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Abstract

The Weibull distribution is one of the most used tools in reliability analysis.
In this paper, assuming a Bayesian approach, we propose necessary and suf-
ficient conditions to verify when improper priors lead to proper posteriors for
the parameters of the Weibull distribution in the presence of complete or right-
censored data. Additionally, we proposed sufficient conditions to verify if the
obtained posterior moments are finite. These results can be achieved by check-
ing the behavior of the improper priors, which are applied in different objective
priors to illustrate the usefulness of the new results. As an application of our
theorem, we prove that if the improper prior leads to a proper posterior, the
posterior mean, as well as other higher moments of the scale parameter, are not
finite and, therefore, should not be used.

Keywords: objective prior; proper posterior; posterior moments; Weibull
distribution.
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1. Introduction

The Weibull distribution plays a central role in reliability analysis as one of
the most important generalizations of the exponential distribution. Introduced
by Weibull [I], his distribution has been used in many applications as base-
line distribution. Let X be a non-negative random variable with the Weibull
distribution given by

F(x|n, B) = B’ (na)?~te """ (1)

where n > 0 and 8 > 0 are unknown scale and shape parameters, respectively.
The maximum likelihood estimators, as well as other frequentist methods
of inference for Weibull distribution, are standard in the reliability literature

*Posterior properties of the Weibull distribution for censored data
Email address: eduardoramos@usp.br (Eduardo Ramos!, Pedro L. Ramos® and
Francisco Louzadal)



20

25

30

35

40

[2]. From the Bayesian point of view, a prior distribution must be chosen for
the parameters. Objective priors have already been derived for the Weibull
distribution in the literature considering complete data, for instance, Sun [3]
have discussed many objective priors for the Weibull model such as the Jeffreys
prior [4], reference priors [5 [0, [7], matching priors [§], and Moala et al. [9]
considered these priors as well as the maximum data information (MDI) prior
[10, 1] for the reliability function. Some recent derivations of objective priors
for related functions of Weibull distribution can be seen in [12 [13] [14].

A major drawback related to the use of objective priors is that they are
improper and could lead to improper posteriors. Northrop and Attalides [15]
argued that “... there is no general theory providing simple conditions under
which improper prior yields a proper posterior for a particular model, so this
must be investigated case-by-case”. In this paper, for the Weibull distribution,
we overcome this problem by providing sufficient and necessary conditions to
check when a wide class of posterior distributions is proper. We then proceeded
to use such theorem to investigate whether these improper priors lead to proper
posterior distributions. Another important issue is related to the computation
of the posterior moments since even if the posterior distribution is proper, the
related posterior moments (posterior mean, posterior variance, among others)
can be infinite. Thus, for the Weibull model, we shall also discuss sufficient
conditions that lead the posterior moments to be finite. Based on our findings,
further researches will be able to check if the obtained posterior is proper or
improper easily, as well as the finiteness of the posterior moments analyzing
the behavior of the improper prior directly. Although the proof for the pos-
terior distribution has been considered for complete data, there is no similar
proof for random censoring in the literature. Hence our results allow the use
of the objective Bayesian analysis for the Weibull distribution in the presence
of censoring. The new results are applied in different objective priors such as
independent uniform priors, Jeffreys’ first rule [I6], Jeffreys’ prior [4], maximal
data information (MDI) prior [10, [I1] and reference priors [5] 6} [7].

The remainder of this paper is organized as follows. Section 2 introduces
essential results that will be used to prove the new theorem. Section 3 presents
a theorem that provides necessary and sufficient conditions for the posterior
distributions to be proper and also sufficient conditions to check if the posterior
moments of the parameters are finite. Section 4 presents the applications of our
main theorem in different objective priors. Finally, Section 5 summarizes the
study.

2. Posterior distribution

Let Xi,...,X, be an realization of an independent and identically dis-
tributed sample where X ~ Weibull(n, ). Moreover, suppose that the ith
individual has a lifetime X; and a censoring time C};, additionally, the random
censoring times C;s are independent of T;s and their distribution does not de-
pend on the parameters, then the data set is (¢;,0;), where t; = min(X;, C;)
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and ¢; = I(T; < C;) is an indicator function of the presence of censoring. Con-
sidering a prior distribution 7 (n, 8), the joint posterior distribution for (n, 8) is
given by

m(n, Blx) = Ffi?;f)n’”ﬁﬁm (H wf”) exp {— > w?nﬂ} ; (2)
i=1 i=1

where m = >""" | §;, and d() is a normalized constant in the form

dw)= [ [ wtm s @W) eXp{—;xan}dndﬁ. 3

Here, our purpose is to find necessary and sufficient conditions for the pos-
terior distribution to be proper for some general class of priors. The proof of
the following theorem will be left to the appendix.

