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Abstract

In this paper, we usc the asymmetric Laplace distribution to define
a new method to determine the influence of a certain observation in
the fit of quantile regression models. Our measure is based on the
likelihood displacement function and we propose two types of measures
in order to determine influential observations in a set of conditional
quantiles conjointly or in each conditional quantile of interest. We
verify the validity of our average measure in a simulated data set as
well in an illustrative example with data about air pollution.
Keywords: Analysis of influence ; Quantile Regression ;Likelihood

displacement.



1 Introduction

In regression analysis, it is usual to try to determine whether one observation
might influence the fitted model or not. Some important works in this area
are Cook (1977), Cook and Weisberg (1982), Atkinson (1981, 1982) and
Belsley, Kuh and Welsch (1980), just to name a few. For our work, we
consider the measure discussed in Cook, Pefia and Weisberg (1988) known
as likelihood displacement measure.

However, when we study quantile regression models (Koenker, 2005), we
can not find in the literature related studies. Considering L, regression, which
is a particular case of the quantile regression, Elian et al. (2000) examined
a measure based on the likelihood displacement function. With respect to
quantile regression models, we have to mention that there is a further diffi-
culty, since one could be interested in studying several conditional quantiles
of the response variable. Along with this, it should be noted the concern
about the estimation of the model parameters, because these assessments of
influence usually compare the likelihood of the models of interest in some
way. The second concern might be discarded with the help of recent works,
such as Koenker and Machado (1999) and Yu and Zhang (2005), where the
quantile regression models are connected with the asymmetric Laplace dis-
tribution. With this result, it is possible to calculate a proper likelihood and
make comparisons between models.

For the question regarding several conditional quantiles estimates, we
propose in Section 2 one possible measure with the intention of identifying

influential observations for m fitted models, m > 1.



The rest of the article is organized as follows. We give a brief introduc-
tion to the main methods used in this article, such as the quantile regression,
the asymmetric Laplace distribution and the likelihood displacement func-
tion, in Section 2. Our proposed measure to determine possible influential
observations in quantile regression models is presented with some simulation
studies in Section 3. An application to a data set with information about air
pollution in US cities is given in Section 4. We finish with some comments

in Section 5.

2 Methods

2.1 Quantile regression

Since its introduction in the article of Koenker and Bassett (1978), quantile
regression has become not only an alternative to the least squares method,
but a major tool to study the correspondence between the response variable
Y and explanatory variables not only in a central position, with the condi-
tional mean or median, but also in several other quantiles of the conditional
distribution of the response variable. To this end, we give a brief introduction

to these models in this subsection.

Consider the following linear regression model
v = ;B + € (1)

where y; is ith observation of the vector n x 1 of the response variable Y, ]



is the ith row of the matrix X n x p with the explanatory variables, ¢; is the
associated error of this model with the Tth quantile equal to zero and B- is
the vector p x 1 of parameters associated to the 7th conditional quantile of

the response variable. With these definitions, we conclude that
Qui(7]2:) = 7By,

where Qy, (7|z;) is the 7th conditional quantile of y; given z;. Koenker and
Bassett (1978) defined that the quantile regression estimator, f,, for the
parameters of the model in (1) is obtained by finding

min Z pr(vi — 238), (2)

€R?
A i=1

where p,(u) = u(7 —I(u < 0)) and I(a) is the indicator function taking value
of one when a is true and zero otherwise.

For applications of these models, we refer to Yu et al. (2003) and Koenker
(2005). In the next subsection, we make the connection between the asym-

metric Laplace distribution and the minimization problem in (2).

2.2 Asymmetric Laplace distribution

We consider in this article the definition of the asymmetric Laplace dis-
tribution (ALD) of Yu and Zhang (2005). In this way, we assume that if

Y ~ ALD(u,0,7), then its density function is given by

s 07) = @exp{_pr(y—u)},

o
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where 0 < 7 < 1 is the skew parameter, o > 0 is the scale parameter and
—o0 < i < oo is the location parameter.

If we assume that the errors in (1) are distributed according to an asym-
metric Laplace distribution, with 4 = 0, and the design matrix X is not
stochastic, then we can conclude that y; is also distributed according with
an asymmetric Laplace distribution, with location parameter equal to zf;.
It is reasonable to consider only models with fixed 7, the skew parameter of
the distribution.

