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Abstract Within the framework of the Zakharov–Schulman approach, in close analogy with the methods of quantum field theory, the
classical scattering matrix for the simplest process of interaction between hard and soft excitations in a quark–gluon plasma (QGP)
is determined. The classical S-matrix is defined in the form of the most general integro-power series expansion in the asymptotic
values as t → −∞ of normal bosonic variables c− a

k (t) and (c− a
k (t))∗, describing the soft gluon excitations of the system, and a color

charge Q−a(t) of a hard particle. The first nontrivial contribution to this matrix is calculated. The quantum commutator of quantum
field operators is replaced by the so-called Lie–Poisson bracket depending on the classical asymptotic variables. The developed
approach is used to derive a general formula for energy loss of a fast color-charged particle during its scattering off soft bosonic
excitations of QGP in the framework of the classical Hamiltonian formalism. For this purpose, the notion of an effective current of
the scattering process under consideration is introduced and its relation to the classical S-matrix is determined. With the help of the
known form of the classical scattering matrix, the desired effective current is recovered, which in turn allowed us to determine the
formula for energy loss of the hard color particle. The rough estimates of energy loss at the order-of-magnitude level are provided,
and their comparison with the well-known results on the radiation and collision losses is performed.

1 Introduction

In [1], we suggested a Hamiltonian theory for collective longitudinally polarized Bose-excitations (plasmons) interacting with a
classical high-energy color-charged particle propagating through a hot quark–gluon plasma. For this purpose, we applied a general
formalism for constructing the wave theory in nonlinear media with dispersion based on the classical Hamiltonian theory of systems
with distributed parameters, proposed in due time by Zakharov [2, 3], developed later by Gitman and Tyutin [4] for quantum fields
and presented in detail on numerous examples of concrete physical systems in the reviews [5, 6] and in the monograph [7] (see also
[8–10]).

In the present work, as a concrete physical application of the Hamiltonian wave theory of quark–gluon plasma, we consider
the problem of calculating the energy loss of ultra-relativistic color-charged particles passing through a hot QCD medium. As is
well known, energy loss is one of the most important tools for diagnostics of the quark–gluon plasma in ultrarelativistic heavy-ion
collisions [11]. In this paper, we are only interested in the leading hard thermal loop (HTL) contribution with respect to the strong
coupling constant. This allows us to simplify the treatment and consider the high-energy massless particle as moving along a straight
trajectory with a constant velocity

x � x0 + v(t − t0),

where x0 and v are the initial position and velocity of the hard particle, respectively. In the HTL-approximation, the Abelian part of
the Compton scattering is suppressed, and only the dominant specific non-Abelian contribution survives. This is a standard approach
in the field, which is reasonable in the high-energy regime.
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In spite of the fact that we assume the trajectory of a hard particle to be straight and its velocity to be constant, the particle under
consideration loses energy due to the rotation of its color charge in an effective color space during the scattering off the soft gluon
excitations of the quark–gluon plasma1. The rotation of the color charge of the particle leads to the emission (absorption) of soft
bosonic excitations. The most natural approach to obtaining an expression for energy loss is the method developed for the ordinary
Abelian (electron-ion) plasma. A thorough discussion of this topic can be found in the monograph by Akhiezer et al. [13]. It is only
necessary to make a minimal generalization to the color degrees of freedom for soft and hard excitations in QGP.

We should at once specify that we are interested in energy losses of a hard particle in the region of momentum/energy transfer
of the order of the so-called Debye mass, i.e., at q ∼ gT ∼ mD . In this region, the description that takes into account the screening
effects and the presence of quasiparticle excitations of the quark–gluon plasma is valid. Here, we are dealing with the hard thermal
loop perturbation theory [14–16]. These losses are most likely of purely academic interest, since it is well known (see, for example,
[17]) that for fast partons with energy E � T (from tens to hundreds of GeV for RHIC and LHC conditions) the main part of the
losses comes from the medium-induced gluon bremsstrahlung and from the direct elastic collisions with hard thermal particles. The
latter are related to the scattering processes with momentum transfer to the medium particles of the order q � gT , at which the
quasi-particle description does not work anymore, since such phenomena are beyond the region of validity of the HTL perturbation
theory.

In fact, the main purpose of this work is to answer the question: is it possible, while remaining within the framework of the
Hamiltonian wave theory alone, to obtain a formula for the energy loss of a fast color-charged particle during its scattering off soft
collective bosonic (and, in general, fermionic) excitations of a non-Abelian plasma. The calculation of energy loss in this approach
requires knowledge of the effective bosonic current for particles with integer spin or of the effective fermionic current for particles
with half-integer spin, which are generated by the scattering of the particles off the collective waves of the medium or by the
scattering of hard particles off each other. The latter determines the energy losses due to bremsstrahlung, while the former is due to
the so-called spontaneous scattering processes. Thus, to obtain the required expression of energy loss, it is necessary to know the
effective currents of bosonic or fermionic types associated with the scattering processes interesting to us.

In our case to calculate this effective bosonic current, staying only within the framework of the Hamiltonian theory, we will
use the expression for the so-called classical scattering matrix. The matrix was introduced for the first time by Zakharov [18]
for Hamiltonian wave systems and then was developed in the works of Zakharov and Shulman et al. [19–21]. However, in these
works, the scattering matrix was determined, so to speak, only for the soft sector of excitations of physical systems. The sufficient
universality of this approach allowed us to propose for the first time a method for constructing a classicalS-matrix for a highly excited
strongly interacting system, such as the quark–gluon plasma coupling with hard color-charged partons. Due to the complexity of
the problem, in this work, we restricted ourselves to the simplest interaction process—elastic scattering of one energetic particle off
a plasmon. As is known, in the framework of quantum field theory (see, for example, the monographs by Bogolubov et al. [22, 23])
the operators of bosonic and fermionic currents represent the so-called first-order radiation operators, which in turn are expressed
through the variational derivatives of the quantum S-matrix. We suppose to apply these relations to obtain the classical bosonic
and also fermionic currents, where the classical S-matrix in the spirit of Zakharov–Schulman approach will be used instead of the
quantum S-matrix.

The method of defining the effective bosonic current on the basis of the S-matrix has already been used in a number of works
as an application to the problems of a hot QCD medium. For example, Jackiw and Nair [24] have used the bosonic current to
derive high-temperature response functions for a non-Abelian plasma and the corresponding non-Abelian generalization of the
Kubo formula. In the paper by Elmfors, Hansson, and Zahed [25], the formula relating the current and the S-matrix was used to
simply derive the effective action for hard temperature loops.