Theorem 2.1. Let w(n, 8) be a class of priors such that

(1, B) oc exp (—pB~1) 0" B
where r, q, p are constants. Then:

(i) If r # —1, then the posterior distribution of (8,n) under the prior w(3,n)
1S 1mproper.

(i) If r = =1, p = 0 and at least two non-censored data are distinct, then
the posterior distribution of (8,7n) under the prior w(8,n) is proper if and
only if ¢ > —m.

(i) If r = —1, p =0 and m < 1 then the posterior distribution of (8,n) under
the prior w(B,n) is improper.

Corollary 2.2. Let w(n, 3) be a class of improper priors such that
m(n, B) o< n” B

where r and q are constants and suppose the posterior related to w(n, 8) is proper.
Then the posterior moments relative to 8 are finite, and the posterior moments
relative to n are not finite for both complete and censored data.

Proof. Since the posterior is proper, by Theorem we have r = —1 and
m > —q.

Now, given k > 0 and 7*(n, ) = BFn(n, B) o n~1BTHF | since m > —q >
—(¢q + k), from Theorem it follows that the posterior relative to the prior
7*(n, B) is proper and thus

E[8"]a] = /O /0 BEa(n, By B+ (Hw?”) exp{—fonﬁ}dndﬁmo.
=1

i=1
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Analogously, given k > 0 it follows that n*m(n) o< n*~139, where k — 1 > —1
and thus from Theorem 2.1]it follows that

Eln*|a] = / / 0 (n, B)y™s g (H w?”) exp {— wanﬁ} dndp = oo,
o Jo i=1 i=1
which concludes the proof. O

3. Applications

Here, we will apply our proposed methodology in different objective priors
to verify if the posterior distributions are proper and verify if its posterior mo-
ments are finite. Once again in the following we let m = """ | §; as well as all
considered priors shall take the form 7 (n, 3) = exp (—pﬁ_l) 7" B4 where either
p=_0orr # —1. Thus, due to Theorem it follows that the posterior rel-
ative to such priors are improper in a case m < 1. Therefore, in the following
propositions, we shall be concerned only with cases where m > 2, and under
this hypothesis, we shall always suppose that there are at least two distinct
non-censored data.

A common objective prior to that does not depend on any metric is obtained
by considering independent uniform priors. In the case of positive parameters,
the prior is given by 1 (1, 8) « 1.

Proposition 3.1. The posterior density using uniform prior is improper for
all m > 2, in which case the posterior moments relative to 8 are finite and the
posterior moments relative to 1 are not finite.

Proof. Notice that given m(n,8) = m(n, ), we have that r = 0, ¢ = 0 and
p = 0. Since r # —1, we conclude from Theorem [2.1] that the obtained posterior
is improper. O

Another common objective prior distribution can be obtained using the Jef-
freys‘ first rule (see, Sun [3]). This prior has invariance property under power
transformations. As the parameters of the Weibull distribution are contained
in the interval (0, 00), the prior distribution using the Jeffreys’ rule is given by

1
np
Proposition 3.2. The posterior density using the prior is proper for all

m > 2, in which case the posterior moments of 8 are finite and the posterior
moments relative to 1 are not finite.

T (1, B) o (4)

Proof. Let w(n,8) = ma(n, ), then we have that r = —1, ¢ = —1 and p = 0.
Therefore, applying Theorem the obtained posterior distribution is proper
for all m > —q = 1. The additional conclusions related to the posterior moments
follows directly from Corollary 2:2] O
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The most well-known objective prior was introduced by Jeffreys [4] which
carries his name. The Jeffreys prior is obtained from the square root of the
determinant of the Fisher information matrix I(n, ), that is

3 (77>B)OC \/detI(naB) (5)

where I(n, 8) is the Fisher information matrix given by

B (1-7)
I(n,B)=n (17’,27) 1

n
o op(E o)

and v & 0.5772156649 is known as Euler-Mascheroni Constant.

This prior is widely used due to its invariance property under one-to-one
transformations of parameters. For the Weibull distribution, computing the
square root of the determinant of I(7, 8) we have that

3 (1, B) o % (7)

: (6)

Theorem 3.3. The posterior density using the prior (@ is proper for allm > 2,
in which case the posterior moments relative to B are finite and the posterior
moments relative to 1 are not finite.

