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In this paper, we propose a cure rate survival model by assuming that the number of competing causes
of the event of interest follows the Poisson distribution and the time to event has the Birnbaum-Saunders
(BS) distribution. We define the Poisson BS distribution and provide two useful representations for its
density function which facilitate to obtain some mathematical properties. Two closed-form expressions
for the moments of the new distribution are given. We estimate the parameters of the model with cure
rate using maximum likelihood. For different parameter settings, sample sizes and censoring percentages,
several simulations are performed. We derive the appropriate matrices for assessing local influence on
the parameter estimates under different perturbation schemes and present some ways to perform a global
influence study. We analyse a real data set from the medical area.

Keywords: Birnbaum-Saunders distribution; cure fraction model; lifetime data; Poisson distribution;
sensitivity analysis

1. Introduction

The Birnbaum-Saunders (BS) distribution [1] is a positively skewed model with non-negative
support that has received considerable attention in the last two decades. This is primarily due to its
derivation that is based on physical consideration, its attractive properties and close relationship
to the normal distribution and its applicability in a wide variety of fields. For details about various
applications of the BS distribution, including the medical area, see [2-6].

The BS survival function (for t > 0) is given by

e dlem)

where ®(-) is the standard normal cumulative function, « > 0 and A > 0 are shape and scale
parameters, respectively. The cumulative distribution function and probability density function
(pdf) of the BS distribution are obtained from Equation (1) as

Fes(t) =1—Sgs(t) = @ |:$ <\/§ - @)] (2
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and
t=3/2(t 4+ 1) 1 <t A )}
fas) = ———exp|—=— (- + 2 - 2] ], 3
55 = o p[ 202 \% ' 1 )

respectively. The mean and the variance of the BS distribution are

2 5
E(T)=x (1 + %) and Var(T) = %22 (Zaz + 1) .

Some proposals have been made recently in the literature by replacing the relationship between
the BS and normal distributions by more general classes of distributions. For instance, Diaz-
Garcia and Leiva-Sanchez [7] introduced the generalized Birnbaum-Saunders (GBS) distribution
by considering the elliptical family of distributions. The main motivation for the use of the GBS
distribution is to make the kurtosis more flexible (compared with the BS model). Sanhuezaetal. [8]
presented a complete compilation of the results of the GBS distribution and Gémez et al. [9]
proposed an extension of the GBS model based on the slash-elliptical distributions.

Cure rate models for survival data (also called “survival models with a surviving fraction’ or
‘long-term survival models’) are often used to model cured proportions of subjects who may
not remain susceptible to the event of interest. These models have become very popular due to
significant progress and advancements in treatment therapies leading to enhanced cure rates. The
proportion of these ‘cured’ units is termed the cured fraction. In clinical studies, the event of
interest can be the death of a patient (which can happen due to different competing causes) or a
tumour recurrence (which can be attributed to metastasis-component tumour cells left active after
an initial treatment).

Models to accommodate a cured fraction have been widely developed. Perhaps the most pop-
ular type of cure rate model is the mixture distribution introduced by Boag [10] and Berkson and
Gage.[11] Further, a mixture model is based on the assumption that only a cause is responsible for
the occurrence of the event of interest. However, in clinical studies, the patient’s death, which is
the event of interest, may happen due to different latent competing causes, in the sense that there
is no information about which cause was responsible for the individual death. A tumour recur-
rence can be attributed to metastasis-component tumour cells left active after initial treatment. A
metastasis-component tumour cell is a tumour cell with potential to metastasize.[12] The litera-
ture on distributions which accommodates different latent competing causes is rich and growing
rapidly. The book by Ibrahim et al.,[13] as well as the review paper by Tsodikov et al. [14] and
the works by Cooner et al.,[15] Ortega et al. [16] and Cancho et al.,[17] can be mentioned as key
references.

In this context, we propose a new model called the Poisson Birnbaum—-Saunders cure rate
(PBScr) model, conceived inside a latent competing causes scenario with cure fraction, where
there is no information about which cause was responsible for the individual death or tumour
recurrence, but only the minimum lifetime value among all risks is observed and a part of the
population is not susceptible to the event of interest. For the assessment of model adequacy, we
develop diagnostic studies to detect possible influential or extreme observations that can cause
distortions on the results of the analysis using the local influence approach, where we investigate
how the results of the analysis are changed under small perturbations in the model or data.

