





1.Introduction

Controlled calibration problems can be divided in two steps. The first step is
designed to the study of the relationship between the variables X and Y, leading
to which typically is called the calibration curve. This step is based on a sample
of n pairs (Z1,11),-- -, (Tn,yn) from the distribution of Y given X. The second
step is based on the prediction of an X value, denoted by zo given an observed
value of Y, yo, and the calibration curve. When the values z,...,z, are fixed
hand before , the problem is called controlled calibration. Otherwne, if they are a
sample from a random variable, then the problem is called natural calibration. There
exist a vast litcrature in calibration problems (Brown 1993), where the following
assumptions arc typically made: (i) linearity; (ii) normality; iii) independence and
(ii1) homocedasticity. Thus, the calibration model is given by

Yi = a+f0z;+e, i=12,.,n (1)
Yo a+ fzo + eo,

where, €y, €1, . . . €, arc independent and identically distributed according the N(0,0?),
that is, the norinal distribution with mean 0 and variance o?.
Two estimators of z, are usually considered in the classical literature. The first

is the maxxmum llkehhood estimator, which we denote as . = Z + (yo — y)/ﬂ,
where z = ): zifn, § = Z yi/n and B is the maximum likelihood estimator of 8

under the callbmtlon modcl above. The second estimator, usually known as the
inverse estimator, is given by £y = Z + (yo ——y)¢, where ¢ is the maximum likelihood
estimator of ¢, the regression coeflicient considering the inverse regression of X in
Y. Some problems with the classical estimator include infinite mean squared error
and unlimited confidence intervals. On the other hand, the inverse estimator has no
formal justification from the classical point of view, specially in the case of controlled
calibration where X a constant, liow to justify the regression model for X on Y?

A Bayesian solution to the calibration problem includes the specification of a
model and, moreover, the specification of the prior distributions for the unknown pa-
rameters in the specified model. Within this formulation, the known quantities are
(z1,31), - -+ (Zny ¥n), Yo and the unknown quantities (parameters) are a,f,0?,zo.
The assigment of prior distributions to the unknown quantities is justified within
the subjectivistic view of probability, emphasizing that randomness is related to our
uncertainty in the presence of the unknown.

One of the first Bayesian studics in calibration is the work of Hoadley (1970) . In
that paper, it is shown by considering an improper prior distribution for (a, 8, 0%)
and an appropriate Student-t prior for zo, that an Student-t posterior distribution



is obtained for zo, with posterior mean given by the inverse cstimator, providing
thus a Bayesian justification for the inverse estimator.

Nonnormal calibration models are not common in the literature, specially due to
the fact that classical analysis of such models are very complex. In regression models,
the Student-¢ distribution has been considered as a way of accomodating extreme
(outlying) observations. Lange et al. (1989), propose using maximum likelihood
estimation in such models. In this paper, a gencralization is proposed to the normal
calibration model by considering that

},l. I .'l,‘,‘,(l,ﬁ,dz ~ T./(a'f‘ﬂ-"-'i,az) ) i= 01 11’“1"’1

with Y,Y;, ..., Y, conditionally independent given o, 7y, ...,z,. The approach fol-
lowed is Bayesian and the main interest is to estimate z, with a, 3, 0? as nuisance
parameters. In Section 2, the equivalence between the Student-t model and the
normal heterochedastic calibration model is established. A bricf review of the Gibbs
sampler approach to posterior distribution estimation is considercd in Section 3.
In Section 4 a simulation study is performed to illustrate the performance of the
approach with simulated populations. Finally, Section 5 is dedicated to the applica-
tion of the approach to the marathon courses data considered in Smith and Corbett
(1987) .

2. The approach

In this section it is considered the model described by equation (1) under the
following assumptions:

1. The errors terms eg, €, ... €, given a, 8,02 zg are independent and identically
distributed according to the Student-t distribution with v degrees of freedom
and scale parameter o3.

