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Abstract: Many if not most lifetime distributions a.re motiveted only by mathematical interest.
Here, a new three parameter distribution motivated mainly by lifetime issues is introduced. Some
properties of the new distribution including estimation procedures, univeriate generalizations and
bivariate generalizations are derived, Two real data. applications are described to show superior
performance versus at least five of the known lifetime models.
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1 Introduction
The statistics literature has numerous distributions for modeling lifetime data.. But many if not
most of these distributions lack motivation from a lifetime context. For example, there is no
apparent physical motivation for the gamma distribution. It only has a more general mathematical
form than the exponential distribution with one additional parameter, so it has nicer properties
and provides better fits. The same arguments apply to Weibull and many other distributions.

The aim of this paper is to introduce & new three parameter lifetime distribution with strong
physical motivation, As expleined below, the proposed distribution encompasses the behavior of
and provides better fits than many of the known lifetime distributions, including those with three
parameters. We feel that that this is & remarkable feature.

We provide at least three motivations for the new distribution. We begin with one based on
failures of a system.

Suppose & company has N systems functioning independently nt & given time, where N is a.

geometric random variable with the probability mass function

Pr(N = n) = (1 — mºvª—1 (1)



for 0 < 1] < 1 and 11 = 1,2, . . ,. The geometric distribution is a popular model for counts.
Suppose in addition to (1) that each system is made of M parallel units, so the system will fail

if all of the units fail, Assume that M is & truncated Poisson random variable independent of N
with the probability mass function

º'" exp(—0)P M = =__ 2r( m)
m! [1 — exp(—0)]

( )

for 9 > 0 and m = 1,2,. . .. The zero truncated Poisson distribution is also a popular model for
counts. Some of its recent applications include: modeling number of illegal immigrants in four
large cities in the Netherlands (van der Heijden et al., 2003), models for mental health services
data (Elhai et al., 2008), modeling word or species frequency count data (Ginebra and Puig, 2010),
and models for fertility trait phenotypes (Xu and Hu, 2011).

Assume further that the failure times of the units for the ith system, say Zi_1,Z,-,z,. . . , Z,,M, are
independent and identica] exponential random variables with the scale parameter A. Let Y,- denote
the failure time of ith system. Let X denote the time to failure of the first out of the N functioning
systems. We can write X = min(Y1,Y2,. . . ,YN). Then the cumulative distribution function of X,
sey O(s), can be derived as:

G<z> = Priminm,>'z,...,YN)s:1
- 1—Pr[min(Y],Y2,...,YN)>x]

Dº

= 1——nZPr"(Y >:c)'q""1
n=l

_ , _%—
1 — nPr(Y > :r)

_ Pr(Y 5 z)_ 1 — nPr(Y > a!)

and

Pr(Y > :c) = 1— Fr(Y 5 z)
— 1— Pr [ma.x (ZiI1,Z.'_2,---1Zi,M) S Il

ºº
m º'" exP(-ª)= 1 — [1 — exp(—Az)] ————————-——mg:! m![1— exp(—0)]

_ 1 exp [6 — 9exp(—Az)] =1
— _ exp(0) — 1

»

so

G(z) exp [—9 “P(—Axl] - exp(=9) (3)= 1— epo) A n [1 — expi—oexm—Azm

for x > 0, 9 > O, A > 0 and 0 < 1] < 1. We shall refer to the distribution given by (3) as the
geametn'c ezpanential Poisson (GEP) distribution. The parameters, 9 and 1], control the shape.
The parameter, A, controls the scale. The psrticuler case of (3) for 9 —» 0 is the Exponential
Geometric (EG) distribution due to Adamidis end Loukªs (1998). The particular case for 1] a 0 is
the exponential Poisson (EP) distribution due to Kus (2007).



Our second motivation is based on hazard rate function, an important characteristic for lifetime
modeling. Most lifetime distributions, including the exponentiated exponential distribution, exhibit
only monotonically increasing, monotonically decreasing or constant hazard rates. In addition,most
lifetime distributions, including the exponentiated exponential distribution, incorporate constant
hazard rate as a real particular case. These are very unrealistic features especially because there
are hardly any real—life systems that have constant hazard rates.

ln Section 3, we shall show that the GEP distribution exhibítsmonotonically increasing, mono-
tonically decreasing and upside down bathtub hazard rates. We shall also see that the GEP
distribution does not exhibit constant hazard rates. However. the GEF distribution does not also
exhibit bathtub hazard rates. The latter may be a weakness of the GEP distribution. But we shall
see later in Section 15 that (3) is only a particular case of the family of distributions introduced in
this paper. Other members of this family may exhibit bathtub hazard rates.

Not many lifetime distributions exhibit upside down bathtub hazard rates. That the GEP
distribution exhibits upside down bathtub hazard rates is an attractive feature. Upside down
bathtub hazard rates are common in reliability and survival analysis. For example, such hazard
rates can be observed in the course of a disease whose mortality reaches a peak after some finite
period and then declines gradually (Silva et al,, 2010). For other practical examples yielding upside
down bathtub hazard rates, see Singh and Misra (1994).

Our final motivation is empirical based. We show later that the proposed distribution outper-
forms at least five of the known two and three—parameter distributions with respect to two real
data sets. These include:

For technical reasons later on, it is useful to have a more manageable form of (3), Using the
expansion

(1— nª = É (“hªy—aii, (4)
k=0

we can write (3) as

_ ':“WWWMasªmi ªxºh'ººªX'ª'iªªl- “»

Taking the derivatives with respect to 1, on both sides of (5). we obtain

_ em - n)[[—1—exp(anª“ v
'“

g(x) _“___-=XG2)[m] exp[—A1 - (k +1)9exp(—/Xz)]. (6)

We can see that the GEP is a mixture of distributions having probability density functions taking
the form Cexp[A1 — bexp(—Az)].

The aim of this paper is to study the mathematical properties of the GEP distribution and
to illustrate its applicability. The contents are organized as follows. In Section 2, we derive the
probability density function correspondingto (3) and discuss its shapes. The correspondinghazard
rate function and its shapes are derived in Section 3. The quantile function corresponding to
(3) is stated in Section 4. The moment generating function, the characteristic function and the
cumulant generating function correspondingto (3) is stated in Section 5. Expressions for the nth
moment corresponding to (3) me given in Section 6. Expressiºns for the nth conditionalmoment
correspondingto (3) are given in Section 7. The order statistics, L moments, and the asymptotic
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distributions of the extreme order statistics a.re considered in Sections 8 to 10. The Rényi and
Shannon entropies are derived in Section 11. The maximum likelihood estimation including the
case of censoring end moments estimation are considered in Section 12. The performance of the
maximum likelihood estimates with respect to sample size is assessed by simulation in Section 13.
In Section 14, we propose a log—GEP regression model for lifetime censoring data. Section 15 we
give applications involving two real date sets. Sections 16 and 17 describe univariate and bivariate
generalizations of (3).

2 Probability density function
The probability density function corresponding to (3) is given by

: 9A(1— 17)[1— exp(-ól)]exp I—Ar — 0exp(——Az)]
7º“)

[1— exu—9) - n (1 — exp l—ºexm—AINHZ
( )

for 1 > O, a > O, A > 0 and 0 < 77 < 1. lt follows from (7) that

dlog f(x) = —A + A9exp(—Ay) _ 29Anexp [AAz — Bexp(—Az)]
dw [l—eXP(—9)—nl1—expl-ºexp(—Ar)lll

and
(12 log f(z) _

29A217 exp [—).z - 0exp(—Az)]
___dzº “ "*ºººxº("*º) +

[1 — exp(—e> — nu — exp Hexa—mm
_

Zôº/iºn exp (—2Az) exp [—0 exp(—Az)]
ll “ exp(—9) — n (1 — exp [—9 expl—AINH
202A2n2 exp (—2AI) exp [—20 exp(—Az)]

[1— exp(—0) — n [1 — expHexa—mmª
The modes of (7) are the points 2 = zo satisfying dlog f(x)/dz : 0. These points correspond to
& maximum, & minimum and a point of inHection if dº log f(x)/drº < 0, dº log f(r)/drº > 0 and
dº log f (I)/ (112 = O, respectively,

Note that

N em — n)[1— exp(—e)1 _f(I) “ _ exp(—0)]2
exp( AI) (8)

as 1' —+ 00,

f(x) —> 0Aexp(—0) (9)

as x —> 0, So, the upper tails of the probability density function decay exponentially while its lower
tails approach & constant.
[Figure 1 about here.]

Figure 1 illustrates possible shapes of (7) for selected parameter values. The shape appears
monotonically decreasing for 0 small and 1, not; sufiiciently small. The shape appears unimodal if ()

is sufficiently large and/or 17 is suificiently small. In the latter case, the mode moves closer to zero
with increasing values of n.



3 Hazard rate function
The hazard rate function of the GEP distribution is given by

Mª?) : OA [1 — exp(—9)] exp [—Az — 9exp(—Áz)]
(10)

U " EXP Fºªm-M)“ [1 - exI>(—º)77 (1 “ eXPFºªm-MW
for 1 > 0,01 > 0, A > 0 and 0 < ” < 1. It follows from (10) that

d logMr) _ _ _ _ 20h] exp [—A:c — 9 exp(—Az)]
dz — A + A9 exp( Ay)

[1— exp(—€) — 7/(1— exp [——9exp(——Az)]]]
GA exp [—Az — 9 exp(—Az)]

—
[1— exp (—0 exp(—Áz)]]

and

dz log h(x) _ %% exp I—Az — 9exp(—A:c)]

—dxº _ “*ºººªªº('*º) * u — exu—9) -- n (1 — exp i—eexm—Azm]
02Á2n exp (—2Az) exp [—0exp(—Az)]

"11— exp<—0) — n (1 — exp l—ºexp<—Az>lil
262/9772 exp (—2Az) exp [—20 exp(—Ax)]

[1 — exu—0) — n (1 - exp [—9exp<—Az>11iº

_
GA exp [—Az — 9exp(—Az)] _

Bºkª exp [—2A:c — 9exp(—Az)]
[1— exp i—eexm—Aziiiº [1— exp l—ºexm—Azm
ªkª exp [—Az — 0 exp(—Az)]
[1— exp Fºam—mil '

The modes of (10) are the points 1 = zo satisfying dlogMac)/dz = 0. These points correspond to
& maximum, & minimum and a point of inHection if dº logME)/díª < 0, dº logHz)/datº > 0 and
dº log [I(z)/(112 : O, respectively.

Note that

h(z) —) A

as a: —> 00,

0Aexp(—0)
“* exP(—f3)] (1 - 77)

u : —v 0. So, both the initial and ultimate hazard rates are constem.

f(r) *

[Figure 2 about here.]
Figure 2 iilustretes possible shapes of (10) for selected parameter values. The shape appears

monotonically increasing for 1] sufliciently small. The shape appeers monotonically decreasing if 1]

is suiliciently large and 9 is not suchient large. The shape appears upside down bathtub for both
() and 7] sufficiently large.



4 Quantile function
Let X denote an GEP random variable. The cumulative distribution function of X is given by (3).
Inverting G(z) = u, we obtain

G-'(u) = % log ]—% log ]—_———-ll— ” ' “piel“ ªpl—ª) ]] (11)

for 0 < u < 1. In particular, the median of X is

]1—
77 — exp(—9) + 2exp(—0) ]]Median(X) : —%log ]—3 log

2 _ TI0

One can use (11) for simulating GEP variates.

