R", Eq =
Fix(o|g) and Vg = Fix(¢|g). Then Vg is a C™ submanifold of M tangent to E¢
em p and for any cone C C G — UGy with G ¢ G} the subsets

We(Ve) = {g € M™;limg_.o0 (9, 9) € Vi, g € C},

W¢(Va) = {g € M™;limg—o0 p(—9,9) € Vi, g € C}
are C"-submanifolds that intersect transversally along Vo and also ¢y is normally
hyperbolic in Vg, for every h € C.

It follows from 2.1.2 that there exist @-invariant submanifolds V; diffeomorphic to
E; and tangent to E; at p, were V; = Fix(¢|g,)-

2.2. Transversally hyperbolic compact singular orbits. Before giving the def-
inition of transversally hyperbolic singular orbit we need two trivialization lemmas.
Let D™= {{m1,«:+;%m) € R™; |5| < €}, & > 0, and a%‘, = (0, .5 0,1,0,. ., 0} the
constant vector field.

Lemma 2.3 (k-flow box). Let ¢ € A7(R¥, M™) with infinitesimal generators X1, ..., X,
and Op a k-dimensional orbit. There exists a C"- diffeomorphism h : V, — DI,
where V), is a neighborhood of p, such that h,X; = 6% i DT, foreach i=1,... k.
Proof: Let p: U — Uy be a chart of M™ with p(p) =0 and Y; = p,X;, @ =
1,..., k. There exists a neighborhood Vy C Uy where the local flows ;! define a local
C"-action ¢ : Df x Vo — Uy dada por ¢(71,...,7k, @) =Y¥{" o- -~onT’°(z). Let H be
a subspace of R™ orthogonal to subspace generated by the vectors Y;(0), ..., Y%(0),
Wo=HNVy and 9 : D’TC x Wo — Up the restriction of ¢. Take a base {ei,...,em}
de R™ such that {ei,...,ex} is the canonical base of R* and {egy1,..., em} is a
base of {0} x H. Since D(0,0) : R* x H — R™ is an isomorphism, there exists an
e > 0 such that the restriction of 1 to D™ = DF x D™~* is a diffeomorphism onto
its image. Put V, = p~1(x(D™)), then h =1~ op is the desired chart. O

Remark 2.4. Note that the diffeomorphism h = h(yp) : V, — D* depends contin-
uwously on ¢ in the following sense: given n > 0, there exists § > 0 such that if
B € AT(RF, M) is 6§ C'-close to o, then h():V, —» D™ is n Cl-close to h(yp)
m VpN \7p '

A pair (Vj,h) as in Lemma 2.3 will be called a k-flow boz at p. If ¢ € Op with
q # p, then there exists u € RF such that X! (p) = q. We shall call v = {X!(p);0 <
t <1} an arc of ¢ in Op. By using Lemma 2.3 one can also prove:

Lemma 2.5 (Long k-flow box). Let ¢ € A"(RF, M), O, a k-dimensional orbit of
¢ and v C Op an arc of ¢ in Op. Then, there exists k-flow box (Vy, h), where V,
18 a neighborhood of ~y.
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Let Op be singular k-dimensional orbit of ¢ € A"(R", M™) and G, its isotropy
group. Call Gg the connected component of G, that contains the origin and let
H be a k-dimensional subspace of R™ such that R® = H @ G’g. Let {wi,...,wn}

be a base of R™ such that {wi,...,wi} is a base of H and {wjy1,...,w,} is a
base of Gg, and {X; = Xu,;i = 1,...,n} the corresponding set of infinitesimal
generators. Note that Xj11(q) = -+ = Xu(q) =0 for every ¢ € Op. We shall say
that X1,..., X, is a set of infinitesimal generators adapted to O, .

Applying Lemma 2.3 to the action ¢ restricted to H we obtain a chart h: V, —
D™ of M™ such that if (§,z) € D™ = D* x D™ % then the vector fields X; in
this chart can be written

0 .
( ) Xt(G,fE) = @, Z—L...,k?
¥ 7] = g .
Xkti(0,2) = Zaji(l')afoj + Z aji(m)é"m’;a i=1,...,n—k
j=1 j=k+1

A chart like above is called adapted to O, at p. The vector fields

= 0
X’i = Z aji(x)a—zj, 7 = 1,...,71—](3,
j=k+1
define a local action ¢, of R"™* on D™ * having 0 € D™ * as a fixed point.
When p is a fixed point of ¢ then a chart adapted to O, at p will be any chart of
M which contains p. In this case X; = X;, i =1,...,n. It can be verified that ¢,
has the following two properties:

(1) Although ¢, depends on the chart (V,,h) which in turn depends on H, the
fact that 0 € D™ * be a hyperbolic fixed point of ¢, does not depend on the chart.