Cook [18] proposed a general framework to detect the influence of the observations to indi-
cate how sensitive the analysis is when small perturbations in the data or model occur. Several
authors have applied the local influence methodology in regression analysis with censoring. Ortega
etal. [19] considered the problem of assessing local influence in generalized log-gamma regression
models with censored observations; Silva et al. [20] investigated local influence in log-Burr XII
regression models with censored data; Fachini et al. [21] adapted local influence methods to poly-
hazard models under the presence of covariates. Cancho et al. [17] derived curvature calculations
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under various perturbation schemes in log-exponentiated Weibull regression models with cure
rate and Hashimoto et al. [22] determined the appropriate matrices for assessing local influences
on the parameter estimates under different perturbation schemes in the log-exponentiated Weibull
regression model for interval-censored data. Here, we propose a similar methodology to detect
influential subjects on the PBScr model.

The paper is organized as follows. In Section 2, we formulate the PBScr model by defining
the density, cumulative distribution and hazard rate functions of the Poisson Birnbaum-Saunders
(PBS) distribution. In Section 3, we provide two useful expansions for the density function in
order to obtain its mathematical properties. In Section 4, we calculate its moments and generating
function. Section 5 deals with the mean residual lifetime (MRL) function. In Section 6, we
describe the maximum-likelihood estimation procedure. The bootstrap re-sampling method [23]
is reviewed in Section 7. In Section 8, we evaluate the performance of the parameter estimates
using Monte Carlo simulation. In Section 9, we obtain the normal curvatures of local influence
and derive the global influence under some usual perturbations. An application to a real data set
on breast cancer is given in Section 10. Finally, Section 11 provides some general remarks.

2. Model formulation

The PBScr model is derived as follows. For an individual in the population, let N denote the
unobservable number of causes of the event of interest for this individual. We assume that N has
a Poisson distribution with mean ¢. The time for the jth cause to produce the event of interest
is denoted by Zj, j =1,...,N. Further, we consider that, conditional on N, the Zjs are i.i.d.
random variables having the BS cumulative function given by Equation (2) and that Z;, Z,, . . . are
independent of N. The observable time to the event of interest is defined by T = min{Z, ..., Zn},
and T = oo if N = 0 with P(T = oo | N = 0) = 1. Under this set-up, the survival function (not
a proper function) for the population is

()

and the cured fraction is defined by po = Spop(00) = exp(—¢). The corresponding pdf reduces to

foop(t) = pfps(t) exp {—<pc1> |:al <\/§ - \@)] } , (5)

where fgs(t) is given by Equation (3). The hazard rate function for the population is

hpop(t) = ¢fps(1). (6)

The function hpep () is multiplicative in ¢ and fgs(t), and thus it has the proportional hazard struc-
ture when the covariates are modelled through ¢. The functions fyop () and hpgp(t) are improper
functions, since Spop(t) is not a proper survival function.

The model (4) can be expressed as a mixture model [10,11] given by

exp{—¢®[(1/a) (VI/A — VA/D1} — exp(—¢) } %
1 —exp(—¢) '

Then, from Equation (7), the survival function for the non-cured population, so-called the PBS
survival function, is given by

Spop(t) = exp(—¢) + [1 — exp(—¢)] {

exp{—p@[(1/a) (VT/A — VA/D]} — exp(=9)

Sees() =P(T >t|N>1) = 1= exp(—g)

®)
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Figure 1. The PBS density function. The parameters are fixed: ¢ = 0,0.5,2,4,6,8 and > =5, & = 0.2 (left panel),
o = 2 (right panel).

We note that Spgs(0) = 1 and Spgs(co) = 0, so that it is a proper survival function. Henceforth,
the model (8) is referred to as the PBS survival function, whereas Equation (5) is called the PBS
model with long-term survivors in competitive-risk structure. The new density function for the
non-cured population reduces to

Pt =32t 4+ 1) 1/t A 1 \/T \/X
fegs(t) = expy—=—|-+-—-2)—9d|—[,/-—/- . (9
pas(l a2l —en TP 722\ T 1 Pla W TV ®)
In Equation (9), the parameter A controls the scale of the distribution and the parameters « and ¢
control its shape. As ¢ approaches zero, the PBS distribution converges to the BS distribution. In
Figure 1, we plot the PBS density function for selected values of ¢. So, the PBS distribution can
be used to model data in survival analysis.

