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Abstract 

In this article, we consider the optimal prediction of the finite population distribution 
function under general linear regression models with normally distributed errors. Emphasis 
is placed on the case where the error variance is unknown. Large sample approximations 
to the prediction variance of the optimal predictors are also derived. 

1. Introduction 

Consider a finite population 'P = {1, ... , N}, where N is kuown. Associated with 
unit k of 'P, there are p + 1 quantities y1,;, x1,; 1 , ••• , Xtp, which arc all known, except for !It, 
k = 1, ... , N. The quantity y1,; is considered to be a realization of a random variable Y1,;, 
k = 1, ... , N. Ilnt, since both are unknown, it is not distinguished betwceu them. Let 
y = (y1 , ••• ,YN )' and X = (X 1 , •.. ,XN) a known Nxp matrix where Xi= (x_;1, ... ,x;,), 
j = 1, ... , N. Relating the two sets of variables y and X, we consider the linear model 

(1) y = X{J + e, 

where E[eJ = 0 and VarleJ = a 2W, \icing W a known and diagonal matrix. Let VJ = 
(/J,a2 ). Notice that after a samples of size n has been selected, we may rewrite Y, X and 
W so that 

W=(W• 0) 
0 w, ' 

where y. (y,) corresponds to the (un)observed clements of y rnul so 011. The fiuite popu­
lation distrilmtion function is defined by 

where 

~( ) { 1, X 2: 0 
x = 0, otherwise. 

Prediction of FN(t) has been the subject of several papers in the literature. See, for 
example, Sedransk and Sedransk (1979), Chan1bers and Dunstan (1986) and more recently 
Rao et al. (1990). Chambers and Dustan (1986) sugested a noupara.metric predictor for 
FN(t) under the assumption that X' = (.r1, ... ,xN) and W = diag(v(xi), ... ,v(xN)). 
Rao et al. (1990) suggested ratio and difference estimators within the classical sampling 
approach, which incorporates information from the auxiliary vector X' = (x1, ... , Xn}. In 
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the present paper, we derive the optimal (best unbiased) predictor of FN(t), under model 
(1), with the additional assumption that the vector e is normally distributed. Optimal 
prediction of population quantities under Gaussian superpopulation models has been the 
subject of several recent papers in the literature. See, for example, Tarn (1987) and Zacks 
and Bolfarine (1991). 

The optimal predictors (denoted by BUP in the sequel) of FN(t) are obtained by using 
a theorem which appears in Rodrigues et al. (1985) and some results about the estimation 
of the distribution function in infinite populations (see, for example, Olkin and GhuryP, 
1969). 

Section 2 considPrs s mr /1, m•rnl rE'1mlts aho11t the prediction of FN(t) undPr model 
(1) with 0'

2 unknown. Section 3 is devoted to the prediction of FN(t) under the simple 
location model. The best unbiasPd predictor of FN(t) and its asymptotic clistrib11tion are 
derived. We also derive IUl expression for the asymptotic relative efficiency of the best un­
biased predictor relative to the ordinary sample empirical distribution function, its natural 
competitor uudl'r the simple location model. Situations where W = diag( v1 , ••. , VN) with 
Vi > 0, i = 1, ... , n are studied in Section 4. Large sample approximations are derived for 
the prediction variances of thr, DUP for some' important sprrial mmlrls. 

2. Optimal Predictors of FN(t) 

As considPred in Rodrigt1Ps rt ,.1, ( 1985 ), aftrr thP sample ~ has 1,....n Rel<>cted, we 
may write 9(y) n.<i 

where 
9 - 9( ) - n '°" ~(t - y,) • 
• - Y• - NL-, n ' 

•E• 
and 

9 _ fl( ) _ (N - n) '°" ~(t - y.) 
,r - YhYr - N L-, N _ 

11 
• 

if• 

Predicting Fr1(t) iR thcrl'forC' cqnivalcut to pre.Iii-ting 9,r• Heu<'.e, prrdi<'.tor,ci of FN(t) which 
are <'.onsidrrPil in thi:<1 J>llprr arr of the form 

where 9.r = 9.r(Y,) is ll prr,lictor of 9,r, 
As <'.onsiderecl in Rodrigues ct al. (1985), ll predictor FN(t) of FN(t) is unhia..,P<l with 

respe<'.t to thr sup,~rpop11latio11 1110<ld ( 1) if 

for all if, = (P, t1 ). Let S = S(y •) l,e a mmplctc and totally Rnffi<"icnt stat.is tic for the 
family F = ( F,., t/1 E q;}, where q; is thr. parameter RpacP ns ddiucd, for example, in 
Rodrigues et al. (1985). ThP following is a couseqnenrP of a mor<' gcnPral result whid1 
appears in Rmlrign<'s rt al. (1985). 
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Theorem 2.1. Let F'N(t) be any unbia.ml predictor of FN(t). Then, under model (1), the 
BUP of FN(t) i., 

where 

Since W is considered to be diagonal, if S is sufficient then it is also totally sufficient. 