From this definition, we can calculate the log-likelihood function L(B,0)

from a sample of n independent observations as

1 n
L(B,,0) = nlog7(1 —7) —nlogo — = > pr(v; — 7if5r). (3)
7=
From (3), we have that the maximum likelihood estimator for the scale

parameter of the model, o, is
~ 1 e 1A
T=4 Z pr(yi — z3Br)-
i=1

Beyond that, we can see that the maximum likelihood estimator for 3, is
obtained minimizing the sum in (3). This is the same problem proposed by
Koenker (1978) and defined in (2). Linear programming algorithms can be
used to obtain 3, (Koenker, 2005).

In the next subsection, we propose an influence measure in quantile re-
gression models using the likelihood displacement function, considering the

results presented in this subsection.



2.3 Likelihood displacement

The likelihood displacement function was first suggested by Cook and Weis-
berg (1982) to help determine influential observations in linear regression
models. In Cook et al. (1988), this proposed function is discussed and com-

pared to other measures. We can define it as
LDi(6) = 2[L(0,y) — LU, v)), i=1,...,n, (4)

where § is the maximum likelihood estimator of 6 based on all observations
and é(i) is the maximum likelihood estimator based on all observations except
the observation . If the value for this function for the ith observation is large,
then this observation is influential because its deletion may cause changes in

important conclusions of the model fitted.

In quantile regression models, § = (8;,7), as we are considering only
models with fixed 7. For now on, let L(f) be the log-likelihood obtained

from a sample of n observations.

We can rewrite the expression in (4) in our problem, as
LD;(Br,0) = 2[L(Br,8) ~ L(B:, 6)],

where BT(I-) is the quantile regression estimator of 3; based on all observations

except observation i. It can be shown that éy; is given by

n

Z p'r(yj - x_’]ﬂT(l))

J=Li#

1
n—1

Ga) =



From (3), we have that
L(B,,6) =nllog7(1 =) —logé — 1]
and
L(Bry, 8sy) = n [log 7(1 — 7) —log 6] — (n—1) — pi(y — 2iBr) /0

Therefore, the likelihood displacement function for the ith observation is

LDi(Br,0) =2 [n log (f;—)) + ﬁ(y—;(x)i‘l) - 1} . (5)

As in Elian at al. (2000), the measure in (5) will be large if the ratio
between the estimates of the scale parameter with and without the obser-
vation i is too big or if p,(y; — z}Br) /6 is large, or both. Also, we can
say that when the ith observation is not influential, then the estimate o)
should be very similar to &, ie., 6@/6 = 1, and p (v — zB-(i)) should
be close to the mean of the weighted absolute residuals, &(;), resulting in
pr(yi — TiBr(iy) = 6. With this configuration, the likelihood displacement
function for the ith observation should be close to zero, i.e., LD;(8;,0) =0.
In other words, the likelihood displacement function will be close to zero
when the observation i is not influential. On the contrary, large values could

denote observations that might be influential.

Another possible approach for this kind of analysis, as suggested by Cook

et al. (1988), is to determine the possible influence of the observation ¢ only



in the parameter 3;, using a conditional likelihood function on ¢. For this,

we must consider the following measure
LDi(ﬂrla) = 2[L(B.,-, &) - mf‘x L(/BT(i)y U)]

We should note that

25 P (Us — =Bry)
g

L(ﬁr(i), o)=nlogr(l —7) —nlogo —

is maximized when 6 = 37, pr(y; — x_’,-[g’r(,-)) /n.
Therefore, we have that the conditional likelihood displacement function

on ¢ is given by

(6)

LD;(B-|o) = 2nlog (ZJ’=1 p-(y; — x;ﬁf(i))> '

Z?:l pr(ys — IQBT)

Again, we conclude that when the ith observation is not influential, then
this measure LD;(8|o) will be close to zero, because we compare the sum of
the weighted absolute residuals with and without the observation 7 and we
expect that these values are close when the deletion of this observation does

not affect much the fitted model.

It is possible to rewrite (6) as

LDy(B-lo) = 2nlog (1 + Ay) ,



where . .
n
E?:l /)‘r(yj - x;ﬂ‘f(i)) - Zj:l P‘r(yj - mljﬂT)
S iy Pr(y; — z3Pr)

which could be interpreted as the relative increase in the sum of weighted

At =

?

absolute residuals when BT is replaced by Bf(i).

Still about influence measures, we could be interested in trying to deter-
mine whether an observation is influential in a set of m conditional quantiles.
In order to do that, we need to define a new measure regarding the m fitted
models. It is reasonable to expect that a certain observation i shoul(i be
considered influential in this set of models, if this observation is influential in
most of the models, if not all. In this way, we suggest the use of an average
likelihood displacement measure.

