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Abstract

We propose a new statistic which is a function of the maximum likelihood estimate of a scalar
parameter § and whose distribution is standard normal excluding terms of order @(n~3/2) and
smaller, where n is the sample size. The proposed statistic is a polynomial transformation of
the classical maximum likelihood estimate of at most degree 3. We apply our main result to the
one-parameter exponential family model and to a number of special distributions of this family.
Some simulation results illustrate the superiority of our statistic over the usual standardized
maximum likelihood estimate with regard to second-order asymptotic theory.
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1 Introduction

In general one-parameter models, the probability or density function is indexed by an unknown scalar pa-
rameter # € © and can be written as

m(y; 8) = exp{t(y,6)}, (1)

where © is an open subset of IR. Let y be the data vector of n observations, which are independent and
identically distributed with total likelihood function L(#) = L(f;y). We assume that L(f) is continuously
four times differentiable with respect to & € © and that the derivative d/df and the expectation Es with
respect to m(y; §) are interchangeable. We further assume thal some conditions on the smoothness of L(#; y)
and its derivatives with respect to # hold. The maximum likelihood estimate {MLE) 8 of 8, assumed to be
unique when the number of observations (n) is large, is defined as the value of 8 that satisfies dI(8)/dd = 0,
where 1(8) = I(6;y) is the log-likelihood function. A conmsistent solution ¢ for all y is required for this
equation. If there are multiple solutions to di{#)/d# = 0, it is assumed that the consistent one is known. The
obvious difficulty with nonlinear MLEs is that they cannot be expressed as explicit functions of the data.
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To circumvent this problem we usually use iterative techniques to derive approximate solutions to the exact
MLEs.

Despite substantial advances in developing higher order asymptotic theory for transformations of test
statistics, as for example Bartleti-type corrected statistics (see Cribari-Neto and Cordeiro, 1996), only few
attempts have been made to develop higher order asymptotic theory for transformations of the MLE in general
statistical models. Our main purpose here is to define a new transformed statistic S* = 5*(f, #) as a function
of the MLE § and § whose distribution is standard normal excluding terms of order @(n=%/2). In this
paper, following similar arguments of Cordeiro and Ferrari (1991), who gave a general formula of Bartlett-
type corrections for test statistics whose asymptotic expansion is a finite linear combination of chi-squared
distributions with suitably defined number of degrees of freedom, we obtain a new kind of Bartlett-type
correction for a class of test statistics which converge in distribution to a standard normal distribution.

Some similar results of higher-order refinements of the MLEs have already been considered by Barndorff-
Nielsen (1983, 1988, 1990), Jensen (1992) and Ferrari et al (1996). It is useful to briefly review these results.
Barndorfl-Nielsen (1988) derived the p* formula, whick provides an approximation to the conditional density
of 8, given an ancillary statistic a. The conjunction of a and § constitutes a sufficient statistic and a is
distribution constant in the sense adopted in Barndorff-Nielsen (1983), either exactly or to the requisite
order of approximation. The p*-formula is defined by

p(6:0a) = {%} 1i(B,a) /3. @)
It is important to note that the likelihood function L(6; 6, a) in (2) has been expressed as a function of (8,a)
in its dependence on the data, |j(f, a)| is the determinant of the observed Fisher information for 4 evaluated
at @ = @ and which is a function of § and e, and ¢ = ¢(0,a) is a normalizing constant chosen so that the
total integral of (2) with respect to 4, holding a constant, equals one. Equation (2) also holds when # is a
parameter vector.

When ¢ is scalar, there are also available accurate approximations to the distribution function of § which
may be more useful in applications. In fact, Barndorff-Nielsen (1988, 1990) derived from (2) the general tail

area approximation
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can be viewed as a test statistic which is analogous — and in a sense dual - to the score statistic. Here, &(-)
and ¢(-) are the standard normal distribution and density functions, respectively. An alternative version of
(3) was proposed by Barndorff-Nielsen (1990) and Jensen (1992) which can be written as

where

F(f|a;0) = (r*){1+ O(n~3/2)} ,



where r* = r + r~llog(u/r). The main difficulty in using equations (2) and (3) in practice lies in obtaining
the ancillary statistic a. OQur approach for computing improved significance levels or confidence intervals for
6 in a wide variety of uniparametric models is more useful than the result in (3) since it does not require
knowledge of any ancillary statistic.

More recently, Ferrari et al. (1996) obtained second- and third-order bias-corrected MLEs in general
uniparametric models (1) and compared the corrected estimates and the usual MLE 6 on the basis of mean
squared errors.

In this paper, we offer a simple way of correcting the distribution of the MLE to an error of order
O(n=3/?). The derivatives of the log-likelihood function are denoted by Us = dI(6)/d8, Use = d21(9)/d6?,
etc., and we use the following notation for their moments (Lawley, 1956): kg9 = E(Uss), ka00 = E(Usss),
ko9 = E(UE), k0,90 = E(UsUss), k0,00 = E(UZ) — 2, etc. We denote the derivatives of the moments as
ng? = dkgg/dd, etc. All x’s refer to a total over the components of y and are, in general, of order O(n).
Under regularity conditions on L(6;y) (Cox and Hinkley, 1974, Section 9.1), it follows that the score function
Uy is asymptotically distributed as N(0, x4 ), so that the asymptotic distribution of 6 is N(8, x5, ;), with an
error of order O(n=1/2).