2. The parameters * = (a, 3, 0?) are independert of x4 with a joint prior distri-
bution 7(8*,0%*)n(xo).

The observed data is written as y = (y1,...,¥), ¥° = (yo,..-,¥n) and z =
(21,..-,2a). Under the above asumptions it follows that the likelihood function

corresponding to the observed sample is given by

n e ~[v4} Yo — 3°25)% | ~ess
L(B", 0 20) o om0 [T {1 4 = F20)° il ) =Bz ﬂf").}—‘,—l, (2)
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where z; = (1,z;)%, i = 0,1,...,n. The above expression is associated with a serics
of dificulties in obtaining estimators or marginal posterior densities, which usually
involve the use of complex numerical procedures. The derivation of a posterior
distribution for zo involve, for example, integrating the above likelihood with respect
to A* and a?, which can be quite complex. In fact,

p(zo | y",2) < ply” | @, zo)m (0 | 2)- (3)

Now assumptions 1 and 2 imply that the predictive distribution in (3) is given by

Py | 5,30) = fpoor Py 871 0%) | z,20)df 07
Jpe 02 P(Yo | 8%, 0% zo)p(y | 67, 0% )m (0", o?)dg a? (4)
Jpe o2 L(ﬂ‘,a”,zg)n(ﬁ‘,az)dﬂ‘az. :

The next section presents an alternative analysis to the calibration model with
Student t-erros, by considering an heterochedastic variances model. The approach
allows deriving explict expressions for the conditional posterior distributions of the
parameters involved, which makes it simple to consider the Gibbs sampler to esti-
mate the posterior density funccion of Zo.

i

Il

2.1. The Student-{ model and the heterochedastic model

The approach presented in the following is somewhat related to the work of
Geweke (1993) , where the main interest is on estimating the regression line pa-
rameters and improper priors distributions are considered for the parameters in the
models. The problems related to the derivation and existence of the posterior distri-
bution of zo will be considered later. The main object of this section is to establish
an equivalency between the Student-t model and an heterochedastic normal model
described next. Let

Yi=a+fzite.

Such that given 8°, 0%, zo and w* = (w, .-, w,), & are independent and distributed

as the N(0,w;0?), i = 0,1,...,n . Note that new parameters wg,w,. . .,Ws, are

introduced in the model and are a priori considered to be indepedent with distri-

bution proportional to a chi-square distribution, that is, v/w; ~ x2,i=1,...,n

and independent of (8°,0%,z0). The posterior distribution for zg is obtained by

computing the predictive distribution p(yo, ¥/ o, ), which is proportional to
Tt e 20

/,, : / , / e § O TR gurdetdpe,
G TP i=0



With respect to the inner integral, it follows that

e (T A I CH
Sleop ) e 1 (v
Jwit e dus = U(“3 )02y, = prag)? + 252,

1=0,1,..,n.
Thus, the predictive distribution is proportional to

— 3*z,)? —(vi1 r o (y; — Bzt (w41 '
/. [72 g—l[M + 1]"(?1’_)'0-—" I—Il[(_‘/'_ugzi')_z + l]%ﬂ(ﬁz,ﬁ‘)dazdﬂ‘.

vo?
Note that
Wi =B esn
e e
is the kernel of the posterior distribution of (B8*,6%) given yy, . .., y. under a Student-

t model. Moreover, simple algebraic manipulations show that a”'[mﬁ—.‘;ﬂﬁ—l-l]#
is the kernel of the conditional distribution of Y; given 3*, 0%, z5. Thus, the above ex-
pression is also the kerncl of the predictive distribution if one considers the Student-t
model, which shows the equivalence between the models.

The number of parameters increases substantially in the heterochedastic normal
model case. In the original (Student-t) model the number of parameters is four.
However, the number of parameters increases to n+ 5 in the heterochedastic model.
This fact would make it more difficult to obtain the marginal posterior distribution
by integrating on the nuisance parameters. However, since the approach to be con-
sidered is based on the Gibbs sampler, the heterochedastic model permits obtaining
closed form expressions for the conditional distributions required for implementing
the approach.