(2) If g € Op and q # p, the there exists a chart (V},h) adapted to O, such that
qeEVp.

It follows from the two properties above that the following concept is well defined.

Definition 2.6. Let O, be singular k-dimensional orbit of . O, is transversally
hyperbolic if there exist a chart adapted to O, at p such that 0 € Dg‘_k is a
hyperbolic fixed point of the action ...

Remark 2.7. Note that when k=mn—1, ¢, is the local flow of the vector field
v - 0 m—n
Xiilz) = Z;lajn(m)a—xj, = (g s+ 5 %im) € I Lt

Therefore, O, 1is transversally hyperbolic if and only if 0 € D™=+l s a hyperbolic
singularity of X, .

Remark 2.8. Note that {Xl,...Xk,)?l,..‘,)?n_k} define a local R™-action @ on
D™ and that Og4)(P) = O(gey(hopo h~1) for each (6,z) € D™.
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3. LOCAL STRUCTURAL STABILITY

Let O, be a transversally hyperbolic compact singular orbit of p € A"(R", M), n <
m. It is not difficult to prove, from Remark 2.4, that O, is C'-persistent, i. e., given
a neighborhood V' of O, there exists § > 0 such that if dy(y,¢) < &, then ¢ has
a compact orbit O diffeomorphic to O, inside V. The following example shows
that local structural stability is not a consequence of transversal hyperbolicity when
n<m.

Example 3.1. Let 2 = {(z,y,2) € R%22 +y2+22 =1}, N = (0,0,1), S =
(0,0,-1), Xo = 28/dz +yd/dy on R* = {(z,y,0) € R*}, Py : R — S* (Ps: R? —
S?) the projection with focus in V (S) and X the tangent vector field to S? defined
by

X(p) = { (()PN)*XO’ zi?/]

It is clear that X is the meridian vector field on S? and that in a neighborhood
of S (N) using the coordinate system Py' (Pg') X = z0/0z + yd/8y (X =
—20/0z — y0/0y). Now, consider on R x S? the vector fields X; = 9/t and
Xo(t,p) = X(p) and the diffeomorphism

®:RxS?—RxS?% ®,p) =(t—1,p)

It is clear that ®,X; = X; and ®,Xy = X9. Thus X; and X5 induce vector fields
Y; and Y2 on S! x S%, which is the quotient manifold of R x S? of the action
of Z generated by ®. It is clear that [Y;,Y2] = 0. Call ¢ the action of R? on
S1 x 82 with infinitesimal generators Yi,Y2, Og (On) the Sl orbit of ¢ induced
by R x {S} (R x {N}). By construction Og is a transversally hyperbolic compact
singular orbit of ¢ surrounded by cylindrical orbits. If instead of ® we consider the
diffeomorphism ®, given by ®,(¢,p) = (t — 1, Ra(p)), where R, is a small rotation
of S? leaving the z-axis fixed and of an irrational angle a we obtain an action @
C'-close to ¢ which is not topologically equivalent to ¢ in any neighborhood of Og .
Thus ¢ is not locally C! structurally stable at Og.

Let O, be a compact singular orbit of ¢ € A"(R", N) and O a y-orbit such that
cl(O) D Op. Then Gp, the isotropy group of O, is a subgroup of G,. When O,
is transversally hyperbolic one can obtain additional information about the relation
between G and G .