The paper is organized as follows. In Sect. 2, we present an explicit form of the previously obtained in [1] the fourth-order
effective Hamiltonian H(4) describing the elastic scattering of a hard color particle off the collective longitudinal QGP excitations.
The Lie–Poisson bracket, which is used within the canonical formalism and the corresponding Hamilton equations for the basic
dynamical variables, is written out. A diagrammatic interpretation of the various terms included in the effective scattering amplitude
is given. In Sect. 3, a general approach to the determination of the classical scattering matrix for the process of interaction of a hard
color-charged particle with soft bosonic excitations of QGP is presented. For this purpose, the so-called adiabatic hypothesis of
switching off the interaction is used. Section 4 is devoted to the explicit derivation of the S-scattering matrix for the simplest case
of the interaction Hamiltonian (1) quadratic in the normal field variables and linear in a color charge. The scattering matrix is given
here in the form of some integral operators relating the asymptotic in-variables c− a

k and Q−a as t → −∞ with the asymptotic
out-variables c+ a

k and Q+a as t → +∞.
In Sect. 5, by analogy with quantum field theory, the classical S-scattering matrix is constructed in the form of an exponential

function rather than as the integral operator. For this purpose, the Lie–Poisson bracket in the new asymptotic in-variables c− a
k , (c− a

k )∗
and Q−a is used. In Sect. 6, we give a general expression for energy loss of a fast charged particle moving in a usual electron-ion
plasma with a minimal generalization to the color degree of freedom. Section 7 is devoted to the construction of an effective current
of the hard color particle coupling with a high-temperature quark–gluon plasma. This current is defined in full analogy with quantum

1 We specifically note that here the rotation of color charge determines only radiative energy loss. There is another important class of energy losses associated
with direct collisions with thermal particles of the QCD medium. Such particle collisions also lead to the rotation of their color charges, as soon as a particle
“hits” the field of the other particle at the collision point thereby resulting in the collision energy losses (see, for example, [12]).
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field theory—in the form of the first-order radiation operator (current operator). The effective current thus found in the coordinate
representation is then rewritten in the Fourier representation. In Sect. 8, on the basis of the effective current obtained, the derivation
of the final expression for energy loss is presented. The contributions to the energy loss from the asymptotic scalar colorless N− l

k

and color W− l
k components of the plasmon number density N −a a′

k are analyzed separately. Section 9 discusses the calculation of
an order-of-magnitude estimate of energy loss of a hard particle under two extremely opposite conditions: when a hot QCD plasma,
in the asymptotic past, close to thermal equilibrium, and when it is in a strongly excited state.

In the concluding Sect. 10, we briefly summarize our findings and outline possible ways of their generalization to the fermion
sector of hard and soft excitations of the quark–gluon plasma. An explicit form of the effective gluon propagator and of the effective
three-plasmon vertex in the hard thermal loop approximation, which we use in the paper, is given in Appendix.

2 Interaction Hamiltonian of plasmons and a hard color particle

For the convenience of further references, this section provides the necessary minimum information from [1]. In particular, in
this paper, an explicit form of the effective fourth-order Hamiltonian H(4), which describes the elastic scattering of the collective
longitudinal excitations (plasmons) off a hard color-charged particle, was obtained:

H(4)
gG→gG � i

∫
dk1 dk2 T (2)a a1 a2

k1,k2
c∗a1
k1

ca2
k2
Qa , (1)

where the amplitudes c∗a
k and cak are the so-called normal field variables describing the soft bosonic degree of freedom of the

system, and Qa is a color charge of the hard particle, which is a function of time t. Throughout the text we use the temporal gauge
(A0-gauge). The complete effective amplitude T (2)a a1 a2

k1, k2
� f a a1a2 T (2)

k1, k2
has the following structure:

T (2)
k1,k2

� T (2)
k1,k2

+
1

2

(
1

ω l
k1

− v · k1
+

1

ω l
k2

− v · k2

)
φ∗
k1

φk2
(2)

+ i

[(
1

ω l
k1−k2

− v · (k1 − k2)
+

1

ω l
k1−k2

− ω l
k1

+ ω l
k2

)
V k1, k2, k1−k2

φ∗
k1−k2

−
(

1

ω l
k2−k1

− v · (k2 − k1)
+

1

ω l
k2−k1

− ω l
k2

+ ω l
k1

)
V ∗
k2, k1, k2−k1

φk2−k1

]
.

here f ab c are the totally antisymmetric structure constants of the color Lie algebra su(Nc), a, b, c � 1, . . . , Nc; ω l
k is the dispersion

relation of the longitudinal mode of the collective excitations of QGP; v is velocity of the hard particle, which we consider to be
fixed. The functions φ∗

k and φk in the amplitude (2) are elementary interaction vertices of the incoming and outgoing wave lines
(plasmons) with a hard test color-charged particle G. An explicit form of the vertex function φk is

φk � g

(
Zl (k)

2ω l
k

)1/2

(v · ε l (k)), (3)

where the factor Zl (k) is the residue of the effective gluon propagator at the longitudinal mode pole, ε l
μ(k) � (ε l

0(k), εεε l (k)) is the
polarization vector in A0-gauge (see Eq. (31)), and vμ � (1, v). An explicit form of the effective three-plasmon vertex function
V k1, k2, k3

is presented in Appendix.
The variables c∗a

k , cak and Q a obey the corresponding Hamilton equations:

∂ c∗ a
k

∂ t
� −i

{
c∗ a
k , H(0) + H(4)

gG→gG

}
,

∂ c a
′

k ′

∂ t
� −i

{
c a

′
k ′ , H(0) + H(4)

gG→gG

}
, (4)

dQ a

d t
� −i

{
Q a , H(0) + H(4)

gG→gG

}
, Q a(t)|t � t0� Q a

0 ,

where

H(0) �
∫

dk (ω l
k − v · k)c∗a

k c ak (5)

is the free field Hamiltonian, braces denote the Lie–Poisson bracket

{F , G} �
∫

dk′
{

δF

δc ak′

δG

δc∗a
k′

− δF

δc∗a
k′

δG

δc ak′

}
+ i

∂F

∂Q a

∂G

∂Qb
f a bcQc. (6)

The first term on the right-hand side is a standard canonical bracket.
Figure 1 gives a diagrammatic interpretation of the different terms in the effective amplitude (2).
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Fig. 1 Effective amplitude T̃ (2) a1 a2 a
k1, k2

for the elastic plasmon scattering process off a hard colored particle. The double line denotes the hard particle carrying

a color charge Qa , and the black dots denote the HTL summation

The second and third diagrams represent the usual Compton scattering of soft bosonic excitations off a hard test particle induced
by the second term on the right-hand side of the expression (2). The incoming and outgoing wave lines in Fig. 1 correspond to the
normal field variables ca1

k1
and c∗a2

k2
, respectively, and the horizontal double line between two interaction vertices corresponds to the

“propagator” of the hard particle

1/(ω l
k1

− v · k1),

which enters (2) in the symmetrized form. The interaction vertices correspond to the functions φ∗
k1

or φk2
. The last graph in Fig. 1

is related to the interaction of the hard particle with plasmons through the three-plasmon vertex function V a a1 a2
k, k1, k2

with intermediate
“virtual” oscillation to which corresponds the factor in (2)

1

ω l
k1−k2

− v · (k1 − k2)
+

1

ω l
k1−k2

− ω l
k1

+ ω l
k2

.

This factor can also be written in a simpler form:

1/(ω l
k1−k2

− ω l
k1

+ ω l
k2

),

if the so-called “resonance frequency difference” is exactly zero

�ωk1, k2 ≡ ω l
k1

− ω l
k2

− v · (k1 − k2) � 0.

Finally, the first graph in Fig. 1 corresponds to the first term T (2)
k1, k2

on the right-hand side of (2), which is related to the process of
direct interaction of two plasmons with a hard particle. In the physical system under consideration, there is no double contact vertex
function describing this scattering process, and therefore we should simply assume this term to be zero:

T (2)
k1, k2

≡ 0.

In conclusion of this section, we also note that the Hamiltonian (1) is a real function even without the fulfillment of the resonance
condition �ωk1, k2 � 0 in the scattering processes that we are interested in.