We shall work with the standardized statistic S = (§ —0)»::,/,2 as a pivot function for § which is frequently
used to test the null hypothesis Hy : # = 8y, or to construct confidence limits for #. The normal approximation
for S is usually unsatisfactory in small samples because the exact and asymptotic distributions of S differ by
a term of order @(n=1/?). It is then desirable to improve on this result by adjusting S so that the normal
approximation holds with smaller error. To that end, we shall obtain in Section 2 a transformed statistic
S* which is distributed as N(0, 1) to an error of order @(n=%/2) by using the Edgeworth expansion for the
distribution function of S. The statistic $* takes the form of a polynomial of third degree in the MLE £, i.e.,
S = S+E —o @:S*, where the a’s depend on the model under consideration solely in terms of maments x’s of
some log-likelihood derivatives up to the fourth order. The proposed statistic S* is quite general and can be
used to improve the MLE for several distributions to an order of accuracy of @(n~1). In Section 3 we obtain
the modified MLE for one-parameter exponential family models. In Section 4 we present a number of special
cases thus showing that our main result covers a wide range of important distributions. Section 5 considers
the modified statistic S* for some classes of variance functions in natural exponential family models. Finally,
Section 6 gives some simulation results which favor S* over S.

2 An adjusted pivotal quantity

1t will now be seen how the statistic S* arises from the Edgeworth asymptotic expansion for the distribution
function of S to order O(n~!). The Edgeworth asymptotic expansion for the distribution function of § =
6 - 0)::1/ ? is given, to order ((n~!) by (see, e.g., Hill and Davis, 1968)

Fs(z) - (I)(;:) ¢( ) {6771 + f]ahz(t) 3607)2’!1 (2) + 30;]44’!3(1‘) + 7)5’15(3) } (4)
here = K7820) + O™/, 1 = s {02(0) + 5(0) + O ), 3 = gy + O, 1 = p +

4p35n, ,bl(ﬂ) + O(n") and 15 = 10p2; + O(n~?) with 5;(6) and vy(6) being the n~! and n~? terms in the
bias and variance of §, respectively, and pg5 and p,; being the third and fourth cumulants of 6 which are of
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orders n~1/2 and n—1, respectively. The polynomials appearing in (4) are the standard Hermite polynomials
given by hi(z) = z, hy(z) = 22 — 1, hs(z) = 2® — 3z and hs(z) = 25 — 102° + 15z. The 5’s are functions of
the moments «'s. Formulae for 1(9), v2(6), py; and p,; are given by Shenton and Bowman (1977, Sections
2.7.6 and 2.7.7). The two cotrection terms in (4) are of orders ?{n~'/2) and @(n~1), respectively. Equation
(4) holds provided that suitable regularity conditions are verified (Feller, 1971; Bhattacharya and Rao, 1976;
Bhattacharya and Ghosh, 1978; Skovgaard, 1981a,b).

The form (4) of the distribution function of S containing terms of order n='/2 and n~! suggests the use
of a modified statistic defined as

§* =5~ c1(8) - eal9), ®)

where ¢, (S) and cz(5) are additive stochastic correction quantities of orders Op(n~1/2) and O, (n~1), respec-
tively, which are functions of the pivot S. The functions ¢, (S) and ¢3(S) are now determined to make the
distribution of $* to order n~!, say Fjs.(z), identical to ®(z). Given that the two terms in braces in (4) are
terms of orders @(n~1/?) and O(n~!) and that ¢;(S) and €2(S) are assumed to be of orders Op(n=1/?) and
Op(n~1), respectively, the distribution of $* can be derived from formulae (4) and (5) by using the approach
developed by Cordeiro and Ferrari (1997). We obtain

Fse(z) = Fs(z) + e1(z)fs(2) + co(z) fs(z) + %i{cl(z)’ fs(z)} + O(n~32).

The functions ¢:(2) and ca(z) are then formed from (4) and the above equation by collecting terms that are
of equal order in n~1/2 and n~1, We obtain a polynomial of third degree in the pivot S

3
5 =5+ oS, (6)
i=0
where ag = (113 — 6m)/6, a1 = (36n] — 3673 — 127103 — 1493 + 994)/72, @z = —73/6 and a3 = (1275 +
8n3 — 3n4)/72. Note that e and a3 are O(n~1/?) while a; and a3 are O(n™1).