5 MGF, CHF and CGF
Let X denote an GEP random variable. By using (6), the moment generating function of X,
M(t) = E[exp(tX))] can be expressed as

9A(1—71)l1—exv(—9)]ºº (—2>] n ]]M t ___ —— I , 12X“ [1—exp(—9)— ªo 1—exp(—9)-—1; k ( )

where
tx:

I,, =] exp ](t — A); - (k + 1)Gexp(—Az)]dar.
0

This integral can be calculated as
1 1 at/A—l: %] y't/Ãexpí—(k + l)0y] dy : [“lª—7 (1 — M, (k +1)€),

o

where 'y(a.,1) is the incomplete gamma function defined by
::

7(a,z) =] tª'l exp(—t)dt
0

So, (12) can be exprwsed in the form

_ºª”(1-n)[1—exp(<—e>1 7]
k

UHMx(t)_ “_QXM9)_ ECº)]1_exp(_0)_n] (k+1) 'y(l—iA,(/c+1)9).

The characteristic function of
]X,

Óx (i) = E[exp(itX)], and the cumulant generªting function of
X, Kx(t) = longXU), a.re given by

9£/')(1—n))[1=exp(—)] 77
k

l/Á—l —tmp _[1_exp(0n], ªçº)]—————1_exp(_9)_n] (k+1) 'y(1+itA,(k+1)0)

and
(?ª/*O — n)l1— exp(—9)]

[1— ex:º(-(9) — niº
W _2 k

.“ .mm) [——l ?k=0

Kx“) = 10%

respectively, where i = x/—1.



6 Moments

Let X denote a_n GEP random variable. By using (6), the nth moment of X can be expressed as

" __Tvil—ªªiLl 7:
*

E<X)=[1—exp(—º>—ni ªo(k)[1-ªxp(-9)—nilk' (13)

where

ºº
Ik = ] :" exp [—Az — (k + 1)9exp(—Az)]d1£.

[)

This integral can be cªlculated as

1 l 11!LFW/O <logy)”exp|—(k+1>ay1dy=ªnemia,...,1;z,.,.,z;—u=+1>0>, (14)

where qu(a1, .. , ,apçbl, . . . ,bq;z) denotes the generalized hypergeometric function defined by

. . _
ºº (ªl>j(ª2)j"'(ªp)jz_j

”Fºªª'““"*ª'ª'º1""'ªª'ª)“ª,(Bonini—“(bnjjv
where (c),- = c(c + 1) . — — (c + j — 1) denotes the ascending factorial. An equivalent expression for
Ik can be obtained as

1

ft = A—(ÉT) jº (logy)"expi—<k+ mandy
n (uma: _M—IA)" g—n [(k + 1)""16"ª“1/o zª exp(—z)dz]

: “__],x)'_" 59?" [(k+1)ª-la-ª—(1+s,(k+1)e)]
s=0

(15)
s=0

Combining (13) and (14), we can express the nth moment in the form

[01_ 1_ k,, p 1,...,1;2,...,2;—k+19E(Xn)="-n( )( ZXPFz))z(—k2)” +1 n+l(
!:

( )) (16)
A [1— eXp(— —n] k_ il — exp(-º) — nl

A similar expression can be obtained by combining (13) and (15).
Some simplification of (16) is possible using special properties of hypergeometricfunctions (see,

for exemple, Prudnikov et al. (1986, volume 3)). For instance, if n = 1 then (16) can be reduced
to

__")[1 exP((º)] Tik (C+lºE((k+1)9]+E1((k+1)9i)E(X)=()i[1—exp(—9)——n]2x(jºz) (k:+1)[1—exp(—é?)—nik

where Ei(«) denotes the exponencial integral defined by

Ei(:c) = /1 t"1exp(t)dt



and C denotes Euler's constant,
[Figure 3 about here.]

We can use (16) to compute the mean, variance, skewness and kurtosis of )( . The values of these
four quantitíes versus & are plotted in Figure 3 for A = 1, 9 = 0.5, 1, 2,5 and ” = 0.01, 0.02, , .. ,0.99.
Mean and variance are decreasingfunctions of 7] and increasing functions of 0. Skewness and kurtosis
are increasing functions of 1] and decreasing functions of 9.

7 Conditional moments
Let X denote an GEP random variable. By using (6), the nth conditionalmoment, E(X" | X > :o),
can be expressed as

" em — n)[1-exp(—9)] 7]
*

E(X |X >Z =[1— G(1)| [1 — exp(— €)—"Vª(k2) ll “ exp(—9) _
Til I,“ (17)

where
ao

I.: = ] y"exp [(t — ny — (k + 1>aexp(—Ay)1dy.
I

Letting t = exp(—Az), this integral can be calculated as

Ik = —1—/t(lºgy)”expi—(k+ 1)€y]dyM-A)" ()

] a" _S_10_s_1
(k+i)0t

s d= W É? (k+1) jo z exp(—z) z
s=0

: Vix—)" % [(k +1)-ª-10—ª-ª«y(1 + 3, (k +1)0c)]
s=O

So, the conditional moment can be expressed as

" _ º(l—n)[1-exp(—f9)l)
17

'”

E(X IX>I) '"
(—Ã)"[1—G((T)][1-'€Xp—

_mºkzâ(_kz>[1—exp(—9)—n]
Tl

>< (;)—,, [(k + 1)'ª”l9“ª“'7 (1 + s, (k + um)]
820

The first two conditional moments are
!:

_ (l—n)[1-exp(º)] (762>[ 17
]MMX”) ' w-c z()][1—exp— #2ch 1—exp(—9)-n

>< [kâtze (1, 1; 2, 2, - (k)+ 1) 913) + &ze (1,1; 2,2; — (k + 1) en)

— log [(k + 1) 9]exp[— (I: + 1) ºt] + exp [— (k + 1) Bt] log [(k + 1) &]

+Iog[(k + 1)9] + logIUc + 1)0t])



and

(1 ——77) 1— exp —9)] k

E(X2|X>I) : A2[1—G(
z)(_—0))]—][[1—exp( mzzk+1(—k2)[1—exp1(7—6)-—n]

><[2k6t log [(k + 1)a]2F2(1,1,2, 2, — (k + 1))0t)
+20£log [(k + 1) 0]2F2 (1, 1; 2, 2; — (lc + 1) 02)
—2k9t log [(k + 1)9t]1F2 (1,1;2,2;— (k + 1) at)
—20tiog [(k + 1) 942172 (1, 1; 2,2; — (k + 1) Ot)

+2k9t3F3 (1,1,1;2,2,2; — (k + 1) Bt)

+20t3F3 (1,1,1;2,2,2; - (k + 1) at)
— log2 [(k + 1)8] exp [— (k + 1) Bt]

+210g [(k + 1) 9] exp [— (k + 1) Bt] log [(k + ]) ºt]
— exp [— (k. + ]) Bt] log2 [(k + 1) 0 t]

+14:>g2 [(k + 1) Ot] — Ziog [(k + 1) allog [(k + 1) ªt] + log2 [(k + 1) 0] ]
where F(a,z) is the complementary incomplete gamma function defined by

(X

l“(a,z) =/ tª"lexp(—t)dt.
0

Note that the mean residual lifetime function is E(X ) X > 1) — $.

8 Order statistics
Let X1,X2, . . , ,Xn be & r&ndom sample from the GEP distribution. Let XM denote the ich order
statistic. The probability density function of XM is

gsm = GrªmancªªW—Gwn“
_ n—i+l _ _= "___—___!“(l(i")— 1)'("[1— i;)“ a)]exp[—Az+0exp(—ÁI)]

xíexpi— ºexp(Ar)]—exp(—9))*"1(1-exp[ªew-AIH)“
[l—exp(—0) nfl-eXpl ºexp(-”WIN“ “

The correspondingcumulativa distribution function of X;",IS
n (1—n>"-º'<exp[— ºexp(— Arn—exp<—9>iª'<1—exp[—ºexp(—Az>n"“ª'ª““):EQ) [1—exp<—e>—n(1—exp[—ºexp<—Az>))1"

' (ªº)

(19)

,:
Using (4), we can express (19) and (20) in the series forms

. _ n!BA(1— 77)"'“'+1[1- exp(— 0)!
i—l "4 ºº i—l n— 1 n+1“(º)" (i—1)!(n—i)![1—exp(—0)—1).]"+lZ 2( Í )( k )(l )KU'k !) (21)

and

————zzz<><><><>



respectively, where

(Ar—““n“ exp I—(i —j — na]KG,/c,!) =
[1— “P(—0) _ 77]!

exp [—Az —— (j + k + 1)9 exp(—Az)]

and

_'—Ielm_n—' _*_cu, k,l,m) :MM exp [—(IcH + m)9exp(—Az)] .
l1— exp(-9) - 711“

The representations, (21) and (22), a.re useful because the results in Sections 5 to 7 can now be
applied to yield representations for moment generating function, characteristic function, cumulant
generating function, moments, and conditional moments of Xi,". For instance, the mth moment of
X,," can be expressed as

m _ n!9A(1—n)"“ª+l[1—exp(—9)] l_ln'iºº i—l n—i n+1 ,E'Xi-"l—WZÉU , )( k )( , lªw”
j=0k=01=0

where

_ r—j+k—-ll _ -_ -_ ao

me!) =M] :r'"exp[—Az=(j+k+1)9exp(—A:r)]dz
[1 -exp(—0)—nl o

m!<—1>*-º'+*-1n'exp l—(i — ,- — nº] .—————_—_—-—m Fm 1,_..,1;2,...,2;— +k+19.Arn-H [] __ exp(—0) _ n]! '“ +1( (] ) )

9 L moments
L-moments are summary statistics for probability distributions and data samples (Hoskings, 1990).
They are analogous to ordinary moments but a.re computed from linear functions of the ordered
data values. The rth L moment is defined by

r—l -

M = ZFIV'l—j (T _.1)<T — 1+ J>I3j,
:=0 J ]

where B] = EíXF(X)-l). In particular, A1 = 50, A2 : 2,61 — 60, A3 = 662 — 651 + Eu and
A4 = 2063 — 3062 + 1251 —- 60. In general, B, = (T + l)“1E(X,+1,r+1), so it can be computed using
results in Section 8. The L moments have several advantages over ordinary moments: for example,
they apply for any distribution having finite mean; no higher-ordermoments need be finite.

10 Extreme values
If 7 = (X, + + X,.)/n denota the sample mean then by the usual centra] limit theorem
WO? = E(X))/ x/Var(X) approaches the standard normal distribution as n —> 00. Sometimes
one would be interested in the asymptotics of the extreme values M,, : max(X1,..,,X,,) and
m,,=min(X1,...,X,,).

10



Let g(t) : 1 /A. Take the cumulative distribution function and the probability density function
as specified by (3) and (7), respectively. Note from (8) and (9) that

, 1—F(t+zg(t))_ . f(i+z/A)_ . exp(—At—-z)
320 1—F(t) *H'ã, f(t) "11152; exp(_,xt) = exp(—1)

ast—)ooand
F(tz) _ ], zf(tz)

Pf?) P(t) 1320" f(t)

as t —> 0. Hence, it follows from Theorem 1.6.2 in Leadbetter et al. (1987) that there must be
norming constants an > 0, bn. c,. > 0 and (in such that

Prían (Mn — b,.) 5 :) «+ expi—exM—zn

and

Pricn (m,. — d») 5 $] —> 1 — eXp(—r)

as n —) oo. The form of the norming constants can also be determined. For instance, using“
Coronary 1.6.3 in Leadbetter et al. (1987), one cun see that b,. = F“'(1 — 1/7») and a,l : A. where
F“'(-) denotes the inverse function of F(-).