3 Classical scattering matrix

This and next two sections are devoted to deriving the classical scattering matrix for the scattering process of a hard color-charged
particle off the soft bosonic QGP-excitations. Our further considerations will be largely based on the works of Zakharov and Shulman
[18–20].

In our case the following system of dynamical equations:

∂ c ak
∂ t

� −i (ω l
k − v · k)c ak − i

δHint

δc∗a
k

,

∂ c∗ a
k

∂ t
� i (ω l

k − v · k)c∗ a
k + i

δHint

δcak
,

dQa

dt
� ∂Hint

∂Qb
f a bcQc (7)

the starting ones in the construction of the classical scattering matrix. It is a consequence of the Hamilton equations (4), of the
definition of the free Hamiltonian (5), and of the Lie–Poisson bracket (6). Here, Hint is some interaction Hamiltonian. Following the
reasoning [18–20], first we must introduce into consideration a system with an interaction, adiabatically switching off as t → ±∞,
i.e.,
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H � H0 + Hint e−ε|t |, ε > 0.

Solution of Eq. (7) turns asymptotically into the solution of the free-field equations:

c ak (t) → c± a
k (t) ≡ c± a

k e−i (ω l
k −v·k) t , Qa(t) → Q±a , (8)

where on the right-hand side the quantities c± a
k and Q±a are some constants. The functions (c− a

k , Q−a) and (c+ a
k , Q+a) are not

independent. There exists a nonlinear operator Ŝε relating the in- and out-fields and asymptotic color charges2. Here, the notations
“in/out-” are associated with the states that the signs “−/+” are assigned to. For further analysis, we pass on to the so-called
“interaction representation”

c ak (t) � c̃ ak (t)e−i (ω l
k −v·k) t , c ∗ a

k (t) � c̃ ∗ a
k (t)e i (ω l

k −v·k) t .

The equations of motion (7) now take the form:

∂ c̃ ak
∂ t

� − i
δ H̃int

δ c̃ ∗a
k

e−ε|t |,

∂ c̃∗ a
k

∂ t
� i

δ H̃int

δ c̃ ak
e−ε|t |,

dQa

dt
� ∂ H̃int

∂Qb
f a bcQc e−ε|t |,

where H̃int is the interaction Hamiltonian expressed in terms of the new variables c̃ a
k and c̃∗ a

k . These equations are equivalent to the
integral ones governing the time evolution of the system under consideration:

c̃ a
k (t) � c− a

k − i

2

t∫

−∞
dτ

δ H̃int

δ c̃∗a
k (τ )

e−ε|τ |,

c̃∗ a
k (t) � (c− a

k )∗ +
i

2

t∫

−∞
dτ

δ H̃int

δ c̃ ak (τ )
e−ε|τ |,

Qa(t) � Q−a +
1

2

t∫

−∞
dτ

∂ H̃int

∂Qb(τ )
f a b cQc(τ ) e−ε|τ |.

(9)

Solutions of these integral equations can be formally represented in the following form:

c̃ ak (t) � Sε(−∞, t)[c− a
k , (c− a

k )∗,Q−a],

c̃∗ a
k (t) � S ∗

ε (−∞, t)[c− a
k , (c− a

k )∗,Q−a],

Qa(t) � Sε(−∞, t)[c− a
k , (c− a

k )∗,Q−a].

(10)

Here, in the square brackets, we indicate the asymptotic in-states that are mapped by the operator Sε(−∞, t) into the time-dependent
new variables c̃ ∗ a

k (t), c̃ ak (t) and Q a(t). In the following, to avoid introducing new notations, the integral operators on the right-hand
sides for the solutions c̃ ak (t) and Qa(t) are written by means of the same symbol Sε(−∞, t)[ . . . ], although this is not quite correct.

At finite ε and sufficiently small c− a
k and Q−a , the integral operator Sε(−∞, t) can be obtained in the form of convergent series

by the iteration of the integral equations (9). In the work [20], the series obtained for the operator Sε(−∞, t) as ε → +0 was called
the classical transition matrix. The limit ε → +0 was defined for each term of the series. Such derived expression is finite in the
sense of generalized functions.

Further letting t → +∞, one finds from (10)

c+ a
k � Sε[c− a

k , (c− a
k )∗,Q−a],

(c+ a
k )∗ � S ∗

ε [c− a
k , (c− a

k )∗,Q−a],

Q+a � Sε[c− a
k , (c− a

k )∗,Q−a], (11)

where Sε ≡ Sε(−∞, +∞). The corresponding limit of integral operator Sε as ε → +0
2 Sometimes we will use this convenient terminology commonly accepted in quantum field theory for the notation of asymptotic in- and out-field operators
defined in the regions t → −∞ and t → +∞, correspondingly (see, for example [26]). These operators, in particular, satisfy the free field commutation
relations and equations.
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Fig. 2 Graphical representation of
two coupled integral Eqs. (12) and
(13)

S � lim
ε→+0

Sε(−∞, +∞)

was referred to as the classical scattering matrix.
To conclude this section, we note that since the interaction is adiabatically switched off as t → −∞, the system, generally, in the

asymptotic past can be in a non-equilibrium state (and even in an essentially non-equilibrium one). As will be shown in Sect. 9, the
energy losses of an energetic particle propagating in a hot QCD medium depend on whether the system as t → −∞ is in thermal
equilibrium or in a highly excited state.

4 Plasmon scattering off a hard color-charged particle

Let us define the structure of the classical scattering matrix in the simplest case of the interaction Hamiltonian Hint � H(4)
gG→gG

that is quadratic in the field variables c̃ a
k and c̃∗ a

k , and linear in the color charge Qa , as it was defined by the expression (1). In the
interaction representation the first and third integral equations in (9) take the form

c̃ a
k (t) � c− a

k +
1

2

t∫

−∞
dτ

∫
dk1 T (2) b a a1

k,k1
c̃ a1
k1

(τ )Q b(τ )ei �ωk,k1 τ − ε |τ |, (12)

Qa(t) � Q−a+
i

2
f a b c

t∫

−∞
dτ

∫
dk1 dk2 T (2) b a1 a2

k1,k2
c̃ ∗a1
k1

(τ ) c̃ a2
k2

(τ )Q c(τ )ei �ωk1,k2 τ − ε |τ |, (13)

where the “difference of resonant frequencies” �ωk, k1 appears in the exponent of the integrands:

�ωk, k1 ≡ ω l
k1

− ω l
k2

− v · (k1 − k2).

Integral equations (12) and (13) can be symbolically represented in the graphical form as depicted in Fig. 2.
Explanations of the graphic elements are collected in Table 1.
The diagrammatic representation of a self-consistent system of two integral equations in general does not have any specific

physical meaning, but rather serves as a simple graphical illustration. Such a representation is convenient because it provides an
ability to attribute certain graphical diagram to each term of the series arising from iteration of the integral Eqs. (12) and (13).