From Equations (8) and (9), it is easy to verify that the hazard rate function of the non-cured
population reduces to

g eXp{—(1/20°) (/% + 1/t = 2) — @I U/) (VEZ - VAOW P+ 1) o
20/ 27 {exp{—@@[(1/a) (VA — JATD1} — exp(—¢)} ' )

Numerical examples allow to induce that the hazard rate function (10) is either increasing or
unimodal. In the right panel of Figure 2, we plot the hazard function for selected parameter values.
Fora = 2and A = 5, the hazard rate function is unimodal for large values of ¢. When ¢ decreases,
hpgs(t) increases. On the other hand, for o = 0.2, this function is unimodal for all values of ¢.
Furthermore, hgs(t) < hpgs(t) and lim:_ o hpes(t) = (2e?A)~1 and then the limit behaviour of
the PBS hazard ratio function is the same behaviour as that of the BS hazard ratio function.

hpes(t) =

3. Two useful expansions

Hereafter, let Y be a random variable having the PBS density function (9). We derive two
expansions for the density function of Y, which can be useful to obtain some mathematical
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Figure 2. The PBS hazard function. The parameters are fixed: ¢ = 0,0.5,2,4,6,8 and » =5, o = 0.2 (left panel),
a = 2 (right panel).

measures for the PBS distribution including moments, generating function, mean deviations,
Bonferroni and Lorenz curves, reliability, among others. First, the density function of Y can be
expressed as

_v
(1—e%)

Setting Fgs(t) = u in Equation (11), we obtain a simple representation given by

fpas(t) = fas(t) exp[—¢Fas(D)]. (11)

2

frs(t) dt = T e

du. (12)

Equation (12) will be useful if a power series expansion for the quantile function of the BS
distribution, say Qgs(u), is available. Cordeiro and Lemonte [24] demonstrated thatt = Qgs(u) =
Fge (U) can be expressed as

o0 k
t=Qps(U) = Z my <U - %) , (13)
k=0

where m = (27)%/2 3" pigjk, Po = A, Pzji1 = radt127E (J%) for j > 0, p, = Aa?/2 and
p2; = 0 for j > 2 and the quantities e; are determined recursively from

k
ejk = (kdo) ™ Y [ + )M — kldmejim

m=1

and ejo = dg,. Here, the dis are defined by dy =0 (for k =0,2,4,...) and dyx = bk_1),2 (for
k =1,3,5,...), where the by’s are also calculated (for k = 0,1, . ..) recursively from

1 Xk: r + 1)(2k — 2r + 1)b,by_,

22k +3) (r+h@r+1

Dyy1
r=0

Thus, the first constants d’s are: dy = 1, d3 = ¢, ds = 35, d7 = 225, . ..
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Combining Equations (12) and (13), the expected value of any function of the PBS random
variable Y, say H(Y), can be determined by

1 o k
__ ¢ VY
EHO) = s [ H <k2=;mk (e-3) >e o, (14)

By expanding the exponential function in Equation (11), we obtain another expansion for the
PBS density function given by

¢ o~ (—1)lglFgs ()]
fras(t) = mfss(t) j_ZO J—' (15)

Equations (12), (14) and (15) are the main results of this section and they provide accurate
approximations with at most r = 10 terms and k = 10, respectively. They can be very useful
to determine ordinary and incomplete moments, generating and characteristic functions, mean
deviations and several other mathematical quantities for the PBS distribution.

4. Momentsand generating function

First proposed by Greenwood et al.,[25] the probability-weighted moments (PWMs) are
expectations of certain functions of a random variable whose mean exists. A general theory
for PWMs covers the summarization and description of theoretical probability distributions and
observed data samples, non-parametric estimation of the underlying distribution of an observed
sample, estimation of parameters, quantiles of probability distributions and hypothesis tests. The
PWM method can generally be used for estimating parameters of a distribution whose inverse form
cannot be expressed explicitly. If p and r are positive integers, the PWMs of the BS distribution
are formally defined by

tor = E[YPFas(Y)'] = /0 tPFgs (D) Fas (1) dt.