2.2. The conditional distributions

The conditional distributions obtained in the sequel are crucial for the imple-
mentation of the Gibbs sampler approach. The conditional posterior densities are
denoted by

P(B" | o7, w*, z0,3"), (5)
I-"(o'2 I B, w*, zo,y°), (6)
P(w. ' ﬂ‘a 621 To, y‘)a (7)
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and
(o | ﬂlt’a'z:w‘ay.)' (8)
The first three can be obtained by using results in Geweke (1993) , who con-
sidered improper prior distributions for (8°,0%). This follows since conditioning in
o, a regression model in n + 1 observations is obtained. We assume that the prior
distribution of #* is the bivariate normal distribution with mean vector by and co-
variance matrix Lo and, also that it ,is independent of o? and zg. Moreover, o2 and
o are independent with ff—‘,’- ~ x? and zg has a normal prior distribution with mean
my and variance vo. ]

Thus, the kernel of the joint posterior density is given by

rommg)? L o e =0ty ol e
L N G

1 :il'ﬂ). —!n+rg+3| :2'1'[%"'
[[w? o 7 e
1=0
The first conditional density considered is the density of 8* given o?,w,Z0o,Y,
which is the bivariate normal distribution with mean b; and variance covariance
matrix X, where

L = (E—l + Eal )—1
by = Z7'(Zobo + Ib),
o[ sty S
—(w* 1 )
Ssa{w® Sse(w®)
with,
- D (zi—E(w* 2 - L (zi—E(w® i —j{w®
Se(uw) = SR, 5, (u) = 5 fmmstelfusted

=
Finally, b = (&, B), where & = g(w*) = pz(w*) , B= :—2%:7))-, are the weigthed least
squares estimators.
The second conditional posterior considered is the density of ¢? | §,w", %o, y",

z(w*) = (‘_‘;’ Z)ws, g(w*) = (é L Ywy and wp, = (E": )t

. o n ._fg*x*13

which is P1x52, where ¥ = > [—y'—ﬁ—x-‘l- +o,71 = ro+n and x;;? denotes a random
=0 Y

variable distributed according to the inverse chi-square distribution with r; degrees

of freedom.
The third distribution is the joint posterior distribution of w*, with density given

by
p(w' l ﬂ-,azazﬂ: y') = Hp(wi | ﬁ:”’:zo,y'),

=0
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where the marginal conditional density of w; is such that

u’ilﬂ‘) 0'21 To, Y ~ Sl'x_-:l)
with §; = (i — a = fz:;)* /e + v, i = 0,1,...,n. Finally, the last conditional
distribution, that of zy given 8%, 0%, w*, y* is normal with mean m, and variance v,,

where my = ”1[.2,: + ﬂa—yﬁl] and v = [ugl + ;%]—1.

3.The Gibbs sampler
The main idea behind Markov Chain Monte Carlo (MCMC) is to build up a

Markovian process whose stationary distribution (with density f) is the onc of in-
terest. The process is then iterated for a suficiently large time t and a sample of size
m of this process is then a sample of f. Typically, two ways of selecting this sample
can be considered. The first considers the last value generated form the Markovian
process as the first element of the sample. The Markovian process is then (inde-
pendently) reiterated until m such sequences are obtained and the last clement of
each sequence is considered, forming then a random (iid) sample of size m from
J. Auother approach consists in obtaining a large sequence from the Markovian
process (say, 30000), disregarding part of this sequence (corresponding to process
convergence) and for the remaining part, take one from each 10-th obscrvation, to
obtain an independent sample. Among the MCMC mcthods, the most well known is
the Gibbs sampler, introduced in Bayesian inference by Geman aud Geman (1984)
, when studing problems related to image processing. It became more popular in
Bayesian inference after the paper by Smith and Gelfand (1990) , where several
applications of the approach are considered. For a posterior density f depending on
k variables Xj,..., Xk, the process is built up on the conditional densitics