11 Entropies
An entropy is & measure of variation or uncertainty of a. random variable X . Two popular entropy
measures are the Rényi and Shannon entropies (Shannon, 1951; Rényi. 1961). The Rényi entropy
of a random variable with probability density function g(-) is defined as

1 “7
lah) = l_vlºg/o y7(1)dz

for 7 > 0 and 7 96 1. The Shannon entropy of & random variable X is deiined by E[— log g(X)]. It
is the particular case of the Rényi entropy for '1 T 1.

Here, we derive expressions for the Rényi and Shannon entropies when X has the GEP distri—
bution. By using the series representation, (4), we can write

ºº
_ _ _ _

ºº exp [—'yAa: — 10 exp(—Az)]
jo gv(:c)d:r - GWU 77)'1[i exp( e))" [J

[1 _ eXp(—0) _ vil — exp[—9exp(—Ã$)]l]27dr

fªl/VU - 77)7 l1 - exp(—9)l7 ºº “27 n
i

[1 - exp(—9) —n]º7 gºi i ) il —exp(—9) —ni

>< fm exp[—7Az —— (7 +00 exp(—A:c)]dz
o

AHU — 77)7 [1 - exp(—9)l”' ºº —27 n ' 7 (ªr, (7 + 09)
Wil—exp(—º)—nlº”Z( i )i—l—exm—m—ni __(HW -

i=º
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So, the Rényi entropy for the GEP distribution is given by

ÍH('7) “ I—VOi [1—exp(—9)—77]27
?

1

º
ºº “27 —W_M+1—71giê(i)i1—eXp(-9)—Wi (”Y“? ) (23)

The Shannon entropy can be obtained by limiting 7 T 1 in (23). However, it is easier to derive an
expression for it from first principles. Using the series expansion for log(1 — z), we can write

E [— logg(X)] = — log (ABU — 71)[1— exp(—9)]) + AE(X) + 9E[exp(—AX)]

43 [10% [1 * exP(-9) - Tl [1 _ exp [-9 “P(—AIH)”
— log (ABU — n)

[1)—
exp(—E)“ + ÁE(X) + GE [exp(-—AX)]

—210g [1 — exp( —n]

(_1)k— 1
77

k

42:17[Wi Eiexpi-keexp(_ix)1i

= —log(A9(l— n)[1—exp(— )](—)+AEX)+9MX(A)
—210g [1 — exp(— — 71]

ºº (_1)Ie—l "
I:

”ª k
[l)—exp(—º)—ni

A(k)'

where Mx(v) is given by Section 5, E(X) is given by Section 6, and A(k) is given by Lcmma ] in
the appendix.

12 Maximum likelihood estimation
Here. we consider estimation of the unknown parameters of the GEP distribution by the method
of maximum likelihood. Let 1], 12, ..., cc,, be & r&ndom sample from (7). Then the log—likelihood
function is

logL(0,A,7]) = niog[9A(1—n)—[1—exp(emAZzifôzexMAr,-)

421% [1 — exp<—0> —ni1 — expi-ºexm—AMJH- (24)
i=l

The first derivatives of the log-likelihood function with respect to the parameters 0, A and 1) are:

ôlog L _ º exp(— —nexp [—Ari « âcxp (WWI-)]
89 _ 0 + exp(9)«1221— exp(9—)—0)

n (1 — exp [—(9expPAZ,-)”, (25)

8 log L _ z, exp[— Az,- — 0exp(— AZ,-)]
BA ' 2 z,— 2710E 1 — exp(— —n [1 — exp[0exp (*AZiNIY

(26)
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ôn “ “1—7? —e)—n<1—exp(-9exp<—Am1i'
ôlogL n " 1— exp [—9exp(—Az,—)]

— 2ª 1 — exp( (27)

The maximum likelihood estimates of (03,77), say (?:/(,E), me the simultaneous solutions of the
equations ôlog L/69 = 0, ôlog L/ôA = 0, and ôlog L/ôr; = 0.

Maximization of (24) can be performed by using well establishedroutines like nIm or optimize in
the R statistical package. Our numerical calculations showed that the surface of (24) was reasonably
smooth. The routineswere able to locate the maximum in all cases and for different starting values.
However. to easy the computetions it is useful to have reasonable starting values. These can be
obtained, for example, by the method of moments. Let m] = (1/11)X;, z,, mg : (1/n))::'=, 10,2

and mg = (1/7022; z? denote the first three sample moments. Equating these moments with
the theoretical versions given by Section 6, we have m1 = E(X), mz = E(Xº) and mg = E(Xª),
These equations can be solved simultaneously to obtain the moments estimates,

For interval estimation of (0,A,n) and tests of hypothesis, one requires the Fisher information
matrix. Applying Lcmmas 2 and 3 in the uppendix, we can express the Fisher information matrix
for the estimators of (9,A,17) as

Ill 112 113

I = 112 122 123 ,
113 123 133

= º_nz + gªlã—(f)]? — 2nexp(—-0)B(0,0, 1) + 2nnB(2, 1,1)

—2n exp(—29)B(0, o, 2) + 4717; exp(—9)B(1,l,2) _ 271772130, 2, 2),

: —nD(1,0,0,1) + 2nnD(1,1,1,1) —— 2nn00(2,1,1,1)

*2nn0exp(—0)D(1,l,1,2) + 2nn20D(2,2,2,1),

—2nnB(1,1,2) + 2n77B(1,2,2),
'VL

? _ 2n7790(1,1, 1,2) + 2nnaºD(2,1,1,2) — 2nnºaºD(2, 2, 2, 2),

( )

( )

1,3 = E (-ªºlºª L) = —nB(1,1,1)+ 2nexp(—9)B(0,0,2) _ 2nexp(—9)B(0,1,2)

( )

( ) = 2n0D(1,1,1,1) + 27171000, 1, 2, 1) — 2n770D(1,2,2, 1),

2

ªlº—ªí) " - 2nB(0,0,2) + 4nB(0, 1, 2) _mm, 2,2),_ (1 " 'nº
where explicit expressions for B(0,0,1), B(2,1,1), B(0,0,2), B(1,1,2), B(2,2,2), D(1,0,0,1),
D(l,1.1,1), D(2.1,1,1), D(1,1,1,2), D(2,2,2,1), B(1,1,1), B(0,1,2), B(1,2,2), D(2,1,1,2),
D(2,2,2,2), D(1,1,2,1), D(1,2,2,1), B(0,1,2) and B(O,2,2) are given by Lemmas 2 and 3 in
the appendix.

Then, as n —) oo, JEÚÍ— 0,3: — A,?)— n) approachesg trivariate normal vector with zero means
and variance-covariance matrix I"]; The properties of (9, A, ii) ºª'Lbf derived based on this normal
approximation. For example, Var (9) : (133122—132I23)/A, Cov (9,A) = —(133112— [NIRO/A, Cov

13



(ºd?) = (123112 * Mhz)/A, Vª! (Ã) = (133111 - [Mhz)/A, CºV (AÍ) = =(123111- Izlflsl/A ªlld
Vªf(TA/)=(1221n * Mhz)/A, where A = Í11(133122 - 132Í23) - 121(Í33112 — 132113) + 131033112 -
122113)-

Ofcen with lifetime data, one encounter-s censorlng. There are diHerent forms of censoring: type
! censoring, type II censoring, etc. Here, we consider the general case of multicensored data: there
are n subjects of which

. no are known to have the values tl, . . . ,tnº.

. m em known to belong to the interval [s,-_l, Sil, i = 1, . .. ,m,

. 17,2 are known to have exceeded r,-, i = 1, . . . ,nz but not observed any longer.

Note that n = no + nl + nº. Note too that type I censoring and type II censoring a.re contained as
particular cases of multicensoring.

In the case of multicensoring, the log—likelihood function is:

"o "1 M
lºgLW,Ml) = E IDHM-) + Z 10% [º(a) * G(Si-1)] + Elºs [1 — 0 (n)], (28)

v=l i=l 1'=l

where g(—) and G(') are given by (7) and (3), respectively. The first derivatives of the log-likelihood
function with respect to the parameters 9, A and 77 are:

âlngL _
"º 1 8905) "ª 1 ôG(s;)_ôG(s.—-1)

aa “ ªgo.-) 60 +ªc(si)=c(3i,l)l ae 69 l

"ª 1 ôG(r;)”ªl-Gm) ae ' (ªº)

ôlogL _
"º 1 agm) '" 1 ôG(si)_ôG(s,-,,)

aA _ ªge,-) ax “Lªmarcª,-4% âA BA ]

"2 1 aa(ri)
”ªl—Gm) ax ,

.

(ªº)

ôlogL -
"º 1 ôg(t,') "* 1

[ôG(s;)_ôG(s.-_1)an ' ªge) an Ele(a)—mm) ªn 67; l

"ª 1 Bom)”21-Gm) an ' (31)

The first term in (28) is the same as (24) with (Ibn) replaced by (thng). Also the first terms
in (%)-(31) are the same as (%)—(27) with (z,-,n) replaced by (tune). So, it: is suHicient to find
explicit expressions for the partial derivatives iu (29)-(31). They are

âG'(x) _ exp(—6) —— exp [—Az —— Gexp (—Ax)]
89 A

1 — exp(—9) — 1] [l — exp [—0exp (—A:z)]]

_ (exp [—0exp Hz)] — exu—e)) (exp(—º) — nexpHz — ºexpHz)»
[1— exp(—0) — "(1— exp [—9exp (—Az)])]2

v
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ôG(r) __
02 exp [—Az —— 9exp (—/X:t)]

ôA —
1 — exp(—6) — 17 (1 — exp [—9exp (—Az)])

_7792 (exp [—0exp (—Ar)] — exp(—9)) exp [—Az — Oexp (—A:c)]

[1— exp(—9) — n [1 - exp [—9exp (—Az)])]2
»

âG((ºª)__(ªxplºªXP(A1(—)l“expº)l(1-9XP(º'eXN—Ãíª)”
817 [1—exp(—9)-— níl—EXPÍ- ºªxP(—A1)lll2

.

The maximum likelihood estimates of (6,A,n), say (5,117), are the simultaneous solutions of the
equations ôlog L/69 : 0, ôlog L/âA = 0, and ôlog L/ôn = O. The Fisher information matrix for
the estimators of (0, AJ;) correspondingto (28) is too Cºmplicated to be presented here.

13 A simulation study
Here, we assess the performance of the maximum likelihood estimates given by (%)—(27) with
respect to sample size n. The assessment is based on & simulation study:

l. generate 10000 samples of size n from (7). The inversion method is used to generate samples,
i.e variates of the GEP distribution are generated using

x=_-log[_àlogíL——_ewggª$jfªwn
where U N U (0, 1) is & uniform variate on the unit interval.

2. compute the maximum likelihood estimates for the 10000 samples, say (aaja for i =
. , 10000.