Using the general formulae for b;(8), v2(f), pg; and Pqi given by Shenton and Bowman (1977, equations
{2.30a,b), (2.312,b)) and some Bartlett identities, which usually simplify the computation of the x’s, Cordeiro
and Ferrari (1997) obtained the coefficients a’s as functions of the moments of the joint distribution of certain
derivatives of the log-likelihood function:

an = (2me00 — 3u)/(6557),

a1 = (keeos — roo00 — 265))/(8r3 ) — (9K? + 858 kans — Bid,)/ (36x3 4),

ar = (konr — 3x{)/(6r3'7), X
as = —(kesns — 45y + 6ry” + 3kp0,00)/(24K7 ;) — (3552 — 2006)Kons /(183 ).

After computing the a’s from equations (7) for the model under investigation, the improved statistic §* for
the pivot § = (@ - 0);::'/,2 follows immediately from (6). Then, in wide generality, the new pivotal quantity S*
is asymptotically (standard) normally distributed with error which is typically O(n~3/2). The finite-sample
behavior of 5* and § can be quite different. In fact, simulation results reported in Section 6 favor S over S.
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In view of the discussion above, it appears that tests based on S* can be viewed as meaningful improve-
ments of tests based on S. Formulae for $* provides the basis for cbtaining the corrected version of the MLE
§. 1t is easy to check that 6* = 6+ Y°>_, ay(6 - 9)“6:;1)/ ? follows a N(6, ;4 distribution with the error of
the approximation typically being @(n~2). The above polynomial transformation for 6* looks very much like
a truncated power series in the pivot § — . It follows that $* = (* — 9)«::‘/,2 ~ N(0,1) + O, (n~%/%) implies
that {6 : |§* — 0|:c}",2 < z} is an improved set of approximate confidence intervals for 6, where z is a normal
upper point, i.e., values of & outside this set are incompatible with the data.

It should be noted that the theoretical results presented in this section are only valid for continuous
distributions. In view of this, the behavior of the statistic §* for discrete models should be examined by
simulation studies.

3 One-parameter exponential family models

In this section we obtain simple expressions for the coefficients a’s in (6) that can be used to improve the
standardized MLE S = (6 — 0)16;{ % in one-parameter exponential family models. We apply the polynomial
transformation (6) to the statistic S to obtain a corrected statistic S* such that P(S* < z) = ®(z)+(n~3/?)
whereas P(S < z) = ®(z)+0(n~/%). We have chosen this family of models because it enjoys wide application
and many useful mathematical properties. Moreover, the formulae derived here for the a’s are algebraically
more appealing for applications than equations (7) and can be readily used by applied researchers since they
only require trivial operations on suitably defined functions and their derivatives. In Section 4, we present a
number of special cases thus showing that our formulae have a wide range of important applications. Recently,
Cordeiro et al. (1995) and Ferrari et al. (1996) derived Bartlett-type corrections to the likelihood ratio and
score test statistics, respectively, for the class of one-parameter exponential family models.
The one-parameter exponential family model admits the probability or density function

r(:9) = 755 expl-e(0)dly) + o)}, ®)
where 8 is a scalar parameter of interest, ((-), a(-), d(-) and v(-) are known functions, and ((-) is positive-
valued. We also assume that the support set of the family (8) is independent of § and that a(-) and {(:)
have continuous first four derivatives, da(#)/d¢ and dg{8)/df being different from zero for all ¢ in the
parameter space, where 3(8) = —E{d(y)} = ¢'(8)/{¢(f)’(8)}, with primes denoting derivatives with respect
to 6. It then follows that var{d(y)} = B'/c/, Kee = —Kss = na’F, sese = —n(2a"F + o'B"), Keses =
—3n(a”F + a”B")~ na’F"”, etc. Using these results, it is possible to simplify the expressions for the a’s in
equations (7). After some algebra, we obtain

(B — o"B)[(6a' B'/na'F),

ay =
o = {—9&’”0'ﬂ'2 + laa"zﬂ’z +a'e'gtg — 0’2(14ﬂ"2 _ gﬂl"ﬁl)}/(72na'8ﬂ'3),

®)
w = (F +22'8")/(6a AT,

as = {3a"o’f?—o"28'%+5a"a’F"F — a'?(48"? — 98" )}/ (12na’'3).
Some features of equations (9) are noteworthy. First, the a’s depend on the model only through the
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functions o and 3 and their first three derivatives with respect to f. Second, the improved statistic $* in (6)
is now very easy to compute for any exponential family model. Third, when « equals 4, which corresponds
to the natural exponential family, the a’s reduce to ag = 11/(6v/n), &1 = (972 — 144})/(72n), a3 = 2a; and
a3 = a1, where 73 = §'2/5'8 and 4, = §" /% are the third and fourth standardized cumulants of ~d(y),
respectively. Fourth, by entering equations (9) into a computer algebra system such as MATHEMATICA
(Wolfram, 1996) or MAPLE {Abell and Baselton, 1994), one can obtain the a’s as functions of # with minimal
effort (see Section 4). Although the calculation of the o’s is straightforward for any model it is rather difficult
to explain their general structure in (9). The main difficulty in interpreting equations (9) is that the individual
terms are not invariant under reparameterization and therefore they have no geometric interpretation which
is independent of the coordinate system chosen.

