





the present paper, we derive the optimal (best unbiased) predictor of Fn(t), under model
(1), with the additional assumption that the vector e is normally distributed. Optimal
prediction of population quantities under Gaussian superpopulation models has been the
subject of several recent papers in the literature. See, for example, Tam (1987) and Zacks
and Bolfarine (1991).

The optimal predictors (denoted by BUP in the sequel) of Fin(t) are obtained by using
a theorem which appears in Rodrigues et al. (1985) and some results about the estimation
of the distribution function in infinite populations (see, for example, Olkin and Ghurye,
1969).

Section 2 considers some general results ahout the prediction of Fn(t) under model
(1) with o? unknown. Section 3 is devoted to the prediction of Fn(t) under the simple
location model. The best unbiased predictor of F) ~(t) and its asymptotic distribution are
derived. We also derive an expression for the asymptotic relative efficiency of the hest un-
biased predictor relative to the ordinary sample empirical distribution function, its natural
competitor under the simple location model. Situations where W = diag(vy,...,vN) with
v; > 0,1 =1,...,n are studied in Section 4. Large sample approximations are derived for
the prediction variances of the BUP for some important special models.

2. Optimal Predictors of Fy(t)

As considered in Rodrigues et al. (1985), after the sample s has been selected, we
may write 8(y) as

a(y) = FN(t) - 00 + 9"'
where

*

8, = 8(y,) = 7':}_ Z %'_l__-'/'_)
i€a

and

Br = O(Ys,yr) = (N]; 2 2 éf(vt E zi)'
ifs

Predicting Fy(t) is therefore equivalent to predicting 8,,. Hence, predictors of Fy(t) which
are considered in this paper are of the form

én = ﬁ‘N(t) = 0, + ésry

where é,, = 5,,(y,) is a predictor of 6,,.

As considered in Rodrigues et al. (1985), a predictor £, N(t) of Fn(t) is unbiased with
respect to the superpopulation model (1) if

Ey[Fn(t)— Fn(t)] = 0,

for all = (B,0). Let S = S(y,) be a complete and totally sufficient statistic for the
family 7 = {F,.,¢ € ¥}, where ¥ is the parametcr space as defined, for example, in
Rodrigues et al. (1985). The following is a consequence of a more general result which
appears in Rodrigues et al. (1985).



Theorem 2.1. Let Fy(t) be any unbiased predictor of Fn(t). Then, under model (1), the
BUP of Fn(t) is
FBU(‘) =0, + ocr(s),

where

éar(S) = Ed}[énr(yl)lsl

Since W is considered to be diagonal, if S is sufficient then it is also totally sufficient.
Therefore, under model (1) with normally distributed errors, the complete and sufficient
statistic

(2) (8., 5y)

where X
B, = (X,W;'X,) X WSy,
and

S: = (y‘ = X.B')’w:l(y. -3 xaﬂ‘a)/(" =i p),

also is a complete and totally sufficient statistic. The predictors derived in the next sections
are to be based on the statistic § = (8,, S}).

3. The Simple Location Model
The simple location model follows from (1) by making
(3) X=1y and W =1y,

where 1y is a vector of ones of dimension N and Iy is the N-dimensional identity matrix.
In this case, g is an unknown location parameter. According to (2), the complete and

totally suficient statistics is then (E., S;), where

(4) Bi=4, and Sj=3 (yi—§)/(n-1)

i€s
and the I?'Bu(t) is to be based on it. In the sequel, we denote by
1
) Fra(t) = =3 At - w)
i€Es
the ordinary sample empirical distribution function.

Theorem 3.1. Under the superpopulation model specified by (1) and (3) with errors
normally distributed,

(6) Fou(t) = % Fa(®) + (1 = 3)Ta-a(Ualt)),
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where

vn—2(t - i)

1) =t
VeSS - -
and T,—2(.) is the distribution function of the Student’s 1 distribution with n — 2 degrees
of freedom.

Proof. According to Olkin and Ghurye (1969), it follows that

Ualt) =

Ey[Tu-2(Un(t))] = Ey[A(t — )] = ¢(t_;E)‘

which proves that F Bu(t) is unbiased. ¢(.) denotes the density of the standard normal
density. Moreover, since Fpy(t) is a function of the totally sufficient and complete statistics

(ﬂ., .S':), the proof is complete.

