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Abstract

Inspired by the work of Lu and Tian (Duke Math J 125:351--387, 2004), Loi et al. address
in (Abh Math Semin Univ Hambg 90: 99-109, 2020) the problem of studying those Kéhler
manifolds satisfying the A-property, i.e. such that on a neighborhood of each of its points
the k-th power of the Kihler Laplacian is a polynomial function of the complex Euclidean
Laplacian, for all positive integer k. In particular they conjectured that if a Kéhler manifold
satisfies the A-property then it is a complex space form. This paper is dedicated to the
proof of the validity of this conjecture.
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1 Introduction and statement of the main result

Let A be the Kihler Laplacian on an n-dimensional Kéhler manifold (M, g) i.e., in local
coordinates z = {zj },

n - 62
A= g/ —,
i,jzzl 0z i GZ,«

where g/ denotes the inverse matrix of the Kiihler metric. We define the complex Euclid-
ean Laplacian with respect to z as the differential operator

n

62
Ar = .
¢ ; 0z;0%;

A. Loi, F. Salis and F. Zuddas introduce in [5], the following notion of A-property:
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Definition 1 (A-property) For any arbitrary point x € M there exists a coordinate system z
centered at x, such that every smooth function ¢ defined in a neighborhood of x fulfills the
following equation for every positive integer k

A p(0) = pi(AD)(0), (1)

where p, is a monic polynomial of degree k, independent of x, with real coefficients.

A key point in Lu and Tian’s proof of the local rigidity theorem ( [8] Theor. 1.2) sup-
porting their conjecture about the characterization of the Fubini-Study metric g on CP”
through the vanishing of the log-term of the universal bundle, was that the A-property is
satisfied by (CP", g5 ) with respect to affine coordinates.

In [5] A. Loi, F. Salis and F. Zuddas address the problem of studying those Kédhler man-
ifolds satisfying the A-property. They observe that condition (1) is satisfied for any positive
integer k in the center of a radial metric'. It arises naturally the problem to try to classify
Kihler manifolds satisfying the A-property. In this direction their main results proved in [5]
are the following two theorems:

Theorem A ([5, Theorem 1.3]). Let (M, g) be a Kdhler manifold which satisfies the A-prop-
erty. Then its curvature tensor is parallel.

Theorem B ([5, Theorem 1.4]). An Hermitian symmetric space of classical type satisfying
the A-property is a complex space form.

By virtue of these two results the author conjectured in [5] that complex space forms
can be characterized as the Kihler manifolds satisfying the A-property. The proof of this
conjecture is indeed the main result of this paper. More precisely we prove the following
result:

Theorem 1 Let M be a Kdhler manifolds satisfying the A-property. Then M is a complex
space form.

The proof of the theorem is based on Jordan triple system machinery.
The author is grateful to Prof. Andrea Loi for all the interesting discussions and the
comments that helped him to improve the exposition.

2 Proof of Theorem 1

The first step (see Proposition 1) is to prove that the A-property characterizes the com-
plex hyperbolic space among Hermitian symmetric spaces of noncompact type (from now
on HSSNCT). Let us write CH, ! to denote the product of r complex hyperbolic spaces
CH' = {z eCllz|*< 1} equlpped with the product metric g, » ghvp D ... ® gy, Where
the fundamental form associated to g, is @, = 06 log(1 = |z]?). We call affine coor-
dinates, the coordinates on CH, ! induced by the product The key result in our proof of

! Namely a Kihler metric admitting a Kihler potential which depends only on the sum
12> = |z;]* + ... + |z,|* of the moduli of a local coordinates’ system z.
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Theorem 1 is the following technical lemma, which extends [5, Lemma 3.1] valid for clas-
sical Hermitian symmetric spaces of compact type (from now on HSSCT) using Jordan
triple system theory instead of Alekseevsky—Perelomov coordinates.

Lemma 1 Let M be an n-dimensional HSSNCT of rank r endowed with a Kdhler-Einstein
metric g. Then there exists a normal global coordinates system w = { } such that

the Kdhler immersion’s equations of (CH rl, ghvp) into M read as
w,=z; fori=1,..,r )
w; =0 fori=r+1,..,n° @

where 7 = {Zj}/:l,‘..,r are affine coordinates on CH}.
Proof Without loss of generality we can assume that M is irreducible. Throughout the
proof we use Jordan triple system theory, referring the reader to [2—4, 6, 7, 9—11] for details
and further applications.