4 Special cases

In this section, we use equations (9) to derive improved statistics of the type (6) for a number of important
distributions that belong to the one-parameter exponential family. We consider 24 special distributions and
give closed-form expressions for the a’s. The calculations were done using MATREMATICA and MAPLE.
Distributions (i) through (viii) involve discrete random variables whereas continuous random variables are
considered in cases (ix) through (xxiv). The special distributions listed below have a wide range of practical
applications in various fields such as engineering, biclogy, medicine, economics, among others (Johnson and
Kotz and Balakrishnan, 1994, 1995; Johnson, Kotz and Kemp, 1992). The distributions are:

(i) Binomial (0 <8 <1, m € N, m known, y = 0,1,2,...,m): a(f) = ~log{6/(1-6)},¢(6) = (1-6)~™,
dy) =y, v(y) =log (}), 4 = §/m,

—1+ 60 — 1462 + 166 — 96* 4 265 B = -5+ 20 — 262

6{mno6(1— 6)°}1/2 © T T2mnb— T2mno?’
5 — 149 + 1462

2mnd —T2mn@?’

(i) Eggatlve binomial (0 < # < 1, ¥ > 0, y known, y = 0,1,2,..): a{f) = —logh, ¢(f) = (1— 6)-7,
d(y) =y, v(y) = log ("*¥1), 6= g/(5+7),

ag = oy = —ay,

ag =

ao= A0 _ZB486-50 561 5-200+530
°= B(nyo) 7z M T2nv6 ' T 6872 T T anq0

() Bomon 0> 0,y = 0.1,2...: a(0) = ~log(0), C0) = exp(8), dls) = s 1) = ~log(y), = 5,
oo = 1/{6(n8)/2}, a1 = ~5/(T2n6), a3 = —ay, a3 = —ay.

(iv) Truncated Poisson (6 > 0,y = 1,2,..): a(f) = — log(6), ¢(6) = e (1—e=*),d(y) =y, v(y) = —log(y!),
0 is obtained as solution of the equation 1/{f(1 — l/c')} =1/g,

29 ={-1-30 -0 +¢*(2+ 30 - 6%) — **}/[6{n B¢’ (c* — 0 — 1)*}1/2],
ap = {-5-120-376% - 216° — 56* + ¢* (20 + 366 + L0062 + 276° + 84%)

+¢*(—30 — 366 — 8967 + 36 — 56%) + £ (20 + 126 + 2667 — 96%)
~5e**}/{72n 8’ (¢* — 6 — 1)°},



a3 = {1-30-20%+¢°(~2+ 30— 26%) + €2} /[6{nde’ (¢ — 6 — 1)°}1/7],

{6+ 67 + 156° + 56* + (20 + 2062 + 276° + 286*)
+e%(30 — 4362 — 336% + 50%) 4 €3 (—20 + 226 — 96°)
+5e40} /{7120 (® - 0 — 1)%},

R
@
|

(v) Logarithmic series (0 < 8 < 1,y = 1,2,...): a(6) = —log(8), ¢(f) = —log(1 - 8), d(v) = v, v(y) =
—log(y), § is obtained as solution of the equation § = —8/{(1 — ) log(1 — 6)},

ag = [26% + 361og(1 — 6) + {log(1 — 8)}*(1 + 6)]/[-n 6 {0 +log(1 — 9)}%]1/2,

a1 = [26*+66°log(1 - 6) + 67 {log(1 — 8) }*(11 + 206) + 6{log(1 — 6)}3(12 + 126 — 96%)
+{log(1 — 6)}*(5 — 88 + 56%)]/[72n 6{6 + log(1 — §)}3],

oz = [46% + 30log(1 — 6)(1 + 8) — {log(1 — 8)}*(1 — 50)}/[-n 6{8 + log(1 - 6)}%]*/2,

as = —[386* + 8% log(l — 8)(66 + 480) + 67 {log(1 — §)}2(23 + 920 + 246?)
+8%{log(1 - 6)}°(24 + 816) + {log(1 — 8)}*(5 — 206 + 536°)]/[72n 6{0
+ 108(1 - 0)}3]1

(vi) Power Series (6 > 0,0y 2 0,y =0,1,2,...): a = —log(6), {(8) = Sgeoayb?, d(y) =y, v(y) = log(ay).
@ is obtained as solution of the equation § = 6g(9),

—(o + 380" + 6%9")
6{n 8 (g + 6g')3}2/2’
a1 = {—5g°—120g¢’ + 0*(—639" + 269¢”) + 6°(—30¢'¢" + 9g¢"")
+0%(—14¢"% + 9¢'¢"")}/{T2n 0(9 + 6 ¢')°},

g— 3ayl — 2023”)_

6{n 6(g + 6¢’)3}1/%’
az = {5g%+6%(~21¢" + 229¢") + 0°(64'9" + 999™)

+6*(—4g"" + 9¢'¢")} /{120 0(9 + 69')},

e {i]

where g = g(#) = dlog((#)/df. Note that cases (iii), (iv), (v) and (vii) can be obtained from this case
by simple specification of the function ¢(.).