The graphical representation of integral equation for unknown quantity (more precisely, for the normal field variable) goes back
to the early classical works devoted to the statistical description of weakly turbulent wave fields (see, for example, Wyld [27],
Zakharov and L’vov [28], Zakharov and Schulman [20], etc.). In our case, due to the consideration of the hard modes of excitations
in the system, we have an additional integral equation. We attempted to give a graphical interpretation of the integral equations using
the ideas of the works mentioned above with an appropriate generalization to the color degrees of freedom.
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Table 1 Diagrammatic elements
for graphical interpretation of
integral Eqs. (12) and (13)

Name Element of the diagram Factor in the integral equations

Unknown normal field variable c̃ a
k (t)

Unknown color charge Qa (t)

Asymptotic field amplitude c− a
k

Asymptotic color charge Q−a

Exponential factor δ a a
′
e iτ�ωk, k1 −ε|τ |

Complete effective amplitude T (2) b a a1
k, k1

Antisymmetric structure constants f a b c

For our purposes, it is sufficient to define the first order iteration of Eq. (12), i.e., on the right-hand side we just make the
replacement: c̃ ak (τ ) → c− a

k and Qa(τ ) → Q−a , then

c̃ ak (t) � c− a
k +

1

2

∫
dk1

( t∫

−∞
dτ e i �ωk,k1 τ − ε|τ |

)
T (2) b a a1
k,k1

c− a1
k1

Q−b. (14)

Here the time dependence is collected in a separate multiplier. Let us analyze the integral over τ . For definiteness, we assume that
t > 0 and therefore

t∫

−∞
dτ e i �ωk, k1 τ − ε |τ | �

0∫

−∞
dτ e i �ωk, k1 τ + ε τ +

t∫

0

dτ e i �ωk, k1 τ − ε τ

� 1

i�ωk, k1 + ε
+

(
1

i�ωk, k1 − ε
e (i �ωk, k1 − ε) t − 1

i�ωk, k1 − ε

)

� 2ε

(�ωk, k1 )2 + ε 2 +
1

i

1

�ωk, k1 + i ε
e (i �ωk, k1 − ε) t .

By using the following limits [29]:

lim
ε→+0

ε

x 2 + ε 2 � π δ(x), lim
t→+∞

e i x t

x + i ε
� 0,

we find the required expression for the integral at hand

lim
t→+∞ lim

ε→+0

t∫

−∞
dτ e i �ωk, k1 τ − ε |τ | � 2π δ(�ωk, k1 ).

Thus letting, ε → +0 and t → +∞, one obtains from (14)

c+ a
k � c− a

k +
1

2

∫
dk1 T (2) b a a1

k,k1
c− a1
k1

Q−b 2π δ(�ωk,k1 ) ≡ S[c− a
k , (c− a

k )∗,Q−a]. (15)

This expression defines the classical scattering matrix in the first nontrivial approximation. Similar reasoning for the second integral
equation (13) leads us to the following relation in the same iteration order, which supplements (15):

Q+a � Q−a+
i

2
f a b c

∫
dk1 dk2 T (2) b a1 a2

k1,k2
(c− a1

k1
)∗ c− a2

k2
Q−c 2π δ(�ωk1,k2 ). (16)

5 Explicit form of classical scattering matrix

To determine the effective classical current it is necessary to know an explicit form of the classical scattering matrix, whereas in
the expressions (15) and (16) it is given in the form of some integral operator. Let us try to define the explicit form of the classical
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scattering matrix in analogy to quantum field theory. As is well known, the relation between asymptotic states of any in- and out-field
operators is given by the quantum field S-matrix [22, 23, 26]:

φ̂out(x) � Ŝ †φ̂in(x) Ŝ.

Further, if we introduce the general form of quantum S-matrix to be an exponent of some phase function T̂ , to take into account its
unitarity, (see, for example, [30])

Ŝ � e i T̂ , (17)

where T̂ is a Hermitian operator, then the relation connecting the in- and out-field operators can be expanded in a series of commutators

φ̂out(x) � e −i T̂ φ̂in(x)e i T̂ (18)

� φ̂in(x) +
i

1!
[ φ̂in, T̂ ] +

i 2

2!
[[φ̂in, T̂ ], T̂ ] +

i 3

3!
[[[φ̂ in , T̂ ], T̂ ], T̂ ] + · · · .

By analogy with (17), we will search for the classical S-matrix in the form of an exponential function

S � e i T , (19)

where now T � T ∗, and replace the quantum commutators in (18) by the Lie–Poisson bracket: [·, ·] → {·, ·}. The latter was defined
by Eq. (6). We write out the Lie–Poisson bracket in the new asymptotic variables3 c− a

k , (c− a
k )∗ and Q−a :

{F , G} �
∫

dk′
{

δF

δc− c
k′

δG

δ(c− c
k′ )∗

− δF

δ(c− c
k′ )∗

δG

δc− c
k′

}
+ i

∂F

∂Q−a

∂G

∂Q−b
f a bcQ−c.

Then, the right-hand side of the first and the last relations in (11) in the limit ε → +0 can be formally represented as the following
series

c+ a
k � c− a

k +
i

1!
{c− a

k , T } +
i 2

2!
{{c− a

k , T }, T } +
i 3

3!
{{{c− a

k , T }, T }, T } + · · · , (20)

Q+a � Q−a +
i

1!
{Q−a , T } +

i 2

2!
{{Q−a , T }, T } +

i 3

3!
{{{Q−a , T }, T }, T } + · · · . (21)

These series actually represent some canonical transformation. Discussions of such transformations in the case of analytical mechan-
ics can be found in textbooks [31, 32]. They are closely related to one-parameter subgroup of general canonical transformations,
in which the function T (in our case a functional) plays the role of generator of the subgroup. In particular, in the work [33] the
classical quantity T was called “scattering generator”. However, the examples considered in [31, 32] assume that T is a function
with a fixed functional form. In our case, the functional T itself is an unknown quantity subject to determination.

Let us seek the function T in the form of the most general integro-power series expansion in the normal in-field variables c− a
k ,

(c− a
k )∗ and in the asymptotic color charge Q−a

T � F aQ−a (22)

+
∫

dk1
[
g a1
k1
c− a1
k1

+ g ∗a1
k1

(c− a1
k1

)∗
]

+
∫

dk1
[
f a1b
k1

c− a1
k1

+ f ∗a1b
k1

(c− a1
k1

)∗
]
Q−b

+
∫

dk1 dk2

[
g (1) a1a2
k1, k2

c− a1
k1

c− a2
k2

+ g (2) a1a2
k1, k2

(c− a1
k1

)∗c− a2
k2

+ g ∗ (1) a1a2
k1, k2

(c− a1
k1

)∗(c− a2
k2

)∗
]

+
∫

dk1 dk2

[
G (1) a1a2 b

k1, k2
c− a1
k1

c− a2
k2

+ G (2) a1a2 b
k1, k2

(c− a1
k1

)∗c− a2
k2

+G ∗ (1) a1a2 b
k1, k2

(c− a1
k1

)∗(c− a2
k2

)∗
]
Q−b + · · · .

Within accepted approximation, it is sufficient to consider only the second term on the right-hand sides of (20) and (21); then we
have, respectively,

{c− a
k , T } � δT

δ(c− a
k )∗

� g ∗ a
k + f ∗ab

k Q−b

+
∫

dk1

[
g (2) a a1
k, k1

c− a1
k1

+ 2g ∗ (1) a a1
k, k1

(c− a1
k1

)∗
]

3 The mappings (8) are a formal canonical transformation, and in the new variables the complete Hamiltonian H has the form

H �
∫

dk (ω l
k − v · k)(c± a

k )∗c± a
k .
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+
∫

dk1

[
G (2) a a1b

k, k1
c− a1
k1

+ 2G ∗ (1) a a1b
k, k1

(c− a1
k1

)∗
]
Q−b + · · ·

and

{Q−a , T } � ∂ T
∂Q−b

f a bcQ−c � f a b c F bQ−c + f a b c
∫

dk1
[
f a1 b
k1

c− a1
k1

+ f ∗a1 b
k1

(c− a1
k1

)∗
]
Q−c

+ f a b c
∫

dk1 dk2

[
G (1) a1a2 b

k1, k2
c− a1
k1

c− a2
k2

+ G (2) a1a2 b
k1, k2

(c− a1
k1

)∗c− a2
k2

+ G ∗ (1) a1a2 b
k1, k2

(c− a1
k1

)∗(c− a2
k2

)∗
]
Q−c + · · · .

