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Abstract: Many if not most lifetime distributions are motivated only by mathematical interest.
Here, a new three parameter distribution motivated mainly by lifetime issues is introduced. Some
properties of the new distribution including estimation procedures, univariate generalizations and
bivariate generalizations are derived. Two real data applications are described to show superior
performance versus at least five of the known lifetime models.
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1 Introduction

The statistics literature has numerous distributions for modeling lifetime data. But many if not
most of these distributions lack motivation from a lifetime context. For example, there is no
apparent physical motivation for the gamma distribution. It only has a more general mathematical
form than the exponential distribution with one additional parameter, so it has nicer properties
and provides better fits. The same arguments apply to Weibull and many other distributions.

The aim of this paper is to introduce a new three parameter lifetime distribution with strong
physical motivation. As explained below, the proposed distribution encompasses the behavior of
and provides better fits than many of the known lifetime distributions, including those with three
parameters. We feel that that this is a remarkable feature.

We provide at least three motivations for the new distribution. We begin with one based on
failures of a system.

Suppose a company has N systems functioning independently at a given time, where N is a
geometric random variable with the probability mass function

Pr(N =n) = (1 —n)p"! (1)



for0<n<1landn=1,2,.... The geometric distribution is a popular model for counts.

Suppose in addition to (1) that each system is made of M parallel units, so the system will fail
if all of the units fail. Assume that M is a truncated Poisson random variable independent of N
with the probability mass function

6™ exp(—6)
— —— S ————— 2
Ref = m![1 — exp(—8)] @)
for 6 > 0 and m = 1,2,.... The zero truncated Poisson distribution is also a popular model for

counts. Some of its recent applications include: modeling number of illegal immigrants in four
large cities in the Netherlands (van der Heijden et al., 2003), models for mental health services
data (Elhai et al., 2008), modeling word or species frequency count data (Ginebra and Puig, 2010),
and models for fertility trait phenotypes (Xu and Hu, 2011).

Assume further that the failure times of the units for the ith system, say Z; 1, Z;2,...,Zium, are
independent and identical exponential random variables with the scale parameter A. Let Y; denote
the failure time of ith system. Let X denote the time to failure of the first out of the N functioning
systems. We can write X = min(Y3,Ys,...,Yn). Then the cumulative distribution function of X,
say G(x), can be derived as:

G(z) = Pr[min(%3,Y,...,Yn) < 2]
= 1-Prmin(13,Y2,...,Yn) > 2]

oo
= 1 —nZPr" (Y > z)p"?

n=1
e (1-n)Pr(Y > z)
- 1-7nPr(Y > z)
_ Pr(Y < z)
~ 1=-qPr(Y >2)
and
Pr(Y >z) = 1-Pr(Y <2z
= ] —Pr[max(Z.-‘l,Z,-,z,..-,Zi,M) .<. l‘]
= 1- i [1 - exp(—=Az)]™ i
Lod m! [l — exp(—6)]
&P [6 — @exp(—Az)] — 1
t exp(f) — 1 '
o
G(z) exp [—f exp(—Az)] — exp(—6) 3)

" T—exp(—) — 7 {1 - exp[~fexp(—Az)]}

forz >0,0 >0, A>0and 0<n < 1 We shall refer to the distribution given by (3) as the
geometric ezponential Poisson (GEP) distribution. The parameters, § and 7, control the shape.
The parameter, A, controls the scale. The particular case of (3) for § — 0 is the Ezponential
Geometric (EG) distribution due to Adamidis and Loukas (1998). The particular case for n — 0 is
the exponential Poisson (EP) distribution due to Kug (2007).



Our second motivation is based on hazard rate function, an important characteristic for lifetime
modeling. Most lifetime distributions, including the exponentiated exponential distribution, exhibit
only monotonically increasing, monotonically decreasing or constant hazard rates. In addition, most
lifetime distributions, including the exponentiated exponential distribution, incorporate constant
hazard rate as a real particular case. These are very unrealistic features especially because there
are hardly any real-life systems that have constant hazard rates.

In Section 3, we shall show that the GEP distribution exhibits monotonically increasing, mono-
tonically decreasing and upside down bathtub hazard rates. We shall also see that the GEP
distribution does not exhibit constant hazard rates. However, the GEP distribution does not also
exhibit bathtub hazard rates. The latter may be a weakness of the GEP distribution. But we shall
see later in Section 15 that (3) is only a particular case of the family of distributions introduced in
this paper. Other members of this family may exhibit bathtub hazard rates.

Not many lifetime distributions exhibit upside down bathtub hazard rates. That the GEP
distribution exhibits upside down bathtub hazard rates is an attractive feature. Upside down
bathtub hazard rates are common in reliability and survival analysis. For example, such hazard
rates can be observed in the course of a disease whose mortality reaches a peak after some finite
period and then declines gradually (Silva et al., 2010). For other practical examples yielding upside
down bathtub hazard rates, see Singh and Misra (1994).

Our final motivation is empirical based. We show later that the proposed distribution outper-
forms at least five of the known two- and three-parameter distributions with respect to two real
data sets. These include:

For technical reasons later on, it is useful to have a more manageable form of (3). Using the
expansion

(1-5e=Y (”,f)(—a)k, (4)

k=0

we can write (3) as

exp(—0) [exp(— A:c) —-1] n 5
Gt~ T Ly (4, [Twmtayn] =ebMestel O

Taking the derivatives with respect to z on both sides of (5), we obtain

_aa-n)] l—exp( )] 5° n A
9(z) = T g ( ) [m] exp [~Az — (k + 1)8 exp(-Az)]. (6)

We can see that the GEP is a mixture of distributions having probability density functions taking
the form Cexp[Az — bexp(—Az)).

The aim of this paper is to study the mathematical properties of the GEP distribution and
to illustrate its applicability. The contents are organized as follows. In Section 2, we derive the
probability density function corresponding to (3) and discuss its shapes. The corresponding hazard
rate function and its shapes are derived in Section 3. The quantile function corresponding to
(3) is stated in Section 4. The moment generating function, the characteristic function and the
cumulant generating function corresponding to (3) is stated in Section 5. Expressions for the nth
moment corresponding to (3) are given in Section 6. Expressions for the nth conditional moment
corresponding to (3) are given in Section 7. The order statistics, L moments, and the asymptotic
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distributions of the extreme order statistics are considered in Sections 8 to 10. The Rényi and
Shannon entropies are derived in Section 11. The maximum likelihood estimation including the
case of censoring and moments estimation are considered in Section 12. The performance of the
maximum likelihood estimates with respect to sample size is assessed by simulation in Section 13.
In Section 14, we propose a log-GEP regression model for lifetime censoring data. Section 15 we
give applications involving two real data sets. Sections 16 and 17 describe univariate and bivariate
generalizations of (3).

2 Probability density function

The probability density function corresponding to (3) is given by

_ 0A(1 —n) [1 - exp(—6)] exp [~Az — fexp(-Az)] ™
[~ exp(~6) — 1 {1 — exp [~ exp(-A2)]}®

g9(z)

forz >0,a>0,A>0and 0<n<1. It follows from (7) that

dlog f(z) = =%k Bepi(ig) = 20An exp [— Az —  exp(—Az)]

dr [1 — exp(—6) — {1 — exp [-6exp(—Az)]}]
and
d®log f(z) _ 20)%n exp [~ Az — 0 exp(—Az)]
Tat T NN e = exp b exp (-]

3 26%A?n exp (—2Az) exp [~0 exp(—Az))
(1 — exp(—0) —n {1 — exp [~ exp(-Az)]}]
202 \*n? exp (—2Az) exp (- 26 exp(—Az)]
[1 — exp(=6) ~ 7 {1 - exp[~B exp(~Az)]}J*

The modes of (7) are the points z = zg satisfying dlog f(z)/dz = 0. These points correspond to
a maximum, a minimum and a point of inflection if d? log f(z)/dz? < 0, d*log f(z)/dz? > 0 and
d?log f(z)/dz? = 0, respectively.

Note that
OAL=m)[l-exp(-8)]
@)~ ST S expl(-xa) ®)
as I — oo,
f(z) — Oxexp(-6) 9)

as z — 0. So, the upper tails of the probability density function decay exponentially while its lower
tails approach a constant.
|[Figure 1 about here.]

Figure 1 illustrates possible shapes of (7) for selected parameter values. The shape appears
monotonically decreasing for § small and n not sufficiently small. The shape appears unimodal if 8
is sufficiently large and/or 7 is sufficiently small. In the latter case, the mode moves closer to zero

with increasing values of 7.



3 Hazard rate function

The hazard rate function of the GEP distribution is given by

OA[1 — exp(—0)] exp [~ Az — @ exp(—Az)]
1= exp (—Oexp(—)a)}][1 - exp(=0)7 {1 — exp [0 oxp(—32)]]

forz>0,a>0,A>0and0<n<1. It follows from (10) that

h(z) = (10)

dlogh(z) _ e 20 nexp [—Az — G exp(—Az)]
dz = Sooh Ao (1 —exp(—0) — n {1 — exp [~ exp(—Az)]}]
0) exp [—Az — O exp(—Az))
- [1 — exp {—0exp(—Az)}]
and
d?log h(z) 92’ nexp [-Az — O exp(—Az))]
a0 e — exp [ fexp(— AT

B 02)\%n exp (—2Az) exp [—6 exp(—Az)]
(1 — exp(=8) — n {1 — exp [-G exp(—Az)]}]
202)\%n? exp (—2)z) exp [—20 exp(—Az)]
[1 - exp(~6) - n {1 — exp -G exp(-Az)]}]?
Orexp [-Az — fexp(—Az)]  6%A? exp [—2\z — O exp(—Az)]
T M —exp{-fexp(—A2)}]*  [1—exp{—fexp(—Az)}]
022 exp [ Az — 6 exp(—Az)]
[1 —exp {—6exp(—Az)}]

The modes of (10) are the points z = z¢ satisfying dlog h(z)/dz = 0. These points correspond to
a maximum, a minimum and a point of inflection if d? log h(z)/dz? < 0, d*log h(z)/dz? > 0 and
d? log h(z)/dz?* = 0, respectively.

Note that
h(z) = A
as r — 0o,

0 exp(—0)
(1 —exp(=0)] (1 —n)

as z — 0. So, both the initial and ultimate hazard rates are constant.

f(z) =

[Figure 2 about here.|

Figure 2 illustrates possible shapes of (10) for selected parameter values. The shape appears
monotonically increasing for n sufficiently small. The shape appears monotonically decreasing if 7
is sufficiently large and 6 is not sufficient large. The shape appears upside down bathtub for both
0 and 7 sufficiently large.



4 Quantile function

Let X denote an GEP random variable. The cumulative distribution function of X is given by (3).
Inverting G(z) = u, we obtain
e 1 1 (1 —n —exp(=6)] p + exp(-0)
G lu)=-= -
(u) 3 log [ 7 log{ e (11)
for 0 < u < 1. In particular, the median of X is

Median(X) = _.i log [__% foi { o exp(z—_9)77+ 2exp(—0) }J ‘

One can use (11) for simulating GEP variates.