(vii) Zeta (§ >0, y=1,2,3,..): a(f) =0 + 1, {(8) = Zeta(6 + 1), d(y) = log(y), v(y) = 0, & is obtained
as solution of the equation g(f) = —n~1 Y7, log (%), :

gn Qg'g"’ - 145”2 _4guz + gglym

oy = 8(ng?)i72’ oy = T Tngd az = 2aq, az = Tang®

where ¢ is the Riemann zeta-function, i.e., {(8) = Zeta(d + 1) = 352, i~(®+1) (see, e.g., Patterson,
1988) and g = g{(f) = dlog Zeta(f + 1)/d8.



(viii) Non-central hypergeometric (¢ > 0, m1, mg, r are known positive integers, k; = ma_x{O,r— my} <
y < min{my,r} = ka): off) = 6, ((6) = Do(6), d(y) = -y, v(v) = log{ (") (22}, 8 is obtained as
solution of the equation § = Dy(8)/Do(8),

2D‘;’ ~3DeD1 Dy + DgDa

Va(=D} + DoD,)3/?

a; = (2D$-6DyDiD, - 9D§D’Dz +27D3D3 + 20D2D3Ds
—48D3D; D2 Ds + 14D§ D3 + 9D3 D2 Dy — 9D} D2 D) [{720(D? — Dy Da)?},
2Ds 3Dy D1 D3 + Do Ds

¥ T TVREDI+ DeDaplT

as = —(38D% - 114DoD} D2+ 99D3D? D3 — 27D3D3 + 20D2 D3 Dy
—12D3 D, D3 D3 — 4D D3 - 9D3D3 Dy + 8D D2D4) /{T2n(D? — Do D2)%},

where D, = D,(8) = y_,h ("“)(r_y) exp{fy}, p=10,1,2,3,4.

(ix) Maxwell (8 > 0, y > 0): a(f) = (20%)7%, ((6) = 6, d(y) = ¢*, v(y) = log(s*/2/n), & =
{55 w8)/ 312, ao = 2/{3(6n)'/?}, @1 = —1/(54n), az = ~1/{6(6n)"/?}, a5 = —an.

(x) Gamma (k> 0,6 >0, y > 0):

() k known: a(6) = 1/6, ¢(8) = 6%, d(y) = ky, v(y) = (k—1) log(y) ~log{I'(k)}, f = g, a0 = 1/{3(kn)1/?},

a1 = —1/(36kn), a3 = —ag, az = —Tay.
{b) 8 known: a(k) = 1—k, ((k) = 6-*T(k), d(y) = log(y), v(y) = —By, k is obtained as solution of the
equation (k) = n~" log(0"/ [T7, ),
¥ (k) _ —149”(k)® + 99’ (k)y'" (k)

agyg =

T Er T Tmpk)E 0 22T 2o
e = AR 00 (R (K)
3F T2n ' (k) )

where I(-) and ¢() are the gamma and digamma functions, respectively.

(xi) Burr system of distributions (0 >0,b>0,bknown, y > 0): a(f) =0, ((0) 9(6)/8, d(y) = — log G(y),
u(y) log{|dlog G(y)/dyl}, & = 1/d for Burr I1-VI and for Burr X-XII, § = 1/(d+1log2) for Burr VII,
= 1/{d +log(/2)} for Burr VIII, ag = —1/(3n%/%), a; = —1/(36n), as = 2aq, ag = —19a;, where
the functions ¢(.) and G{.) must be positive and d = n~! 30 d(3;). Different choices for ¢(6) and
G(y) lead to different distributions; see Burr (1942). Burr I and Burr IX distributions do not belong

to the exponential family.

(xii) Rayleigh (6 > 0, y > 0): a(f) = 62, (() = 6%, d(y) = ¢, v(y) = log(2y), f = (n~! T ¥3)?,
ap = 1/(3n1/?), ay = —=1/(36n), a3 = —ao/4, a3 = ~a,.

(xiii) Pareto (6 > 0, k > 0, k known, y > k): a(f) = 0+ 1, ((8) = (6k*)~, d(y) = log(y), v(y) = 0,
8 = Nog{(TTizy 30)M/" /K1), @0 = ~1/(3n%/3), &y = ~1/(36n), ap = 2a, a3 = —190;.

(xiv) Weibull (§ > 0, ¢ > 0, ¢ known, y > 0): a(f) = 6-%, ((6) = 6%, d(y) = y*, v(y) =
log(¢) + (¢ —1)log(y), 6 = (n~! T3, 18)*, ag = 1/(3nY/?), &y = ~1/(36n), a3 = (¢ —3)/(64n'/2),
as = (12— 66 + ¢*)/(3647n).



(xv) Power (8>0,6 >0, ¢known, y > ¢): a(f) =1-86, ¢() = 6-1¢", d(y) = log(y), ¥(y) =0,
8 = (log{g/(ITic, )" Y™, a0 = ~1/(3012), @y = —1/(36m), &y = 20, a5 = —190,.