Two expressions obtained above should be substituted into (20) and (21), respectively, and compared with the asymptotic relations
(15) and (16). As a result, we define the first nonzero coefficient function in the representation (22)

G (2) a1a2 b
k1,k2

� − i

2
T (2) b a1 a2
k1,k2

2π δ(�ωk1,k2 ) (23)

and therefore, instead of (22) we can now write

T �
∫

dk1 dk2 G
(2) a1a2 b
k1,k2

(c− a1
k1

)∗c− a2
k2

Q−b + · · · . (24)

By virtue of the definition of the function G (2) a1a2 b
k1, k2

(23) and the property

T (2)a a1 a2
k1, k2

� −T ∗ (2) a a2 a1
k2, k1

,

for the complete effective amplitude (2), which, as we recall, is a consequence of the requirement of reality for the effective
Hamiltonian, one can see that the function T is real, as it should be.

In conclusion of this section, we note that asymptotic amplitudes c± a
k (t), as they were defined in (8), can be expressed through

the original amplitudes c ak (t), c ∗ a
k (t) and the color charge Qa(t). In the leading approximation this relation looks like

c± a
k (t) � c ak (t) +

i

2

∫
dk1

1

�ωk, k1 ± i 0
T (2) b a a1
k, k1

ca1
k1

(t)Qb(t) + · · · .

6 Energy loss of color-charged particle in QCD plasma

As an application of the theory developed in [1] and in the previous sections, we study a problem of calculating energy loss of
a high-energy color-charged particle traversing a hot quark–gluon plasma, i.e., energy loss due to the scattering process of this
particle off soft boson excitations of the medium. As initial expression for energy loss we will use a classical one for energy loss of
color-charged particle per unit length being a minimal extension to the color degree of freedom of standard formula for energy loss
in an ordinary electromagnetic plasma [13]

−dE

dx
� 1

|v| lim
τ→∞

1

τ

τ/2∫

−τ/2

∫
dxdt

∫
dQ0 Re 〈JaQ(x, t) · Ea

Q(x, t)〉 (25)

� 1

|v| lim
τ→∞

(2π )4

τ

∫
dkdω

∫
dQ0 Re 〈J∗a

Q (k, ω) · Ea
Q(k, ω)〉.

Here, chromoelectric field Ea
Q(x, t) is one responsible for the particle at the site of its locating. To the procedure of the ensemble

average in Eq. (25) we have added the integration over the initial value of color chargeQa
0 with a measure that ensures the conservation

of the group invariants [34]

dQ0 ≡ μ

dA∏
e�1

dQe
0 δ(Qa

0 Q
a
0 − q2) δ(d abcQa

0 Q
b
0 Q

c
0 − q3) δ(d abcdQa

0 Q
b
0 Q

c
0Q

d
0 − q4) . . . , (26)

where dA � N 2
c − 1 is the dimension of the color Lie algebra su(Nc); d abc are completely symmetric structure constants of this

algebra. All other higher (symmetrized) structure constants for this particular algebra are expressed through δab and d abc (see, for
example, [35–38]). The number of products of δ-functions on the right-hand side of (26) is equal to the rank of the Lie algebra
su(Nc), i.e., Nc − 1. Thus, in the case of the su(2c) algebra we need to keep only the first δ-function. The constants q2, q3, . . . fix
representation-dependent values of the quadratic, cubic, etc., Casimir invariants4. The common multiplier μ depending on Nc in the
measure (26) is chosen so that the normalization is valid ∫

dQ0 � 1,

4 In the adjoint representation the group invariant q2 is the gluon Casimir CA � Nc .
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the consequence of which, in particular, are the equalities∫
dQ0 Qa

0 Q
b
0 � q2

dA
δ ab,

∫
dQ0 Qa

0 Q
b
0 Q

c
0 � q3

dA

(
N 2
c − 4

Nc

)−1

d abc (27)

etc. In addition, we set ∫
dQ0 Qa

0 � 0.

7 Effective current

For determining the energy losses we need to know some effective current of a hard color-charged particle in the interaction of
the latter with surrounding medium. Here, we again appeal to quantum field theory. In due time, in the framework of S-matrix
formalism an important notion of radiation operators was introduced into consideration (see, for example, [22, 23]). Among the
radiation operators, the first-order radiation operator plays a special role. This operator (the current operator) is defined by a simple
and unified formula:

Ĵ (κ)l (x) � −i Ŝ † δ Ŝ

δ φ̂
in (κ)
l (x)

or Ĵ (κ) l (x) � i
δ Ŝ

δ φ̂
out (κ)
l (x)

Ŝ †, (28)

where the index κ defines the type of the field φ̂ (κ). Each of the fields φ̂ (κ) is a tensor-valued or spin-tensor-valued quantity with
a finite number of Lorentz components φ̂

(κ)
l , (l � 1, . . . , rκ ). This expression, for example, for quantum electrodynamics when

φ̂l (x) ≡ Aμ(x), represents, apart from the sign, the operator of electromagnetic current dressed by radiative corrections.
By analogy with quantum field theory, we define the relation between the classical scattering matrix S and the effective current

of a hard color-charged particle with the help of the following expression:

J aμ
Q (x, t) � −i S † δS

δA−a
μ (x)

. (29)

The effective dressed current (29) of the energetic color particle arises as a result of a screening action of all thermal particles
and the interactions with soft color-field excitations of plasma. Since the asymptotic in- and out-gauge fields A−a

μ (x) and A+a
μ (x),

correspondingly, satisfy free field equations, they can be decomposed into positive and negative frequency parts in an invariant
manner valid for all times. Thus, we can write, for example,

A−a
μ (x) �

∫
dk

(
Zl (k)

2ω l
k

)1/2{
ε l
μ(k)c−a

k e−i ω l
k t + i k·x + ε∗ l

μ (k) (c−a
k )∗ ei ω

l
k t− i k·x}, (30)

where c−a
k and (c−a

k )∗ are asymptotic in-amplitudes. An explicit form of the polarization vector of longitudinal mode ε l
μ(k) � (ε l

0(k),
εεε l (k)) in A0-gauge is specified by the following expression:

εlμ(k) � ũμ(k)√−ũ2(k)

∣∣∣∣∣
on−shell

, (31)

so we have an evident normalization

εlμ(k)ε∗ lμ(k) � −1.

Here, the longitudinal projector ũμ(k) is defined by the first expression in (A4). In particular, we have ũ0(k) � 0 in the rest frame
of plasma, and as a consequence of the definition (31) we obtain ε l

0(k) � 0. It is obvious that

(εεε l (k))2 � 1 and (εεε l (k) · k̂) � 1, (32)

where k̂ ≡ k/|k| and the reality of the polarization vector is taken into account. In the decomposition (30) it is especially important
for us the fact that the amplitudes c−a

k and (c−a
k )∗ are time independent, as will be shown just below.