3. Cºmpute the biases and mean squared errors given by

.
1 AMam") =M E (m — 71),

vi:]

and



We repeat these steps for 71 = 10,20,.,.,1000 with 0 = 1, A = 1 and 77 = 0.5, so computing
biasún), bia52(n), bia33(n) and MSE1(n), MSE2(n), MSE3(n) for n = 10,20, . .. ,1000.
[Figures 4 and 5 about here.]

Figures 4 and 5 show how the five biases and the five mean squared errors vary with respect
to n. The broken line in Figure 4 corresponds to the biases being zero. The following observations
can be mede:

1. the biases for the parameters, A and 1], me generally negative,

2. the magnitude of bias for each parameter deereases to zero as " —+ oo,

3. the mean squared errors for each parameter decrease to zero as n ——> 00,

4, the mean squared errors appear largest for the parameter 9,

5. the mean squared errors appear smallest for the parameter 1].

We have presented results for only one choice for (GAJ/), namely that (0,Ã.T]) = (1,1,0.5). But
the results are similar for other choices.

14 The log-GEP regression model

Let X be a random variable having the cumulative distribution function (3). We then say that the
random variable Y = alog X has a log-GEP distribution. Writing A : exp(-,u/U), the Cumulativedistribution function and probability density function of Y can be expressed as

_
ªºl-ºº“l-ªº(ª2“)ll-ªXP<-º>

G(y)—
1—eXP(—9)—Tl[1—9XPí—09XP[—eXP(y—ã—”)]H

(32)

and

”(1 * 77) l1 * ªxiªl—º)]exp í— exp (ª;—”) = ôexp [— exp (%)]?
W) =

í1_exp(-º)—"[1—exp(—0exp[—exp (%)llhº
respectively, for —00 < :: < oo, 0 > 0, 0 < 1] < 1, ——00 < [1 < oo and a > 0. The standardized
forms of (32) and (33) for ;; = 0 and rr = 1 are

. (33)

eXP l-ºeXP l— exp (y)]l * exp(—9)
(34)G(y) = 1 _ exp(_.9) _ ,,[1_ exp f—eexp [- exp em

and

_ WI — n) [1 * exp(—9)] exp (— exp (y) — ºexr> l— exrz (mil 3ªº” ' il — exu—0) — nll — expl—ºexpl—exp(y)llllº ' ( 5”

respectively, for —00 < 2: < 00, 6 > 0 and 0 < n < 1.
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Supposeelmº,. , . ,zn is a random sample of lifetimes from (3). In many praetical applications,
the lifetimes z,- are affected by explanatory variables such as the cholesterol level, blood pressure
and many others. Let v,- = (v,-1, . . . ,vip)T be the explanetory variable vector associatedwith the ith
response variable 11 for i = I,. . . ,n. Consider & sample (yhvl), . . , , (ymvn) of 11 independent ob-
servetions, where each random response is defined by y.- : min[10g(a:;), log(c.-)), where logm) and
log(c.-) are the log-lifetime amd log—censoring, respectively. We assume non—informative censoring
and that the observed lifetimes and censoring times are independent.

A linear regression model for the response variable yi based on the log-GEP distribution is

y;=v?£3+az.-, i=1,...,n, (36)

where the random error z.» follows the distribution given by (%)-(35), [i = (51, . . . ,Bp)T. a > 0.
0 > 0 and 0 < 17 < 1 are unknown scalar parameters and v; is the explanatory variable vector
modeling the location parameter p..- = VTB. So, the location parameter vector u. = (ul,...,pn)T
of the log-GEP model has & linear structure “ = VB, where V = (V;, . . . ,vn)T is & known model
matrix. The log—EP regression model is defined by (36) with 77 —> 0_

Let F and C be the sets of individuals for which y,- is the log-lifetime or log-censoring, reepec—
tively. The log-likelihood function for the model parameters Q = (0, n, a, DTV can be written from
(M)-(35) and (36) as

. _ vrlºg Mªlª) = qlog [Ml — n) [1 — exp(-9)ll - Z exp (%>iGF

ii—>iiEF

_2210g il — exp(—9) — 1] [1— exp í-Oexp [_ exp (y.- “aViTÚ>] É]?
ieP

(1 “U) [1 — exp í—Úexp [— exp(ª)] )]
+Zlog , (37)

m im im(ª)] i
where q is the observed number of failures. The maximum likelihood estimates $ of <P can be
obtained by maximizing the log-likelihood function (37). Bom the fitted model (36), the survival
function for y,- can be estimated by

1_ mg.-) :
(1 _ 17) [1- exp í—êexp [_ exp (ª'—;TÉHTH

,

1- exp (43) — 17 ll — exp í—âexp [— exp (%*—B)]H

Under general regularity conditions, the asymptotic distribution of #63 — (I)) is multivariate
normal Np+3(0,K(d>)"1),where KOE.) is the expected informationmatrix. The asymptotic coveri»
ance matrix I(('«'I>)'l of & can be approximated by the inverse of the (17 + 3) >< (p + 3) observed

“ªº 1 — exp(—0) — 7]
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information matrix J (<P) and then the asymptotic infere'nce for the parameter vector <I> can be
based on the normal approximation Np+3(0,J(i>)"1) for <P.

The multivariate normal Np+3(0,J(<I>)'1) distribution can be used to construct approximate
confidence regions for some parameters in & and for the hazard and survival functions. In fact, a
1000 — 00% asymptotic confidence interval for each parameter 9, is given by

ACL“ : (ar — zur/2 —j"'»$r + zer/2 V '“er , '

where —J'A" represents the rth diagonal element of the inverse of the estimated observed information
matrix J(<I')'l and zel/2 is the 1—a/2 quantile of the standard normal distribution. The asymptotic
normality is also useful for testing goodness of fit of some sub-models and for comparingsome special
sub—models using the likelihood ratio statistic.

We can investigate if the log—GEP regression model is a good model to fit the data under
investigation. Clearly, the likelihood ratio statistic can be used to discriminate between the log-EP
and log-GEP regression models since they are nested models. In this case, the hypotheses to be
tested are HOA: r] = 0 versus Hi : lio is not true, and the likelihood ratio statistic reduces to
11) = Zílog L(<I>) — log L('I>)), where <I> is the maximum likelihood estimate of (> under Ho. The
null hypothesis is rejected if w > xf_a(l), where x%_º(1) is the 1 — [1/2 quantile of the chi-square
distribution with one degree of freedom.

15 Applications
15.1 First application: the GEP model

Here, we consider a possible application of the GEP distribution. We consider a real data set of
adult numbers of Tribalium confusum (Eugene et aL, 2002). These data were also used by Cordeiro
and de Castro (2011), where they fitted some members of the family of KW generalized distributions.
ln that study they found that the best model is a Kw—normal model.

Wc compare the fit of the GEP distribution with the following distributions: Weibull (W),
exponential Poisson (EP) (Kus, 2007), exponential—Poissongeneralized (EPG) (Barreto-Souza and
Cribari—Neto, 2009), Kw—normal (KW-N) and beta normal (BN) (Eugene et al., 2002). Table 1

presents the maximum likelihood estimates of the parameters together with their standard errors.
For comparison of nested models, which is the case when comparing the GEP model with the

exponential Poisson (EP) model, we can compute the maximum values of the unrestricted and
restricted logvlikelihoods to obtain the likelihood ratio statistic (LRS). For testing Ho : n = O

versus H] : 17 > 0, we consider the LRS, w,1 = 20351: — IEP), where IEP and ICEP are the log—

likelihoods for the model under the restricted hypothesis Ho and under the unrestricted hypothesis
H]. Taking into account that the test is performed in the boundary of the parameter space,
following Mallet and Zhou (1995), the LRS, w". is assumed to be asymptotically distributed as a
symmetric mixture of a chi—squared distribution with one degree of freedom and a point-mass at
zero. Then, limn_.aº P(wn 5 c) = 1/2 + 1/2 P()ã 5 c), where x? denotes a chi-square random
variable with one degree of freedom. Large positive values of 11)“ give favorable evidence to the full
model. We have ul,, equal to 1187.628 with & p—value = 0. This is evidence in favor of the GEP
model.

[Tables 1-2 and Figure 6 about here.]
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Also, we compare the GEP mode] with other models by inspection of the Akaike's information
criterion (AIC, —2f(0)+2p)and Schawarz's Bayesian informationcriterion (BIC, —2€(ê)+plog(n)),
where 1) is the number of parameters in the model and 11 is sample size. The last two columns of
Table 1 show the estimated statistics AIC and BIC. The GEP model is judged to give the best fit
with respect to each criterion.

The fitted probability density functions superimposed to the histogram of the data in Figure
6 reinforce the results in Table 1. The beta normal and Kw-normal distributions appear almost
indistinguishable. This claim is further strengthened by the comparison between observed and
expected frequencies in Table 2. The mean absolute deviation between expected and observed
frequencies (given in the last row) reaches the minimum value for the GEP model.

15.2 Second application: the log—GEP regression model

In this section, we illustrate the usefulness of the log-GEP regression model. Lawless (2003) reports
an experiment in which specimens of solid epoxy electrical-insulation are studied in an ancelerated
voltage life test. The sample size is 11 = 60. The percentage of censored observations is 10%. Three
levels of voltage are considered: 52.5,55.0 and 57.5. The variables involved in the study are: t,— -
failure times for epoxy insulation specimens in minutes; cens; - censoring indicator (0=censoring,
1=lifetime observed); vç, « voltage in kV.

Now, we consider the model

y.- = [?o + ôivii + Zi,

where Y.- l'ollows the log-GEP distribution (33) for i = 1, Z,. . . ,60. The maximum likelihood
estimates of the model parameters are calculated using the procedure NLMixed in SAS. The con-
vergence was achieved using the reparametrization 7] = exp('r]o)/[1+ exp(no)]. This guarantees that
the estimate of T] is in (0,1). Iterative maximization of the logarithm of the likelihood function (37)
starts with initial values for Bo and [31 taken from the fit of the log-exponential regression model
with a = b = 1.

The log-betaWeibull (LBW) and log—exponentiatedWeibull (LBW) distributions are very por»
ular models in survival analysis, see, for example, Ortega et al. (2011). The probability density
function of the former is

f(yça.b,a,.u) = àexpíe—Z—O —bexp(ª%)l (1— º” [Tªp (%Nlª—l
for —00 < 1; < oo, a > 0 and —oo < “ < oo. Here, u is the location parameter, (: is the dispersion
parameter and (1 and b are shape parameters. For b: 1, we obtain the LEW model. For a = b = 1,

we obtain the log-Weibull model. For a = [30 + Blu", we obtain the LBW regression model,

Table 3 gives the maximum likelihood estimates (and the corresponding standard errors in
parentheses) of the model parameters and the values of the following statistics: AIC (Akaike Infor-
mation Criterion), BIC (Bayesian InformationCriterion) and CAIC (ConsistentAkaike Information
Criterion). The p values are given within square brackets. The computations were done using the
subroutine NLMixed in SAS. These results indicate that the log-GEP model has the lowest AIC,
BIC and CAIC values among the fitted models. Therefore, it could be chosen as the best model,

[Table 3 about here.]
We note from the fitted log-GEP regression model that I] is signiiieant at 1% and that there

is a significant difference between the voltages 52.5, 55.0 and 57.5 for the survival times.
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16 Univariate generalizations
While constructing the GEP distribution, we took failure times to follow the exponential distri—
bution. The exponential distribution was chosen because it is the first and the most widely used
model for failure times. In practice, other distributions can be chosen to model feilure times.

in this section, we provide a, general treatment by taking the probability density function of the
cumulative distribution function of failure times to be given by f () and F(«), respectively. In this
case, (3) generalizes to

exp [—6' + 0F(z)] — exp(—0)G' =—_———_ 38(ª) 1- exp(—0) _ n + nexp [_o + 0F(z)]
( )

for 1 > 0, 0 > 0 and 0 < 7] < 1. The correspondingprobability density function and hazard rate
function are

9 1 — 1 — —o9 —6' + 0Fg(x) : ( nll eXP( )] f(x) expl (f)] (39)
(1— exp(—9) — n + nexp [—9 + 9F(r)])

and

_ 0[1— exp(—9)] f(r) exp [—9 + €F(z)]hl”) _ (1— exp i—9 + 0F(m)]][1— exp(—9) _ n + nexp [-9 + mm)]y
(40)

respectively, for 1 > 0, 0 > 0 and 0 < T] < 1.