(xvi) ALanace (# >0, —00 < k < 0, k known, y > 0): a(f) = 871, ¢(6) = 29, d(y) = ly— k|, v(y) =0,
O=n"130_ lw— k|, @0 =1/(3n12), 0 = —1/(36n), az = —aq, a3 = ~Ta;.

(xvii) Extreme value (—oo < # < 00, ¢ > 0, ¢ known, —0 < y < oo): a(8) = exp{#/¢}, C(6) =
¢ exp{—0/6}, d(y) = exp{~y/8}., v(y) = —y/4, 8 = —dlog{n~1 T_I", exp(—1s/4)}, a0 = —1/(3n1/2),
ay = —~1/(36n), a2 = ag/?, ag = ~—a;.

(xvm) Truncated extreme value (6§ > 0, y > 0): a(f) = 67, ¢(6) = 6, d(y) = exp{y} - 1, v(y) = y,

=a Y exp(1)} ~ 1, ap = 1/(3n%/?), &y = —1/(36n), a3 = —ag, az = —Taj.

(xix) Lognormal (§ > 0, —o0 < p < 0o, p known, y > 0): a(6) = 672, ((6) = 6, d(y) = (logy - p)?/2,
v(y) = ~logy — {log(2m)}/2, 6 = [n~* T°%_ {log(ws) — k}*1/?, @ = 4/{6(2n)"/?}, @y = ~1/(18n),
az = —'00/4, a3 = —ag.

(xx) Normal (8 > 0, ~00 < gt < 00, —00 < y < 0):

(a) s known: a(6) = (26)*, ¢(6) = 877, d(y) = (y — )%, v(y) = ~{log(2m)}/2, 6 = 1 0, (vt — W,
ag = 2Y2/(3n1/3), oy = —1/(18n), a2 = —aq, a3 = —Ta1.

(b) 8 known: a(u) = —p/6, ((p) = exp{n?/(26)}, d(y) = y, v(y) = —{¥* +log(270)}/2, f=§, co = @y =
as =az=0.
(xxi) Inverse Gaussian (6 > 0, p > 0, y > 0):
(2) & known: «(8) = 1/8, ¢(8) = 0'/%, d{y) = (v — 1)*/(26%y), v(y) = —{log(27®)}/2. b = n[°"  {(xs —
8)*/(win®)}], ao = 21/2/(3n/?), a1 = —1/(18n), a3 = —aq, a3 = ~Tay.
(b) 6 known: a(p) = 6/(24%), ((p) = exp{—8/u}, d(y) = v, v(y) = —0/(2y) + log{6/(2m*)}1/2, it = §,
= pt2/{2(n8)}/?}, @) = p/(8n6), az = —ap, a3 = 3ay.

(xxii) McCullagh (¢ > —1/2, -1 £ p < 1, p known, 0 < y < 1): a(8) = -9, {(f) = 4~°B(6 + 1/2,1/2),
d(y) = logly(1 - y)/{(1 + #)* — 4py}], v(v) = —Qlog{v(1 - )})/2, 6 is obtained as solution of the
equation (8 + 1/2) — %(f +1) = log 4 — n~2 T0_, log[{si(1 — 1) }/{(1 + #)? — 4ums ],

{¥"(6+1)— ¢"(0 +0.5)}

% T Bla{—v @+ 1)+ V(O +05)F
__14{g"(B +1) — ¢"(0 + 0.5)) + 9{—/(8 + 0.5)%(6 + 0.5)}
M= T2n{W(0+05) — v (0 + 1)}°
LHY O+ D970 +05) + ¥ (6 4+ 050" (0 + 1) - /(8 + 1)9"(6 + 1)}
2n{y’(8 + 0.5) — /(6 + 1)}° ’
. - V(0 + 1) — (8 + 0.5)

= (w0 +05) - v(@+ DY

 A{g"(8+1) — ¢ (6 + 0.5)}2 + 9{—y'(8 + 0.5)%/"(8 + 0.5)

o8 = = T2n{¥/(0+05) - ¥(@+ D}

9{¢’(9 + 1" (8 +0.5) + (8 + 0.5)¢" (8 + 1) - ¢’ (6 + )" (6 + 1)}
72n{y/(6 +0.5) - ¥ (0 + 1)}3 !
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where B(-, -) is the beta function (see McCullagh, 1989).

(rcdii) yon Mises (8 > 0, 0 < 4 < 2, ps known, 0 < y < 27): a(6) = -8, {(8) = 2xL(), d(y) = cos(y —p),
v(y) =0, f=r~H{n "t Y0, cos(y — p)},

r'(6) ~14r"(6)? + 97'(6)r"(6)

= = 1 =2
8{nr(g)311/0’ ™ T2nr(8) e

ag

_ —4r"(6) + 97 (8)r"(6)
= T2nr(6)3 '

where I,,(-) is the modified Bessel function of first kind and wth order, and r(6) = I4(8)/ 1o (6).