We can invert (30), i.e., express c−a
k and (c−a

k )∗ in terms of the field function in the coordinate representation A−a
i (x), i � 1,

2, 3, and its time derivative Ȧ−a
i (x) [39, 40]. With allowances made for the normalization (32), we derive

c−a
k � 1

2

(
2ω l

k

Zl (k)

)1/2∫
dy

(2π )3 ei ω
l
k t− i k·y ε l

i (k)
[
A−a

i (y, t) +
i

ω l
k

Ȧ−a
i (y, t)

]
,

(c−a
k )∗ � 1

2

(
2ω l

k

Zl (k)

)1/2∫
dy

(2π)3 e−i ω l
k t + i k·y ε l

i (k)
[
A−a

i (y, t) − i

ω l
k

Ȧ−a
i (y, t)

]
.
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As mentioned above, the function c−a
k and (c−a

k )∗ on the left-hand side are time-independent by definition, so the right-hand side
of these expressions must also be independent of t. For this reason, we can put t equal to an arbitrary constant and, in particular, we
can take t � 0. Then, instead of the last expressions, we have

c−a
k � 1

2

(
2ω l

k

Zl (k)

)1/2∫
dy

(2π)3 e− i k·y ε l
i (k)

[
A−a

i (y, 0) +
i

ω l
k

Ȧ−a
i (y, 0)

]
,

(c−a
k )∗ � 1

2

(
2ω l

k

Zl (k)

)1/2∫
dy

(2π)3 e i k·y ε l
i (k)

[
A−a

i (y, 0) − i

ω l
k

Ȧ−a
i (y, 0)

]
.

(33)

Next, taking into account the representation (19), we rewrite the right-hand side of the original expression for the effective current
(29) in the following form:

J a i
Q (x, t) � δT

δA−a
i (x)

�
∫

dk1

{
δT

δc− a1
k1

δc− a1
k1

δA−a
i (x)

+
δT

δ(c−a1
k1

)∗
δ(c−a1

k1
)∗

δA−a
i (x)

}
. (34)

With the representation (33) at hand, we easily find the corresponding variational derivatives

δc− a1
k1

δA−a
i (x)

� δaa1
1

2(2π)3

(
2ω l

k1

Zl (k1)

)1/2

e− i k1 ·x ε l
i (k1)δ(t),

δ(c−a1
k1

)∗

δA−a
i (x)

� δaa1
1

2(2π)3

(
2ω l

k1

Zl (k1)

)1/2

e i k1 ·x ε l
i (k1)δ(t).

(35)

In deriving these relations we have assumed the functional derivative of the gauge potential with derivative Ȧ−a
i (y, 0) with respect

to A−a
i (x) to be zero, considering that these functions are independent. By using the explicit form for the phase function T , Eq. (24),

and the variational derivatives (35), we find from (34) the desired effective current vector in the coordinate representation

JJJ a
Q(x, t) �

∫
dk1 dk2

×
{
G (2) a1ab

k1, k2
Fk2εεε

l (k2) e− i k2 ·x (c− a1
k1

)∗+ G (2) a a2 b
k1, k2

Fk1εεε
l (k1) ei k1 ·x c− a2

k2

}
δ(t)Q−b.

Here, for the sake of brevity, we have set

Fk ≡ 1

2(2π)3

(
2ω l

k

Zl (k)

)1/2

. (36)

The corresponding current in the Fourier representation has the form

JJJ a
Q (k, ω) �

∫
dt dxJJJ a

Q (x, t) ei ω t − i k·x

� (2π )3
∫

dk1 G
(2) a1 ab
k1, −k F−kεεε

l (−k) (c− a1
k1

)∗Q−b

+ (2π )3
∫

dk2 G
(2) a a2 b
k,k2

Fkεεε
l (k) c− a2

k2
Q−b. (37)

8 Final expression for energy loss of hard particle

Now we return to the expression for energy losses (25). The chromoelectric field in (25), caused by the effective current (37), is
defined by the field equation which in the temporal gauge has the form

E a i
Q (k, ω) � −iω ∗D̃ i j (k)J a j

Q (k, ω),

where i , j � 1, 2, 3. The nonzero components of the effective gluon propagator, by virtue of the definitions (A1–A4), are given by
the following expression:

∗D̃ i j (k) �
(
k2

ω2

)
k i k j

k2
∗�l (k) +

(
δ i j − k i k j

k2

)
∗�t (k). (38)
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Substituting the expression for the chromoelectric field E a i
Q (k) into Eq. (25) and considering the structure of the propagator (38),

we lead to the formula for energy loss

− dE

dx
� − 1

|v| lim
τ→∞

(2π )4

τ

∫
dk dω

∫
dQ− ω

k2

{
k2

ω2
〈|(k ·JJJ a

Q (k, ω))|2 〉 Im(∗�l (k)) (39)

+ 〈|(k ×JJJ a
Q(k, ω))|2 〉 Im(∗�t (k))

}
,

where now the integration measure dQ− is defined for the asymptotic value of the color charge Q−a . We are interested in the
contribution to energy loss caused by scattering off the longitudinal plasma waves, which is proportional to Im (∗�l (p)). By using
the Fourier transform JJJ a

Q (k, ω), Eq. (37), and the last equality in (32), we reduce the correlation function in the integrand (39) to
the following expression:

〈|(k ·JJJ a
Q (k, ω))|2 〉 (40)

� (2π )6
{
F 2−kk

2
∫

dk1 dk′
1 G

(2) a1 a b
k1, −k G

∗ (2) a′
1 a b

′
k′

1, −k 〈(c− a1
k1

)∗c− a′
1

k′
1

〉

+ F 2
k k2

∫
dk2 dk′

2 G
(2) a a2 b
k, k2

G
∗ (2) a a′

2 b
′

k, k′
2

〈(c− a′
2

k′
2

)∗c− a2
k2

〉
}
Q−bQ−b ′

.

Here, on the right-hand side, we have left only terms with non-trivial correlation functions, which we represent as usual

〈(c− a1
k1

)∗c− a′
1

k′
1

〉 � N −a1a
′
1

k1
δ(k1 − k′

1), 〈(c− a′
2

k′
2

)∗c− a2
k2

〉 � N −a′
2a2

k′
2

δ(k′
2 − k2). (41)

For the plasmon number density matrix N −a a′
k we make use of the color decomposition suggested in [1] written in terms of the

asymptotic in-variables

N −a a′
k � δ a a′

N−l
k + (T c)a a

′
Q−c W−l

k , (42)

where the scalar functions N−l
k and W−l

k are , which are the colorless and color parts of the plasmon num-
ber density, respectively, and the color generators T a in the adjoint representation are defined as (T a)bc≡
− i f abc.

Let us analyze first the contribution from the colorless part of the asymptotic plasmon number density, i.e., the contribution
proportional to the scalar density N− l

k . Integration of the correlation function (40) over the asymptotic charge Q−a by virtue of (27)
gives us ∫

dQ−Q−bQ−b ′ � CA

dA
δ bb ′

and, thus, we can now write down ∫
dQ−〈|(k ·JJJ a

Q (k, ω))|2 〉 � (2π)6 CA

dA
(43)

×
{
F 2−kk

2
∫

dk1 G
(2) a1 a b
k1, −k G ∗ (2) a1 a b

k1, −k N− l
k1

+ F 2
k k2

∫
dk1 G

(2) a a1 b
k, k1

G ∗ (2) a a1 b
k, k1

N− l
k1

}
.