Proof. Let m(n,8) = 7;(n, 3), then, we have that r = —1, ¢ = —1 and p = 0.
From Theorem it follows that the obtained posterior distribution is proper
for all m > —q = 0. The additional conclusions related to the posterior moments
follows directly from Corollary 2:2] O

Zellner [10l I1] introduced an objective prior based on the Shannon entropy.
The Maximal Data Information Prior emphasis the information in the likelihood
function, therefore, its information is weak in comparison with data information.
This prior is obtained by

74 (n, B) o< exp (H(n, 8)), (8)

where H(n, ) is the solution of the information measure given by

Hn, ) :/Ooo log [577/33;—(B+1) exp{— (Z)BH £ (tn, B) dt.

The MDI prior has invariance properties only for linear transformations on
the parameters. For the Weibull distribution H (7, 8) can be written as:

H(n,B) = log(nB) +~ (1 - ;) —1.

Therefore the MDI prior for the Weibull distribution is given by
my (1, ) o exp (—yB7") np. (9)
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Theorem 3.4. The posterior distribution obtained from the MDI prior @ 1
improper for all m > 2.

Proof. Let 7(n, 8) = m4(n, B), then, we have that r =1, ¢ = 1 and p = 7. Since
r # —1, Theorem implies directly that the obtained posterior is improper.
O

An important non-informative prior was introduced by Bernardo [5], with
further developments see for instance Bernardo [6] and Berger et al. [7]. His
prior is referred to as reference prior, and it is obtained under the idea of max-
imizing the expected Kullback-Leibler divergence between the posterior distri-
bution and the prior. The reference prior provides posterior distribution with
interesting properties, such as invariance, consistent marginalization, and con-
sistent sampling properties.

The algorithm to derive the reference prior can be obtained in detail through-
out Bernardo [6]. However, since the Fisher information (7, 8) has a particular
form, we will present one corollary that allows obtaining the reference priors
quickly for the IW distribution.

Corollary 3.5. Considering that § is the parameter of interest and X\ is the
nuisance parameter, suppose the posterior distribution of (0, \) is asymptotically
normal with dispersion matriz S(6,\) = I=X(5,\). If the parameter space of &
is independent of A and the functions S5s5(5,\) and Iy (6, \) can be factorize
in the form

Sy 200 = fo(@)ge(N) and T2,(0,0) = r(0)gr(N),

then the reference prior when § is the parameter of interest and \ is the nuisance
parameter is simply 75(0,A) = f5(8)gxn(\) even if w(A|d) is not proper.

Through the Corollary and using the Fisher information matrix @ if
1 is the parameter of interest and § is the nuisance parameter, after some
algebraic manipulations it follows that the reference prior is the same as given
by the Jeffreys’ rule prior given by m, (1, ) n% Additionally, considering
that g is the parameter of interest and 7 is the nuisance parameter, after some
algebraic manipulations the reference prior has also the same form given by
73 (1, B) x niﬁ Since the reference priors have the same form of the Jeffreys’
rule prior, it follows that the obtained posterior is proper for all m > 2, in which
case the posterior moments relative to § are finite and the posterior moments
relative to 7 are not finite.

4. Other parametrization

The results presented above can be easily extended to other commonly used
parametrization. For instance, considering n = 1/6, the PDF is given by

p-1
F(x16,8) = B=5—e” @), (10)
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Therefore, for a prior distribution 7(6, 3), the joint posterior distribution for
(0, B) is given by

w6, pla) = "o Tl exo {— > (”;Z‘)B} S

i=1

where m = > | §;, and d(x) is a normalized constant in the form

d(a:):/Ooo/ooow(e,/a)e—mﬁﬁmﬁxfmexp{—i:(”Z)B}ded,@. (12)

n
i=1

In the following we consider the case where there are at least two distinct non-
censored data. An analogous theorem can be proved for m < 1 by using item
(#i7) of Theorem [2.1

Corollary 4.1. Let (0, 5) be a class of improper priors such that
(0, B) x exp (—pﬁfl) 0" 3¢

where v, ¢ and p are constants and suppose that at least two non-censored data
are distinct. Then, the posterior distribution of (8,0) under the prior w(53,0) is
improper in case r #= —1, and is proper if and only if r = —1 and ¢ > —m in
case p = 0.