5 MGF, CHF and CGF

Let X denote an GEP random variable. By using (6), the moment generating function of X,
M(t) = Elexp(tX)], can be expressed as

9)\1—n)[1—exp ) U i
o = =B S () [t @

where

fp = /Ow exp [(t — M)z — (k + 1)@ exp(—Az)] dz.

This integral can be calculated as

1 1 1 ot//\—]
Iy = X/0 y~ " exp {-(k + 1)8y} dy = M—’y (1-tA (k+1)0),

where 7(a, z) is the incomplete gamma function defined by

7(a,x)=/ t~ ! exp(—t)dt
0

So, (12) can be expressed in the form
6*(1 — ) [1 - exp(=6)] ¢ ( ) [ n ]" :
Mx(t NN S— TR W
= e T 2\ k) [Toeatmy =g E+0 T
The characteristic function of X, ¢x(t) = E[exp(itX)], and the cumulant generating function of
X, Kx(t) = log ¢x(t), are given by

B 02 (1 — ) [1 — exp(—9)] 7 . t/A—1 .
ox(t) = — _exp(__ 7 ng( ) {——————l_exp(_e) —n] (k + 1)1y (1 +it, (k + 1)6)

and
8"/*(1 = ) [1 — exp(—6)]
(1 — exp(-0) — 77]2
o0 _2 k ~ '
+ log {Z ( k ) [m{)%’:o)—:—;"} (k + ].)t/A 1’7(1 + itA, (k + 1)9)} .

k=0

Kx() = log

respectively, where i = /—1.



6 Moments

Let X denote an GEP random variable. By using (6), the nth moment of X can be expressed as

ny _ 0M(1 = 1)1 — exp(-0)] n :
R = [1 - exp(-0) - n] kzo( )[I“GXP(“o)—TI} % 13)

where
o0
T== / z" exp [~ Az — (k + 1)@ exp(—Az)] dz.
0

This integral can be calculated as

1 1 n!
Iy = W/o (logy)" exp [~ (k + 1)8y] dy = an+1Fn+l (1,..0:3;2,...,2,—(k +1)0), (14)

where pFg(a1,...,ap;b1,...,bg; z) denotes the generalized hypergeometric function defined by
= 01), (02) -+ (ap); 2
pFo (@14 o yBp3 By oo b Z (bq) ER

7=

where (¢); = ¢(c+ 1)+ (c+ j — 1) denotes the ascending factorial. An equivalent expression for
I can be obtained as

1 . i
I = 57 ), Geswr e -Gk + Dyl dy

— 1 a_n_ —5—1 -—s—l/(k+l)a s e
= XN 057 [(k+l) 0 . z° exp(—=z)dz

8=0
A an [(k+1)=*" 10751y (1 +s,(k + 1)8)] (15)
( ) 0Os s=0
Combining (13) and (14), we can express the nth moment in the form
- 18(1 — 1) [1 — exp(—0)] — ( )nknﬂFnH(1,...,1;2,...,2;—(k+1)0)
BE(xm ==L . (16
( A" [1 - exp(—6) —n)° § Z [1 - exp(~6) —n)* =

A similar expression can be obtained by combining (13) and (15).

Some simplification of (16) is possible using special properties of hypergeometric functions (see,
for example, Prudnikov et al. (1986, volume 3)). For instance, if n = 1 then (16) can be reduced
to

E(X)=(1—n)[1 exv( 8)] - ( )n{C+log[(k+1)0]+E1[(k+1)9]}
AL - exp(=6) —° (k+1) [1 - exp(~8) - n)*

where Ei(-) denotes the exponential integral defined by

Ei(z) = /z t~Yexp(t)dt



and C denotes Euler’s constant.
[Figure 3 about here.]

We can use (16) to compute the mean, variance, skewness and kurtosis of X. The values of these
four quantities versus £ are plotted in Figure 3 for A = 1,6 = 0.5,1,2,5 and 5 = 0.01,0.02,...,0.99.
Mean and variance are decreasing functions of 7 and increasing functions of §. Skewness and kurtosis
are increasing functions of 7 and decreasing functions of 4.

7 Conditional moments

Let X denote an GEP random variable. By using (6), the nth conditional moment, E(X™ | X > z),
can be expressed as

" 9A(1 — n) ll—exp 0)1 n 5
BT | Snw = [1-G(z)][1 - exp(— Z( )[l—exp(—e)—nJ . (an

where
00
Ie= [ yreple- Ny - (k + Doexp(-xu)] .
T
Letting t = exp(—Az), this integral can be calculated as
I = s | Gogu) exp (- (& + Doy
A=A Jo

1 an (k+1)6t
K4 -=tg-t= 1/ 2% exp(—2z)dz
e [( ) j p(~2)

= o 631; [k +1)7*7107 "y (1 + 5, (k + 1)60)]

8=0
(18)

s=0

So, the conditional moment can be expressed as

. 6 -n)[1—exp(-5) B
PRI = O @i - ewl- m?z( ) ===

;r; [(k+1)7*"107* 1y (1 + s, (k + 1)61)]
s=0

The first two conditional moments are

B l—n)ll-exp n a
EXIX>2) = Gl -ew- n]2zk+1( = o=
x{k9t2F2 1,1;2,2,—(k+1)9t)+0t2F2(1,1,2,2;—(k+1)9t)
—log [(k + 1) 6] exp [~ (k + 1) 6t] + exp [ (k + 1) 6t]log [(k + 1) 6]
+log [(k +1) 6] +log [(k + 1) 6¢] }




and

Bt|arsel = gt Zm( )[Tﬁéﬁr

k=0
x{2k6tlog [(k + 1) 6] 2 F (1, 1;2,2, —(k+1)6t)
+20tlog [(k +1)6]2F> (1,1;2,2;— (k + 1) 6¢)
—2k6tlog [(k + 1) 6t) 2 F> (1,1;2,2; — (k+ 1) 0t)
—20tlog [(k + 1) 6t] 2 (1,1;2,2; — (k + 1) 6¢t)
+2k6t3F3 (1,1,1;2,2,2; — (k + 1) 6t)
+20t3F3 (1,1,1;2,2,2; — (k + 1) 6t)
—log? [(k + 1) 8] exp [— (k + 1) 6t]
+2log [(k + 1) 0] exp [— (k + 1) 6] log [(k + 1) 6¢)
—exp |- (k+1)6t]log? [(k + 1) 0 t]
+log? [(k +1) 6] — 2log [(k + 1) 6] log [(k + 1) 6t] + log? [(k + 1) 6] },

where I'(a, z) is the complementary incomplete gamma function defined by
(=]
L(a,z) = / 2~ exp(—t)dt.
a

Note that the mean residual lifetime function is E(X | X > z) — z.

8 Order statistics

Let X, Xs,...,Xn be a random sample from the GEP distribution. Let X;., denote the ith order
statistic. The probability density function of X;.,, is

fnl®) = GO0 @1 - Gy
ntOA(1 — n)" "+ [1 — exp(—6)]

(i —1)(n —1)!
{exp[ 6 exp(—Az)] — exp(— 8)}"1 {1 - exp [~0 exp(—Az)]}"~ '.

[1 - exp(~=8) — 7 {1 — exp [0 exp(=Az)]}]"*

The corresponding cumulative distribution function of Xj., is
. n\ (1 — )" {exp [-0 exp(~Az)] — exp(—8)}’ {1 — exp [~ exp(— /\x)]}”"

Sl = Z (J) [1 — exp(~8) — n {1 — exp [-fexp(—Az)]}]" -

exp [—Az — @ exp(—Az)]

(19)

J=i
Using (4), we can express (19) and (20) in the series forms

i—-1 n—-i oo

= A st S (01 o

(i-1)n -1 =0 k=0 1=0

and

it~ et s o (0) () (1) (C)eumtm.

=t k m=0
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respectively, where

_1Y)i—j+k-1 l _
k(i k1) = & J[l - ex;:‘_p ; e n], B et b T ]
and
—~k+1 m n—j &
ot by = W0 ) Y axp -~ Y exp [~ (k + 1 + m)f exp(=Az)].

ll — exp(—6) — 9"

The representations, (21) and (22), are useful because the results in Sections 5 to 7 can now be
applied to yield representations for moment generating function, characteristic function, cumulant
generating function, moments, and conditional moments of X;.,. For instance, the mth moment of
Xi.n can be expressed as

i—1 n—-i oo

B e S (1))t

Jj=0 k=0 =0

where

_qyi—d+k=1 L o
Bk = £ J[I—Zx;)((pé (_2"],7 1)0]/0 2™ exp [~ Az — (j + k + 1) exp(—Az)] dz
m!(—1)" Ik 1plexp [~ (i — j — 1)6]

AT+ (] — exp(—6) — 7]t

m+1Fm+l (17’112»,2v—(]+k+1)9)

9 L moments

L-moments are summary statistics for probability distributions and data samples (Hoskings, 1990).
They are analogous to ordinary moments but are computed from linear functions of the ordered
data values. The rth L moment is defined by

r—1
- Z(-l)’-‘-i(’" R 1) ('"’ . “)ﬂ,,
o j j

where 8; = E{XF(X)7}. In particular, A\ = B, A2 = 261 — o, A3 = 662 — 681 + Bo and

= 2083 — 3082 + 126 - fBo. In general, B, = (r + 1) "' E(X;41.r+1), 50 it can be computed using
results in Section 8. The L moments have several advantages over ordinary moments: for example,
they apply for any distribution having finite mean; no higher-order moments need be finite.

10 Extreme values
If X = (X; + -+ + X»)/n denotes the sample mean then by the usual central limit theorem

vn(X — E(X))/\/Var(X) approaches the standard normal distribution as n — 0o. Sometimes
one would be interested in the asymptotics of the extreme values M, = max(Xi,...,Xn) and

M= min(Xy, ... Xn)
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Let g(t) = 1/A. Take the cumulative distribution function and the probability density function
as specified by (3) and (7), respectively. Note from (8) and (9) that

. 1—=F(t+2g(t)) ft+z/A) . exp(-M-z)
BRI AT esy - oe(o)

as t — oo and

zf(tz)

. F(tz)__ . -
IRTFD % C

as t — 0. Hence, it follows from Theorem 1.6.2 in Leadbetter et al. (1987) that there must be
norming constants a, > 0, b, ¢p, > 0 and d, such that

Pr{an (Mp = bs) < 2} — exp { - exp(-z)}
and
Pr{cy (mn — dn) < 2} — 1 — exp (—2)

as n — oo. The form of the norming constants can also be determined. For instance, using
Corollary 1.6.3 in Leadbetter et al. (1987), one can see that b, = F~!(1 —1/n) and a, = A, where
F~!(-) denotes the inverse function of F().