The first term in braces actually doubles the second one with the replacement k → −k in the general expression for energy losses
(39). Using the explicit form of the coefficient function G (2) a1a2 b

k1, k2
, Eq. (23), we obtain

G (2) a a1 b
k,k1

G ∗ (2) a a1 b
k,k1

� 1

4
T (2) b a a1
k,k1

T ∗ (2) b a a1
k,k1

(2π)2 [δ(�ωk,k1 )]2. (44)

By virtue of the color and momentum decomposition of the effective amplitude

T (2)a a1 a2
k1, k2

� f a a1a2 T (2)
k1, k2

,

further we have

T (2) b a a1
k, k1

T ∗ (2) b a a1
k, k1

� f b aa1 f b aa1 |T (2)
k, k1

|2 � Nc dA |T (2)
k, k1

|2.

By the δ-function squared in (44), we mean as usual [40]
[
δ(�ωk, k1 )

]2 � 1

2π
τ δ(�ωk, k1 ).

Thus, the product (44) takes the final form

G (2) a a1 b
k,k1

G ∗ (2) a a1 b
k,k1

� 1

4
τ Nc dA |T (2)

k,k1
|2(2π)δ(�ωk,k1 ). (45)
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Substituting (45) into (43) and then into (39), we arrive at the following expression:

− dE

dx
� − 1

|v|
(2π)10

2
N 2
c (46)

×
∫

dkdk1 dω

(
k2

ω

)
F 2
k |T (2)

k, k1
|2N− l

k1
(2π)δ(�ωk, k1 ) Im(∗�l (k)).

As the last step in the integrand on the right-hand side of Eq. (46) the following representation for the imaginary part of the scalar
longitudinal propagator should be substituted:

Im (∗�l (k)) � −π sign(ω) δ(Re ∗�−1 l (k))

� −π sign(ω)

(
Zl (k)

2ωl
k

)
[δ(ω − ωl

k) + δ(ω + ωl
k)].

The contribution of the second δ-function in square brackets in fact simply doubles the contribution of the first one. Let us substitute
the above representation into (46) and integrate over ω. Recalling the definition of the function Fk, Eq. (36), we find the desired
expression for energy loss associated with the colorless part of the plasmon number density (42):

− dE

dx
� 1

|v|
(2π )6

8
N 2
c

∫
dkdk1

(
k2

ωl
k

)
|T (2)

k,k1
|2N− l

k1
δ(ω l

k − ω l
k1

− v · (k − k1)). (47)

It remains for us to perform a similar analysis for the contribution of color part of the plasmon number density proportional to the
scalar density W− l

k . With this aim, we return to the intermediate expression (40). To be specific, we consider the integrand in the
first term in braces, namely:

G (2) a1 a b
k1, −k G

∗ (2) a′
1 a b

′
k′

1, −k 〈(c− a1
k1

)∗c− a′
1

k′
1

〉Q−bQ−b ′

or

G (2) a1 a b
k1, −k G

∗ (2) a′
1 a b

′
k′

1, −k (T c)a1 a′
1W− l

k1
Q−cQ−bQ−b ′

, (48)

if we leave only the pure non-Abelian part in the correlation function 〈(c− a1
k1

)∗c− a′
1

k′
1

〉. Here, we will be interested in the overall color

factor of this expression (48). To do this, we first need to explicitly write out the color dependence of the functions G (2) using the
following rule:

G (2) a1a b
k1, −k � f a1a b G (2)

k1, −k, G
∗ (2) a′

1a b
′

k′
1, −k � f a

′
1a b

′
G ∗ (2)

k′
1, −k,

and then to integrate over Q− the symmetric in color indices product of three asymptotic charges in (48). By virtue of relations (27)
this integral must be proportional to the totally symmetric structure constants of the color Lie algebra su(Nc), i.e.,∫

dQ−Q−cQ−bQ−b ′ ∼ d c b b ′
.

It is not difficult to see that, as a result, the color factor in the expression (48) is proportional to the trace of the product of four
generators:

tr(T a T c T a D c ) � 1

2
Nc tr(T c D c ) � 0.

Here, we introduce a matrix Da (in addition to T a) with components (D a)bc ≡ d abc and use the relation

T a T b T a � 1

2
Nc T

b.

Thus, the contribution to energy loss associated with color part of the plasmon number density is zero. The reason for this lies in
the fact that the color factor of this contribution, which is not related to the dynamics of the system, vanishes.

9 Estimate of energy loss

With the explicit expression for energy loss (Eq. (47)) at hand, now we can roughly estimate (−dE/dx) at the order-of-magnitude
level. First of all we estimate an order of the effective amplitude T (2)

k, k1
, Eq. (2). In the soft region of the momentum scale, when

|k|∼ gT , ω l
k ∼ gT ,

we have for the eikonal propagator 1/v · k, the plasmon-hard particle vertex φk and the three-plasmon vertex V k,k1,k2 based on their
definitions (3), (A5), the following estimates
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Fig. 3 The elastic tree level scattering processes involving four and more plasmons

1

ω l
k − v · k ∼ 1

gT
, φk ∼ 1

(gT )1/2 , V k,k1,k2 ∼ 1

(gT )1/2 .

Taking into account these expressions, we obtain from (2)

T (2)
k, k1

∼ 1

T 2 .

Further, the integration measure in (47) has an estimate

dkdk1 δ(ω l
k − ω l

k1
− v · (k − k1)) ∼ (gT )5.

Considering all the above, we find a rough estimate for the energy loss (47)

− dE

dx
∼ N 2

c g
6T 2N− l

k .

If we now set for the asymptotic plasmon number density5 N− l
k ∼ 1/g ρ , ρ > 0, then from the last expression follows

− dE

dx
∼ N 2

c g
6−ρ T 2. (49)

For a low excited state of the quark–gluon plasma, when |A−a
i (x)| ∼ √

g T (the level of thermal fluctuations at the soft scale [14,
41]), we must set ρ � 1 and then (

− dE

dx

)
low

∼ N 2
c g

5T 2. (50)

For a more realistic estimate, however, it is necessary to perform an explicit analytical (or numerical) calculation of the double
integral over the momenta k and k1 on the right-hand side of (47). The procedure in itself is the subject of a specific study, and it is
not discussed in the present work. Here, the appearance of logarithmic enhancement of (−dE/dx)low is possible.

In the other case of a strong field, when |A−a
i (x)| ∼ T , we must put ρ � 2. Then from the estimate (49) follows(

− dE

dx

)
high

∼ N 2
c (g2T )2. (51)

When the system under consideration is highly excited, we can expect that higher order scattering processes (see Fig. 3)compared to
the scattering processes presented in Fig. 1, become of the same order in magnitude, and the problem of resummation of all relevant
contribution arises.

As mentioned in Introduction, the energy losses (47) due to the elastic scattering processes of a hard particle off the soft collective
excitations of the quark–gluon plasma are of academic interest in contrast to radiative and collision losses. This can be clearly seen
from the energy loss estimate (50). This estimate is suppressed by the strong coupling constant g compared to similar estimates
obtained earlier in the framework of perturbative QCD-based transport models or semiclassical frameworks for energy losses due
to the medium-induced gluon bremsstrahlung (see, for example, [42–50]) and the elastic collisions with hard thermal particles [45,
49, 51–55].