p(XJIX‘;i#j: ]'7"'7n))

according to the following scheme. Giving starting values 29,...,zY, generate a value
z| from the distribution with density p(X1|Xz2 = 23,..., Xi = z0), generate a value
z} from the density p(Xz|X; =z}, X5 = 23,..., X, = z}) and so on until a value z}
is generated from the density p(Xi|X; = z},..., Xkwy = z4—;). This completes the
first cycle of the sampler. The process then goes to a second cycle, with (z},..., z})
as starting values. After ¢ of such cycles, as sample (z},...,z}) of the density f is
obtained. Following this process, by reiterating the process m times a sample of size
m is obtained from f. From this sample, the marginal densities of the variables X;
can be estimated by constructing histograms, for example. Moreover, estimates of
the posterior mean, variance and quartils can be easily obtained by computing the
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corresponding sample mean, variance and quartils, that is, all the inference can be
based on descriptive aspects of the sample. Another possibilty is to compute the
following estimate for the density of X;:

m

A 1
fx,(z.i) = _XP(IJ'LT::"'!z_‘i—lix.:'ﬂa' .. ,J:;). (9)

m t=]

As emphasized in Gelfand and Smith (1990), this density typically presents better
inferences then simply considering descriptive inferences from the marginal posterior
densities. The estimators based on (9) is known as the Rao-Blackwellized version of
the histogram, having smaller mean squared error than the histogram as an estimator
of f. The above algorithm can be implemented in any computer language, as for
example, FORTRAN or C. However, in some less complex situations, a software
specific to Gibbs sampling implementation developed by Spieglharter et al. (1994)
is available and can be obtained by using the appropriate ftp address.

4. A simulation study

In Lhis scction results of a simulation study are prescuted to illustrate the
behavier of the approach considered in the previous sections to estimated zg, re-
calling that no explicit expression is obtained for its posterior distribution. Fixed
values were considered for © = (21,...,2,) so that |z; — zig| = land 2 =0
and a value of zy from which simulated samples were simulated for (Yos Y1y e -1 Yn)s
considering a Student-t distribution with v degrees of freedom with location and
scale parameters given, respectively, by fz; and 7. The values presented in Table 1
represent 0.90 credibility regions for the posterior mean of zq.

TABLE 1 : Credibility regions for several values of 3
(n=2l,z0=05,7=1)

J¢] Dcgrees of freedom
2 5 10 30
0.5 (-8.657,17.68) (-4.942,6.184)  (-3.049, 5.75)  (-2.929,4.174)
4461 0.6653 1,332 0.6398
1 (1.129,4.567) ~ (-3.03,2.23) (-0.03616,4.16) ~ {-0.3528,2.5)
2.851 -0.3512 2.014 1.09
3 (-0.1953,1.821) (-0.1979,1.454) (0.2835,1.656)  (-0.5092,0.7082)
0.8388 0.6199 0.9702 0.09634




Table 1 illustrates the fact that by increasing the degrees of freedom parametcr
the credibility regions become more precise, a result somewhat expected. Moreover,
the table also illustrates the fact that there is a strong influence of the values of
# on the precision of the credibility regions. For example, for v = 30 the interval
sizes go from 7 (for 8 = 0.5) to 1.2 (for # = 3). This result illustrates the fact
that predicton becomes more precise as the regression line becomes stecper. Thus,
uncertainty about z,; decreases as § increases and some caution is recommended
when the value of # is small.