The shapes of (39) can be studied by taking their derivatives. Note that

alosgm _ f(x) zºnm) exp 1—0 +6F<z>1
ôa: _É +9f(y)— 1—exp(—0)—n+nexp[-—0+0F(z))

and

ôzlogg(z) _ ["(z)
_ (M)“ + em) 7 zºn [mm) + f(x)] exp1—0+9F(Z)l

512 # f(x) f(I) 1 -exP(-9)—n+nexpl-9+9F(I)l
292172f2(z) exp [——29 + 2<9F(:c)]W”The modes of (39) are the roots of dlogg(x)/dz = O, say I : 10. The mode will correspond to

& maximum if dlogg(x)/dz > 0 for all :: < 10 and dlogg(z)/dz < 0 for all 3: > zo. The mode
will correspond to a minimum if dlog g(x)/dz < 0 for all :: < In and dlogg(x)/dz > 0 for all
:: > 10. The mode will correspond to a point of inflexion if either dlog g(x)/dz > 0 for all 1 # zo
or dlogg(z)/dz < 0 for ali a: # zo.

The shapes of (40) can be studied similarly by taking their derivatives. Note that

(? log h(z) _ âlog g(x) 0f(z) exp [—9 + 0F(z)] 0nf(a:) exp [—9 + 9F(z)]
ôz —

63: l— exp [—8 + 0F(z)] 1 — exp(—9) — 1) + nexp [—0 + 6F(z)]

20



and

aº logh(z) _ aº logg(x) aºfº(z))exp[& + 9F(z)] 9f (z)exp[ a + 9F(z)]
812 — 612 1- exp [ e + 0F(z)] 1- exp [_9 + 0F(z)]

_
92n2f2(x)exp[—20 + 20F(z)]

(1— exp(—º) — n+nexpi-9+ ”(E)“?
aºnfº(z)exp[—9+ 9F(z)]W9nf'(z) exp [—9+ 9F(z)]

1— exp(—9) — 17 + nexp [-9 + 9F(:c)]'

The modes of (40) are the roots of dlogMac)/dz = 0, say ; = zo. The mode will correspond to
& maximum if dlogME)/dz > 0 for ali x < 10 and dlogHz)/da: < 0 for all 1 > zo. The mode
will correspond to a minimum if d log Mar)/dz < 0 for all : < 130 and dlog h(z)/dw > 0 for all
1 > 10. The mode will correspond to a point of infiexion if either dlogHz)/dz > 0 for ali a: # zo
or diogh(z)/dz < 0 for all 1 # zo.

The asymptotes of (39) and (40) can be studied by taking limits as z —> 0,00. The asymptotes
f (39) are given by

g(x) «%n)

as :o —> oo and

g(x) N ºGXP(-º)f(ªº)

as 1 —) 0. The asymptotes of (40) axe given by

f (I)
1 — P(:c)

h(1) »

as as —r oo and

h(I) N ºeXP(—º)f(1)

as:—»O,
Using the series expansion, (4), we can express (38) and (39) as mixtures:

k

O(ít) =MW“:x(k1)[à] exp[—k9 + k9F(Z)]
1—exp(— (*º)

and

_0(1—n)([1—eXP—9)i 7:
k

_gm- [1_exp(_ (”_ x("kº)[1_exp(_9)_n] fmexpi <k+no+<k+nenm
These mixture representations can be used derive expressions for moment generating function.
characteristic function, cumuiant generating function, moments, conditional moments, and others
correspondingto (38).
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The qunntile function correspondingto (38) is

G(u)=F'[glºª(%1$—_WH
for 0 < u < 1, where F"(-) denotes the inverse function of F(-).

Let X;, Xz, . . . ,X" be & random sample from (38). Let XM denote the ith order statistic. Fol-
lowing arguments similar to those in Section 8, the probability density function and the cumulativa
distribution function of Xi,, can be represented as

. _ ni9(1—n)""ª+ªexp(—iº) ('In-im i—l n-i —n—1 ,.mm—(i—1)!(n=i)![1—exp(—9)—nl"“ 4,5% 3“ )( k )( ! )Kº'h'º'º“)

and

=—zzzz<>(>(>(>m=o ]=1 k— o (=()

respectively, where

K(j,lc,l) = (-1)i-1-7+'º_"lªxºW +Wim) exp [(j + lc + i + mapa)]
[1 - exp(—º) — nl

and

n'"(1 — n>"-º'(—1)º'-*+' exp l-(J' + m + nº]
[1 — exp(-—9) _ ,,]m exp [(m + k + nel-“(;)) ,L(m,j,k,l) :

The representations, (41) end (42), can be used to derive similar expressions for moment generating
function, characteristic function, cumulant generating function, moments, conditional moments,
and others of XM.

We now consider estimation of the unknown parameters of (38) by the method of maximum
likelihood. Suppose P() and f() a.re parameterized by <P, & vector of length q. Let 11, 12, .,., a:"
be & random sample from (38). Then the log-likelihood function is

Tl

logL(9,n,<I>) = nlog[6((1—n)[1-exp—9)" n9+Zlogf((z,-Hb )+BZIogF(z,-;<I>)
i=l

—2210g(1 —exp(—6)=n+nexp [=9+0F(zi;<1>)]]. (43)
«=!

The derivatives of (43) with respect to 9, 7; and & are:

ôlog L _ ªas _ 9 +—__—exp(9)—1n+zF(I“õ)

1+ 7] (Fm; &) — llexp (GF (z.-; «»] (44)““x“—º)ª 1 - exp(—9) — 17 + nexp [-e + em (x;; «nr
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ôlogL_ n _
" (exp[—0+9F(I.-;<I>)]—1)

an “n—l zª1ferem—9)—77+neXP[—º+9F(zi-:<I>)l) (45)

ôlogL _
" ôf(z.—;<I>)/â<í> " anºs“»)

64» " 1; Hz.-;(?) “ª aq»

" 8F(z4;<í>)/ô<I>eXP[0F(ruií>)l
(46)—2977 exp(—0); 1 — exp(—9) — 17 + nexp [—0 + QF (z,-; <I>)]'

The maximum likelihood estimates of (0,n,í>), say (6, 17,5), are the simultaneous solutions of the
equations õlog L/ôâ : 0.610g L/ôn = 0, and Blog L/ôQ = 0.

For interval estimation of (0,71, (>) and tests of hypothesis, one rgquirgs the Fisher information
matrix. We can express the observed Fisher information matrix of (9, ii, (>) as

Ju J12 Jia
J= Ju Jn Jza ,

Jia. 323 Jss

where

" ,.. 1 O ><“E! | Q:)V 1 :) + :) (B>< 'U | ºu)+ =» Alª >
V

É íexp(_a)+r,[f(zua)
_1]exp[_â+âjp(z..;a)];1— exp (—9) — E+ âexp [—â+ âF Lua)]
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LlogL " aFgÉ&)313 = =*Zôºôõ _,

+20ÍBF
ZZ

&) /ô<I> [F (r; <i>)— lex]exp [—ô+ AF ($$$)]
77

1—exp(—9)— íí+nexp[—5+ ãF umª)]

A
» ôF<zi;õ)/õi>exp —ê+9F(z;1 )”"ª 1, exp (_a) _Mm, [_a+ma)]

A " ôF (I.-;*?) /ô<I>exp ——25+5F (a:-; $)]
+0ê:í1—exp(—ã> —ô+âexp[-ê+ãF(z-;A)Hz

+053817
(I,-; )/ô<1> [ (a), ;ê) — ]] exp [—25+ 2517 (z.-çª”

77

íl—exp(— ê)— 17+nexp[—9+AF(1;<Í>)U2
,

ôªlo L nJºª : — 877% 0—5)“

2
" exp [—5+5F (rua» —1

2

í=1 l—exp (—â) —ô+íexp [—ê+ãF (z,-;;ÍH
,

ôzlogL _ 25
" BF (2,15) #93 ex [ 0+0F(r5;<1»

ng _ 3536 _
z=1 1—exp(-5) -—íí+ííexp [—5+5F(z,,$)]

A,. “ ôF (mga) /ôôexp [—9+êF ($$$)]
+2 nª (1 —— exp (—ê) — íí+íiexp [—5+ 5!” (mini)] ??

25“
" BF (z.-M$) /ô$ exp [—25+ 2517 (wigªn

— ')
—1íl—exp(—ê)—í7“+17exp[—â+ãF(z,-;<Í»Hz,
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A “ ôzFF(z,;$)
i=l

JBS : —
65662 : « i=l f(IiiíªL i=i

ôºlogL " âzf (1313) /ôí>2
+

fl

[af
(mgª) /ô$

2

F
" ôºF (z.-; $) /ôª'i>2 exp [—-3+ AF (ruªnAA

0

+2ani=11— exp (J;) —17+17exp —ê+ãF Casª)].
For large n, the distribution of f((0—0,17-—17,<I>—<P) approximates to a (q + 2) variate normal
distribution with zero means and variancecovariance matrix J1. The properties of (0n, &) can
be derived based on this normal approximation.