In the next theorem, the asymptotic distribution of the BUP predictor is considered.
We assume that our finite population is embbeded in an infinite sequence of increasing
finite populations.

Theorem 3.2. Consider a sequence of finite populations {P,,v > 1}, satisfying N, <
Ny41. From population P, a sample of size n, (n, < n,41) i3 selected in such a way that

N, —n, — co.

Moreover, we consider that

fo=3 =
where 0 < f < 1. Then,

ﬂ

VA Fau, () - B, (0) 2 N0, - fyia+ C2 0= F)

o

t-p
==~ S}

D s - . O .
where ” = " means convergence in distribution and ®(.) is the distribution function of the
standard normal distribution.

Proof. To simplify notation, we drop the subscript v. We may write

8 Va(Fou(t) ~ Fa(t)) = (1 = SHVAIT-2(Un(t) - @(‘%ﬂ )
ViVl S - ey,
JEr
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Using the Central Limit Theorem for iid random variables (Serfling, 1980). it follows that

@ VI AUz o8y B v et =By - et Ry,

Jj€r

which takes care of the limit distribution of the second term on the right hand side of (8).
Moreover, it may be shown that

(10)  VA(Tua(Un(t) ~ 2= 2)) = V(&) - 822 4 0,0 117)
and that

-F) 2,

Thaus, by applying the delta method, it follows from (10) and (11) that
(t-8)° ﬂ)2

D

(11) Vn(Us (t)— —"=) — N(0, 1+ ﬂ)z).

ViTaa(Ua(t) - #(-=2) 2 weo, (14 B (121

which together with (8) and (9) concludes the proof.

Bolfarine and Sandoval (1990) have shown that if ¢ is known then the BUP of Fy(t) is
given by

.ﬁ'Bu.a = %FN,(t) +(1-~- ]—':,-)@( o l(;‘,—_))_

Thus, we may define, in the case of ¢ unknown, the following alternative predictor

Fiy(t) = 5 Fia+(1- )% ( =1

The result that follows next stablishes an important relationship ﬁ‘nu(t) and P n(t)
Theorem 3.3. Under the assumptions described in Theorem $.2,

Fgu(t) - F{(t) =50

Proof. Notice that
Fou(t) = Fi(®) = (1 = f)TncaUate) - 2550

We assert without proof the following facts:
t

a5t 2 e,




(12) Uuit) 25 ¢ ;—ﬂ (= ®(Ua(t)) =5 @(L;J—’))'

and
Tu—2(z) — ®(2) (uniformly),

which implies that
(13) To-2(Ua(t)) — (Ua(t)) =5 0.

Moreover, we may write

(Ta-a(0u(®) - 8 =20 < 11020 0) - 200 + B0 - (D),

which together with (12) and (13) concludes the proof.

Thus, under the assumptions of Theorem 3.2, F '~ and ﬁ'gu(t) have tlie samne asymp-
totic predictive distribution. d

With respect to simple random sampling without replacement, the ordinary predictor
of Fn(t) is the sample empinical distribution function, Fy,(t), given by (5). Clearly Fn,(t)
is unbiased and it may be considered as a distribution-free predictor. That is, it should
be used in situations where there is little or no knowledge at all about the form of the
distribution function of the error vector e. Indeed it is the optimal predictor when the
model under consideration is the class of all continuous distributions with density. In this
case, the complete and totally sufficient statistic is the vector of order statistic and F,(t)
being simmetric in y, certanly is a function of it. A direct application of the Central Limit
Theorem for iid random variables yields

t— t—
(19 VEEw, ) - Fr,0) 2 N0, 0 - et =P - a0y
From (7) and (14) it follows that the asymptotic relative efficiency of Fi,(t) to Fgu(t) is

(1+ 58562 (22)

ARE(Fy,(t); Fpu(t) = f + (1 - f)q’(,___‘!)(1 T

For the case where t = 3,
ARE(Fy,(t), Fpu(t)) = f + (1 - £)0.637.
Further, it can be shown that as |t — §| — oo,
ARE(Fn,(t); Fpu(t)) - f.
Thus, the above efficiency can be as low as f.
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4. The Linear Regression Model
Suppose now that model (1) is such that

i1 e Iyp
(15) X= and W = diag(vi,...,N),
N1 .- ZINp

where v; > 0, i = 1,...,n. In this general case, the totally sufficient and complete statistic
is given by (2).