11 Entropies

An entropy is a measure of variation or uncertainty of a random variable X. Two popular entropy
measures are the Rényi and Shannon entropies (Shannon, 1951; Rényi, 1961). The Rényi entropy
of a random variable with probability density function g(-) is defined as

1
=

Ir(y) = T 108 /O mg’(z)d-‘b

for v > 0 and v # 1. The Shannon entropy of a random variable X is defined by E[—log g(X)}. It
is the particular case of the Rényi entropy for v 1 1.

Here, we derive expressions for the Rényi and Shannon entropies when X has the GEP distri-
bution. By using the series representation, (4), we can write

/000 g7 (z)dz

il

= oyt exp [~yAz — 78 exp(—Az)]
9'7/\7(1 77)'7 [1 [ p( 0)] / [1 _ exp(_o) = Tl{l — exp [_0exp(_Az)]}]2‘y

_ N =) [1 —exp(=0)]" & (-27 n ;
> (1 - exp(~6) — 7} ;0( i ) [1 — exp(—0) —n]

X /oo exp [-YAz — (7 + 1) exp(—Az)] dz
0

A1 =) [1 - exp(=0)]" o= [—27 7 Yy (7 (y+9)8)
[1 — exp(~8) — 7> Z( i )[l-exp(—o)—n} (y+5

1=0
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So, the Rényi entropy for the GEP distribution is given by

= o A1 =) [1 - exp(=6)]”
Wl = s log{ e exp(_ =5 }
. g~ (=2 U "y (1, (v +1)8)
= o {; ( i ) [1 —exp(—6) — 17] (v +1) } . (23)

The Shannon entropy can be obtained by limiting 4 1 1 in (23). However, it is easier to derive an
expression for it from first principles. Using the series expansion for log(1 — z), we can write

E[-logg(X)] = —log{A(1n)[l - exp(~0)]} + AE(X) + 6F [exp(~AX)]
—2E {log [1 — exp(—0) — n {1 — exp [0 exp(—Az)]}]}
= —log{A0(1 —n)[1 —exp(—0)]} + AE(X) + 6F [exp(—2X)]
—210g [1 — exp(—0) — 7]

k-1 ¢

22 1) [1 ik exp?_g) i 77] E {exp [-—-k9 exp(_,\X)]}
108{1\0(1 —n)[1 —exp(=0)]} + AE(X) + M x (- )

_210g [1 — exp(—8) — 7]

iy ( l)k -1 n k
ZZ [1—exp(—9)—n] Ak

where Mx (-) is given by Section 5, E(X) is given by Section 6, and A(k) is given by Lemma 1 in
the appendix.

12 Maximum likelihood estimation

Here, we consider estimation of the unknown parameters of the GEP distribution by the method
of maximum likelihood. Let z;, z3, ..., Z, be a random sample from (7). Then the log-likelihood

function is

log L(8,\,n) = mnlog[0A(1—n)[1—exp(-0)]}— /\Zx,—BZexp —Az;)

-2 log (1 — exp(—0) — 7 {1 — exp [~fexp (—Az)]}]. (24)
i=1

The first derivatives of the log-likelihood function with respect to the parameters 8, A and 7 are:

OlogL _ n & n _ i exp(—0) — nexp [-Az; — O exp (—Az;)) (25)
a6 6  exp(d) —1 — 1 —exp(—6) —n {1 — exp[-fexp (=Az)]}’
Olog L n o - z; exp [—Az; — fexp (—Az;)]
. - 2
O\ ;m' 2776; 1 —exp(—0) — n {1 — exp [~ exp (—Az;)|}’ )

12



Olog L . L 1 — exp [0 exp (—Az;))
on 1-n +2§1 1 —exp(—6) — n{1 - exp (-G exp (- Az;)]}

(27)

The maximum likelihood estimates of (6, A,7), say (§,X,ﬁ), are the simultaneous solutions of the
equations @log L/00 = 0, 8log L/OA = 0, and dlog L/8n = 0.

Maximization of (24) can be performed by using well established routines like nlm or optimize in
the R statistical package. Our numerical calculations showed that the surface of (24) was reasonably
smooth. The routines were able to locate the maximum in all cases and for different starting values.
However, to easy the computations it is useful to have reasonable starting values. These can be
obtained, for example, by the method of moments. Let my = (1/n) Y1, zi, me = (1/n) Y1, «?
and m3 = (1/n) 3., z3 denote the first three sample moments. Equating these moments with
the theoretical versions given by Section 6, we have my = E(X), m; = E(X?) and m3 = E(X3).
These equations can be solved simultaneously to obtain the moments estimates.

For interval estimation of (6, A,n7) and tests of hypothesis, one requires the Fisher information
matrix. Applying Lemmas 2 and 3 in the appendix, we can express the Fisher information matrix

for the estimators of (6, A,7) as
Ih Iy I
I=\| I I In |,
Ly I Iy
n nexp(6)

+ —————————
6* [exp(8) — 1]2
—2nexp(—260)B(0,0,2) + 4nnexp(—0)B(1,1,2) — 2n7°B(2,2,2),

~ 2nexp(—0)B(0,0,1) + 2nnB(2,1,1)

= -nD(1,0,0,1) + 2nnD(1,1,1,1) — 2nn8D(2,1,1,1)

—2nnf exp(—6)D(1,1,1,2) + 2nn*0D(2,2,2,1),

—2nmB(1,1,2) + 2nnB(1,2,2),

n
= -7 = 20mPD(1,1,1,2) + 2nn62D(2,1,1,2) — 2nn262D(2,2,2,2),

(-5#)
(-%5)
by =B (—62 log L) = —nB(1,1,1) + 2nexp(—0)B(0,0,2) — 2n exp(~8)B(0,1,2)
(-5¥)
(-%)

where explicit expressions for B(0,0,1), B(2,1,1), B(0,0,2), B(1,1,2), B(2,2,2), D(1,0,0,1),
D(1,1,1,1), D(2,1,1,1), D(1,1,1,2), D(2,2,2,1), B(1,1,1), B(0,1,2), B(1,2,2), D(2,1,1,2),
D(2,2,2,2), D(1,1,2,1), D(1,2,2,1), B(0,1,2) and B(0,2,2) are given by Lemmas 2 and 3 in
the appendix.

Then, as n = oo, \/1_1(5— 8. A~ A, 7 —n) approaches a trivariate normal vector with zero means
and variance-covariance matrix I““.\ The properties of (6, A, ) can be derived based on this normal
approximation. For example, Var (6) = (I33l22 ~ I32123) /A, Cov (6, A) = —(I3zlr2 — I32113) /A, Cov

13



(6.7) = (Insl12 — I 113)/ A, Var (A) = (Is3]11 — Iy 113) /A, Cov (A7) = —(IpsIyy — InI13)/A and
Var () = (J2aln1 — In1112)/A, where A = I (Isslas — IspJ2s) — I (Iaslia — Ispliz) + I3y (Toalio —
Inalh3).

Often with lifetime data, one encounters censoring. There are different forms of censoring: type
I censoring, type II censoring, etc. Here, we consider the general case of multicensored data: there
are n subjects of which

e no are known to have the values ¢),...,t5,.
e n; are known to belong to the interval [s;_;,s;],1=1,...,n;.
e ny are known to have exceeded r;, i = 1,...,n2 but not observed any longer.

Note that n = ng + n; + ny. Note too that type I censoring and type II censoring are contained as
particular cases of multicensoring.

In the case of multicensoring, the log-likelihood function is:

no n ng
log L(6,\,n) = > " logg(t:) + Y _ log[G (s:) — G (si1)] + Y _ log[1 ~ G (ry)], (28)
=1 =1 i=1

where g(-) and G(-) are given by (7) and (3), respectively. The first derivatives of the log-likelihood
function with respect to the parameters 6, A and 7 are:

algg - - 2 g (lt,-) ag6g.-) * 2 G (s2) _lc(s;-_l) [6(;(93,') N Bcfasei—l)]
- é = = (29)

dlog L 2 1 89t .~ 1 G (s;) OG (si-1)

a ; g(t) Ox & G(s:)-G(si-1) [ ax oA ]
‘g; g é(r,-) 60«95\“)’ | (30}

b igé,.) ot Zl GoEon] bt
_2-; e .

The first term in (28) is the same as (24) with (z;,n) replaced by (¢;,m0). Also the first terms
in (29)-(31) are the same as (25)-(27) with (z;,n) replaced by (¢;,n0). So, it is sufficient to find
explicit expressions for the partial derivatives in (29)-(31). They are

0G(z) _ exp(—0) — exp [-Az — fexp (—Az)]
80 1—exp(—0) —n{l —exp[-bexp(—Az)]}
 {exp|=0exp (—Az)] — exp(~6)} {exp(=6) — nexp [~z — fexp (~Az)]}
[1 — exp(—8) — 7 {1 — exp [-0exp (—Az)]})*
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0G(z) 0z exp [-Az — fexp (—Az)]
0\ 1-—exp(—0) - n{1 —exp[-fexp(—Az)]}
_ nfz {exp [~ exp (—~Az)] — exp(—0)} exp [~ Az — Bexp (—Az)]
[1 — exp(=0) — n {1 — exp[-fexp (—Az)]}]?

3

0G(z) _ {exp[-Oexp (-Az)] — exp(-0)} {1 — exp [-fexp (~Az)]}
o (1 - exp(=6) ~ n {1 — exp [-Gexp (=Az)]}]* '

The maximum likelihood estimates of (6, A,7n), say (5, X,ﬁ), are the simultaneous solutions of the
equations dlog L/86 = 0, dlog L/8\ = 0, and 8log L/8n = 0. The Fisher information matrix for

the estimators of (6, A,7) corresponding to (28) is too complicated to be presented here.

13 A simulation study

Here, we assess the performance of the maximum likelihood estimates given by (25)-(27) with
respect to sample size n. The assessment is based on a simulation study:

1. generate 10000 samples of size n from (7). The inversion method is used to generate samples,
i.e variates of the GEP distribution are generated using

X _§ log [—% log { l-n- expl(—_ezl]UU + exp(—0) }] ’

where U ~ U(0,1) is a uniform variate on the unit interval.

2. compute the maximum likelihood estimates for the 10000 samples, say (@,7\,-,17,-) for 1 =
12710000,

3. compute the biases and mean squared errors given by

1 10000 s
bias;(n) = 10000 2 ( ; — 0) ;
¥ 10000 i
lnasz(n) = m = (/\, e A) s
1 10000
lnas;;(n) = m ; (7 77) ’
and
1 10000 - 2
MSE:(n) = 155 3 (9,--0) ,
1 10000 i
MSEz(Tl) = m = (Az o /\) )
10000



We repeat these steps for n = 10,20,...,1000 with § = 1, A = 1 and = 0.5, so computing
bias(n), biasa(n), biasz(n) and MSE;(n), MSE3(n), MSE3(n) for n = 10,20,...,1000.

[Figures 4 and 5 about here.]