Proposition 3.2. Let O, be a transversally hyperbolic Tk-orbit, 0 < k < n, of
@ € A"(R™,N). Then, there exist a linear k-subspace H of R™ transversal to G
and T C H isomorphic to ZF such that

(1) T* = HN G, is isomorphic to ZF,

(2) T is a subgroup of T¥;

(3) ' =GoNH for each orbit O with O, C cl(O).
Lemma 3.3. Let Op be a T*-orbit, 0 < k < n, of p € A"(R",N) and O a
Th+ x REF~Lorbit, k+1 < € < n, such that O, C cl(O). Then, Go N GY is
isomorphic to R*~¢ x Zt.
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Proof. It is known that G, and Ge are isomorphic to R"™* x Z* and R"~¢ x zk+!,
respectively and that Go C G, and G% C Gg. Let {uy...,upn—¢,v1,...,v61} bea
set of generators of the group G such that {u;...,u,_¢} is a base of GOO. We will
show that Ggﬂ {v1,..., vk} has exactly | elements, but this implies that G ﬂGg
is isomorphic to R"~¢ x Z!, which is the desired conclusion. In fact, assume that
there exists 0 < k' < k such that {vy,..., v} C Gg and let ¢ be the action
of Rk-¥ given by the vector fields X,,, i = [+ k' +1,...,1+ k. Let ¢ € O,
such that g ¢ Oy(€). Since O, C cl(O), there are sequences {p; € O;j € N} and
{t;; €[0,1};¢=1,2...,k+1 and j € N} such that

k-+1
lim p; =p and i ( tivg, | ) =q.
jLOOPJ p an jlglo‘ﬁ ; ij Vi, Pj q
For each i =1,...,k+ [, we can assume, extracting a subsequence if necessary, that
tij — t; € [0,1). Then

k+1 l+k Ik k+1

q=s0(2tivi,p) =<p( >, twi,so(ztwi,p)) =<p( > tivi,p)
i=1 i=l4k/+1 i=1 i=l+k/ 41
which contradicts the fact that ¢ ¢ Op(§). O

Let O, be a transversally hyperbolic Tk-orbit, 0 < k < n, of p € A™(R*, N )
and O;, i =1,...,m, n-dimensional orbits such that cl(O;) > O,. It follows from
Definition 2.6 that there exists s € {0,...,n—k—1} such that O;, i =1,...,m, is
homeomorphic to T*+$ x R**=$_If G; is the isotropy group of O;, i =1,...,m,
then G, 2 R"* x ZF and G; 2Z**, i=1,...,m.

Lemma 3.4. Let O, be a transversally hyperbolic T*-orbit, 0 < k < n. There ezists
a linear k-subspace H of R™ transversal to Gp, such that HN G, is a subgroup
of R™ isomorphic to Z*, and if O is a TF x R¢*lorbit, k+1 < £ < n, with
cl(O) D Op, then Go N H s a subgroup of H NG, isomorphic to Y/

Proof. Let W; be the linear subspace of R™ generated by G;. Then dimW; =
k + s and W; is transversal to G’g. We first show that W, = W;, i = 2,...,m.
Assume that there exists i € {2,...,m} such that W; # W; and choose u; €
G1\Gi, uy € Gi\ Gy such that w=u; —up € GY. Let Xy, Xy, , Xy, € X"(N) be
the associated vector fields. Then X, = Xy, — Xy, or equivalently X! = X! oX7*.
Take infinitesimal generators Xi,..., X, of ¢ adapted to O, so that X, = X,
and a chart (V,h) adapted to O, at p. It follows from X&l|op =1id = XéZIOi that
DX!.(p) = id, i = 1,2. Thus, DX} (p) = id, which is equivalent to DX, (p) = 0.
However, this contradicts the fact that O, is transversally hyperbolic and proves that
Wi=W; =W, i=2,...,m. By Lemma 3.3 WﬁGg is isomorphic to R®. By taking
H as a k-subspace of W such that W = H & (W N Gg), it is easy to check - for
each orbit O with O, C cl(O)- that Go N H is a subgroup of H NG, isomorphic
to Zk. O

Under the same hypotheses of Lemma 3.4, we obtain:
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Corollary 3.5. Let {uy,...,ux} be a set of generators of HNGeo. If O C cl(0;),
then there ezist n},...,nk € N such that {niu,.. ., niuk} is a set of generators of
HnNG;.