(xxiv) Generalized hyperbolic secant (—7/2 < 8 < 7/2, r > 0, r known, 0 < y < 1): a(f) = 8, {(f) =
" n{oect)", d(y) =  log{y/(1—9)}/m, v(y) = —log{a(1—1)}/2, 6 = sxctanf(rr) {1+ n{[Ty {(we/ (1~
w) 1M, ao = sin(8)/{3(nr)/?}, &1 = {9 - 108in(d)?}/(36nr), az = {2sin(6)}/{3(nr)/?}, as =

{9 + 10sin(#)?}/(36nr).

It is possible to check by direct calculation that the formulae for the a’s are correct for some distributions
which have closed-form MLEs, namely: binomial, Poisson, gamma. (case a), Pareto, Laplace, extreme value,
normal (cases a and b) and inverse Gaussian (cases a and b). Clearly, the test of the mean of a normal
distribution with known variance (case xx-b) is the only case for which a; = 0 for i = 0, 1,2, 3, confirming
that in this case the MLE has an exact normal distribution. For the binomial case, nmf has a binomial
distribution with parameters nmé and the application of the classical Cornish-Fisher polynomial transfor-
mation (McCullagh, 1987, p.166) to the standardized statistic § = (§ — 8)[nm/{#(1 — 6)}]*/? lead to the o’s
given in case (i). Analogously, we verify the a’s for the Poisson and inverse Gaussian (case xxi-b) distribu-
tions. For the Poisson case, nfl has a Poisson distribution with mean nf and by applying the Cornish-Fisher
transformation to § = (6 —8)(n/6)!/? we get the a’a given above. For the inverse Gaussian distribution with
known precision parameter @ (case xxi-b), the MLE /i = § of the mean p has an inverse Gaussian distribution
with parameters 4 and nd, and then the a’s follow from the Cornish—Fisher polynomial transformation of the
standardized statistic § = (i — u)/u(n8/u) (2.

For the gamma with known index k and unknown mean § (case x-a), Pareto, Laplace, extreme value,
normal with known mean 4 and unknown variance 4 (case xx-a), and inverse Gaussian with known mean
# and unknown dispersion parameter f (case xxi-a) distributions, the MLE 6 is proportional to a chi-
squared random variable and we can easily obtain the o’s from the Cornish-Fisher transformation applied
to § = (x2 — n)/(2n)*/2. Thus, the adjusted variable $* defined by

5 =s-%(s’-1)+

is asymptotically N(0,1) with an error O(n=%/?). A simple illustration is provided by taking the Laplace
distribution with known location parameter k (case xvi) for which § = S g —ki/n ~ 0/(2n)x3,. Defining
S§=(6-8)n'/?/8 ~ (52, — 2n)/(4n)1/?, one easily obtains the adjusted statistic S*.

7588 ~-8
18n
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5 Natural exponential family

In Section 3, we presented an improved standardized MLE S* for the pivotal quantity S = (= ﬂ)n;/: in the
one-parameter exponential family model (8). Our goal now is to derive an improved standardized estimate
for the natural parameter o = &(6). To that end, we assume that the model is parameterized in its natural

form 1
n(y; @) = ) exp{—ad(y) + v(»)}, (10)

where —d(y) is the canonical statistic and log{d(a)} is the cumulant generator of —d(y). We now obtain a
modified statistic $* for the canonical pivot S whose distribution is standard normal when terms of order
smaller than n~! are ignored. Here, & is the MLE of «, which comes from n@'(a) = — 3 d(y;), where
g = Ble) = ~E{d(y)} = dlog{6(a)}/do and Ka,e = nf’ is the information for a, where primes denote,
from now on, derivatives with respect to o. Let ¥} = 4”2/ and v, = /8% be the third and fourth
standardized cumulants of —d(y), respectively. These quantities are the usual measures of skewness and
kurtosis of —d(y). The coefficients a’s which define the improved statistic S* = S + 53 oS for § were
given at the end of Section 3.
When the cumulant generator function é(a) has the form

§{a) = c1 exp(cza)(ka + cg) =1/ (8k)] (11)

where the ¢’s and k are arbitrary constants, 1 — k/n is the Bartlett correction to the likelihood ratio statistic
(see Cordeiro et al., 1995) and the a’s reduce to

ag = —(1/3)(6]6/71)1/2, a; = —kf(6n), a2 =2ap, as=—19a. (12)

Note that for 12 of the 24 distributions considered in Section 4, the a’s are constant and their cumulant gen-
erators satisfy (11). Thus, in all these cases, equations (12) hold and can be used to improve the standardized
MLE S.

We now give simple expressions for the a’s to improve the canonical pivot § = (6 — a)xi’,i under special
families of variance functions. We begin with the power variance function defined by 8’ = pP/co, where
p<Oorp>1andc>0. The domain of 3 is IR for p = 0 and IR+ otherwise. Here, p=10,1,2,3 for the
normal, Poisson, gamma, and inverse Gaussian distributions, respectively. Other values of p define a number
of distributions which have been classified by Jergensen (1987). We obtain

pplr-2/2 _ plap—9)°-?