Figures 4 and 5 show how the five biases and the five mean squared errors vary with respect
to n. The broken line in Figure 4 corresponds to the biases being zero. The following observations
can be made:

1. the biases for the parameters, A and 7, are generally negative,

2. the magnitude of bias for each parameter decreases to zero as n — o,
3. the mean squared errors for each parameter decrease to zero as n — 0o,
4. the mean squared errors appear largest for the parameter 6,

5. the mean squared errors appear smallest for the parameter 7.
We have presented results for only one choice for (6, A,n), namely that (6,,n) = (1,1,0.5). But

the results are similar for other choices.

14 The log-GEP regression model

Let X be a random variable having the cumulative distribution function (3). We then say that the
random variable Y = o log X has a log-GEP distribution. Writing A = exp(—x/0), the cumulative
distribution function and probability density function of ¥ can be expressed as

exp { —fexp [—exp [ Z—= —exp(—
o]} —apt-g
- 1 —exp(—0) —n [1 —exp {—00;xp [— exp (y_‘_—f_,u)] }] e

and

(1 —n) [1 — exp(—0)] exp {~ exp (g_—;_u) B [‘ — (g;_u)J }

9ly) = {1_exp(—0) _n[l_exp{—f)exp [—exp (%)]}Jr

respectively, for —oc0o < 2 < 00,60 >0,0<n <1, —00 < g < oo and o > 0. The standardized
forms of (32) and (33) for x =0 and o = 1 are

, (33)

exp {—fexp [— exp (y)]} — exp(—0) (34)

G(y) = 1 —exp(—6) — (1 — exp {—0exp [—exp (y)]}]

and
_ 6X(1—n)[1 — exp(—0)] exp {— exp (y) — O exp [—exp (y)]}

= 35
b {1 = exp(—0) — 11 — exp {—Oexp [— exp )]} )

)

respectively, for —oco < z <00, >0and 0 << 1.
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Suppose 71,79, ..., Ty is a random sample of lifetimes from (3). In many practical applications,
the lifetimes z; are affected by explanatory variables such as the cholesterol level, blood pressure
and many others. Let v; = (v;, ... ,v,-p)T be the explanatory variable vector associated with the ith
response variable z; for i = 1,...,n. Consider a sample (y1,v1),...,(¥n,Vn) of n independent ob-
servations, where each random response is defined by y; = min{log(z;), log(c;)}, where log(z;) and
log(c;) are the log-lifetime and log-censoring, respectively. We assume non-informative censoring
and that the observed lifetimes and censoring times are independent.

A linear regression model for the response variable y; based on the log-GEP distribution is
yi=V,~Tﬁ+UZi, i=1,...,n, (36)

where the random error z; follows the distribution given by (34)-(35), 8 = (Bi,...,8,)T, 0 > 0,
8 > 0and 0 < n < 1 are unknown scalar parameters and v; is the explanatory variable vector
modeling the location parameter p; = vI3. So, the location parameter vector p = (u1,..., in)T
of the log-GEP model has a linear structure u = V3, where V = (vy,...,v,)7 is a known model
matrix. The log-EP regression model is defined by (36) with n — 0.

Let F and C be the sets of individuals for which y; is the log-lifetime or log-censoring, respec-
tively. The log-likelihood function for the model parameters ® = (6,7,0,87)7 can be written from
(34)-(35) and (36) as

log L(®) = glog {6A(1—n)[1—exp(=0)]} = 3 exp (y; - v?ﬁ)

o
ieF

Sren -em (822)]

iEeF

_ZElog {1 —exp(—0) —n [1 — exp {—Oexp [_ exp (yi —ov?ﬁ)] }] }
i€EF
(1—-12) [1 — exp {—9 exp l:— exp (y'—_av_’Tq>:l }]
+Zlog : = " (37)
€€ 1 —exp(-0)—n [1 — exp {—Oexp [— exp (M) H

o
where g is the observed number of failures. The maximum likelihood estimates ® of & can be
obtained by maximizing the log-likelihood function (37). From the fitted model (36), the survival
function for y; can be estimated by

(1-19) [1 — exp {—gexp l-— exp (&%XE)} }]

I_G(yi)’: oy TE v
1—exp (—-5) -7 [1 — exp {—gexp [— exp <%)J }]

Under general regularity conditions, the asymptotic distribution of \/ﬁ(;l; — @) is multivariate
normal Np43(0,K(®)~!), where K(®) is the expected information matrix. The asymptotic covari-
ance matrix K(®)~! of ® can be approximated by the inverse of the (p + 3) x (p + 3) observed

17



information matrix J(®) and then the asymptotic inference for the parameter vector @ can be
based on the normal approximation Np43(0,J(®)~!) for ®.

The multivariate normal Np43(0,J(®)~!) distribution can be used to construct approximate
confidence regions for some parameters in @ and for the hazard and survival functions. In fact, a
100(1 — a)% asymptotic confidence interval for each parameter 6, is given by

ACI = (af ~ 2a/2 _jr.r, ar + 2q/2Y —Jr , )

where —fff represents the rth diagonal element of the inverse of the estimated observed information
matrix J(®)~! and z,; is the 1 —a/2 quantile of the standard normal distribution. The asymptotic
normality is also useful for testing goodness of fit of some sub-models and for comparing some special

sub-models using the likelihood ratio statistic.

We can investigate if the log-GEP regression model is a good model to fit the data under
investigation. Clearly, the likelihood ratio statistic can be used to discriminate between the log-EP
and log-GEP regression models since they are nested models. In this case, the hypotheses to be
tested are Ho : m = 0 versus H; : Hp is not true, and the likelihood ratio statistic reduces to
w = 2{log L(®) — log L(®)}, where ® is the maximum likelihood estimate of ® under Hy. The
null hypothesis is rejected if w > x?_, (1), where x?_,(1) is the 1 — a/2 quantile of the chi-square
distribution with one degree of freedom.

15 Applications

15.1 First application: the GEP model

Here, we consider a possible application of the GEP distribution. We consider a real data set of
adult numbers of Tribolium confusum (Eugene et al., 2002). These data were also used by Cordeiro
and de Castro (2011), where they fitted some members of the family of Kw generalized distributions.
In that study they found that the best model is a Kw-normal model.

We compare the fit of the GEP distribution with the following distributions: Weibull (W),
exponential Poisson (EP) (Kug, 2007), exponential-Poisson generalized (EPG) (Barreto-Souza and
Cribari-Neto, 2009), Kw-normal (Kw-N) and beta normal (BN) (Eugene et al., 2002). Table 1
presents the maximum likelihood estimates of the parameters together with their standard errors.

For comparison of nested models, which is the case when comparing the GEP model with the
exponential Poisson (EP) model, we can compute the maximum values of the unrestricted and
restricted log-likelihoods to obtain the likelihood ratio statistic (LRS). For testing Hp : 7 = 0
versus H) : 7 > 0, we consider the LRS, w, = 2(lcgp — lgp), where lgp and lggp are the log-
likelihoods for the model under the restricted hypothesis Hp and under the unrestricted hypothesis
H,. Taking into account that the test is performed in the boundary of the parameter space,
following Maller and Zhou (1995), the LRS, wy,, is assumed to be asymptotically distributed as a
symmetric mixture of a chi-squared distribution with one degree of freedom and a point-mass at
zero. Then, lim, 00 P(wn < ¢) = 1/2 4+ 1/2 P(x? < c), where x? denotes a chi-square random
variable with one degree of freedom. Large positive values of w, give favorable evidence to the full
model. We have w, equal to 1187.628 with a p-value =~ 0. This is evidence in favor of the GEP

model.
[Tables 1-2 and Figure 6 about here.]
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Also, we compare the GEP model with other models by inspection of the Akaike’s information
criterion (AIC, ~2£(6)+2p) and Schawarz's Bayesian information criterion (BIC, —2£(8)+plog(n)),
where p is the number of parameters in the model and n is sample size. The last two columns of
Table 1 show the estimated statistics AIC and BIC. The GEP model is judged to give the best fit
with respect to each criterion.

The fitted probability density functions superimposed to the histogram of the data in Figure
6 reinforce the results in Table 1. The beta normal and Kw-normal distributions appear almost
indistinguishable. This claim is further strengthened by the comparison between observed and
expected frequencies in Table 2. The mean absolute deviation between expected and observed
frequencies (given in the last row) reaches the minimum value for the GEP model.

15.2 Second application: the log-GEP regression model

In this section, we illustrate the usefulness of the log-GEP regression model. Lawless (2003) reports
an experiment in which specimens of solid epoxy electrical-insulation are studied in an accelerated
voltage life test. The sample size is n = 60. The percentage of censored observations is 10%. Three
levels of voltage are considered: 52.5,55.0 and 57.5. The variables involved in the study are: t; -
failure times for epoxy insulation specimens in minutes; cens; - censoring indicator (O=censoring,
1=lifetime observed); v;; - voltage in kV.

Now, we consider the model
yi = Bo + Brvir + 7,

where Y; follows the log-GEP distribution (33) for ¢ = 1,2,...,60. The maximum likelihood
estimates of the model parameters are calculated using the procedure NLMixed in SAS. The con-
vergence was achieved using the reparametrization 7 = exp(no)/(1 + exp(no)]. This guarantees that
the estimate of 7 is in (0, 1). Iterative maximization of the logarithm of the likelihood function (37)
starts with initial values for By and (3; taken from the fit of the log-exponential regression model
witha=b=1.

The log-beta Weibull (LBW) and log-exponentiated Weibull (LEW) distributions are very pop-
ular models in survival analysis, see, for example, Ortega et al. (2011). The probability density
function of the former is

fomt = (£52) v () - oo (152}

for —00 < y < 00, 0 > 0 and —o0 < p < 0o. Here, u is the location parameter, ¢ is the dispersion
parameter and a and b are shape parameters. For b = 1, we obtain the LEW model. Fora =b=1,
we obtain the log-Weibull model. For p = g + f1vi1, we obtain the LBW regression model.

Table 3 gives the maximum likelihood estimates (and the corresponding standard errors in
parentheses) of the model parameters and the values of the following statistics: AIC (Akaike Infor-
mation Criterion), BIC (Bayesian Information Criterion) and CAIC (Consistent Akaike Information
Criterion). The p values are given within square brackets. The computations were done using the
subroutine NLMixed in SAS. These results indicate that the log-GEP model has the lowest AIC,
BIC and CAIC values among the fitted models. Therefore, it could be chosen as the best model.

[Table 3 about here.]

We note from the fitted log-GEP regression model that z; is significant at 1% and that there
is a significant difference between the voltages 52.5, 55.0 and 57.5 for the survival times.
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16 Univariate generalizations

While constructing the GEP distribution, we took failure times to follow the exponential distri-
bution. The exponential distribution was chosen because it is the first and the most widely used
model for failure times. In practice, other distributions can be chosen to model failure times.