Let (V, {,, }) be the Hermitian positive Jordan triple system (from now on HPJTS) asso-
ciated to M. Let x = Ajc; + - + A,c;, Ay > --- > A, > 0 be the spectral decomposition

([11, Definition VI.2.2]) of an element x € V. By [11, Proposition V1.4.2], we can realize
(M, g) as a bounded symmetric domain

Q={xeV]|i<1} 3)

equipped with the Kéhler-Einstein form (unique up to rescaling): w(z) = —édélog N(z,2),
where N is the generic norm of V ([2, Sect. 2.2]).

Consider a frame B = {el, ,e,} C V, namely a maximal set of mutually orthogonal,
primitive tripotents ([11, Definition VI.2.1]). Let W C V be the complex vector subspace
W = spanc{e,,....e,}. If x = T e Y =X e, 2= X, ze; are elements of W, we
have (see [11, (6.11)])

{x,y,2} —2ny]ze ew.

Hence any frame {cl Y ,cr} of W has the form
¢y =ee,p. 1<j<r 4)
where ¢ € ©, is a permutation of {1,...,r} and W is a Hermitian positive Jordan tri-

ple subsystem of (V, {,, }). It is well know that there exists a one to one correspondence
between sub-HPJTS V' C V and complex totally geodesic sub-HSSNCT Q' C Q (see e.g.
[2, Proposition 2.1]), given by

Ve =QnV.
We want to determine the HSSNCT associated to (W, {,, }IW)' Let xe W and let
= Ajcy + -+ Acg, Ay > - > A > 0 be its spectral decomposition (notice that, by [11,
Proposmon VI.2.4], an element x € W has the same spectral decomposition in V and W).
As recalled above, the associated HSSNCT realized as a bounded symmetric domain A" of
W is given by A" = {x eEWIi < 1}. Fixed the complex basis B = {el, ,e,} defined
above, we can identify W with C". With respect to this coordinates we have
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AT = {(Zl""’zr) | |Z,| <l,j= 1,---,1”} cCr

(compare this construction with [6, Sec. 4.5.] and [3, Example 6]). Denoted by Ny, the
generic norm of W, we see that the associated Kéhler-Einstein form is given by

w,(2) = —édalogNW(z, )= —Eaalog< <1 - ’ | ))

where we used (4) and the fact (see e.g. [11, Proposition VI.2.6]) that, with respect to spec-
tral coordinates x = /13 1+ -+ A,c,, the generic norm N of an HPJTS is given by

Neex) =TT, (1= 42 ). We conclude that (A, 0, ) = (CH. g,

complex basis {el, e fls e fn_,} of V, we can identify V with C" obtaining coordi-
nates W = {Vv} for M satisfying (2). Let us choose fi,...,f,_, in such a way that
gjk(O) = g(a% —)(O) Jk, 1 <j,k < n. We introduce now (see e.g. [1, 4.17 Theorem])

). If we complete B to a

new coordinates w = {wj}, by solving W =w; + 2Aklwkw1, where A/k[ = g” (O) obtain-
ing normal coordinates which satisfy (2) (notice that A kl =0, forl <j,k,1I S r) The proof
is complete. a

We are now in a position to characterize complex hyperbolic spaces among irreduc-
ible HSSCNT. This result should be compared with [5, Theorem 3.2], where the authors
characterize complex projective spaces among irreducible classical HSSCT via A-property.

Proposition 1 The complex hyperbolic space is the unique HSSNCT which satisfies the A
-property.

Proof Let M be an n-dimensional HSSNCT endowed with its Kdhler-Einstein metric g. We
denote by A the Einstein constant. Let Z = {z } be a holomorphic normal coordinate system
centered in a point x € M. We have?

Agy = Ricy = ¢ (~ 085 + £70,813018,7) - ©)
Hence, if we evaluate the previous equation at 0, we get
Z 0,787(0) = 459, ©)
h
By (6), we get
A*(0) = g0y (s7050) | = (417 + 247 )$(0) @)
that is (1) is satisfied also for k = 2.