Theorem 4.1. Under model (1) with X and W as in (15) and unknoun o2, it follows
that the BUP of Fn(t) is given by

- n n 1 i

Fpu(t) = 5 Frna(t) +(1 - 'ﬁ)}; an—P—l(Un(t))v
where T, is the distribution function of the Student t distribution with v degrees of freedom

and
Ut(t) — yn—p-— I(t“x;ﬂ-) .
V= 2O WIX,) " xi)n — p)SE — (e - xiB.)?
Proof. We consider first the case of constant variance, that is v = 1, i=1,...,N.

According to Olkin and Ghurye (1969),
Eﬁ[Tn—p—l(U:(t))l = E"[A(t - yi)lv

which shows that Fpy(t) is an unbiased predictor of Fy(t). Since it is a function of the
totally sufficient and complete statistics, the result follows from Theorem 2.1. Although the
results of Olkin and Ghurye (1969) are intended to random vectors with constant variance,
the proof for the case W = diag(vi,...,VN) follows directly from the case W = Iy by

making the transformations y; = y,-/v:n, T} = :l:,-/v:/2 and e} = c.-/v:n. i=1,..,N.
Example 4.1. Consider the simple regression model where X' = (21,...,zn)and W = I,
that is,

yi = 2,8 + e,

and e; ~ N(0,0?), with unknown 02, i=1,...,N. In this case, it follows from (2) that

2 Ei s Tili 1 (2: .:iyi)z
B, = _Zgie.rxg and S?= — {gy? - -—E———Z'_E’x% }.

It follows from Theorem 4.1 that the BUP of Fy(t) is given by

Fov(t) = SFw)+ (1= 2 Y 7= TecalUAO)
igs
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where

\/n—2(t—z.-ﬁ,) -
\/(1 N E-—:".T})(" ~1)82 = (t — z:f,)?

i ¢ 5. Using some results in Hurt (1976), it can be shown, after a reasonable amount of
mathematical manipulations, that the prediction variance of Fgy(t) is given by

Uit) =

Var[Fgy(t)— Fy(t)]

» n 1 t—z0 t—zf . wize  (t—ziB)(t — 2aB)
=(1- W)Z{(T:n_)’ %%t,._,( e )['EJ_E’ = i1y |
) e 220 - o2y 4 0oy,

igs

where ¢,,_; denotes the density of the ¢ distribution with n — 2 degrees of freedom. Notice
thatifz; =1,i=1,...,Nandnis large, the prediction variance (16) and the asymptotic
prediction variance given in (7) are close.

Example 4.2. In the special case where X' = (::,,...,zy) andv, = z;,i=1,...,N, it
follows that the totally sufficient and complete statistic (8,, Sz) are such that

3 _& 2 _ 1 y_lz_ Eiglyi)z
ﬂ’_ia 2 S'_n"ll'-e‘ I (zioni ]’

where §j, = Yic,Vifn and Z, = Yoie, Ti/n, 50 that B, is the usual estimator of the ratio
of the population means #/z. It follows from Theorem 4.1 that the BUP of Fy(t) is given
by

a7 Fav(®) = GFu(®) +(1- )3 21 T3,
iga

where

vﬂ—2(t—:¢iﬁ,) .
Vai fl = = - 1)} - (b

Furthermore, we can use the approach considered in Example 4.1 to derive an approxima-
tion for the prediction variance of predictor (17). After some algebraic manipulations, it
can be shown that

(18)

f 3 —q_nr 1 t—z;8 t—z;8. Tize
VerslFau(t) - Futtl] = (- 5¥ s %j gfn—z( o G IS

Ui@t) =
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(t - Iiﬁ)(t = Ikﬂ)] (N = )2 Z ( )(1 - 0( ))) + O(n—z)

2/zizeo?(n - 1) ‘/_

Notice that if z; =1,i=1,...,n, the predlchon variances (16) and (18) coincide.

Simulation studies conducted by the authors using populations generated according to
the normal superpopulation models considered in Examples 4.1 and 4.2 have indicated that
the optimal predictors may present substantial improvement over its competitors proposed
by Chambers and Dustan (1986) and Rao et al. (1990). Moreaver, the studies also seem
to indicate that the prediction variance (18) decreasis as 3, , i increasis, which provides
some indication of which purposive sample should be used in conjunction with the optimal
predictor FB(;(t).
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