In this section, we provide a general treatment by taking the probability density function of the
cumulative distribution function of failure times to be given by f(-) and F(.), respectively. In this
case, (3) generalizes to

_ exp [~0 + 6F(z)] — exp(—6)
" 1—exp(—0) —n+nexp -0 + 0F(z)]

G(x) (38)

forz > 0,6 >0 and 0 < n < 1. The corresponding probability density function and hazard rate
function are

0(1 ~ ) [1 - exp(~6)] £ (z) exp [~6 + 6F () | -

g(l‘) = {1 _exp(__e)_r’-{-nexp [_9+BF($)]}2

and

- 6 (1 — exp(—6)] f(z) exp [-0 + OF(z)) (40)
{1 —exp[—0 + 0F(z)]} {1 — exp(—8) —n+nexp [-0 + 8F(z)]}’

h(z)

respectively, forz > 0,0 >0and 0 <7 < 1.
The shapes of (39) can be studied by taking their derivatives. Note that

Ologg(e) _ (@) , pey  _ 2nf(z)exp[-0+OF ()
oz  f(z) 1 —exp(—6) — n+nexp[—0 + 6F(z))

and

Plogg@) _ L@ _ (L@, pn 21 [rE@ S @] ex[-0+0F (@)
oz? fiz)  \ f(@) +af (2~ 1 —exp(—0) — n + nexp[—0 + 0F(z)]

20%n? f%(z) exp [-20 + 20F(z))]
{1 — exp(—8) —n +nexp [—6 + 9F(x)]}2‘

The modes of (39) are the roots of dlog g(z)/dz = 0, say £ = zg. The mode will correspond to
a maximum if dlog g(z)/dz > 0 for all z < zo and dlog g(z)/dz < O for all z > zo. The mode
will correspond to a minimum if dlog g(z)/dz < 0 for all z < zo and dlog g(z)/dz > 0 for all
z > z9. The mode will correspond to a point of inflexion if either dlog g(z)/dz > 0 for all = # g

or dlog g(z)/dz < 0 for all = # zo.
The shapes of (40) can be studied similarly by taking their derivatives. Note that

dlogh(z) dlogg(z) , 6f(z)exp -6+ 6F(z)] Onf(z)exp -0 + OF(z)]
ér Oz 1—exp|-0+0F(z)] ' 1-exp(—60)—n+nexp[—0+6F(z)]
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and

8 logh(z) _ &%logg(z) . 02f%(z) exp [-0 + OF (z)]  0f (z)exp [0 + OF ()]
dz? & dz? 1 —exp [0 + 6F(z)] 1 - exp [0+ 6F(z)]
~ 0%n% f(z) exp [~20 + 26 F(z))
{1 - exp(-8) - n+ nexp (-0 + 0F(z)]}?

6%nf*(z) exp -6 + 6F (z)]
1 —exp(—0) —n+nexp [0+ 6F(z))

onf' (z)exp [-6 + 0F ()]
1 - exp(—0) —n+nexp[—0+ 6F(z)]

o8

The modes of (40) are the roots of dlog h(z)/dz = 0, say z = zp. The mode will correspond to
a maximum if dlog h(z)/dz > 0 for all ¢ < zo and dlogh(z)/dx < 0 for all z > zg. The mode
will correspond to a minimum if dlogh(z)/dz < 0 for all £ < zo and dlogh(z)/dz > 0 for all
z > z9. The mode will correspond to a point of inflexion if either dlog h(z)/dz > 0 for all z # z
or dlog h(z)/dz < 0 for all z # zo.

The asymptotes of (39) and (40) can be studied by taking limits as ¢ — 0,00. The asymptotes
of (39) are given by

6(1 —n)
g(z) ~ 1—_exm——9—)f(x)

as T — oo and
g9(z) ~ Oexp(-0)f(z)

as ¢ — 0. The asymptotes of (40) are given by

as r — o0 and

h(z) ~ Bexp(~0)f(z)

as z — 0.

Using the series expansion, (4), we can express (38) and (39) as mixtures:

exp -0+ 0F( z)] - exp —0) — n k
G(z) = — ,;) ( ) [m] exp [—k6 + kOF(z)]

_ 60— [1—exp( 01°° n % i s
g(z) = e kz( )[l—exp(—O)——n] flz)exp[~(k +1)0 + (k +1)0F(z)).

These mixture representations can be used derive expressions for moment generating function,
characteristic function, cumulant generating function, moments, conditional moments, and others
corresponding to (38).
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The quantile function corresponding to (38) is

e )]

for 0 < u < 1, where F~!(-) denotes the inverse function of F(-).

Let X, X»,..., X, be a random sample from (38). Let X;., denote the ith order statistic. Fol-
lowing arguments similar to those in Section 8, the probability density function and the cumulative
distribution function of X;., can be represented as

i A S () ) s

J=0 k=0 1=0

and

Cune)= = sy o () () () (T makn.

m=0 j=1i k=0 (=0

respectively, where

Ky k) = (~1y-1sse Tl + B) ¢ () exp (G + k+ 1+ 1)6F(z)]
[ - exp(=0) — 7]

and

A - exp G m A DOk oR()].

Bt 4R )= (1 —exp(-8) —n]™

The representations, (41) and (42), can be used to derive similar expressions for moment generating
function, characteristic function, cumulant generating function, moments, conditional moments,

and others of Xj.,.

We now consider estimation of the unknown parameters of (38) by the method of maximum
likelihood. Suppose F(-) and f(:) are parameterized by ®, a vector of length ¢q. Let zy, 22, ..., Zn
be a random sample from (38). Then the log-likelihood function is

logL(6,n,®) = nlog{6(1—n)[1-exp(—0)]} —nb+ Zn:logf (zi;®) + BilogF (zi; ®P)
i=1 i=1

-2 ] log {1 — exp(—6) —n + nexp -8 + OF (z;; ®)]} . (43)
1

1=

The derivatives of (43) with respect to 6, 7 and @ are:

OlogL n, n = .
36~ 8 expd) -1 "+§F(’“'§)

n

1+ 7[F (zi; @) — 1] exp [0F (z; ®)]
~2exp(~0) ; 1 —exp(—6) —n+nexp[—6 + 6F (zi; )]’ )
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Olog L n 22": {exp[—0 + OF (z;; ®)] — 1}
— 1—exp(-0) —n+nexp[-0 + 0F (z;;®)]’

dlog L of (zi; ®) /0D aF (zi; «p)
o = E A 3 )

i=1
5 OF (z;; ®) /0® exp [0F (z;; ®)]
~dlfipeg~4) ; 1 —exp(—0) —n+nexp (-0 + 6F (z;; ®)|

The maximum likelihood estimates of (6,7, ®), say ((7, 7, :I;), are the simultaneous solutions of the

equations dlog L/86 = 0, dlog L/0n =0, and dlog L/8® = 0.

For interval estimation of (6,7, ®) and tests of hypothesis, one requ1res the Fisher information

matrix. We can express the observed Fisher information matrix of (0 7, <I>)

Ju iz Jdis
J=| Jiz Jo2 Jdaz |,
Jiz Joz Ja3

where

+g{”“’$-2xp(2)‘ nfnexlfi‘;[iﬁif in el

Frogi & [P (208) - o [9+3P (08)

" e g_a):[ﬁzﬁe’fi Jenfir o)
i

2 S s
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Jiz =

_32 logL & OF (z;;;l;)
008 = 0%
+25ﬁi oF (.»c,-; $) /6% LF (:ci; 8) = 1] exp _:5 +0F (x,-; 6)‘
=1 l—exp(—8>—ﬁ+ﬁexp[— +6 ( ;
n OF (a:,-;i;) /0P exp :—§+ oF (mi; A)]
i—1 1 —exp (—5) — 7+ exp [—§+ oF (z,-; 3)]
]

+§i OF (:c,-; %) /0% exp :—251— 5{ (xi;&;A :
i=1 {1 — exp (—9) — N+ 7exp [_0 +0F (zi; Q)]}

+27

+§’7§n: oF (z,-; 6) /0% [f“ (xi; 8) - 1] exp ~A2§ +20F (x,.; a)]

=1 {1-exp(-0) -7+7exp [0+ F(x“‘f’)]}z

_6210gL _n
o8 (1-n)

Jp =
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T 6210gL=“if’92f(ﬂct~;‘f>)/6<f>"’+ n [af (2::8) /acfa}2 & 0P (z:®)

For large n, the distribution of \/n (0 0,7 — n,<I> ®) approximates to a (g + 2) variate normal
distribution with zero means and variance-covariance matrix J=!. The properties of (6 7, ) can
be derived based on this normal approximation.

Finally, consider the case of multicensoring as described in Section 12. In the case of multicen-
soring, the log-likelihood function is:

log L (0,7,8) = 3 ~logg (t:8) + 3 log (G (56 ®) — G (s; ®)] + 3 log [1 — G (s ®)], (47)

where g(-) and G(-) are given by (39) and (38), respectively. The first derivatives of the log-likelihood
function with respect to the parameters ¢, n and @ are:

dlogL &1 3g(t., Z 1 8G (si;®)  OG (si-1;9)
% " La® o G(si®) -G ®) | 09 56
e 1 8G(r,~; )
o ; 1-G(ri;®) 00 ° (48)
dlogL _ <& 1 g (t;; ®) 1 [6G(s,-;§>) _ 6G(s.-_1;<I>)]
B = 2 g@® Ot CEE O E | o o
- 1 9G (ri; @)
» 49
§1-G(r,-;q>) an (49)
dlogL f: 1 Jdg t,,q’) Z [30(81';'1’) _ 3G(Si—1;‘1’)]
8 - g (ti; ®) G (s;;®) — G (si—1;®) od od
o2 1 aG(T,', )
~L e (50)

i=1

The first term in (47) is the same as (43) with (z;,n) replaced by (¢;,n0). Also the first terms
in (48)-(50) are the same as (44)-(46) with (z;,n) replaced by (ti,n0). So, it is sufficient to find
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explicit expressions for the partial derivatives in (48)-(50). They are

0G(z;®)  [F(z;®)—1]exp[—0+ 0F (z;®)] + exp(—0)
a9 ~ 1—exp(=0)—n+nexp[-60+6F (z; ®)]
B exp(—20) {exp [0F (z; ®)] — 1}
{1—exp(~8) —n+nexp|-0 + OF (z; ®)]}*
_ n{exp [F (2;®)] - 1} [F (2; @) — 1] exp [~20 + OF (z; ®)]
{1 - exp(~0) —n+nexp[-6 + OF (z;®)]}*

)

9G(z; @) _ exp(-0) {1 —exp[—0+ 0F (z; ®)]} {exp [0F (z; ®)] — 1}

on {1 —exp(—6) —n +nexp [0+ 6F (z; ®)]}* '
0G(z;®) 00F (z;®) /0P exp [0 + 6F (z; ®)]
0P ~ 1-exp(—0) —n+nexp[-0+0F (z;®))

_OnOF (z;®) /0% exp 20 + OF (z; ®)] {exp [0F (z; @)] — 1}
{1 - exp(~6) —n+nexp [0+ OF (z; 3)]}* '

The maximum likelihood estimates of (6,7, ®), say (5, 7, :I;), are the simultaneous solutions of the
equations dlog L/86 = 0, 8log L/0n = 0, and Olog L/0P = 0. The Fisher information matrix for
the estimators of (6,7, ®) corresponding to (43) is too complicated to be presented here.