By combining (5), (6) and (7) above, we get that every smooth function ¢ defined in a
neighborhood V of the origin fulfills the following

2 We are going to use the notation d; to denote - and a similar notation for higher order derivatives. We are
1 a..
. . ., . T<i . .
also going to use Einstein’s summation convention for repeated indices.
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A3p(0) =<(A§)3 +3A(A? + 22N )¢(0) +2 ) 9587050 |0+
Lh=1

n n n
+ Y 0ug b |+ Y ons"0ui | + X e’ |,
Lh=1 Lh=1 Lh=1

where we use that by differentiating (5) and evaluating in the origin, the coefficients of the
third order derivatives of ¢ vanish.

Let {z =w; } be the system of normal coordinates given in Lemma 1 and assume (up
to automorphlsm of M) that they are centered at x. If {z } _,_, are affine coordinates on
(CH,, ! ghv ), by taking into account Lemma 1, we can computé !

®)

A3 (12y1*)|, = 34(A) (21D + 8 =124+ 16. )

awlawl‘

Furthermore, if » # 1, namely if M is different from a complex hyperbolic space, we also
compute

A (I121221%) |, = 34(AY) (22|,

2,22 2,11 2,12 2,21
+4(()g_+ag_+ag_+ag_>|O (10)

ow 0w,  Ow,0w, Ow,0w; Ow; 0w,

=64

If M has rank greater than 1, let us assume by contradiction that the A-property is valid,
in particular around each point of M there exists a local coordinate system with respect to
which (1) is satisfied for k = 1,2, 3. Let us denote such coordinate system by f = (f}, ....f,)-
Since in [5, Theorem 2.1] is showed that every second order derivative of the holomorphic
change of coordinates sending f'to Z vanish at f = 0, we get

2
Ap(0) =((a) + Y a,(a) ) o) =
i=1

2
Pz, 0z, P
(ZG(AZ >¢| df. of. df. d aﬁa 07 j '
= tztaﬂff;zf;3 f;lf;zf;3 Za Zﬂ
03Za 3 az 64
+ (AZ)3¢| 4 il ¢ | +

af’laflzafh =1 0ft, azal aEazaz%azo@ 0
11,12,13 ’
Apy.ny Oy
63" 3 azal a4¢ )

+ _——
; 2 ; af;laf; af;w =1 aflz ()Zal azazaza3aza4 0
s 13
Ay, ey Oy

The previous formula implies the relation
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A% (12,1*)(0) = 28% (Iz,2,17) (0),

therefore we have a contradiction from the comparison with (9) and (10). The proof is
complete. a

Remark 1 Notice that (see [5, Remark 3]) we have proved the stronger statement that the
complex hyperbolic space is the unique HSSNCT such that around any point there exists a
global coordinate system with respect to which (1) is satisfied for k = 1,2, 3.

Finally, we can prove our main result.

Proof of Theorem 1 By Theorem A in the introduction, a Kihler manifold (M, g) satisfying
the A-property is an Hermitian symmetric space. Therefore (M, g) can be decomposed as a
Kihler product

(C", 89) X (C1,81) X .. X (C, 8) X (N, 8) X ... X (N}, &),

where (C", g,) is the flat Euclidean space, (C;, g;) are irreducible HSSCT and (N,, 8;) are
irreducible HSSNCT.

By [5, Theorem 2.1], a Hermitian symmetric space where (1) is fulfilled for k = 1,2, is
the flat Euclidean space otherwise it is a Kihler product of Hermitian symmetric space of
either compact or noncompact type. Hence, we are going to prove our statement by charac-
terizing the complex projective space form among HSSCT in analogy with what we have
done for hyperbolic spaces in Proposition 1.

Let (C, g) be an HSSCT, let (C*, g*) the non compact dual and (V, {,, }) be the associ-
ated HPJTS. Let us identify V with C" by fixing any complex basis of V. Then (see e.g. [2,
Sect. 2.4]) V equipped with the Kéhler form

Wpg = %aﬁ log N(z, —2)

is holomorfically isometric (up to homotheties) to an open dense subset of (C*, g*), there-
fore we can consider the coordinate system given in Lemma 1 as local coordinates for
(C, g). With respect this coordinates, the Kéhler potential ® = log N(z, —z) for the metric
g satisfies

®(z,2) = —D*(z, =) 1)

where ®*(z,7) = —log N(x, x) is the Kihler potential for g* given in (3).
By (11) and (8), we get

A (Iziz1*) (0) = =AY (1z,5,]%)(0)
for every 1 <1i,j < dim(C). Hence, if C* is not the hyperbolic space, namely if C is not a

complex projective space, (1) for k = 3 cannot be satisfied as proved in Proposition 1. The
proof is complete. O
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