- W’ M= T2neo y az=2ap, o3= . (13)

ap

Next, we consider the family of variance functions defined as polynomials of order less than or equal
to3,8ay f =co+eif+ 2% + c3f°. When c3 = 0, which corresponds to a quadratic variance function,
Morris (1982) showed that there are only the following six distributions in the natural exponential family
(10): pormal, Poisson, binomial, negative binomial, gamma and generalized hyperbolic secant. All these
distributions were studied in Section 4. Letac and Mora (1990) extended Morris’s classification and showed
that there are also only six distributions in (10) whose variance functions are polynomials of degree 3 in g
(es # 0), namely: Abel, Takdcs, strict arcsine, large arcsine, Ressel and inverse Gaussian distributions (see
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Ferrari et al., 1996, for further details). For the cubic variance function we obtain, using MAPLE,

1+ 2c38 + 3caf?

aQy =

8v/n(co + €18 + c2f? + c36°)
_ —5ci + 18eoeq + 28(27cocsf — erc3) + 28%(12¢1¢3 — ¢2) + 12czc36° + 9c3st (14)
= T2n(co + c18 + c2? + caf33) '
az = 200, ag =aj.

Equations (14) apply to the 12 cases discussed above in order to derive improved canonical statistics.

We can also obtain, using MAPLE or MATHEMATICA, the a’s for wider classes of variance functions, for
example, the variance function 8’ = P + QV/R, where P, @ and R are polynomials in § of degree less than
or equal to 3, 2 and 2, respectively. This variance function includes the Babel class of variance functions for
which ' = aA 4 (33 + c)v/A, where A is a polynomial of degree less than or equal 2 in @ which is not a
perfect square and a, b and ¢ are three real numbers. However, the expressions of the a’s for these variance
functions are too cumbersome to be reported here.

6 Simulation results

In this section we present the results of two small Monte Carlo simulation experiments where we study
the finite-sample distributions of S and $*. The first experiment uses an extreme value distribution with
6 = ¢ = 10, where ¢ is assumed to be known and we are interested in the estimation of §. The second
simulation involves a Weibull distribution with 8 = ¢ = 10, where ¢ is known and we wish to estimate 4.
The total number of Monte Carlo replications was set at 20,000. All simulations were performed using Ox
matrix programming language (Doornik, 1996), which uses an improved version of the Park and Miller (1988)
uniform variate generator. Extreme value and Weibull variates were obtained as transformations of the
geverated uniform variates using the algorithms in Devroye (1986). In each simulation, the mean, variance,
skewness and kurtosis of both the uncorrected (S) end the corrected (S*) estimators were computed. The
sample sizes considered range from 5 to 50 observations. Good agreement with asympotic theory happens
when these figures are, on average, close to 0, 1, 0, and 3, respectively. The results for the extreme value
and Weibull distributions are given in Tables 1 and 2. They show that the correction proposed in this
paper is quite effective in bringing the distribution of the maximum likelihood estimator closer to its limiting
normal distribution, even when the sample size is quite small. It is noteworthy that the correction tends
to reduce the skewness of the distribution of the maximum likelihood estimator. That is, the finite-sample
distribution of the maximum likelihood estimator tends to be skewed relative to its limiting distribution and
our correction substantially reduces such skewness, The distribution of S in the extreme value distribution
is positevely skewed, whereas it tends to be negatively skewed in the Weibull case. In the first cese (extreme
value distribution), for example, the skewness of S for 5 and 10 observations equals 0.47 and 0.31, whereas
for 5™, the corrected estimator, one obtains 0.01 and ~0.01, thus much closer to the asymptotic value of zero.
In the second case (Weibull distribution), the corresponding skewness measures for the maximum likelihood
estimator are —(0.32 and —0.23, whereas for the corrected estimator one obtains 0.00 and —0.01, respectively.
The mean of the corrected estimator is also closer to the asymptotic value of sero. When n = 5,10, the

12



Table 1. Simulation Results I
estimator mean variance skewness kurtosis

5 8 023 111 047 344
s 0.00  1.00 001 3.6
10 S 016  1.06 031 317
5 -0.01 100  -001  3.00
15 § 013 1.04 025  3.08
s -0.01 101 -0.01  2.98
20 § 0.11 1.04 0.24 3.2
s 0.00  1.02 001  3.01
2% 5 0.10 103 021 313
5 -0.01 1.01 0.00  3.05
0 8 0.09 1.03 021 322
Ch 0.00 1.01 0.02 311
3% S 0.0  1.02 020 313
5 0.00 1.01 0.02  3.05
40 S 0.08  1.03 018 3.08
5 0.00  1.01 0.02 3.1
a5 S 0.08 1.03 0.15  3.03
Ch 0.00 1.01 0.00 299
50 S 0.07  1.02 0.11 3.1
5* 0.00 102  —003  3.00

estimated means of the uncorrected estimator under the extreme value (Weibull) distribution are 0.23 and
0.16 (—0.20 and —0.14), whereas the estimated means of the corrected estimator are 0.00 and ~0.01 (0.01
and 0.01), respectively. We then note that all four cumulants of the corrected estimator are generally closer
to their limiting values. In short, the correction appears to be effective, even when the sample size is quite
small.
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