17 Bivariate generalizations

Suppose now that each unit of the system suffers from two types of failures. Let F(z,y) and f(z,y)
denote the joint cumulative distribution function and the joint probability density function of the
failure times for each unit. Then the joint cumulative distribution function of the system failure

times are:
exp [—0 + 0F(z,y)] — exp(—0) (51)
1 —exp(—0) —n+ nexp [0 + 0F(z,y)]

G’(z,y) =

for £ >0,y > 0,6 >0and 0<n<1. The joint probability density function is:

6(1 —n) 1 — exp(—6)]exp [-0 + 8F (z,y)] A(z,y) (52)
{1 — exp(—6) — n + nexp [0 + 6F(z,y)]}’

9(z,y) =

forz>0,y>0,0>0and 0<n<1, where

Azy) = 0{1-exp(~8) ~ 1~ nexp[-0+0F(z,y)} 2t 2T

% 2
+{1~ exp(=0) = 1 + nexp (-0 + 0F (@, )]} Tt

The marginal cumulative distribution functions are:

_ exp (-0 + 0F(z)] — exp(—0)
" 1—exp(—8) —n+nexp[—0 + 0F(z)|

G(z)

26



and

exp [~0 + 0F (y)] — exp(-0)
1 —exp(—6) —n +nexp [-6 + 0 F(y)]

Gy =

forz>0,y>0,8>0and 0 <n< 1. The marginal probability density functions are:

6(1 —n) (1 — exp(—0)] f(z) exp |- + 6F (z)]

oey= {l—exp( 0) =1+ nexp[-6 + 6F ()]}’

and

o) < 80~ 1) [ = exp(=0)] (g) exp [0 + OF (v)]
{1 - exp(—6) — 1 + nexp[~6 + 6F(y)])?

forz >0,y >0,6>0and 0 <7< 1. The conditional cumulative distribution functions are:

exp [0F (z,y)] =1 1—exp(—0) —n+nexp -0+ 0F(y)]

G(zly) = exp[0F(y)] =1 1—exp(—0) —n+nexp[—0+ 6F(z,y)]

and

exp [0F(z,y)] =1 1—exp(~0) —n+ nexp[—6 + 6F(z))

G = = o =1 1= =7 newm [0+ 6F(z,y)]

forz >0,y > 0,60 >0 and 0 < n < 1. The conditional probability density functions are:

{1 — exp(=0) — n + nexp [0 + OF ()]} exp [§F (z,y) — 6F (y)] Az, y)
f(y) {1 - exp(—8) — n +nexp -0 + §F(z,y)]}

g(zly) =

and

{1 — exp(=8) — 1 + nexp [0 + 6F(z)]}? exp [0F (z,y) — 6F(z)] A(z, )
f(z) {1 - exp(~6) — n + nexp[-8 + 6F (z,y)]}’

9(ylz) =

forz>0,y>0,6>0and 0<n <1 Also
0G(z,y) _ 00F(z,y)/0zexp -6 + 6F(z,y)] {(1 — n) [1 — exp(—0)] + nexp [0 + OF(z,y)]}

2 {1 — exp(=6) — 1+ nexp[-6 + 6F(z,y)]}?
and
9G(z,y) _ 00F(z,y)/0y exp [0+ OF (z,y)| {(1 — ) [1 — exp(-0)] + nexp [0 + 6F(z,y)]}
dy {1 — exp(-0) — 1;+nexp[ 9+9F:ry]}

forz>0,y>0,6§>0and0<n<1
Note that (51) and (52) can be expressed as mixtures:

exp [— 0+9Fzy)]—exp -0) n o
Gle) = ECEC= RS () et =ol-se+rte)

and

n) (1 — exp(~ 6)]Z< )n A(z,y)exp [— (k+1)0+(k+1)01’(z y)}

o(a) = - [ exp( ~6) - 1 — exp(~8) — 7"
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These representations can be used derive expressions for joint moment generating function, joint
characteristic function, joint cumulant generating function, product moments and others corre-
sponding to (51).

We now consider estimation of the unknown parameters of (51) by the method of maximum
likelihood. Suppose F(,) and f(:,) are parameterized by ®. Let (z1,31), (z2,¥2), ..., (Zn,¥yn) be
a random sample from (51). Then the log-likelihood function is

log L (0, m @) e nlog {6(1 o 77) [1 - exp(_g)]} —nf + GZIOgF (mi:yi; Q) ¥ ZIOg A (x'ilyi)
i=1 i=1

~3) log {1 — exp(—6) — n +nexp [0+ OF (z;,3:; ®)]} . (53)
j=1

The derivatives of (53) with respect to 8, 7 and & are:

dogl n  n 0 (5, (02
a6 §+W_n+ZF(x”y" Z C Azow)
1 +77[F (z:,:; ®) — 1] exp [GF(JJ.',!/:‘. 2)]
a 4
3exp(~ G)Z —exp(—0) —n+nexp [-0 + OF (z;,y:;; )]’ .
dlogL OA (zi,ys) /On
on +Z A(zi, ui)
exp [—0 + OF (z;,y:; ®)] — 1

~ , 55
32 1 —exp(—6) —n+nexp[—0 + OF (z;,yi; ®)) -

dlogL _ iﬁaF(xi,y;;Q)/ai+i6A(xi,yi)/6(I:

od — F(:z:i,y;;@) -1 A(.’B,',yi)
L OF (z;,yi; ®) /0P exp [0F (zi,yi; ®))
—3017exp(—9)i=zl B s e ——— i e (56)
where
OF
PV~ (1 exp(=0) ~ 1~ nexp [0 + 0F(z,y))) T ) 2T )
+0{exp(~9) ~n[F(2.9) - Uexp [0+ 0F(a,)]) e OE2Y)
+ {exp(~0) — 1 [F(z,3) — 1] exp [0 + 0F (z, 1)) %Z%y—)
OA(z,y) F(z,y) 0F(z,y)
———&n——- = —0{1l+exp[-0+06F(z, y)]} o By
02F(:c,y)
+ {exp[-6 + 6F(z,y)] - 1} Doty
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_brexp[-0+ OF (z,3)] 2 & (g@y) 6F((9a; )
—fnexp -0 + 6F(z,y)] Byg;y) oF éxm y)

The maximum likelihood estimates of (6,7, ®), say (5, 7, <'I;), are the simultaneous solutions of the
equations 0log L/86 = 0, 8log L/dn = 0, and dlog L/0® = 0.

For interval estimation of (8,7, ®) and tests of hypothesis, one requires the Fisher information
matrix. We can express the observed Fisher information matrix of (0 7, ®) as

Ju Jiz Jiz
J=| Ji2 Ja2 J2z |,

Jiz J2z Jss
where
_ 8%logL _ " (5)
Ju = - 8%2 —0%+ [exp(g)—l]2
Lo O 1
=S Ep (—9) ; 1 %p (_5) —H+fexp [—§+ oF (xi,yi; ‘3)]
o n [F (a;‘-,yi'&;) - 1]2exp[ g+ Af (l'i,yﬁ:i’)]

,~=11—exp( 9) n+nexp[ 6+ F<$isyi;$)]
4 n
—3exp (~—20)§{1_exp (_5) 77+?79XP[ )
snz [ (x,,y, <I>) - 1: exp [—20A+ iF (xi»yi::f) .
{1—exp( 0) ﬁ+ﬁexp[—0+0F(zi,yi;tI>) }
—3’\25:: [F (z,-,y,-;:I;)-ljgexp [—2§+2§F (-’l:i,yi;:f’)]
% i=1 {l-exp (—5)—17+ﬁexp [—54—51"' (-‘l?hyi;‘i;)]}2

-~ 2
_iau (zi,yi) /862 +i [ 0A (zi,y:) /60
A(zi, yi) - A (zi,1:)

=1
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[ (su008) 1] -5+ (r5)

+
Jiz = - 07 =3,'=1 l—exp( 0) 7)+7’exp[ 5 9F(zi,y¢;3)]
r exp [~20+ OF (1,53 2
i=1 {1 — exp (-5) — 7N+ nexp [—§+ oF (xi,yf;‘f’)]}
: exp (-9)
+3
i=1 {l—exp(—g)—ﬁ+ﬁexP [—§+§F (a:,- )]}
a7 n [F (;c,-,y,-; :I;) - l] exp [—2§+ 20F ( y Yis )]
-1 {1—exp(—§) — 7+ exp [—§+§F(1'i Yis )]}
+3ﬁi [F (x,',yji;) 1] exp[ ~8+ §F( )]
{1 exp( 0) 7)+779XP[ 0+0F( ‘I’)]
%A (i, i) /aoan OA (zi,y;) JOOOA (z;,v:) /07
Z_; :(z?fm ; = yAz(z y)
T = & log L =3Aﬁi: OF (wi,yi§6) /0% [F (x‘ y~-$) ] Xli 0+ 0F (mi’y";a)]

o00® P 1 - exp ( 9) 7+ fexp [ g+ 0F (:c,-,y,-; 3)]
n  AF (a:,-,y,-;:l;) /0P exp [—0+0F (xi,y,',;l; ]
i1 1 —exp (——5) — 7+ nexp [—5+ oF (:z:,-,y.-; :1;)]
—35?]2”: OF (:r.»,y,-’;\;l;) /0P exp [—aj 9:1:" (:ci,y,-; :I;A)]
i {1 exp ( 6’) — 7+ fexp [—0 +0F (zi,y,-;é)]}
s i oF (m vii 4’) /6% [A (x ,yi;$) = l]jpr[—2§ i 25f" (x,-;y‘-;a)]
{1 exp (—0) — T+ 7exp [—0+ oF (x,-,y;; @)]}

0P A (i, 1) 0808 | = OA (i, yi) /0BOA (zi, i) /0
Z A (zi, i) +§ A? (i, 9:) ’

+37

2

Jp = -

a7 Q-0 =

" A (20, ) [OF | < [OA (zinwi) /07
“X " HGw +Z_I[ Alziv) ]

8logL n e { exp [”5'*' oF (fCi,yi;a’)] =l }2
1 :8)]

i=1
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e e _82 lo§L B n QgF (xi,y,-fi;) /0P exp [—51— 5{‘ (z,- Yi; 2]
i=1 1 —exp (—0) — 1+ fexp [—0 + 6F (a:, Yi; @)]
_351? n gF (a:‘-,y.-;?) /0P exp [—29:4- 20F (:z:i Vi )]
=1 {l—exp (—0) -+ fexp [—0+§F (:c, i )}}
+3§ﬁi aF (zi,y,;;\:l;) /0P exp [-—aj- gf‘ (zi,y, )]
=1 {l—exp(—ﬁ) ﬁ+ﬁexp[ 9+0F(:c,y )]}
/0%

_ - OPA (30, w) /070% | - OA (i, w) /O7OA (i, )
2~ Ao +§ A (a0 w1)