Let {r}m = {m,...,Tm}, m > 1 be the set of quantiles of interest and
LDi(Br,0),i=1,...,n, j=1,...,m, the likelihood displacement function
for the ith observation of the jth model. We should define the average

likelihood displacement fu.nction, for each i, as follows

r_n_ LD’L ﬁ‘rj)
LD,'(,B{T}",‘,U) — ZJ_I m( 0).

If the ith observation is influential in most of the modelé, then we should
expect that LD;(B(r}., o) would be large compared to other observations.
It is important to notice that as m increases, more difficult will be to de-
termine if there is any influential observations in the set of models. Also,
if m = 1, then we have the likelihood displacement function defined in (5).

Using the same arguments, we could define the average conditional likelihood



displacement function as

LDi(Biry,lo) = =1 LD,'(ﬂleo).
m

We have to note that despite the fact that only the parameter S is
indexed by the fixed parameter 7, the parameter o also depends on each 7
chosen in the regression analysis.

Moreover, Cook et al. (1988) showed that the values for the likelihood
displacement functions could be compared with percentiles of a chi-squared
distribution, with the appropriate degrecs of freedom. But the required prop-
erties of this result are not met for the asymmetric Laplace distribution. Still,
we strongly believe from personal experiences with influential dnalysis in re-
gression models, that some type of comparison between the graphs with the
influence measures against the order of observations along with a study of the
variation in the estimates of the models with and without a few observations
is enough when trying to find influential observations in the data set. In fact,

we suggest the following steps in this type of analysis:

1. plot the (conditional) likelihood displacement values against the order
of the observations and check if there is any point that is too separated

from the others;

2. fit again your models without these points and verify if there is any

relevant change on your conclusions.

Again, we do believe that these two steps are sufficient in the scarch

for influential points in quantile regression models. It should be pointed
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out, though, that we are only considering the possibility of a small set of
influential observations in this approach.

In the next section, we use simulated data to show some of the properties

of the measures proposed here in this subsection.

3 Simulation studies

In order to to check some properties of the proposed measures in the previous
subsection we simulated a simple data set. We consider the following linear

model to generate the data

vi = Bo+ Brzi +ui

where we set 8y = 0, f; = 1, z; is uniform on (0,10) and wu; is standard
normal, s = 1,---,50. The variables  and u are mutually independent. For
the quantiles, we are interested in 7 = 0.25,0.50,0.75.

We wanted to check the measures proposed with two situations of outlying

observations:

Situation 1: Outlying observations in the explanatory variables, but not in

response variable.

Situation 2: Outlying observations in the response variable, but not in the

explanatory variable.

In both cases, one observation was moved away from the bulk of points

according to each desired situation. The arbitrarily chosen observation to be
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moved was of number 25, or simply #:25.

Situation 1 is pictured in Figure 1 (a), showing the fitted models for each
quantile of interest. Clearly, the estimate for the slope parameter is modified
by the presence of observation #25, as we expected similar estimates for all

conditional quantiles.
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Figure 1: Dispersion graph and the conditional quantiles estimated for 7 =
0.25,0.50,0.75. (a) Situation 1. (b) Situation 2.

Additionally, Situation 2, where the outlying observations were produced
with respect to the response variable, is represented in Figure 1 (b). In this
case, the modified observation does not seem to affect the fitted models, for
any 7. This could be explained by the fact that quantile regression models
are robulst to outlying observations in the response variable. Precisely, when
we move a certain observation at the response variable value but do not
modify the sign of its residual, then the fitted model does not change at all
(Koenker and Bassett, 1978).

The conditional likelihood displacement measure proposed for B- reach

similar conclusions about the influential points in both situations. We show
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here just the results for Situation 1 in Figure 2 and conclude that the obser-
vation #25 should be referenced as highly influential for 7 = 0.25 and to a

lesser extent for 7 = 0.50, but only in Situation 1.

T Tau e 025, | [T Tatum 05 Lo | Tau e 0,757,500

Values LD

- wesm  ew o
0@ Vome o7¢ ovemmes wus s

10 20 30 40 50 10 z'oba'o 4 50 10 20 30 40 0
oDS

Figure 2: Conditional likelihood displacement measure against the order of
observations for Situation 1 and each 7.

In the next section, we will discuss the use of our proposed measures in

a real data set.

4 Application

In our application, we examine the data from Sokal and Rohlf (1981) and
reproduced in Hand et al. (1994), about the air pollution in 41 US cities,
with observations between 1969 and 1971. The response variable is the an-
nual mean concentration of sulphur dioxide, in micrograms per cubic meter.
This data can be used to investigate hypotheses about determinants of pol-
lution, as we have other observed variables for each city, such as average

annual temperature in degrees Fahrenheit (TEMP), number of manufactur-
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ing enterprises employing 20 or more workers (MAN), population size (1970
census) in thousands (POP), average annual wind speed in miles per hour
(WIND), average annual precipitation in inches (RAIN).

