
THE CAUSALITY PROBLEM FOR LINEAR VOLTERRA INTEGRAL EQUATIONS 

by CHAIN SAMUEL HONIG 

We present here a problem with a very simple and elementary 

formulation: let Ebe a Banach space of numerical functions defined 

on [0,lJ. For instance E "'e ((0,1]); or E = G ((0,1]) the space 

of regulated functions, i.e., functions that have only discontinuities 

of the first kind, endowed with the norm UxU = supO·s ts 11x(t)I ; 

or E = Lp([O,l]), 1 s p s 00 , Let 

H: r = {(t,s) e [O,lJ x [O,lJ I Os s st}-+- IR 

be a kernel such that 

i) For every x e Ewe have Hix e E, where 

('Hx)(t)., 15 H(t,s)x(s)ds, 0 st s 1 

and the integral is the Lebesgue one. 

ii) For every f e Ethe linear Volterra integral equation 

(H) x(t) - f O t H(t,s)x(s)ds = f(t), 0 s t s 1, 

has one and one solution xf e E. 

PROBLEM: the operator f e E 1--+ xf e E is necessarcly causal? 

(i.e., if£ s O on some interval [O,c] c [0,1] docs it follow that 

xf E O on the same interval?) 

Remarks - 1) If E •l([O,l])and the kernel His a continuous 

function, or, if E • L2([0,1J and II e L2(r), it is well known that 

the answer is positive; sec CZ); see also [3], p. 79, exerc, 3.15 
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to 3. 18 • . The . proof cons is ts in showing that there exists a resolvent 

kernel S: CO,l]x[O,l] + m such that the solution xf of (H) is 

given by 

(p) xf(.t) = f(t) + f~ S(t,s)f(s)ds, 0 s ts l; 

the main point in the proof is to assure that there exists the 

Neum:mn series 

where H(l) (.t,s) .. H(t,s) and H(n+l) (t,s) = JSi(n) (t,cr)H(cr ,s)dcr , 
s 

since H (t ,s) = O for s> t it follows that S (t,s) = 0 for s>t ,hence the c:ausali ty . 

2) In equation (H), in general, we may not have unicity of 

solutions: if E = e ([O,lJ) ,every >-eJO,l] is an eigenvalue of the 

equation 

AX(. t) - i f ~ x (s) ds = 0 , 0 s t s 1, 

1 
with eigenfunction xA(t) = tX-1 

• 

3) Equation (H) may have one and only one solution in 

E c-£,((0,1]) but may have othe! solutions that are not in E even 

if His continuous: see an example by Urysohn in (2], p. 18. 

4} If we considei:, more generally, a linear Voltcrra-Sticltjes 

integral equation 

(I<) t x(t) + J0 d
5
I<(t,s).x(s) • f(t), o st s 1, 

the answer to the corresponding problem may be negative. So for 
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for every f e E there exists one and only one solution xf e E of (K) 

and we have :x:f(t) = f(v't), 0 ~ t ~ 1, hence we do not have causality; 

see [4), the Example 2 that precedes the Theorem 3,4; 

Next we . b.ring some comments on the problem when E G([O,l]) 

S) Take E = G([O,l))and H: r-+ IR; for every x e Ewe have 

ix e E iff the kernel H has the properties 

a) supo 5 ts l J~ IH(t,s) Ids < m, 

b) FoT every s e [0,1) the function t e [s,1]1--J; H(t,o)do 

e IR is regulated. 

From Cl J, ex~rc. 46 on p. 517, follows an . analogous characterization 

of the kernels wheri E =e(CO,l]). 

We do no't know a characterization of the operators {Ce L[G([O,l])) 

defined by kernels H that satisfy a) ~nd · b) above. 

6) When the answer to our problem is positive we do not know 

if the solution Xf is given by (p) with S .having the properties a) 

and b) of the remark 5 • 

. . 
7) Equation (K) is a particular instance of equation (H) :. we take 

K(t,s) .. ft H(t,cr)dcr, 0 s s st ~- 1 ·. s 

8) For properties equivalent to the causality of the solutions 

of equation (K), and hence of equation (H)..see Theorem 3.4 of(4]; 

• .. sec also ThCorCme 3.4 of (7], 01· Theorem 1.7 CS] or Theorem 3.2 of 

(6). 
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9) The operator "Ke L(G((O,l])J defined by the kernel II is 

compact iff the function t e [0,1] ...- Ht e L1([0,l]) is regulated, 

where Ht(s) = {~(t,s) i: ~ ! ; 
10) If the opera tor <Je defined by H is compact, or has compact 

power, then we have causality; for a proof see Th;or~me 3.23 of 

(7). 

11) In general the proof of the causality of the solutions of 

(H) or of (K) reduces, directly or indirectly, to the proof of the 

convergence, in L(E), of the Neumann series defined by the kernel 

or by a modified kernel, But see the remark 10 and its proof, and, 

on the other hand, Corell. 3.14 of [7]. 

12) The problem and the results above may easily be extended 

to functions with values in !Rn or, more generally, in a Banach space. 

See [4]. 

REFERENCES 

(1 J Dunford-Schwartz, L.l1tea1t Opell a.toll~, I, Interscience, New York , 
1958. 

(2 J Djairo Guedes de Figueiredo., Tn.tltoduccio a.& Equacou In.teg1ta-W , 
Escola de Analise, 1977, SBH-IME/USP. 

~3] Chaim Samuel H~nig, Ap.U.cacoe~ da Topologia a AnaU~e, Projeto 
Euclides, IHPA do CNPq, 1976. 

(4) Chaim Samuel HUnig, "Voltcrra-Stieltjes integral equations" , 
Func.tion V.l66Uenual Equa.tionb a.11d B.l6u.Jtc.a.-Uon.Procccdings 
of the Sao Carlos Conference, 1979, Springer Lecture Notes 
in Mathematics, 799, p. 173-216. 



-397-

.[SJ Chaim Samuel !Wnig, "The Resolvent of a Linear Volterra-Stieltjes In­
tegral Equation", 1 J<? Se.mina-ti.o Btr.aJ.i-i.le..llLo de AniiUoe, SBM, 
1980, 361-381. 

(6] Chaim Samuel lltlnig, "The Resolvent of Linear Stieltjes integral 
Equations", 12'? Sem-lncvuo BMoU.e-i.11.0 de Analloe, SBM, 1980, 
301-344. 

(7) Chaim Samuel Htlnig, ''Equations Integrales Generalisees et Appli­
catio~s'', Pub!. Math. d'Orsay, 83-1(1983), v.1-v.so. 

Instituto de Matematica e Estatistica 
Universidade de Sao Paulo 
Caixa Postal, 20.570 
CEP.01498 - Sao Paulo - Brasil 