Cordeiro and Lemonte [24] provided a closed-form expression for t,,. First, for k =
0,1,...,wedefinea, = (¥ 21272 /m(2k + DK!]™L, 55 = ky + - + kjand Acky, ..., kj) =
a g, .. a and

Kpt1/2(a™2) + Kp_1/2(¢™2)
2Ky /2(a2)
Here, the function K, (z) denotes the modified Bessel function of the third kind with v representing

its order and z the argument. Its integral representation is K, (z) = 0.5 fff)o exp{—zcosh(t) —
vt} dt. They demonstrated that

l(p,a) = (16)

)\.p r r o0 25j+j 25 + .
S50 5w Fear()
iz N/ k. k=0 s
s« A @siH—2m)/2) (p n (2s; +j—2m) a) an
2 1 i

where [ (p + (2s; + j — 2m)/2, a) can be determined from Equation (16).
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The quantities 7, can also be computed numerically from the baseline functions Fgs(t) and
fes(t) using any statistical software with numerical facilities. However, establishing in-built rou-
tines for explicit expressions for 7, can be more efficient than computing the PWMs by numerical
integration. It can also be more accurate computationally to use these in-built routines. Other forms
such as integral representations can be prone to rounding off errors among others.

Hence, the pth ordinary moment of Y can be expressed from Equation (15) as

o) 1 ;
M;):E(Yp)_ ew)z{;( )fpfp , (18)

where T, is determined from Equation (17).
Another expansion for ., can be immediately obtained from Equation (14) as

© 1/ o 1 K\ P
o R —pu
M= T e /0 (g Mk (u 2) ) e~ du.

Using an equation for a power series raised to a positive integer power [26, Section 0.314], we

can write
[e%s) 1 k
% 1\" _
= c u——=J) e *du,
= T e "'k/o ( 2)

where the coefficients ¢,y (fork = 1,2,...) can be determined from the recursive equation (with
Cpo = M)
k
Cox = (kmo) ™ > [r(p + 1) — KIm,Cpy . (19)
r=1
The coefficient ¢y follows recursively from ¢y, . . ., Cpx—1 and then from mg, ..., my. Here, ¢
can be written explicitly in terms of the quantities m,, although it is not necessary for programming
numerically our expansions in any algebraic or numerical software.
By expanding the binomial term in the last expression for s, we can write

(p [e¢] k 1 k—r k 1
= ——= C e %Y du.
Ko <1—e—¢>g;( 2> (r) "'k/o e

The above integral can be expressed in terms of the confluent hypergeometric function [26,
Section 9.1] using Maple. We obtain

1 e~ ¢
f U e du — Fr(L T +20),
0

r+1)
where
_ = (P); ¥
Fp.gy =Y 3%
1tF1(p, q;y) ,go: @ !

is the confluent hypergeometric function and (p); is the Pochhammer symbol defined as (p); =
p(p+1)---(p+j—1). Hence, an alternative formula for the pth moment of Y is given by

L pet G L2 (e _
o= 4 =ev) ;;;Wlﬁ(lﬂﬂ.w). (20)
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Figure 3. Skewness and kurtosis of the PBS distribution as functions of « for some values of ¢. (left panel) For » = 3.5.
(right panel). For » = 0.5.

When ¢ approaches zero, Equation (20) gives the pth moment of the BS distribution

_ii( 1/2) "¢, k<k)
== r+1 r
Equations (18) and (20) are the main results of this section and can provide accurate

approximations with at most r = 10 terms and k = 10, respectively.
The central moments () and cumulants (ks) of Y can be determined from Equation (18) as

p s—1
S 57 ’ s—1 ’
Hs = E (k)(—l)"ufus k and ks = g — E <k B 1>Kkus_k.

k=0 k=1

respectively, where iy = uj. Thus, kp = ) — ', k3 = wy — 3uhpy +2uf, Ka =) —
Al — 3 + 12u,u’? — 6, etc.

The skewness and kurtosis measures of Y can be obtained from the third and fourth standard-
ized cumulants given by y1 = k3 /Kg’/ % and Y2 = ka/K2, respectively. Plots of these quantities as
functions of « for selected values of ¢, by fixing A = 3.5 and A = 0.5, are displayed in Figure 3.
These plots indicate that the skewness decreases and increases when « increases (for fixed ¢) and
that the kurtosis first increases, decreases and then increases again when « increases (for fixed A).

The nth descending factorial moment of Y can be also determined from Equation (18)
as i =EYPT=EY(Y -1 =2)---(Y =n+1)} = > r_os(n,r)u;, where s(n,r) =
(r)~1[D"'x™M]y_o are the Stirling numbers of the first kind. They count the number of ways
to permute a list of n items into r cycles.