We consider the following linear model for the conditional quantiles
Qs02(7|X) = Bo+ B TEMP + 8,MAN + 5,POP + 8, WIND + BsRAIN, (7)

where Qso2(7|X) represents the 7th conditional quantile of sulphur dioxide
given the explanatory variables. With the sample size equal to 41, we con-
struct confidence intervals for the parameters of the models with the rank
score method proposed by Gutenbrunner and Jureckova (1992), and sug-
gested by Koenker (2005) for problems with small sample size. We take
7 = 0.25,0.50,0.75, since we are interested in the effects of the covariates in
not just a central position, but also in the lower and the upper tail of the
conditional distribution of the concentration of sulphur dioxide in the air.

The estimates for each parameter and correspondent confidence interval
inside the brackets are presented in the Table 1.

iTable 1: Estimates and confidence interval for the parameters in the model
in (7) and 7 = 0.25, 0.50, 0.75.

Conditional quantiles

Variables 0.25 0.50 0.75
(Intercept) 81.863 96.464 121.028
[37.036;139.126)  [81.954;144.567]  [16.777;157.411]
TEMP -0.792 -0.859 -1.118
[-1.686;-0.168]  [-1.8635;-0.723] [~1.868;-0.343]
MAN 0.042 0.055 0.063
{-0.025,0.110) [0.0364;0.082) {0.033,0.072]
POP -0.010 -0.028 -0.035
[-0.081;0.018] [~0.056;-0.005] (-0.046;,-0.017)
WIND -4.446 -3.789 -4.688
(-7.100;-0.292]  [-6.841;~1.883) [-6.481;2.345]
RAIN 0.277 0.174 0.380
[0.084;1.379) [0.084;0.840} [0.047;0.705)
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From a quick overview of the results in Table 1, we can note that the coef-

ficient for the effect of the variable POP is not significant for the conditional

effect of the variable

the

Quantile 0.25, the same way that the coefficient for the
WIND in the quantile 0.75. Also, the variable MAN is not significant in

0.25th quantile.

Now, to determine the potential influential observations we analyzed the

values of the conditional likelihood displacement measure for each 7 of in-

terest and also the proposed average measure. The results are displayed in

Figures 3 and 4, respectively.
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Figure 3: Conditional likelihood displacement values for the air pollution

data,

Since distinct points could be considered influential examining Figure 3

for cach T, we took the points dislocated from the bulk of points in Figure 4.

Being so, we have the observations #1 and 711 s the ones that stand out

f . .
rom the others. City number one is the City of Phoenix and city number 11

18 the city of Chicago.
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Figuré 4: Average conditional likelihood displacement values for the air pol-
lution data.

If we choose not to consider these cities to fit the quantile regression
models, we obtain different estimates from the ones in the Table 1, but the
conclusions that we reach with the confidence intervals only change with the
deletion of Chicago. For this reason, we present only the estimates of the

parameters of the models without Chicago in Table 2.

iI‘able 2: Estimates and confidence interval for the parameters in the model
in (7) and 7 = 0.25,0.50, 0.75, without the city of Chicago.

Conditional quantiles

Variables 0.25 0.50 0.75
(Intercept) 80.508 04.889 118.954
[30.927;146.903] [76.748;154.469) [20.328;162.528]
TEMP -0.867 -0.799 -1.086
[-1.962;-0.252]  (-—1.839;-0.579] [~2.402;-0.823]
MAN 0.014 0.075 0.065
{-0.034;0.108) [0.004;0.090] {0.053;0.073]
POP 0.002 -0.040 -0.036
(-0.085;0.033} [-0.054;0.006] {~0.049;-0.019)
WIND -2.579 -3.726 -4.660
{~6.987;-0.786)  [-6.712;~2.616] {~6.352;3.103]
RAIN 0.104 0.113 0.381
[0.081;1.324] (0.061;0.876] [0‘082;0469“

The comparison of the inference for the variable POP gives us a new

conclusion about the effect of this variable in the concentration of sulphur
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influential observations in these models. We proposed the use of an average
value of this likelihood displacement measure when dealing with more than
one conditional quantile. This suggestion was supported in an illustrative
example to study the variables that could affect the pol}ution in the air in
US cities. We gave a few steps to analyze the measures ﬁrOposed here, since
we were not able to compare values of this measure with percentiles of a

chi-squared distribution.
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