Proof. We have that

d(x) = / / exp(_qﬁfl)gfmb’Jrrﬂerq H x?iﬁ exp {_
o Jo i=1

Thus, through the change of variables 7 = =1 it follows that

n

> (“Z)ﬁ} d0dg.

d(x) = /o /0 Wo(ﬁvﬂ)nmﬁﬁmngiﬁ exp { Zl (nxi)ﬁ} dodp

1=

where mo(n, 3) = exp (—gB~') n~""2% and thus Theorem [2.1}is applied using
the prior 7y(n, ) and implies in the proposed result.
O

Corollary 4.2. Let w(n, ) be a class of improper priors such that
(0, 8) o 67

where T and q are constants, and suppose the posterior related to w(0,[) is
proper. Then, the posterior moments relative to 8 are finite, and the posterior
moments relative to 6 are not finite.

Proof. Just as in Theorem the proof is direct from Theorem [2.2] combined
with an application of the change of variables n = #~! in the integral. O
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5. Discussion

In this paper, we have studied the posterior properties of the Weibull distri-
bution in the presence of complete and censored data. We proposed necessary
and sufficient conditions to check if an improper prior distribution leads to a
proper posterior. An exciting aspect of our finds is that one can check the pos-
terior distribution is proper by analyzing only the behavior of the prior distribu-
tion. For proper posterior distributions, we also provided sufficient conditions
to check if its higher posterior moments are finite or infinite.

The main theorem is used in different objective priors, such as the uniform
prior, Jeffreys’ first rule prior, Jeffreys prior, MDIP, and reference priors. We
proved that among the considered priors, only the MDIP leads to an improper
posterior. Although the priors above lead to proper posterior, we showed that
none of the objective priors lead to finite posterior moments for the parameter
n and, therefore, should not be used as Bayes estimator. Further, the results
were also presented for another standard parametrization, which can be used,
for instance, in the objective prior obtained by Sun [3]. Similar to the other
parametrizations, the results showed that none of the objective priors lead to
finite posterior moments for the parameter §. However, Sun [3] used the poste-
rior mean of # in a real data example for complete data, but since we proved the
posterior mean is not finite, it should not be used in practice. The find above is
an interesting example where the MCMC methods may return a finite estimate
when the true value is infinite. Hence, future researches should be careful in
computing the posterior moments without checking its finiteness.
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Appendix A - Preliminaries

In the appendix, R will denote the extended real number line RU {—00, 00}
and the subscript * in R and R will denote the exclusion of 0 in these sets.

Definition 5.1. Let g : U — Rj and h: U — R:r? where U/ C R. We say that
g(z) o< h(z) if there exists ¢y € R} and ¢; € R} such that coh(x) < g(z) <
c1 h(x) for every x € U.

Definition 5.2. Let a € R, g : U/ — Rt and h : &/ — R, where / C R. We
say that g(x) x h(z) if

liinjgfflgg >0 and hr;lj;lpigg < 00.

The meaning of the relations g(z) o h(z) and g(z) o« h(x) for a € R are

r—at T—a~
defined analogously.
Note that, from the above definiton, if for some ¢ € R} we have that
limg_q % = ¢, then it will follow that g(z) o h(z). The following proposi-
r—ra
tion is a direct consequence of the above definition, where the functions fi, fa,
g1 and go bellow are supposed to be positive in their domain &/ C R.

The following propositions gives us a relation between Definition [5.1] and
Definition and its proofs can be seen in Ramos et al. [17].

Proposition 5.3. Let g : (a,b) — R and h : (a,b) — R be continuous
functions on (a,b) C R, where a € R and b € R. Then g(z) x h(z) if and only
if g(x) x h(z) and g(x) x, h(zx).

r—ra rT—r

Proposition 5.4. Let g : (a,b) — R and h : (a,b) — R be continuous
functions in (a,b) C R, where a € R and b € R, and let ¢ € (a,b). Then, if
either g(x) x h(z) or g(z) x, h(z), it will follow respectively that

x a T—r

/acg(a:)dxm/:h(x)dx or /Cbg(z) diEO(/Cbh(x)dx,

Appendix B - Proof of Theorem 2.1

During this proof we shall use the fact that fooo 2% Lexp (—bx) dr < oo if
and only if @ > 0, which can be easily proved for ¢ < 0 by using Proposition
and the fact that exp (—bu) x, 1, and for @ > 0 by the change of variables

a—

bx = y in the integral and the definition of Gamma function.