Remark 3.6. Assume that cl(O) D O, and that O C cl(0;) for some i =1,...,m.
Let {w1,..., Uk, Uk+1, - -, Uk+l,---, U} be a linearly independent subset of R™ such
that {u1,...,ux} isaset of generators of HNGo and the vector fields {Xy,, ..., Xu,}
are linearly independent on . Consider a segment L that is transversal to @ at
go and such that at least one connected component of L\ {go} is contained in O;
and call 9 = 9¥(p) the locally free C! action of R® with infinitesimal generators
{Xuys- .y Xu,} restricted to U = {Xi o---0X/t(g);q € L and (t1,...,t) € R®}. ¢
satisfies:

(1) O isa 2-orbit, its isotropy group Go(1) is generated by {u1,. .., uk, Uk+1,- - -, Uk}

and HNGo(y) = HNGe;
(2) there exists 0 < I’ < € — k such that Og(y) is homeomorphic to T**+ x
R&FY and HN Gq(¥) = HNG; for each ¢ € UNO;;

Lemma 3.7. There exist a neighborhood Vy of qo in U and C" functions v; : Vo —
Ré i =1,...,k, such that vi(q) = wi and H N Gy() = HNG; is generated by
{v1i(q),-..,vk(q)} for each q € VonO;;

Proof. Let h:Vy, C V — D5 with h(go) = 0, be a ¢-flow box at go. Let D; =
Di(e) = {(z1,...,Te41) € DYz = 0} and Z; = Zi(e) = h~1(D;). The functions
7i : Vg — (—¢,€) given by 7i(q) = —zi(g), where h(q) = (z1(q),...,zes1(q)), are
such that XiTi(Q)(q) €y, for t=1,...,¢ Weknow that X}“(QO) = g0 b= 1isz0;k
Therefore, there exists 0 < § < e such that X}“(Ei(é)) C Vg, i=1,...,k Let
S = () = NEITi(6). Sy is a transversal section to O at go. For each

i=1,...,k, consider the function w; : £, — R’ given by
i1 ¢

(3.1) vi(g) = Y m(Xa (@) + (1 +7( X, (@)wi + Y (X0 ()u; .
j=1 j=i+1

It can be verified that every orbit of X, (4 inside O4(), g € L4y N O;, is periodic
of period one and v;(q) = u;, @ = 1,...,k. We can extend the functions v; to
the open set Vo = Ugex,, (Og(¥) N Vg,) by defining vi(g) = vi(Eg, N Oqg(¥)). Thus,
H N Ggy() is generated by {v1(q),...,v(q)} for each ¢ € VoN O; and the proof is
completed. O

Proof of Proposition 3.2. Let H be given by Lemma 3.4. The result follows from
Corollary 3.5 and Lemma 3.7. O

Proof of Theorem 1.1. There exist a neighborhood V,, of ¢ and a neighborhood V' of
Op such that every ¥ € V,, has an unique T*-orbit O(¢)) in V which is transversally
hyperbolic. We can assume without lost of generality that p € O(), or in other
words, that O(¥) = Op(¥). Let {v1,...,ve} be a set of generators of [*(p) (I'*(¢)
was defined in Proposition 3.2) and {Xi,...,Xn} a set of infinitesimal generators
of ¢ adapted to O, such that X; = X,,, ¢ = 1,..., k. Take a chart s W —s D
adapted to O, at p with h(p) =0 and let ¥ = e 12}
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Let {Y1,...,Y,} beaset of infinitesimal generators of 1 € V,, adapted to O, ().
Since (ENV)NFix(¢r) = {p} = (ENV)NFix(p7), we have that T*() = HNGp(1) is
isomorphic to Z*. Let {1,...,0x} be a set of generators of I'*(1)) such that ¥; = b, 3
is close to X; for i =1,..., k. It follows that () is generated by {nj%1,...,nk0x}.

By reducing the size of V, and V, if necessary, by Remark 2.4 and (ii) of 2.1.1,
there exist a neighborhood Xy of p in ¥ and a topological equivalence g : £g — LNV
between h™'ow, . oh and h™' ot oh at p. Let us consider the C! actions ¢y, 9o :
R x N — N defined by ¢o(t;q) = @(tinvi, ..., tkngvk; q) and oty ..., ki q) =
Y(tinay, . . ., tknkvk; q), where t = (t1,...,t;). Note that the @g-orbits (resp. 1g-
orbits) by points in Xy (resp. ¥ N V) are diffecomorphic to 7% and transversal to
Yo (resp. ¥ N V). The open sets S(p) = Uges,Oq(po) and S(3p) = Ugesnv Oq(vo)
are neighborhoods of Op(p) and Op(v), respectively. If g € S(yp), there exists
t € [0,1]F such that ¢o(t,q) € 9. The map H : S(¢) — S(3) defined by

F(q) = %o(=t,9(o(t, ).

is a topological equivalence between ¢ and 1. O
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