~ _6zlogL e n OF (zi,yi;&)) /0P exp [—§+ gF (:c,-,y,-; ;f')] ?
o= %% - nz; {1 — exp (—5) — 7+ exp [—5-}— 6F (.'I:.-,yi;a)]
—39\265': [aF (z,-,yi;ﬁ) /aélzexp[ +0F (x, Yi; :I;)]
i1 1— exp( 5) ﬁ+1’iexp[ 0+0F(z, Yi; )]
n_ °F (:1:‘ Vi Q) /8®? exp [-—0+0F (:z:, Yi; )]
—3077;1 exp( 0) 77+nexp[ 0+0F(x, Yis ¢I>>]
'92 OF (zi,y:) /0% i OF (x;,y;)/@@J

F (zi,11) i F (zi,y:)
5 OZA(a:‘ ) /082 O[04 (zi,u) /68"
Zl A (i, yi) ! Z‘? A (zi, yi)
where
2
TACY . exp(-0) 1+ F(@,0) - Yexp BF(z,))) ZTpe ) 2E )
+{exp(~0) = 1[F(2,3) — ) exp [0+ OF(z,y)]) TN 0]
+0{~ exp(~0) = n[F(z,3) - 1P exp -0+ 0F (z,y)] } 22 2ELE0)
2
¥ {— exp(=6) + 1 [F(z,y) — 1] exp (-6 + 0F(z,y)]} %;;y),
2
2 go(;;’y) = exp(—0) {exp[-0 + 0F(z,y)] — 1} 6Fé2’ v) apg:l’ v)

i [Pl g =T exp |- B 0, )] Z x)) 6Fé§ ¥)
+ [F(z,y) — 1] exp [0 + 6 F(z,y)] a—ﬂﬂ)—

8zdy
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*A(z,y) 0F(z,y) 0F (z,y) OF (z,y)

= Onexp|[-6+ 0F(z,y))

" 000% % dz dy
+{1 - exp(-0) =+ nexp [0 + 05 (z,)]) L) o)
+{1 — exp(—6) — n + nexp -0 + 6F(z,y)]} azazzg:&)y) aF((;, L
~0n[F(a,y) ~ 1P exp [0 + 0F(z,y) L0t F20) OF bl
—Onexp[~6 + OF (z,y)] (aFé;’ y))2 6F§2’ y) aFéz’ 3)
+0{exp(~0) ~ [F(z,3) ~ 1 exp [0+ 0z, )]} L &) ()
+0{exp(-6) - [F(z,0) = 1 exp |0 + 0z, )]} T o) 2E(2)
+{exp(-0) + 1F(e,) - exp [0+ 6F(z, ) S oY)
+n(1 +0F(z,y)] exp [0 + 6F (z, )] 6F6(:,’y) 02;};’/3’) ,
& A(z,y)
o
8 A(z,y) OF(z,y) OF (z,y) OF (z,y)

= —6%exp (-6 + 6F(z,y)]

2
—6 {1+ exp[-8+6F(z,y)]} aa’”;(;&)w 3F((92, v)
0°F(z,y) OF (z,y)
v))} B0 o

onod

—0 {1 + exp [0 + 6 F(=z,

O F(z,
+ {exp [—9 “+ 9F(-7:,y)] g 1} —63;—0{!/6%‘;)_)
aF :C, 52F zy
+0exp [—0 + 0F(z,y)] 3(q> - aafayy)’
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& A(z,y)
0d?

3 dF(z,y)\* 8F(z,y) 8F(z,
-8 exp (-0 + 0F(z,y)]( 5% )) éx v) (gy v)
OF (z,y) 8*F(z,y) 8F(z,y)

o® 0z0%® Oy
0*F(z,y) OF (z,y) 0F (z,y)

9P*? Oz oy
OF(z,y) 0F (z,y) 8*F(z,y)
0d Oz Oyod
OF (z,y) 8*F (z,y) 8F (z,y)
0®  0z0® 0y
& F(z,y) OF (z,y)

—0277 exp [-0 + 0F(z,y))

—0%n exp [0+ 0F(z,y)]

—6*nexp (-0 + 0F (z,y)]

~-60%nexp [0+ 0F(z,y)]

—0¢exp [~ + OF(z,y)]

8z6®%* Oy
8*F(z,y) 8*F(z,
—0¢ exp [-0 + OF (z, )] ME;‘;) wg‘py)

OF (z,y) 8°F(z,y) 6°F(z,y)
GL) oz? Oyod®
8*F(z,y) 8*F(z,y)

—6*nexp[-0 + 0F(z,y))

—Onexp [—6 + 0F(z,y)]

520®  0y0®
*F(z,y) 8F (z,
~tnexp [-0-+ 6F(z.1)] ) 200

For large n, the distribution of /n (0 6,7 —n,® — ) approximates to a (g + 2) variate normal
distribution with zero means and variance-covariance matrix J~!. The properties of (0 7, <I>) can
be derived based on this normal approximation.

Finally, we consider the case of multicensoring for bivariate data. We suppose that there are n
bivariate failure times of which

(0) (0)) (:E(o)

e ng are known to occur at (z;,y m,,yn

e n) are known to have z components occurring at zgl), v ,:z:sll,) and y components exceeding
yfl), i=1,...,n1 but not observed any longer.

e ny are known to have z components occurring at z( . ,xgz) and y components belonging
to the interval [yf_)l,ytz) lyi=1,.

e ng are known to have y components occurring at y( ) .‘,y,(n) and z components exceeding

53), i =1,...,n3 but not observed any longer.

e n4 are known to have y components occurring at y“) - ,(,44) and z components belonging
to the interval [:r:f‘_)l, f“)] § 2 Loy UG

e n5 are known to have y components belongmg to the interval [y(i)l, yls)] i=1,...,nsand z

components belonging to the interval [1t & (.5)], T P
e ng are known to have y components belonging to the interval [y(f)l,yfﬁ)] =1 5T 80d T

(6) i = T,

components exceeding z; .,nig but not observed any longer.
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e n7 are known to have z components belonging to the interval [:vsz)l,xz(.n], =1 oo npand g
components exceeding y§7), t=1,...,n7 but not observed any longer.

e ng are known to have z components exceeding :rgs) ,i=1,...,ng but not observed any longer

and y components exceeding y,gs), 1=1,...,ng but not observed any longer.

Note that n = ng + n; + ny + n3 + ng + ns + ne + n7 + ng.
In the multicensoring scheme described, the log-likelihood function, (53), becomes

. (M, ()
logL(8,n,®) = Zologg (250),%(0)) T ilog [g (xf:])) - a_G'_%—(;)_%——)}
i=1 i=1 Z;

o [86 (2®,42) 86 (2P,
+§log | (6;52) ) _ (az,(z) 1)}

| 3
«3og o (%) -= (; o )]

i=1 Y

) [0G (z$4),y§4)) oG (xfi)l,y‘m )
i=1 (’)y?‘) ax§4)

G (:c(s),y‘.(s)) -G (:rfi)l,y.(s)) -G (mfs),y,-(_s_)l) +G (zf_s_)l,yi(i)l)}

1

)
i [6 (a7) - (42) -6 (:17) 6 (107)]

[
-+ Z log [G (yl(s) -C (xﬁs),yf‘”) il (?/fi)x) v (zfs),yﬁ)l)]
[
3o [1-6 (57) -6 (") + & (°.01%)]. -
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The derivatives of (57) with respect to 8, 7 and & are:

dg (zsl)) 8*G (zgl),yfl))
dlogL m 99 (o) /00 m ToB m
g (01 M q)) _ Z $ ' + Z 8081’

a9 ©) (0) £ ()
7] Sy 2 (a;sl—>y‘ )
%G (152) ,y,m ) 0*G (x£2), yg_z_)l)
" a9ar® 06020
=+ "o (33;(2)’!/;'(2)) 6G( t2) y1(2)1)
z? z?
dg ( (3)) 82G (zfs’,y,?“’)
m0 pay®

+3

- oG (2 ,y®
1 9 (") - _(ayl(T—)

8°G (1:‘(4),1/,{4)) &G (zgi)l,yf“) )
M pgayl 866z

+i=1 oG (:cE“,yf”) 6G( (4_)l y‘“))
6yf4) i a$f4)
oG (355),y§5)) oG ( (5) (5)) G (Iz('s)’yfi)l) 5 (xﬁi),,yﬁi)l)

+
+,-Z Gfo(s) (s)) 6 (s ‘i), yfs)) 6 (f (5)6 0(5)) RPTECY (3?5)1)

L200)_ ) o) ool
+§ ¢ () - G(z(‘” (e)) & (1) + ¢ (2®.4)

, 2600) ae(el) a0 (elal) a6 (alul)
+> 06 o) 50 99
S e(=)-c(a) -0 (" u"”) +6 (22 u")
. —3(; (x(s)) 8G( (8)) BG( ®) lga))
+> 99 9 a0 ’ (58)

i1 1-G (mss)) G'( (8)) + G’( 58) yfs))
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dg (mfl)) 0°G (zgl),yfl))

dlogL(0,n,®)  09(z0u®)/on m o T T 50
g pAEp Sl
g (s =
820( ,(2) y|(2)) %G (xfz),yfi)l)
2 mee®  9noa®

"% 6 (P ) a0 (D)

RO 2@
39( (3)) G (x.(s)»yfa))
o ooy
’ ‘; @) _ 9% (“*(3)’;’53))
e () - T el
o*G (254),y,-(4)) i ol (xfi’l,y‘(“))
R S
= 0G (2?),3/.“)) oG (Iﬁ)py;“))
N PN O
oG ( z§5’,y§5’) ( (s) (5)) PYe. (z,(‘r’),yfi)l) " e (-’Bgi)n yfi)l)

+§ G?}(S) (5)) G’( (5) (5) G(Z(S?n@)) +G( (8) ylii)l)
)

8G (y(s)) 8G (ZIJ() (6)) 8G (y(sl) ( (6), t(E)l)
67) on v on

) (6)) ((5 ())

G
( ™ (7)) G (=7,.4")
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OlogL(6,n,®) _

o®

where

9G(z,y)

06

_ exp(=0) {[F(z,y) -
" 1-—exp(—0) —n+nexp[—0 + 6F(z,y)]

dg (z(l)) 892G (x‘(l)'ytgl))

ng ag( (0) (0)) /a§ ny 8% - %8 (1)

= 2 © 0 +), -
i= ag i y Iy = BG El), fl)
i e (=) - (;x?)y )

#6(7) 0 (s748)
R T 90027
=1 0G (1';(2)’3/;(2)) B oG (352)’3/53)1)

. o
dg ( (3)) 582G (x1(3),y§3)>
n3 P 8 a (3)
2 o6 ( ?3)yyfa))
9 (y§3)) T g ay(3)

& e (1'54),,1/}4)) 826'( f“)] yf”)
Mo geay® 0@0zY
" e () 50 (0
oy B 0z
9G (= :’ u) o6 (z("’l y?) o0 (=.3) %6 (o)
+§: G (8 (s)) & (s) (5))

0% 0%
g ¢ (=¥, (5))+G( ®.4%)