However, this suppression occurs when the QGP state is close to thermal equilibrium. In the case when the state of the system is
far from equilibrium, due to the estimation (51), the energy loss is comparable in the magnitude with radiative and collision losses.
This is consequence of the large values of the soft gluon occupation number.

5 This estimate is a consequence of the definition of the normal bosonic field variables c−a
k and (c−a

k )∗, Eq. (33), of the definition of the correlation function

(41) and of the estimates for oscillation amplitude of the asymptotic soft field A−a
i (x) for weakly and highly excited states of QGP (see text below).
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10 Conclusion

In this paper, using the Hamilton equations for the normal bosonic field variable and the color charge of a hard particle, the classical
scattering matrix for the process of elastic scattering of the hard color particle off soft bosonic excitations of the quark–gluon
plasma has been determined. For this purpose, we have used the Zakharov–Schulman approach developed in the formalization of
description of the so-called Hamiltonian wave systems of various physical nature. Sufficient universality of this approach allowed
us to propose a method of constructing a classical S-matrix for such a complex object as an essentially nonequilibrium quark–gluon
plasma interacting with ultrarelativistic color-charged partons injected from the outside as a result of hard collisions of strongly
interacting particles. On the basis of the obtained classical scattering matrix, the effective color current generating this interaction
process was found, that in turn allowed us to determine an expression for energy loss of the fast color-charged particle with integer
spin, moving in the high-temperature non-Abelian plasma.

A generalization of the results obtained in this study to the fermionic sector of hard and soft excitations in a quark–gluon plasma
is of significant theoretical and practical interest. Note that the consideration of scattering processes with a change of statistics
of soft and hard modes appears to be rather complicated already in the very attempt to write out a mathematical apparatus that
adequately addresses this problem (see, for example, [56, 57]). Here, to describe the color degrees of freedom of both the hard
color-charged particle with half-integer spin and the soft normal fermionic field variables, it is suggested to use functions taking
values in Grassmann algebra. A systematic discussion of the application of elements of this algebra in the framework of physical
field theories, as well as theories with higher derivatives, can be found, for example, in the monograph [4]. In constructing a general
Hamiltonian wave theory of QGP including bosonic and fermionic (hard and soft) degrees of freedom it will be necessary to construct
a generalized nonlinear system of dynamical equations of the Wong type describing the evolution of both the ordinary (commutative)
classical color charge and the color charges of Grassmann nature in external stochastic gauge and fermionic fields. Here, it will also
be necessary to generalize the construction of the corresponding canonical transformations, which include simultaneously bosonic
and fermionic degrees of freedom of the collective excitations of the quark–gluon plasma, and the degrees of freedom associated
with the commutative charge Qa and with the Grassmann color charges θ∗ i and θ i , i � 1, . . . , Nc, of hard test particles with
integer and half-integer spins. Additionally, it will be necessary to determine the canonicity conditions for these transformations.

However, we can already now say a few words about some of the technical aspects of this extension such as energy losses. The
general definition for the first-order radiation operators (28) allows, by analogy with the effective bosonic current (29), to write out
the effective fermionic current defined by the classical scattering matrix

η i
α(x, t) � −i S † δS

δ �̄−i
α (x)

,

where �−i
α (x) is an asymptotic soft fermionic in-field of the system under consideration, obeying the free Dirac equation. In the

paper [56], the fermionic current η i
α(x, t) was called the fermionic source. Further, as a formula for energy loss in the fermionic

sector, we can use the expression proposed in [56], namely(
−dE

dx

)
F

≡ 1

|v| lim
τ→∞

(2π)4

τ

∑
λ�±

∫
dQ−

∫
dθ−dθ∗−

∫
q0dq0dq

×
{

Im(∗ elta+(q)) 〈| ū(q̂, λ)η i (v, χ ;Q−, θ−| q)| 2 〉

+ Im(∗�−(q)) 〈| v̄(q̂, λ)η i (v, χ ;Q−, θ−| q)| 2 〉
}
.

Here ∗�±(q) represent the scalar quark propagators, the poles of which determine the normal and abnormal (plasmino) modes of
oscillations in the fermion sector of the collective excitations of the QGP [10]. This formula is complementary to formula (39). The
fermionic current η i is in general a complicated function depending on the velocity of a hard particle v, a spinor χ describing its
polarization state and asymptotic color charges: the usual commutative charge Q−a , the Grassmann charge θ−i , and its conjugate.
The Grassmann color charges belong to the fundamental representation of the SU (Nc) group.

Thus, the whole construction finally reduces to the determination of the corresponding classical scattering matrix for the scattering
processes involving hard and soft Bose- and Fermi-excitations of QGP. This S-matrix is determined according to the same scheme
outlined in Sects. 3–5 provided that the corresponding fourth-order effective Hamiltonian H(4) is known. The computation of this
Hamiltonian will be considered in our next paper.
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Appendix A: Effective gluon propagator and three-plasmon vertex

In this appendix, we give an explicit form of the gluon propagator in the hard temperature loop (HTL) approximation [14, 15]. The
expression

∗D̃μν(k) � −Pμν(k) ∗�t (k) − Q̃μν(k) ∗�l (k) − ξ0
k2

(k · u)2 Dμν(k) (A1)

is the gluon (retarded) propagator in the A0-gauge that is modified by effects of the medium. Here, the “scalar” transverse and
longitudinal propagators are defined as:

∗�t (k) � 1

k 2 − � t (k)
, ∗�l (k) � 1

k 2 − � l (k)
, (A2)

where

� t (k) � 1

2
�μν(k)Pμν(k), � l (k) � �μν(k) Q̃μν(k).

The polarization tensor �μν(k) in the HTL-approximation has the following form

�μν(k) � 3ω2
pl

(
uμuν − ω

∫
d�v

4π

vμvν

v · k + i ε

)
,

where vμ � (1, v), kμ � (ω, k) is a gluon four-momentum, d�v is a differential solid angle with respect to the unit vector v, and
ω2

pl � g2(2Nc + N f )T 2/18 is the plasma frequency squared. The longitudinal and transverse projectors are defined, respectively,
by the following expressions:

Q̃μν(k) � ũμ(k) ũν(k)

ū2(k)
,

Pμν(k) � gμν − uμuν − Q̃μν(k)
(k · u)2

k2 .

(A3)

Here, in turn, the four-vectors

ũμ(k) � k 2

(k · u)
(kμ − uμ (k · u)) and ūμ(k) � k 2uμ − kμ (k · u) (A4)

are projectors on the longitudinal direction of the wave vector written in Lorentz-invariant form in the Hamiltonian and Lorentz
gauges, respectively; uμ is the four-velocity of the medium, which in the rest frame of the plasma has the form uμ � (1, 0, 0, 0).

Further, we present an explicit form of the effective three-plasmon vertex function V k, k1, k2 . It was obtained earlier in [9] when
constructing the Hamiltonian formalism for soft Bose excitations in a hot gluon plasma. This vertex reads

V k,k1,k2 � (A5)

� g

23/4

(
Zl (k)

2ωl
k

)1/2
ũμ(k)√
ū2(k)

2∏
i�1

(
Zl (ki )

2ωl
k

)1/2
ũμi (ki )√
ū2(ki )

∗�μμ1μ2 (k, −k1, −k2)
∣∣∣

on−shell
,

where ∗�μμ1μ2 (k, −k1, −k2) is the effective three-gluon vertex in the HTL-approximation.
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