Therefore, under model (1) with normally distributed errors, the complete and sufficient 
statistic 

(2) 

where 

/3• = (X'w- 1x )-1x'w- 1y • • • • • • • 
and 

s; = (y. - x • .a.)'w;'(y. - x.,B,)/(n - p), 

also is a complete and totally sufficient statistic. The predictors derived in the next sections 
are to be based on the statistic S = (.8,, s:). 

(3) 

3. The Simple Location Model 

The simple location model follows from ( 1) by making 

X = 1 N and W = IN, 

where 1 N is a vector of ones of dimension N and IN is the N - dimeusional identity matrix. 
In this case, /3 is an unknown location parameter. According to (2), the complete and 

totally suficient statistics is then (,8,, S~), where 

(4) {J, = ii,, and s; = L(Y; - rj,)2 /(n -1) 
iE• 

and the F'nu(t) is to be based on it. In the sequel, we denote hy 

(5) 

the ordinary sample empirical distribution function. 

Theorem 3.1. Under the .,uperpopulation model .,pecified bJI (1) and (9) with error, 

normally di.,tributed, 

(6) 
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where 

U ( ) 
_ ✓n - 2(t - !7,) 

n t - --,;============, 
✓(n~J)' ~ _ (t _ !7,)2 . 

and Tn-2(.) i.t the di.,tribution function of the Student'., t di.dribution with n - 2 degree.t 
of freedom. 

Proof. According to Olkin and Ghurye (1969), it follows that 

t - fJ 
E.,[T,._2(U,.(t))] = E.,[6(t - y;)] = ¢( - ), 

(T 

which proves that Fsu(t) is unbiased. ¢(.) denotes the density of the standard normal 
density. Moreover, since FBu ( t) is a function of the totally sufficient and complete statistics 
(P1 , S:), the proof is complete. 

In the next theorem, the asymptotic distribution of the BUP predictor is considered. 
We assume that our finite population is emhbeded in an infinite sequence of increasing 
finite populations. 

Theorem 3.2. Con.tider a .tequence of finite populatioru {P.,, v ~ l}, .tati.t/ying N., $ 
N,,+i, Jirom population -P., 11 .tample of .tize n., (n., < n,,+ 1) i.t .telected in .tuch II way that 

N., -n,,-+ oo. 

Moreover, we con.,ider that 
n., 

/,, = N,,-+ /, 

where O < / < l. Then, 

(7) I t-/J t-/J 
+ - ~( - )(1 - ~( - )))) 1-/ (T (T 

where" ~ " mean.t convergence in di.ttribution and~(.) j., the di.,tribution function of the 
,tand11rd normal di..tribution. 

Proof. To simplify notation, we drop the subscript v. We may write ... 
(8) 
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Using the Central Limit Theorem for iid random variables (Serfling, 1980). it follows that 

(9) 

which takes care of the limit distribution of the second term on tllC' right hand side of (8). 
Moreover, it may be shown that 

and that 

(11) 
t-{J D (t-/j)2 

,/n(Un(t) - - ) -+ N(O, 1 + 
2 2 ). 

a a 

Thus, by applying the delta method, it follows from (10) and (11) that 

C t - f) D ( t - /3)2 2 t - f) 
yu(Tn-2(U,.(t)) - <I>( - )-+ N(0,(1 + - 2 -2- )ef, ( - )), 

u a u 

which together with (8) and (9) concludes the proof. 

Bolfarine and Sandoval (1990) have shown that if a 2 is known th,.n the BUP of FN(t) is 
given by 

• n n ~ t-y. FBu,0 = -FN.(t) + (1 - -)<I>( - - ( - -)). 
• N N n-1 u 

Thus, we may defim', in the case of a 2 nukuown, the following alt«)nlRlivr predictor 

The result that follows next stablishes au important relationship Fnu(t) and FN(t). 

Theorem 3.3. Under the a.,immption., de.,cribed in Theorem 3.!, 

Proof. Notice that 

• • • n t - ii, I 
Fnu(t) - F N(t) = (1 - N )[Tn-2(U,.(t)) - <l>( - 5- ) · , 

We assert with011t proof the following facts: 

<I>( t - ii,) ~ <I>( t - {j ), 
s, (T 
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(12) 

and 
T,._ 2(x}--+ t(x} (uniformly), 

which implies that 

(13) 

Moreover, we may write 

which together with (12) and (13) concludes the proof. 

Thus, under the assumptions of Theorem 3.2, FN and FBu(t) have the same asymp­
totic predictive distribution. 

With respect to simple random sampling without replacement, the ordinary predictor 
of FN(t) is the sample empirical distribution function, FN.(t), given by (5). Clearly FN.(f) 
is unbiased and it ma.y be considered as a distribution-free predictor. That is, it should 
be used in situations where there is little or no knowledge at all about the form of the 
distribution function of the error vector e. Indeed it is the optimal predictor when the 

model under consideration is the class of all continuous distributions with density. In this 
case, the complete and totally sufficient statistic is the vector of order statistic and FN.(t) 
being simmetric in y • certanly is a function of it. A direct application of the Central Limit 
Theorem for iid random variables yields 

From (7) and (14) it follows that the asymptotic relative efficiency of FN.(t) to FBu(t) is 

For the case where t = /3, 

ARE(FN.(t), F'Bu(t)) = f + (1 - /)0.637. 