11

Before we prove the items we develop the integrals used. From the hypothesis
it follows that

71, Bl) = (0, By B <H wi?iﬁ) o {‘ ZQW}
=1 =1
x exp (—p~1) i g (H xgiﬁ> o { zxfnﬁ} |
=1 =1

Thus, from the change of variable u = Y., xf n” in the integral it follows that

d(x) o //exp (—=pB~") gt <ﬁ zfi‘a) NPT exp {—xfnﬁ} dn dp,
0 0 i=1

(H:‘L=1 zfiﬂ) n
m+%
(Zi:l xf)

On the other hand, if we denote Tmax = maxi<i<y, z; and if k& € N corre-
spond to the number of indexes i € {1,--- ,n} such that x; = Tyax then, since

exp (—pB~") e u" I exp{—u} dudp

Il
o —y

0

B
limg_ o0 x‘"’;— =0 for all z; < Tmax it follows that

i (Z?:1 wzﬂ)

n
=k= s B
B—o0 (meax)ﬁ ; i 58500 (xmax)

and, moreover, trivially it follows that

i <Z?:1 x;@)

n
-——=1= 2’ o (x B,
B—0 (xmax)ﬁ ; ' B—0 ( max)

Thus, from Proposition it follows that (Z?Zl xf) X (Tmax)? in [0,00) and
therefore

(HT‘L 1 x)if
ie

d(w)a/eXp(—pﬁ‘l) gmtat (xmax):”ﬁ> /um*“% exp{—u} dudp.
0 0

(13)

20 Proof of item (7): We divide the proof in the cases where r < —1 and r > —1.
First let us suppose that » < —1 and m = 0. Then it follows from that

d(x) x /exp (—pﬁ_l) gt /uerﬂ# exp{—u} dudp.
0 0
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B
all 8 > 0 and thus d(x) = co in this case.
Now let us suppose that » < —1 and m > 0. Therefore, for every g €
(0, —=tL] it follows that m + % < 0 and thus

(I =) 5

P D 2
(xmax)m/@ /’(Lm o eXp{—u} d77 =00
0

and since “t1 < 0 for all B > 0 it follows that | wHE exp{—u} du = oo for
0

exp (—pB~") gt

for all 8 € (0, ZEL]. Therefore it follows from (13) that

by (H?:1 xflﬁ) 7 1
i) [ exp () SRt fun P el duds
xmax m
0 0
r+1

m n 0 B o
2 (*pﬂfl) 5m+q1(n/um 5 exp{—u} dudf = oo,
0

(-rmax

o\

and hence d(x) = oo in case r < —1.
Now let us suppose that r > —1. Therefore, from and letting h =

log <(zm“)5> > 0 it follows that
Hz 1 xiL

r+1
B

dmmfm(wwmw%m<mr@+ )wa<m
0

Thus, using the change of variables a = m + T'E—l in the integral on , and
using that exp (p(ff_‘_;lm)) = exp ( P ) exp (%) X exp ( 2 ) it follows that

oc/ - I'(a) M) da. (15)

m+q+1
J exp r+1 m) exp( p—

On the other hand, from the Stirling formula and since lim,_, o, exp (ho(f_ti)) =

L ym+g+1
25 1 and limg— oo % =1, it follows that

I (o) Vol O exp(—a)

lim =V2r
a—»00 exp (%) (a _ m)m+q+1 exp (%) a—00 exp ( ) am+a+1
=27 lim exp (a In(ar) — 1ln(oz) PV B In(a) (m + q + 1))
a—00 2 r+1

= V2r lim exp <a <1n(a) - <1+ ril) - ln;a) <m+q+;’)>) = 0,
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where the last inequality follows directly from lim,_, o méa) = 0 and limy_,o In(a) =

240

245

oo. Therefore from we conclude that d(x) = oo in case r > —1, and thus
item (7) is proved.

Proof of item (ii): If we suppose that r = —1 and p = 0 then, once again

from and letting h = log (m) > 0, it follows that
i=1%5"

d(x) o /ﬂm”*lexp(—hﬂ)F(m) df o /5m+qflexp(—h5) g,
0 0

and since by hypothesis of item (i¢) there are at least two distinct non-censored

(xmaX>m

n i
i=1%4

data, it follows that h = log ( ) > 0 and thus by the last proportion-

ality it follows that d(x) < oo if and only if m + ¢ > 0, which concludes the
proof of item (7).

Proof of item (¢ii): If we suppose that r = —1, p = 0 and m = 1, then from

it follows that

oo o o0

d@)x [ 5771 [exp(-u) duds = [ 577 s,
0

0 0

and thus d(z) = oo in this case.
Finally if we suppose that r = —1, p = 0 and m = 0 then from it follows
directly that

d(x) a/ﬁqfl/uflexp{—u}dudﬁ, (16)
0 0

and since [ u™! exp(—u) du = oo, it follows that d(z) = co, which completes
the proof.
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