( (6)) (z 6) (6)) ( (6)) . ( (6), fi)l)
|

5% 5%
+'Z ARE G(z(s) ! ) p (6)) ( ,49)
( (7)) (7)) ( M (7)) ( ™ y(v))

+_Z ?( ™) -c ?:( 6 (! (7) <7)) G (&0 a%))

. —aG( (3)) 8G (y‘(s)) aG( (3) (8))

+Z{ g G( <8)) 085(8)) +G( (gq) (e)) ; (60)

Z

1)exp [0F (z,y)] + 1}

_exp(—260) {exp [0F(z,y)] — 1} {1 + n[F(z,y) — 1] exp [F(z,y)]}
{1 —exp(—0) — n+nexp[~6 + 6F(z,y)]}*
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0G(z,y) _ , exp(=0) {exp [0F(z,y)] ~ 1} {1 — exp [-0 + 6F (z,y)]}

on {1 - exp(—6) — n + nexp[-0 + 6F (z,y)]}
0G(z,y) 00F(z,y)/0® exp [-0 + OF (z,y))
0P ~ 1—exp(—8) —n+nexp[-6 + 0F(z,y)]

_ 6nexp(=20)0F (z,y)/9® {exp [0F(z,y)] — 1} exp [6F (z,y)]
{1 - exp(—0) — 0+ nexp [~ + OF(z,y)]}*

8°G(z,y) _  (1—n)[1 - exp(=6)]|OF(z,y)/dz exp [0 + OF (,y)]
6208 {1 - exp(~0) — n+ nexp [—0 + 0F (z,y)]}*
6(1 — n)0F (z,y)/0z exp [-20 + 0 F(z,y))
{1 —exp(—6) — 1+ nexp [-6 + 6F (z,y)]}’
L 00 =) [1 — exp(~6)] 6F (z,y)/0z [F(z,y) — 1] exp [0 + 0F (2, y)]
{1 - exp(—8) — n +nexp [~ + 6F (z,y)]}?
20(1 = n) [1 — exp(—0))0F (z,y)/0z exp [-26 + O F(z,y))
{1 - exp(—6) — n+ nexp (-0 + 6F(z,y)]}’

_26n(1 — ) [1 — exp(—6)] 6F (z,y)/0z [F(z,y) — 1] exp [-26 + 20F (z,y)]

{1- exp(~6) — n+nexp -8 + 0F(z,y)]}°

8°G(z,y) _ 61— exp(-0)]8F(z,y)/0z exp [0 + OF (z,y)]
dzén {1 - exp(—6) — n + nexp -0 + OF (z,y)]}?
_26(1 - n) [1 — exp(—0)] OF (z,y)/0x exp [-26 + 20 F(z,y)]
{1 — exp(~0) —n +nexp[-6 + OF(z,y)]}°
+29(1 —n)[1 — exp(—8)) 8F (z,y)/0z exp [-0 + OF (z,y)]
{1 - exp(—0) — 1+ nexp [0 + OF (z,y)]}°

b

and

8%*G(z,y) _ 0%(1 — n) [1 — exp(—0)) OF (z,y)/OBOF (z,y)/0z exp [-0 + OF (z,y))
0z0® {1 — exp(—0) — n + nexp (-0 + 6F (z,y)]}’
L) ] exp(—0)] 8" (z,y)/(0z8®) exp [~ + 6F (z, y)]
{1 - exp(~6) — n + nexp [0 + 6F (z,y)]}°
: 2n6%(1 — n) (1 — exp(—8)] OF (z,y)/0z0F (z,y) /0P exp [—26 + 20 F(z,y)]
{1 — exp(-0) — n+ nexp (-0 + 0F (z,y)]}° '

The remaining partial derivatives required for (58)-(60) follow from previous results: dg(z,y)/06,
dg(z,y)/0n, 8g(z,y)/0® follow from (54)-(56); g(z)/88, dg(z)/dn, Bg(z)/d® follow from (44)-
(46); and, 8G(z) /86, 8G(z)/dn, OG(z)/8® follow from (48)-(50).

The maximum likelihood estimates of (6,7, ®), say (5, ﬁ,:I;), are the simultaneous solutions of
the equations dlog L/80 = 0, 8log L/dn = 0, and dlog L/0P = 0.

Appendix
The calculations of the paper require the following lemmas.
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Lemma 1 If a random variable X has the GEP distribution then

A(k) = E {exp [-kOexp(=AX)]} =n7F 11 —n) [1 — exp(— ]Z ( ) [exp(—6) — 1+ 7)*' b,
where by is given by

[1 - exp(=6)]~" [1 - (1 - )!"]
= , A1,

—log(1 —1n), ifl=1,

bi

Proof: We can write

_ B 3 exp[ A:c — (k + 1)8exp(—Az)]
AR = gale g Ll 0)]/ [1 —exp(— 7 {1 — exp [-0 exp(—Az)]}]?
k-1 -l 6) —2 k
= (1 =n)[1 - exp( 9)]/ _— )z [z — 1+ exp(—0) + n)*dz
[1—exp -1
—k=—1 k-1 R 1-2
= 7711 -n)[1 — exp(-0) ]Z ( ) [exp(—8) — 1 +17) /[pr(_a)](l_m 2%z,

The result follows by elementary integration. O
Lemma 2 If a random variable X has the GEP distribution then
B exp [—aAX — bf exp(—A X)) }
O e & Erteer ey oy
(1 —n) [1 — exp( o)]z( ) 7y (a+2,(1 +b+k)o)
[1 - exp(—9) — n*** k)1 —exp(—8) —n)* (1 +b+ k)o+262+2

Proof: Using the series expansion, (4), we can write
_ L B exp [— (a + 1)Az — (b + 1)f exp(—Az)]
Sl = BM0~yER-mpl=t) ]/ [1 — exp(—8) — n {1 — exp [-0 exp(—Az)]}]**°
= st y**!exp [—(b +1)6y)
=il -/ [t exp( 8) — 1 + nexp(—6y)]**e

WS () )

1
% /0 y*+! exp [— (b + k + 1)0y] dy.

The result follows by the definition of the incomplete gamma function. O
Lemma 3 If a random variable X has the GEP distribution then

D(a,b,c,d)
" { X% exp [—aAX — b exp(—AX)) }
ol [1 — exp(—6) — n {1 — exp [-fexp(-AX)]}]*
6(1 — 1) [1 — exp(—0)] f: (—2-c) a¢ n '7(s+a.+2,(1 + b+ k)6)
N1 —exp(=0) =P =\ k) 857 [1 - exp(—0) — n]F (1 + b+ k)°+26°+? »
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Proof: Using the series expansion, (4), we can write
OA(1 = n) [1 — exp(~0)] /°° zexp [—(a+ 1)Az — (b + 1)8 exp(—Az)]
[1 — exp(—6) — {1 — exp [0 exp(—Az)]}]**¢

_ iy (log y)*y**" exp [~ (b + 1)6y]
= 6(-A)"%(1 — exp(- ]/ [1 — exp(—0) — 7 + nexp(—0y)]***

o £ 3

k=0

D(a,b,c,d)

1
x / (log )™+ exp [~ (b + k + 1)9y] dy
0

_ 60 -n)[l-exp(-8)] (-2-c¢ m "
- (—/\)"ll—exp(—f))—n]”cg( k )[l—exp(—(?)—n]

1
X % /0 y* o exp [—(b+ k + 1)0y] dy

s=0

The result follows by the definition of the incomplete gamma function. O
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Probability density function

Probability density function

Figure 1 Plots of the probability density function, (7), for A = 1, § = 0.5,1,2,5, n = 0.2 (solid
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curve), 7 = 0.4 (curve of dashes), 7 = 0.6 (curve of dots) and n = 0.8 (curve of dots).
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Figure 2 Plots of the hazard rate function, (10), for A =1, § = 0.5,1,2,5, n = 0.2 (solid curve),
n = 0.4 (curve of dashes), n = 0.6 (curve of dots) and n = 0.8 (curve of dots).
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Figure 3 Mean, variance, skewness and kurtosis versus n for for A = 1, § = 0.5 (solid curve),
0 =1 (curve of dashes), 8 = 2 (curve of dots) and § = 5 (curve of dots and dashes).
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Table 1: Maximum likelihood estimates of the parameters and related statistics for the adult

numbers data,
Model Estimates AIC BIC

B-N(a,bp,0)  18.20 0.25 12.69 42.76 71769 7195.0
(127)  (0.0749) (12.47) (8.89) ’

Kw— N(a,b,p,0) 185 0.67 7.37  14.21 71774 71955
(1.36)  (0.476)  (6.31) (11.7)

GEP(\,1,6) 0.0254 0217  23.097 7145.0 7158.6
(0.001)  (0.167)  (2.044)

EPG(a, A, 0) 0889 0025  30.288 71545 7168.1
(0.436)  (0.001)  (7.139)

Weibull(a, 3) 3.187  155.914 7214.2 7223.3
(0.089)  (1.979)

EP(A,6) 2.905  0.0024 8330.5 8339.6

(0.282)  (0.00014)
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Table 2: Observed and expected frequencies of the adult numbers.

Adults Expected

number Observed Kw-normal Beta normal Weibull GEP
30 1 0.21 0.22 7.64 0.21
50 d 8.77 5.67 22.86 6.23
70 40 37.43 37.39 45.33 38.88
90 96 91.85 93.70 T1.37 93.42
110 122 125.53 127.54 94.73 128.48
130 140 123.95 123.73 108.30 125.48
150 92 102.41 100.77 107.09  100.69
170 70 75.95 74.30 91.25 71.73
190 44 52.00 50.97 66.40 47.57
210 38 33.18 32.80 40.79  30.24
230 25 19.80 19.86 20.85 18.74
250 13 11.06 11.32 8.74 12.44
270 4 5.79 6.08 2.95 6.92
290 1 2.84 3.08 0.79 4.16
310 1 1.31 1.47 0.16 2.50
330 2 0.56 0.66 0.03 1.49
Total 690 689.6 689.5 689.3 688.8
MAD 4.60 4.39 12.00 4.19

Table 3: Maximum likelihood estimates of the parameters and related statistics for the voltage
data.

Model | mo 9 Bo B AIC CAIC BIC
Log-GEP 2.0693 5.4378 19.9648 -0.2446 135.0 135.8 1434
(4.0735) (2.1531) (2.7488)  (0.0596)
[<0.0001]  [0.0001)

Model a b o Bo B AIC CAIC BIC
LBW 102.32 06574  3.4587  10.3838 -0.1803 | 166.5 167.6 177.0
(1.6594) (0.3118) (0.6765) (3.3112)  (0.0607)
(0.0027]  [0.0043]

LEW 822.76 1 57575 48601  -0.1764 | 1644 1651 1728
(13.2240) () (5.7575)  (4.8691)  (-0.1764)
(0.3350]  [0.0454]

Log-Weibull 1 1 08454  22.032 0275 | 1734 1738 179.7
) ) (0.090)  (3.046)  (0.055)
(< 0.001] [< 0.001]
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