Finally, consider the case of multicensoring as described in Section 12. In the case of multicen-
soring, the log—likeiihood function is:

lºgL((0n,º)= 2105.“ti:?('HÍIOEÍGWÓ)—G(8f-1:<1>)]+Élºsl1 —G(n—;<Iª)], (47)
í=l i=l

where g(i) and G(—) are given by (39) and (38), respectively. The first derivativesof the log-likelihood
function with respect to the parameters 9, 17 and (Iª are:

ôlogL _ É 1 âg(t.-;<I>) +23
1

[ôG(s,;<I>)_âG(sg_1;<í>)]ªº —

, 9064”) 86 a(si;º)G(Si—1ãº) 59 86

"ª 1 ôG(r.—;<I> )

—êl—G(rí;'1>) 60 ' (48)

axogL "“ 1 agº,-;*) "' 1
[âG(3a;º)_3G(Si-i;ª)]ôn Ego.-:d» 61] +20“), com) an 077

"ª 1 aa(r,,<1>)
_ªl—GU—ivâ) an * (49)

âlogL "º 1 ôg(;,,õ)+âq))[ôC(s.-;Q)_ÓG(8;_1;<P)]ªº _ g(tíió) G((Si;<í> —G(s,_1;<I> B<I> a<1>I _M
1:

"ª 1 acme)Zl—G(r,,fl>) aq: ' (ªº)
is]

The first term in (47) is the same as (43) with (z,-,n) replaced by (t,,no). Also the first terms
in (48)—(50) are the same as (AM)-(46) with (x.-,n) replaced by (t.,no). So, it is suíflcient to find
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explicit expressions for the partial derivatives in (AS)—(50). They are

âG(z;<I>) : [F (x; <P) — 1] exp [—-0 + 9F(z;<I>)] + exp(—9)
00 1—exp(—9)—n+nexp[+0+9F(x;'I>)]

_ exp(—20) (exp [017 (z;<I>)] — 1)

(1- exp (-0) — n +nexp [_º +9F(z;q>)]]º
_UiºXPiºF($;ªI>)i-1HF(I:(Í')—1leXPi—29+ 9F(I;<I>)i

(1— exp<—9> — 7? +neXPi—º + 9F(z;<l>)])º

ôG(z; (I)) : exp(—0) [1 + exp [—6 + 9F(a:;ª1>)]) [exp [9F(z; Ó)] — 1]
ªn (1 —exp(—º> —rl+17exi>irº+'9F(z;<I>)]i2 '

ôG(x; <P) _ 96F (1; &) /ô<Ii exp [—-0 + GF (1; ª)]
Biª —

1—exp(—0)—7]+nexp[—9+9F(z;<I>)]

_
071617 (1; (>) /ôõexp [-20 + 9F (I; ?)] (exp [OF (x; ª)] — 1)

[1 — exp (—9) — 7; + nexp [—9 + 0F(z;<l>)])2

The maximum likelihood estimates of (0,7],<I>), say (615,5), are the simultaneous solutions of the
equations âlog L/ô€ = 0, ôlog L/ôn = 0, and ôlog L/ôõ : O. The Fisher information matrix for
the estimators of (0,17,<I>) corresponding to (43) is too complicated to be presented here.

17 Bivariate generalizations
Suppose now that each unit of the system suífers from two types of failures. Let F(z,y) and f(x,y)
denote the joint cumulative distribution function and the joint probability density function of the
failure times for each unit. Then the joint cumulative distribution function of the system failure
times are:

exp [4 + 9F(z,y)] — exp(—9)G(1,y) : l— exp(—9) — 1] + nexp [—9 + 9F(z,y)]
for x > 0, y > 0. 0 > 0 and 0 < 1] < 1. The joint probability density function is:

ª(1 - n)i1- exI>(-ó')1 exp i-0 + ”(M/)] MI,?!)“ªº” : u — exp<—a) — n + nexp i—0+0F<z,y>1>ª

forz>0,y>0,0>0and0<n<1,where

AW) = eu—exa—0)—n—nexpife+ªF(x,y>1>%%íªº
A ªzªr,?!)+ (1 — exp<—º> — n +nexp i—e+ ºmni)W“

The marginal cumulativa distribution functions are:

exp [—9 + €F(:c)] — exp(—9)Gm =W26

(51)

(52)



and

exp [—0 + 0F(y)] — exp(—9)G :___.(y)
1— exp(—9) — n + nexp [—0 + 0F(y)]

for as > 0, y > O, 0 > 0 and 0 < 7] < 1. The marginal probability density functions are:

90 " TI) [1 " exDP“) f(I)€XP [-ª + ºlªm]
[1— exp(—9)- n + um [—0 “WWI2g(z) =

&nd

º(l — n)[1— exp(-9)l f(y) eXP [—9 + ”(+/)]
(1 — exp<—9> — n + new H? + ”(umª

for 1 > 0, y > O, 6 > 0 and 0 < 7] < 1. The conditional cumulative distribution functions are:

W) =

G(zl ) _ exp [Wma/)] — 1 1 - exp(—9) — n + nem [-º + ”(101y —
exp [9F(y)] — 1 1— exp(—9) —- 7] + nexp [—9 + 0F(z,y)]

and

exp [0F(z,y)] — 1 1— exp(—9) — 17 + nexp [—9 + 0F(z)]
exp [9F(z)] — 1 1— exp(-—9) —- 17 + nexp [—9 + 9F(z, y)]

GWI!) =

for : > 0, 1; > O, 0 > 0 and 0 < 77 < 1. The conditional probability density functions are:

g(zly) : (1— exu—0) — n + nexp [—9 + ”(umª exp (”(x,y) — efa/>] AW)
f(y) [1 — exp(—0) — n + nºw [—ª + ”(x,y)“

and

[1— exp(-0) — T] + nexp [—9 + 0F(z)]]zexp[0F(z, y) -— 9F(z)] A(z,y)
f(r) (1 — exDH?) — n + nexp [—º + ”(wmª

for1>0,y>0,0>0and0<n<l. Also
ªº(zhu) : 91")1"“(1+y)/õz eXP [—9 + 9F(I+y)]í(1- '))[1- eXP(—0)] + ”ex? [*º + ”(M/)]?

g(ylz) =

ªr (1— exp(—a) — 7] +neXP [—9 +Wma/mº
and

8G(x,y) _ 08F(z, y)/ôy exp [—9 + 9F(z,y)]((1 — n) [1 — exp(—9)] + nexp [—9 + 0F(1',y)])
ay " (1—exp(—0)—n+nexp[—9+€F(z,y)]]2

forr>0,y>0,0>0and0<n<1.
Note that (51) and (52) can be expressed as mixtura:

_ exp [—º+ºF(z,y)1 — exu—0) ºº —1 _n__ *

_G(I,y) — 1_ exp(_g) _ ,», ê ( k) [1—
exp(—9) - 71] EXP! kº +kaF(I'y)]

and

_ 9(1— TI) [1 — exp(—€)] ºº —3 nkA(z,y) exp [—(k + De + (lc + 1)<9F(z,y)]“W) ' [1 - exp(-a) - mª EK )
[1— exp(—0> — nl'º

'
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These representations can be used derive expressions for joint moment generating function, joint
characteristic function, joint cumulant generating function, product moments and others corre—
sponding to (51),

We now consider estimation of the unknown parameters of (51) by the method of maximum
likelihood. SupposeF(», .) and f(—, —) a.re parameterizedby Q. Let (11,111), (12,1;2), ..., (zmyn) be
& random sample from (51). Then the log-likelihood function is

logL(0,n,<I>) = nlog[0((1 «n)[l—exp( 0—)])—n9+9210gF(z1,y,-;<I>)+ZIOgA (zhyi)
í=1 i=l

—3E 105 (1 — eXP(—9) — n + 7] eXP [—9 + ºF (313%; º)])- (53)
n:]

The derivatives of (53) with respect to 0, 17 and <P are:

ôA(In__/_ôª1>y1)ôlogL n
60 _ã+e—xp(g)-n+ZF(xny,,<I>)+zMum.)

_ 1+ an (x.,y.,<1>) — llexp [0F(z,,y.,<1>)l
3exp<º>21_exp(_9)_ n+nexp[—0+9F(Ii,yiãº )], (54)

âlogL _ A(z.-.y.-)/ôv
877 _ 77—11]. +â—T—M1hyi)

exp[— 0+9F(Tiyyiiê)]_
, 553214exp(—6)n—Jrnexpl-HºFízivyªiª” ( )

ôlogL _ ªmena—,na» )/â<I> zâAmyl-Nâªai) i=l F(Zi1yilô) Acªbª/i)
" 5F(1a,yi;i>)wº eXP [BF (Ibamª)]49" ex“—“'El 1 — exp(—9) — n + " exp [—9 +F (r.-, ya; <P)1'

(56)

where

M am y) anºsy): (1—exp(—0)——17—nexp[—(0+9Fz,y)]) &: ôy

+9fexp(——)0—17,[F(zy)—1]exp[——z,0+0F(mnªgªªyíº
69

+[exp(—9)——n[)F(zy —1]exp[—9+8F(Iy)]mêàglv

ªgil) = —0[1+exp[—man:whºF(I_.y)a_p__ã,y)
62Hªw)+ (exp [—0 + 9F(z,y)] — 1)W'
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(Mªy) : -gºnexpi—0+9F(z,y)(%%%&,“
2

—8nexp[—0+9F(Wy)] (fªmª—Pãº
BªF((ac, y) ôF(m y)
õy0? T1 '—9T/exp[——0+9F(:(,yy)]

The maximum líkelihood estimates of (0,1),(7), say (0,115), are the simultaneous solutions of the
equacions ôlogL/âô = O, ôlogL/ôn—- 0, and âlog L/ôÓ—'- 0.

For interval estimation of (9,110?) and tests of hypothesis one requires the Fisher information
matrix We can express the observed Fisher information mamx of (0,173?) as

Ju Jn Jus
J= «712 Jzz Jza .

Jm st Jaz

where

_ 62108L _n_ nexp (ã)
““ aº” e?” [exp(ô)_i]

—3exp(—ê)zn: A A+
A1 ,. ,, A

._11-exp(——9)—n+17exp[—-9+9F(Ii,yiãº)]

ww)-1º—ª+iexvi
, emª)]

.:,1—exp(—õ)—1'í+nexp[—0+âF(x,-,y,-;Í>)]

“S“ÍººííkªªiãªiªfªiªªfºE-ª5%““
Gibi—e;“ª?) íifexpg—âjããâàW;]
”3" x(i_ex;(he)_ a+nexp[_5,5F(,_,,,Ía)];

_Zª__2A(:r,,y,)/ôô +23[a__A(z,,y,)MTA(r.-,ya) _ A (IM/i)

2
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Jn _ 32125L=3 [F(z,-,y-;Í>)—1]exp[—5+âF(z-,y-;Í>)]
6977 4:11—exp(0)— n+nexp[—9+9F(z;y'$)]

" exp[— 20+0F(z.—,%, $)]
—3

i=1(1-exp( 0)— n+v76xx>[-“”(Wnª)“2
“ exp(—0)

+gªí1—exp(—ê)—ô+ííexp[—â+5F (pagan
2

3112
[FQ-, y,; õ)- 1]exp[—2ã+2ãF(z,—,y;;“)

2
' lí]

[e2p(—GZ) T]+]7jexp[[—Aê+íF((II-;y,;ffã
)

" F I;,yiçõ —1 exp —9+0F why.-;?
HFE ,. ,; A _ 2”

(l_exp(_a)_me“;um,,a)“
_É62A<z,,y,>/aêaaEmA ,,,/ampWan

1=1 Ahh-”y“.) A2 (1,3%)

Jn : _ôzlEÉL : SAÚÍ
ôF (why,-;(?) /ô'1>[F (zig/gia) — llexÉ[—ê+ AFA(z;,y;;<Í>)]

6017 d:, 1— exp<&)n+nexp[—9+9F(r 4,y;;<1>)]

+35
" BF (I;-, y-; &) /ô<I>exp[—0+0F (: y; $)]
,-=,1—exp(— 9)— 17+ííexp[—9+9F(1',,y ($)]
n ôF(z, y,;$)/a<1>exp [-ê+âp(z y,; $)]

(“mg;)maexppmmzhynam
ªºâºÉôFGh ,;y; (Iª) /a«1>[ (zanª—1] exp [454- 2%“ (wªy,,a);

;1_ ex,, (_5) _Mm [_MF (I,,,,,a>)] ;.