The moment-generating function of Y, say M(s) = E(e®), can follow from Equation (18) or

Equation (20) by M(t) = >_0 (11;,8") /p.

5. Meanresidual lifetime

The MRL function, also called expected remaining life function or mean excess function, has been
widely studied in lifetime context. It plays an important role in many fields such as biomedical
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science, industrial reliability, life insurance and demography, among others. The MRL function
e(y) for the PBS distribution is given by

eX) =EXY —x|Y >x) =

t — x)f t) dt,

SPBs(X) f ( Yees(t)

where Spgs(X) comes from Equation (8) in terms of the BS survival function Sgs(x) and ¢. From
Equations (12) and (13), we can write

00 k k—j K
e(x) = m{;} kJZ(——> <j>Tj(FBS(X))—XTO(FBS(X)):|- (21)

where Tj(p) = fpl ul e=#u du.
Further, we derive a simple formula for T;(p) based on the complementary incomplete gamma
function defined by I'(«, @) = fa"o 7%~ e~?dz. After a very simple algebra, we obtain

Ti(P) = ¢ "G+ 1, pp) — TG+ 1,0)]. (22)

Equations (21) and (22) give the MRL function for the PBS distribution, i.e. the expected time
for the uncured individuals at time x.

6. Inference

Consider the situation where the time to the event is not completely observed and is subjected
to right censoring. Let C; denote the censoring time. We then observe t; = min{T;, C;} and §; =
I(T; < Cj),where §; = 1if Tj isthe observed time to the event defined before and §; = O ifitisright
censored, fori = 1,...,n.Lety = (a, 1) denote the parameter vector of the distribution function
of the time-to-event F(t). From n pairs of times and censoring indicators (3, 81), . . ., (t1, 8n), the
observed full likelihood function under non-informative censoring reduces to

L(p,y) H[fpop(ti; (¥ Y)]ai [Spop(ti; ¥, Y)]l_siy (23)
i=1

where Spop(ti) and fep (ti) are given in Equations (4) and (5), respectively.

In many medical problems, the lifetimes are affected by explanatory variables such as the
cholesterol level, blood pressure, weight and many others. Parametric models to estimate univari-
ate survival functions for censored data regression problems are widely used. The parameter
@ in Equation (4) is now linked to a vector x; of explanatory variables by ¢; = exp(x;' B),
fori=1,...,n, where B = (B1,...,Bp)" denotes the vector of regression coefficients. Denote
by 6 = (7, 8")" the vector of model parameters. By substituting Equations (4) and (5) into
Equation (23), the log-likelihood function can be reduced to

10) =4 {log[fss(ti)] B —exp(x p)® ["‘l <\/§ B \/tZ )] }

i=1

- Z(l — &) exp(x{ B)® [a‘l (\/;I - \/?)] : (24)
i=1 !
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The score functions for the parameters are given by

o)l )
U (0) = Zs.{ Ele o expid Brah la 1q(x,ti>]}

—a? Z(l — 8) expOqf B)AC, t)pla~q(, )]},

i=1

& | Hes®l \/T -
UA(())—ZS.{—fBS(ti) + a7 exp(X; ﬁ)<2)\2\/; ) q, ty) }

i=1

n ) T -1 2 tl
—Z(l—soexp(xim[a q@’t'”(zﬁ\ﬂ. 2tn\[>

i=1

Ug (0) = ZS{x.,[l exp(xTﬂncb[a*lq(xt)]}—Z(l 8)Xij expOq B) Pfer M q(, 1)}

i=1 i=1

Here, ¢ (-) is the standard normal density function, q(x,t) = /&i/A — VA/T, [fes(t)]e =
§f35(ti)/8a, [fas(t)], = dfgs(ti)/orandj = 1,...,p. The maximum-likelihood estimate (MLE)
6 of @ is obtained by solving the nonlinear equations U, (8) = 0, U, (§) = 0and Ug, (6) = 0. These
equations cannot be solved analytically and statistical software can be used to solve them numer-
ically. We can use iterative techniques such as a Newton—-Raphson-type algorithm to calculate the
estimate . We use the software Ox (MAXBFGS subroutine) [27] to compute 9.