TABLE 2 : Credibility regions for different sample sizes
(z0=05,=1,1=1)

n Degrees of Freedom
2 "5 10 © 30

7 (-4.96,826) (-1.57,5.39) (-1.545,1.729) (-3.48,?.86)
0.8828 1.541 0.07227 1.200

21 (1.129,4.567) (-3.03,2.23) (-0.03616,4.16)  (-0.3528,2.5)
2.851 -0.3512 2.014 1.09

51 (-1.961,3.884) (-1.237,2.89) (-1.739,1.682) (-2.197,0.7855)
0.8238 0.8112 -0.05913 -0.7048

TABLE 3: Credibility regions for different values of xy
( n=51, =1, var=1)

zg Degrees of Freedom
2 5 10 30

centre (-1.961,3.884) (-1.04,2.863) (-1.739,1.682) (-2.197,0.7855)

(0.5) 0.8238 0.8112 -0.05913 -0.7048
border  (22.43,30)  (17.83,22.11) (20.41,24.01)  (19.87,22.95)
(22.5) 25.97 19.95 22.2 21.42
outside (26.2,33.77)  (28.37,32.3) (27.34,31.02)  (27.4,30.52)

(30) 29.72 30.3 29.13 28.98

Tables 2 and 3 illustrate, respectively, the behavior of the credibility regions for
varying sample sizes (n) and different positions for the value zo being estimated.
As expeeted, the precison of the estimates increase by increasing the sample sizes.
Moreover, as indicated by Table 3, the position of the value being estimated has
practically no influence on the precision of the estimates.



5. An application to measuring marathon courses

In this application, the data set on marathon courses studied by Smith and
Corbett (1987) is reanalysed. The main part of the course of interest is divided into
95 intervals, including the basclines (standard distances), whith lengths precisely
known. Ordinary bicycles with revolution counters which records accurately the
number of revolutions of the front weel, are then ridden over the standard (baseline)
distances to calibrate the counter. The standard distance is measured by surveyor's
stell tape or by eletronic distance meter. The bicycles are then ridden over the route
to be measurcd. The following assumptions are considered: '

Y = B;Z; + €ijn,
with e;;1 ~ N(0,s;'0?), and
Yiiz = B; Xi + exja,

with exja ~ N(0, si;j o), where Y;;; and Yijz are the counts obtained by measurer
7 on the i-th calibration interval, the k-th course interval, respectively. The true
(known) length of the -th calibration interval is denoted by Z; and the nnknown
length of the k-th interval is denoted by Xi. The main interest is on estimaling the

13 ~
total distance T = ¥, Xj = 13X, by considering that
k=1

Yju = IBJX + ‘3;2:

where €}, ~ N(0,5;'0?), with s;;' = w; (unknown) and 5; = w*, which also is
unknown, and w = (wy, ..., w,)"

The Bayesian analysis of the above model was also implemented by using the
BUGS program. The main difference between this situation and the one considered
in the previous scctions is that 8 = (B, . ..,013)" where B; is associated to the j-th
cyclist. The parameters 3y, ..., 13 are considered to be a priori indepedendent with
N(0; 10%) distribution, which will have little effect on the posterior distribution. Sim-
ilurly, we consider X ~ N(1000; 10°). Moreover, independent inverse gamma prior
distributions with parameter v; are considered for the parameters w,,..., w3, and
an independent inverse gamma prior distribution with parameter v; is considered
for w*.

Figure 1, which represents a typicall output from the BUGS program, presents
posterior densities for the parameters of the model, where beta.bar denotes the mean
of B1,...,P1s, T denotes 1/0%, wN = w* and zN = X. Further, we took v = 30,
t = 500 and m = 1000 (the size of the chain).
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Figure 1. Posterior (Gibbs) densities
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Table 4 shown below presents values of the posterior mcan and standard devi-
ation of T, the total (unknown) length of the course to be estimatcd for several
values of v, with v = v; = 1.

Table 4. Posterior mean and standard deviation for Ty

v 3 4 5 10 30 60 100

Ty 30888 30888 30901 30901 30901 30914 30914
sd 831 796 757 694 517 4381 4.42

The results from the tablc indicatc that the point estimates for the unknown
marathon course ranges from 30888 m to 30914 m, with standard deviation ranging
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from 8.31 m (v = 3) to 4.42 m (v = 100). The correspondiug valucs obtained in
Smith and Corbett (1987) considering an Liomochedastic normal model and normal
approximations to the posterior distributions were 30904 m (mcan) and 2 m (stan-
dard deviation). The standard deviation found by Smith and Corbett is small than
the one obtained by considering a Student-t model. However, this figure depends
on the normality assumption for the data and also for approximation distribution of
Tn. We recall that the values that follow by using the Gibbs sampler arc obtaincd
from the exact postcrior distributions, that is, no approximations are rcquired for
the posterior distributions. Iowever by getting close so the normal djstribution
(v = 100), the standard deviation observed is 4.42 m which seems to indicate that
the standard deviation obtained by Smith and Corbett is underestimated.