_
82.4 (;x ,y)/ô€õ<I> " ôA(Za,yi)/555A(Ii»yí)/ôô); A(z- ,.) +; ANA,-,“) '

2

"
_ ôzlogL_ n eXp[—ô+êF(W ,,ê)]— 1

2

J22 — _É—T—W—Bêílexp(—ê)—77+7797(p[_ê+âFF(Zí'yí;$)]

_
" ôºA(zManº " aA<z.»,y.-)/õr7ºê,;(xy) +23 Mªlga")- '
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ôªlogL _33
" ôF (nagô) /ô<I>exp[—ê+ ãF (x,-, y,; $)]

6175 _
i=l1—exp(—ê)—íf+âexp[— 0+0F(z.y,—;$)]

451]?
ôF(a:-y-'Í>)/â<l>exp[29+20F(zi,yv;<1>)]

1—í1 exp(——6)— â+ííexp[— 9+9F(IuÇlli “fªz)“

& " ôF (x,,y,;ºI>)/ô<1>exp [—9+9F (muy, $)]
0+3 nzíl— exp(—ã)— â+âexp[—5+5F(z,,y,;32”)

_
" âZAÍTi, vi)/397763+ 344% SID/571314 (zi, 1/13/33”2 A(1i y,) 4-2 A2 (Ii yi)

J23='

=1

Jn :—ª : _sãzízií ôF (why,-Lô) /ô<I>exp [Jij- Alí (z.-,vai?) )ô =1 1—exp(—9) —1'í+v'íexp [—0+ (why,-“DN

,. [ap (1%,in &) /ô'I>]2exp [—ê+ âF (alma“
ª)]

_ ”?A30 nª 1—exp(—õ) __;í+;íexp[_ã+êF(ZhI/H
" âºF (minima) /ô<1>29xp [—ã+ 5F(zt1yi;ô)]
f=11—exp(—ã)—a+aexp[—ê+ êF (,,,y,,a)]

43517

FF (16 3/1“)
'.:1 F (I,- %)

n 2 "
_ZÓZAÇW,,yi)/)ôô +z BAÚ;___y_i)/)ô$2_1A(Iiyi)._1(Ii Ui)

where

ôºA(z,y) 5F(I,y) ôFÚ, y)
60, = exu—em+[F(z,y)-uexp[eF<z,ym ,, ay

+<exp(——0)— n[F(ry)— 11exp[—um: u)nª—ª“”)ª—F—'—W)
õy

+e í—exp(—0) - 17[F(at,y)—1]2exp[—0 +0F(:z,y )1) ªgitª/3%?“
2

+ [— exu—0) + 17 [mm — nªexp [—9 + emm]%
ºôAáây) = exp(— 0) [exp[—0 + 9F((: y )]— 1) 61:22y)Blªg/,y)

_0[F(:ty)—1]exp[—0+0F(1,y)]a—ZBFwõFây)

+[P(Iy) llexp[— 9+0F(z301%,
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ôºA(z,y)
ôôôó : aneXPI—º + ºlª-'W',?!»

821105, 31) _W _

ôF(z,y)ôF(1,y)ôF(T:!/)
ap 61:

6112

+ (1 — exp(—9) - 7) +17€XPÍ“9 + ”((“ºwa” azwªy)?
+ [1 — exp(—0) — n + nexp I—9 + ”(ª 9)“%%%&)
—ôn [w, y) _ 112 exp [_º + em,M%%;y)Lá?,y) n'a—,ª;y)

_917 exp [_o + 9F(r,y)] (%) 2%%
+9 (exp(—9) — n[F($.y)—1]ªXPÍ-º + ”(fªvª/)” agiªmºf?
+9 [exp(a) n[F(: y) — 11explº + ”F(1762525211)? ”é? 11)

+(exp(—9)+n[F(ªº y)—11expl““““/mªgiª?
+n [1 + 0F(z,y)1exp í—º + ”(ªª/)] ”É?“ ªvg—yy)”

MMM“92 exp [—9 + 0F(z, y)] M, a: ôy

-a (1 + exp [49 + 0F(:c,y)]] ªmª”) ªmªr?!)ôzôtb ôy

70 [1 + exp [—º + ”(ª º)“ 632%?)Mªrry)

+ (exp [—6 + 9F(r, y)]- 1] (39595663

+eexp [—0 + ”(M/)]%%
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õªA(I,y) _ a ama) ºôF(z,y)õF(z,y)
ô<I>2 '- —0 exPl_9+9F(-Tiyll(W)TTôF(z,y) 62F(1,y) ôF(z,y)

ô? ôzôó ôy
52F(Z»y) ”(x,y) ”(x,y)
ôôª ôz ôy

ª_F(zy) ôF(z y) ôº_F___(r,y)
61! 61 ôyôê

”(mg) õºF(r,y) õF(1,y)
ao ôzôê 61]

33____F(1»y)5__»__F(Z11)

BIâoº &)
z

—0óexp [—0 + 0F(z,y)]%%
ª___1"'(1y)32F(JE y)ô__2F(y)
ao azº a—yao

82F(z,y)ôºF(z,y)

-aªn exp [_º + 9F(1, y)]

—02n exp ]—0 + 0F(z, y)]

—92n exp [-9 + 9F(z,y)]—
—0217 exp [—0 + 9F(z, y)]

4a exp H) + 0F(z,y)]—

—9277 exp [—9 + 9F(r,y)]—
-—0nexp [—9 + 0F(z, y)] 61:60 ayao

aªF , ôF ,—€nexp [—-9 + 9F(r,y)] jªg—á?)
For large n, the distribution of f(ô— 9,17— 7], 5- dª) approximates to a (q + 2) variate normal
distribution with zero means and variance-covariance matrix J '. The properties of (6,1), &) can
be derived based on this normal approximation.

Finally, we consider the case of multicensoring for bivariate data. We suppose that there are n
bivariate failure times of which

. no are known to occur at (x]º),y]º)),. ., (153453).

. nl are known to have 1; components occurring at 151) ,. . . ,zªll) and 1; components exceeding
g“), i = l,...,n1 but not observed any longer.

. 112 are known to have : components"occurring at 152),...,Z$12) and y components belonging
to the interval ]yf_)1,y]z)],i= l,.

(3 ) (3 )' ng are known to have 3] components occurring at ]; ...,ym and : components exceeding
Isª), i_—- l,. TL3 but not observed any longer.

. n., are known to have y components occurring at yr,) . . . ,ysu) and I components belonging
to the interval [:D]?“ 250], i—'- 1. .,m.

. ns are known to have y components belonging to the interval [y,(5)1,y]5)],i= l, . . . ,n5 and a:

components belonging to the interval [ISS)1.I(5)].i= 1, mg,.

. na a.re known to have :] components belonging to the interval [rªmpª,/fm],i— l, . . . ,ns and z
components exceeding Ile), i = 1, . . . ,na but not observed any longer.

33



. n7 are known to have 3 components belonging to the interval [IEZ)1,IÉ7)], i = 1, . . . 417 and y

components exceeding yy), i = 1, . .. ,n7 but not observed any longer.

. nª a.re known to have : componentsexceeding x(s,) i—_ 1. nª but not observed any longer
and 1; components exceeding 1/58), 'i—— 1, . . ) ,ns but not obServed any longer.

Note that n=no +71) +n2+n3+n4+n5+n6+n7+ng.
In the multicensoring scheme described, the Iog—likelihood function, (53), becomes

logL((,0 17,<I> =210gg (:
nz

+ Zlog
a=1

"3
+2 log

e=1

m
+ E: log
i=1
"&

+2 log
l=l
no

+2 log
:=]

(1) “)
5%“)21044 51»— (——)]
“zaG(WW) ao(z

mãº),yfí))]
az?) “ aw

' aa Imªgº)
(:((/fª”) "Lªp—')]
'ôG($fºwf“) ªº ($591.95“)T_T—
c((ªmº))«(52445“)a(Eª>,yfi>)+a(EM,-(Z)]

a(s)») c((ºngs>) -c(y...)) +c((mm]
717

+2 log
i=r

se") «(msn)—c(fw) +c<M))
+ Ílog [1— G (mgª) - G (E“) + G (mf”),yfª))]. (57)
:=!

34



The derivatives of (57) with respect to 0, 7] and <I> are:

aº(I-ª") ªªªº(5" ªf")
ôlogL((,017,<I> "º ªº(IÍº) vyfo))W "'T“ âaôzf'Tª 6 <?” usº» ª (,m) ªº< ví")

.

61351)

ôzc 353,14?” aºc (z) yfºã

.“:1 ôG(:t52), y?)) —zôG(1,32) (“ml)
152) 152)

69 (gp) 820 (153453)

+Í ªº aaayfª)

(: ac 5ª), fª)ww»—9,,—>
ôºG(I,(4)1/.()_M)

+Éª: aaôyf 606:ª)
(=] ôG(154)y ªl,-“)) Bºçª3591 Em)

ay“)
—

81“)

+z 80
—

80 59

": O(ªf(5) y(5))— Cv'(z ªº)!
yfsg— GGE“ y15>1) +G(x(5)1 “(ml)

ªcªº56))_ ªº 156)yfº))_ô(:((/52)
+ aa(56) 1,59)

+; ªº(yKº)-cO(Iag)yçe))ô_cgás)) +G<(e) 1%)
(

x(7) ) (7) y”) (7) (7)

+23 50%)?Gªiª)—ô“(me )+BG(a—aly)
« » cuza— (.- ,;)+G(fí%yf")

mãº)) a__G(;º)) “a“58) gg“)

+ª —1
* ªº(zfª))—Tªí(a)) + 601550115») * (58)

aa(E” (ªº) ac(fin yz») _ac(:“&) +
eae—(sa yz?)
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ôg (msn) 62G(Jsgn,y51))

ôlogL(9,1), «p) "º ªº(ªfº)1y(º) "' ªn
—

91,6sz
67]

= E 0) +2 60 1) g(l )=* aº(zí'y (º)) =1
g(z(1))_ (;í'y("

)

620 (I(º)a(º)) 6201<I(2) 3,52%)
i

+É ônôxíz)
_

(91731:
(2)

(=( aa(a(º) ((ª)—aa(zêºMyª)
1.531“)

ªº (º(ª)) ºººG(1,33) 115”)
na a (3)(2%“ª (a) (* yi )º (ªr ) "a,/(s)—

ôzc(1(1,) y(4)) 620G( («(_)1 ºf”)

aa(zsª>,y)º) aa(zsí>.,ys4>)

aa(z11(:») ºf”) 6G(1(?1'y(5))
_
60 (3531/53)

+
âG(z(&É?)

+Í ôn _ ôn 67! ªº)
.-=1 G(zfª,yfª>)— G(1_(5) y(5)) —G(z(5) y(5)) +c(z_(5)yª)

ac (;,f“) 60 (156) gf“) ôG(y52) 8G(1156),y1(5))

+53 617
_ 67)

_ ªn +
577
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_ôlogL(0,n,d>) _
ô<I>
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ªº(z, y)
60

69 (I(U) 62G(x(1),y(1))
"0 ôg (150), a(º)) /8Ó “1T _

ôôô (1)

“ E (o) <o> 452 I
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52G(I(2) lim) Bªd:,2)&)
"“ apaz?)