Further, it can be shown that as It - .Bl-+ oo, 

ARE(FN.(t); FBu(t)) -1 f. 

Thus, the above efficiency can be as low as /. 
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(15) 

4. The Linear Regression Model 

Suppose now that model (1) is such that 

x~:,) and W = diag( 111, ••• , Vii), 

XNp 

where Vi > 0, i = 1, . .. , n. In this general case, the totally sufficient and complete statistic 

is given by (2). 

Theorem 4.1. Under model {1} with X And W cu in {15) And unknouin u2 , itfollowA 

that the BUP of FN(t) iJ given by 

• n n ~ 1 . 
FBu(t) = N FN,(t) + (1 - N) L.., N _ n Tn-,-i(U~(t)), 

if• 

where T~ i.• the di.,tribution function of the Student t diJtribution witA v dr.greu of frt.dom 

And 

Proof. We consider first the case of constant variance, that is v; = 1, i = 1, ... , N. 

Accorclin,: to Olkin and Ghurye (1969), 

E.,(Tn-,-1(U!(t))J = E.,(6(t - yi)J, 

which shows that F'Bu(t) is an unbiased predictor of FN(t). Since it is 11. function of the 

totally sufficient and complete statistics, the result follows from Theorem 2.1. Although the 

results of Olkin and Ghurye (1969) are intended to random vectors with constant variance, 

the proof for the case W = diag( v1 , ••• , v N) follows directly from the rnse W = IN by 

k. ti t r t· • / 1/2 • / 1/2 l • / 1/2 . 1 N 
ma mg 1e r11.ns,om111. 10ns Yi = Yi v, , xi = :r; II; an< e, = e; v, , a= , . •. , • 

Example 4.1. Consider the simple regression model where X' = (x1, . .. , XN) and W = I, 

that is, 
Yi = x;{J + e;, 

and ei ~ N(O,o-2 ), with unknown o-2, i = 1, ... ,N. In this case, it follows from (2) that 

cl S
2 _ _ 1_ {~ 2_(E;e.x;y;)2} 

an , - 1 L.., !/, 't""' 2 . 

n - iE• ~iE• X; 

It follows from Theorem 4.1 that the BUP of FN(t) is giVP.n hy 

• n n ~ 1 • 
FBu(t) = N FN,(t) + (1 - N) L.., N _ n T,. _2(U!(t)), 

if_, 
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where 

i ~ .s. Using :;ame results in Hurt (1976), it can be shown, after a reasonable amount of mathematical manipulations, that the prediction variance of Fau(t) is given by 

Var(F'Bu(t) - FN(t)] 

= (1- ; )2 { (N ~ n)2 L, L, tn-2( t -uz;,8 )tn-2( t -:1;,8 )( l;x.;x1;x2 + (t -2~fc~t--l)1;,8)J 
if• tf• ,ea , 

(16) 

where tn-:l denotes the density of the t distribution with n - 2 degrees of fn .. ~dom. Notice that if z; = 1, i = 1, ... , N and n is large, the prediction variance (IG) and the 11Symptotic prediction variance given in (7) are close. 

Example 4.2. In the special cue where X' = (x1 , •.• ,XN) and v, = :r;, i = 1, .. . , N, it follows that the totally sufficient and complete statistic (Pa, s;) are such that 

where il, = Liea 1Jdn allll ia = }:iea z;/n, so that /3. is the usu:Ll estimator of the ratio of the population means jj/f. It follows Crom Theorem 4.1 that the BUP of FN(t) is given by 

(17) 

where 

Eurthermore, we can use the approad1 considered in Example 4.1 to derive an approxima­tion for the 1uediction variance of predictor (17). After some algebraic manipulations, it can be shown that 
(18) 

• n 1 '°''°' t-z·fJ t-z ·fJ ~ Var.(Fau(t)-FN(t)] = (1- N)2{(N- )2 LJL.}n-2( ~ )t,.-2( ~ )IE ' . 
n if•"*• UyZ, UyZ, ;e,z, 
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+ (t - :.i:;/:l)(t- .r1./l)] + 1 '°'+(t - :r;/J)(l - ~(t- :r;P))) + O(n-a). 
2Ji;ii'o-2(n - 1) (N - u)2 ~ o-,/z; o-,lz; .,. 

Notice that if x; = 1, i = 1, ... , n, the prediction variance11 (16) aucl (18) rniucide. 
Simulation studies conducted by the authors using populations generated according to 

the normal superpopulatiou models considered in Examples 4.1 and 4.2 have indicated that 
the optimal predictors may 1>resent substantial improvement over its competitors proposed 
by Chambers and Dustan (1986) and Rao et al. (1990). Moreover, the studies also seem 
to indicate that the prediction variance (18) decreuis as Lie, :r; increasis, which provides 
some indication of which purposive sample sho11ld be used in conjunction with the optimal 
predictor Fau(t). 
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