Although the approach considered in this paper by using a Student-t model
is somcwhat general since it includes the normal distribution as a special case, it
requires the specification of the degrees of freedom parameter v. A more com-
plete analysis would follow by incorporating in the model a prior distribution for
this parameter. llowever, an immediate and simpler approach would follow by do-
ing exploratory data analysis based on @ — @-plots. Secveral graphis representing
@ — Q-plots of the observed residual from the model with the oncs obtained form
the Student-¢ distribution theorccal for several values of v (¢¥=10,30,100) arc pre-
sented in Figure 2. After analysing the the graphs we conclude that the Student-t
model with the largest value for v is the most adequate model. Thus, the nor-
mality assumption scems to be justifiable for the problem in question. Morcover,
small values for v scems to indicate the presence of bimodality in the data. This
somewhat recinforces the remarks made by Smith and Corbett in the sense that the
measurements obtained by the cyclists in the morning and in the afternoon could
be analyzed scparately.

Figure 2. Q - @-plots ( t-model x residual)
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6. Conclusions

One conscquence of considering de Student-t model is the specification of the
number of degrees of freedom, v. It is often the case that an exact value for this
quantity is not available. One way to contouring this difliculty is to assigning a prior
distribution for v as, for example, the exponential distribution. Asis well kuown with
this distribution, most of its mass is concentraded close to the orign, which would be
adequate in situations where the normality assumption is questionable. Considering
the exponential prior distribution with parameter A for the degrecs of freedom v, it

is necessary to specify the conditional density p(v | 8,02, 2o, y). It [ollows Lhat this
33

distributions is proportional to (%)% e™", where n = 3 z‘b(lo_qw.- +w]') + A Since

=

there is no closed form for the condicional density of v given 8%, 0%, zy,y, the Gibbs
sampler is not adequate and another algorithm should be used. Gewcke (1993)
considers the problem of the existence of the joint posterior density of (#*, ). This
is due to consideration of a uniform priori distribuitions for those parameters. We
recall that uniform priors are used to express the intention of impartial preference
over the parameter space, making the Bayesian inference essentialy objetive rather
than subjective. The difficulty in specifying proper prior distributions for g~ is
another argument in favor of noinformative priors. This fact is evident with the
maraton data. However even in this example, informative prior distributions can be
considered with larger variances, denoting uncertainty in the especification of prior
values for the paramecters of the model. Analytically, it may be interesting to study
the limiting case, that is, the prior variances go to infinity, lcading to improper
priors. The study reported by Geweke (1993) on the existence of the posterior
distibutions for the parameters of the line with improper priors scems to be incorret
and we haven'’t yet found ways of correcting those results, which will be the subject
of incoming research.
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Calibracion Bayesiana con errores {-Student
Resumen

En este trabajo consideramos el problema de calibracidn en el modelo de regresion
suponiendo que los terminos de error son independientes con distribucién comun t-
Student. El problema es abordado dentro de la perspectiva Bayesiana. Se muestra
que ¢l problema puede ser formulado de manera equivalente, utilizando un modelo
de regresion heterocedastico con distribucion a priori apropiada para las varianzas.
Esta formulacién alternativa facilita la aplicacién del muestreo de Gibbs para obteuer
aproximaciones de las distribucioues a posteriori. Los resultados son ilustrados con
datos obtenidos dc simulaciones y los analizados en Smith y Corbett (1987), para
estimar ¢l recorrido de una Maraton.
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