—

waxº)
i=1 aa(ªª52) (km) âG(z52) 1/52)

(2) “ ”_m—
ôg(y(a)) âzGG((3) ª(s))

naT (a)

'“ g(yç3>)_t gay?)“

826" (zªna?) ôºG(zfª), gf“)
"' ôôô 54)

_ aw “)E acesªs“) ac(safº/sº)T *
ax“)

5G(ItI(5) y(5)) —ZôG(IP)] y'(5)) 80 (4371152) 6G(II1(5)1y(5)1)

+"zª aº “ aç + aq»

i_ G(z_(5) y(5))_ a(z,(s) y(5)) +G(z (3), (155%)º(W ª)—

“ aGyUª) 60 (E;
6) y(6))_ôG(y(2)

+
3G(z(6z. )yfô)z)

+ ôÓZ ôõ aç
_.=l G(y(s))_G(zô(s)95“); (:((/Eªi) +G(1I(s) yªºi)
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aeww) «=(si»_cw(» aa( (»It'—lUi

+& ªº ” 66 <ª ac»
i=1G:B,(-7)—) G(z(7)1)_.a(zw y(7)) +G(z(7)1 yi”)

ªª(gf>- P_(fª)_º+
i-l 1—G1<ª>)_ Ga(y(ª)) +G((339) , (60)

: exp(-3)([F(1»y) " 1] exp (”(Lª/)] + 1)
1— exp(—6) — n + nexp [—9 + (9F(z,y)]

_ exp(—29)(8XP[9F(Z,11)1-1H1+ "(HM/) —1]eXP[9F(zvy)])
(1— exp(—0) — n + n exp [—0 + ”(a (;)1)2
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00h40 : +exp(-9)iexp[9F(z,y)l —1l[1 — exp [—9 + BNH/>])
ª" (1 “EXP(-9)—TI+W9XP[—9+9F(Tvyliiº '

õG(r, y) : 93F(I,y)/ô<l> exp [—9 + 9F(x, y)]
84) 1 — exp(—0) — n + nexp [79 + 6F(a:,y)]

_ ºn exp(-29)õF(r, ii)/ªº (exp [”(r, v)] - ll eXP [0F(I, y)]
(1—'=x1>(—9)—“venal—9+«9F(a:,y)]l2 ,

Bºm“!) : (1 - n)i1— eXp(—º)lôF(r,y)/9zexp[-9 + ”(railªº” (1— exp(—º) — n + nexp [—9 + ”(x,y)ll2
+ 6(1 — n)õF(z, 30/61 exp [—29 + 9F(z, y)]
(1— exp(—0) — n + nexp [—0 + ”(I, 101]2

+90 — 77) [1 - exp(—9)10F(ª.y)/0$ [F(z,y) — lieXP [-0 + ”(x,y)i
(1- exp(—9) — n + nexp 1-9 + ”(ay)"?

_29(1 - 77)[1— exp(—-0)]ôF(z,y)/ô:cexp [—20 + 9F(z, y)]
(1— exu—0) — n + nexp [—9 + em, y)]lª

_207/(1 — n) [1 — exp(—6)] ôF(z,y)/BI [F(1',y) — 1] exp [-29 + 29F(z,y)]
(1— epo) - n + n exp [—9 + em,mil“ ,

ôºG(J:,y) _ _9[1— exp(—6)] ôF(z,y)/ôa:exp [—0 + 9F(z,y)]
ôwôn “ (1—exp<—e>—n+nexpi—0+9F<z,y)nª

_ 200
— n) [1 — exp(—0)] âF(z,y)/ôzexp [—29 + 29F(x,y)]
(1 — exu—9) —n +nexpl—9 + ”(mmª

+29(1 -— n) [1 —— exp(—9)]ôF(1,y)/ôrexp[—9 + 9F[z,y)]
(1 - ex[)(-9) ' 71 + nexp [_º + (”TIA/lll3

,

and

ôZG(z, y) = 020 — n) [1 — exp(—€)] ôF(z, y)/õ<I>âF(z,y)/ôr exp [—9 + 9F(z, y)]
fªrªº [1 — exp(—e) — n + nexp í—º + em. umª

+90 — Tl)i1— exP(-9)]('?F(1»11)/(ôªºôªl>)EXPi-º+ ”(& y)]

(1- exPH?) — 71 + TieXP [—9 + ”(ªh!/)"2
_
277020 -— n) [1 — exp(—6)] ôF(1,y)/âzôF(x, y)/ô<I> exp [—29 + 29F(z, y)]

(1— eXP(-9) - Tl + "exp ['º + 9F(ªºuy)ll3

The remaining partial derivatives required for (58J-(60) follow from previous results: âg(:c,y)/ô€,
ôg(z,y)/6n, ôg(:c,y)/ô<I> follow from (M)—(56); ôg(z)/60, õg(z)/ôn, âg(z)/â<l> follow from (44)-
(46); and. âG(z)/âô, õG(z)/6n, âG(z)/ôi> follow from (48)—(50).

The maximum iíkelíhood estimates of (6,17, (17), say (5,713), are the simultaneous solutions of
the equations õlog L/ôô : 0, Blog L/ôn : 0, and õlog L/ôó = O.

Appendix
The Calculations of the paper require the following lemmas,
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Lemma 1 If a fundam variable X has the GEP distribution then

A(k)=E[exp[—k9exp(—AX)])=174'º1(1—n)[1—exp(—9)]Z<Ií>[exp(—9)—1+n]k“lb1,

where bz is given by

[1—exp(—0)]11[1—(1n)'l1]_T—ª Wª“
——log(1—7]), ifl=1.

b:

Proof: We can write

AUC) : “(1 _ 77) [1 _ exp(—0)]/ow exp [*ÃZ — (k + 1)0exp(—Az)]
[1 —exp<—-0) — nu — expl—aexm—mmº I
l—-—exp(9)

= n'k '(1— n—)[1—exp( €)]/[1 z2[z—1+exp(—0)+n]'ºdz
[1(—exp -9)l(1-1l)

—k—1 k—l FuN—9) 12= 1] (1—n>[1—exp(—e>lz('j)[exp<-e>—1+n1 ] z-dz.
[=o “_exP(““I““TI)

The result follows by elementary integration. D

Lemma 2 If a random variable X has the GEP distribution then

_ exp [—aAX — bº exp(—AX)] )ª(ªiº'ª) “ E ( u — exu—a) — n (1 — em0exp(-AX)]Hª

ºww—ºn“z(——)“[1 ——exp(— 9)- 1,12“ k [1-exp(-9)—n]'ª(1+b+k)ª+29º+º'

Proof: Using the series expansion, (4), we can write

_ _ _ _
ºº exp [—(a + IM:; — (b + 1)0 exp(—Az)]ª(ª'b'ª) “ “º ª)“ ““º”/o[-1-exp<e)—n(1—exp1—eexp<—Az>mº+º “

yan exp[_ (b + um9(1 — TI) [1 '” exp( º)]fº
[1 — exP(9—) U + "ºXP(_—0y)]2+c

e<1—n>u—exp(—0>1z(—2—c)[ 71 r[1 — exp(—0)— 1712” 1 — exp(—0) — TI

:
>< / yª“ eXPHb + 'º + 1)9y]dy.

o

The fault follows by the definition of the incomplete gamma function. D

Lemma 3 If a. random variable X has the GEP distribution then

D(a,b.c, (1)

E Xdexp[—aAX— bôexp(——AX)]

[1 - exp(|| — n (1 — exp [—(7ev<1>(-ÃX)])]£

B(1—n)[1—exp(a)] if(—2— )a_ª nk7(s+a+2,(1+b+k)0)
(—A)d [1 exp(—9) 7,12“ _o lc asª“ —exp(-a)—n]'º(1+b+k)ª+70º+ª “:O
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Proof: Using the series expansion, (4), we can write

1d exp [—-(a + 1)Az — (b + 1)9 exp(—Ar)]
[1 * eXP(*9) - 7! (1 '- eXP l—ºexPC-ÃíllllHº

_ _ «a _ _ _
1 (lºgy)ªyª+'eXD[—(b+1)ºyl” “ A) º ">“ ex“ ”1/0 [1—exp(—9)—n+nexp(—9y>1º+ª

_Mºº —z—c _n_k_ (—A)ª[1_exp(_9)_n]º+ªª( k >l1—exp(—9)—77]

D(a,b,c,d) = 0A(1 —— n) [1 —— exp(—9)]/m
0

1

x/ (logyyíymH exp l—(b + k + 1)0y] dy
()

º(l — n)l1- exp(—0)i ºº —2 — c n
k

(—A)ª' [1 — exp(—9) — niº“ ,ª( k ) ll
— exp(—9) —

nl

)( (%; fºl pªº“ exp [—(b + lc + 1)0y] dy
s=0

The result follows by the definition of the incomplete gamma function. E]
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Figure 1 Plots of the probability density function, (7), for A = 1, 0 = 0.5,1,2,5, 17 = 0.2 (solid
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Table 1: Maximum likelihood estimates of the parameters and related statistics for
numbers datª.

Model Estimates AIC BIC
B—N(a,b,p,,0) 18.20 0.25 12.69 42.76 71769 71950

(12.7) (0.0749) (12.47) (8.89)
Kw - N(a,b,u,a) 1.85 0.67 7.37 14.21 7177.4 71955

(1.36) (0.476) (6.31) (11.7)
GEP(A,7],0) 0.0254 0.217 23.097 71450 71586

(0.001) (0.167) (2.044)
EPG(a,A,9) 0.889 0.025 30.288 71545 7168.1

(0.436) (0.001) (7.139)
Weibul](a,B) 3.187 155.914 72142 72233

(0.089) (1.979)
EP(A,0) 2.905 ().0024 83305 83396

(0282) (0.00014)
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Table 2: Observed and expected frequencies of the adult numbers.
Adults Expected
number Observed Kanormal Beta norma.] Weibull GEP
30 1 0.21 0.22 7.64 0.21
50 1 5.77 5.67 22.86 6.23
70 40 37.43 37.39 45.33 38.88
90 96 91.85 93.70 71.37 93.42
110 122 125.53 127.54 94.73 128.48
130 140 123.95 123.73 108.30 125.48
150 92 102.41 100.77 107.09 100.69
170 70 75.95 74.30 91.25 71.71
190 44 52.00 50.97 66.40 47.57
210 38 33.18 32.80 40.79 30.24
230 25 19.80 19.86 20.85 18,74
250 13 11.06 11.32 8.74 12.44
270 4 5.79 6.08 2.95 6.92
290 2.84 3.08 0.79 4.16
310 1 1.31 1.47 0.16 2.50
330 0.56 0.66 0.03 1.49
Total 690 689.6 689.5 6893 688.8
MAD 4.60 4.39 12.00 4.19

Table 3: Maximum likelihood estimates of the parameters and related statistics for the voltage
data.

Model ] no 0 ªo & AIC CAIC BIC
Log—GEP 2.0693 5.4378 19.9648 412446 135.0 135.8 143.4

(4.0735) (2.1531) (2.7488) (0.0596)
[<o.0001] [00001]

Model | a b a Eu [31 AIC CAIC BIC
LBW 102.32 0.6574 3.4587 103838 -0.1803 166.5 167.6 177.0

(1.6594) (03118) (06765) (33112) (0.060?)
[0.0027] [0.0043]

LEW 822.76 1 5.7575 4.8691 —0.1764 164.4 165.1 172.8
(13.2240) (-) (5.7575) (4.8691) (411764)

[0.3350] [0.0454]
Log-Weibull 1 1 0.8454 22.032 -o.275 173.4 173.8 179.7

(_) (_) (0.090) (3.046) (0.055)
[< 0001] [< 0.001]
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