The inference procedures for 8 = (87, y7)T can be based on the normal approximation

AT A o _
B 7D~ NpsBTyDT L),
where —L (6) = {921(8)/0600" } is the (p + 2) x (p + 2) observed information matrix

L@ = (tﬁ“ﬁf Lﬂm) ,

Yivk LJ/ka’

whose sub-matrices are given in the appendix.

7. Bootstrap re-sampling method

The bootstrap re-sampling method was proposed by Efron [23] by treating the observed sample
as if it represents the population. From the information obtained from such a sample, B bootstrap
samples of a similar size to that of the observed sample are generated, from which it is possible to
estimate various characteristics of the population, such as the mean, variance, percentiles and so
on. According to the literature, the re-sampling method may be non-parametric or parametric. In
this study, the non-parametric bootstrap method is addressed, according to which the distribution
function F can be estimated by the empirical distribution F.

LetT = (Ty,..., Ty) be an observed random sample and F be the empirical distribution of T.
Thus, a bootstrap sample T* is constructed by re-sampling with replacement n elements of the
sample T. For the B bootstrap samples generated, say T;, ..., Tg, the bootstrap replication of the
parameter of interest for the bth sample is given by a general function of the type [23]:

Ak "

that is, the value of @ for sample Tgb=1,...,B.
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The bootstrap estimator of the standard error [28] is the standard deviation (SD) of these
bootstrap samples given by

. 8 172
oo | 1 S @ | .
B [(B—l)b;(b B):|

where B is the number of bootstrap samples generated and 0z = (1/B) ZE:I é;;. According to
Efron and Tibshirani,[28] assuming B > 200, it is generally sufficient to present good results
to determine the bootstrap estimate. However, to achieve greater accuracy, a reasonably high B
value must be considered. In this study, we consider B = 3000 bootstrap samples. We describe
the bias corrected (BC) and accelerated (BCa) methods for constructing approximated confidence
intervals based on the bootstrap re-sampling method. For further details on bootstrap intervals,
see, for example [28-30].

7.1. BCabootstrap interval

The bootstrap interval based on the BCa method considers that the percentiles used in delimitating
the bootstrap confidence intervals depend on the corrections for tendency & and acceleration 2.
The bias correction value Z; is generated based on the proportion of estimates of the bootstrap
samples that are smaller than the original estimate 9. The expression for Zy is given by

20=q>—1(ﬁ(0bf;0)>, b=1,...,B,

where ®~1(-) is the inverse of the standard normal cumulative distribution, B is the number of
generated bootstrap samples, @ is the MLE of the observed sample and 6, is the MLE of the bth
bootstrap sample. Let 90) be the MLE of the sample without the ith observation. We define

Silb) — )

é = ~ ~ ]
6{>_i_1[0() — 0i)12}%2

where n is the sample size and 8, = I, 8;,/n.
Hence, the BCa bootstrap interval of coverage 100(1 — 2«)% becomes

A%k A%k

[0(5011)’ 0(5(12)]’
where

20+ P (@)
1— 4l + )]

20+011l-0) }

— 3|2
“ { ot 1—a[2+ o1 —w)]

} and a2=<D{20+

Note that «; and «; are corrections to the bootstrap percentiles.

8. Simulation study

We conduct a simulation study to evaluate the performance of the parameter estimation procedure
for the proposed model. We assume the BS distribution for the time to the event (Z) under the
parameter values « =2 and A = 2. For i = 1,...,n, the number of causes (N;) of the event of
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Table 1. Averages of the MLEs, SDs of the averages and RMSEs of the cured

fractions p(()o) and pf)l) for simulated data from the BS cure rate model.

n Average SD RMSE
50 0.248 0.570 0.074 0.116 0.093 0.118
100 0.252 0.571 0.056 0.078 0.082 0.082
200 0.249 0.570 0.041 0.054 0.070 0.059
400 0.249 0.571 0.028 0.037 0.063 0.045
800 0.252 0.574 0.020 0.026 0.063 0.039

interest for the ith individual is generated from the Poisson distribution with parameter ¢; =
exp(Bo + B1Xi). In the simulation study, we have one binary covariate x with values drawn from
a Bernoulli distribution with parameter 0.5. We take 8y, = 0.5 and 8; = —1, so that the cured
fraction for the two levels of x are p(()O) =0.192 and pf)l) = 0.545, respectively. The censoring
times are sampled from the uniform distribution on the interval (0, t), where t was set in order to
control the proportion of censored observations. This proportion is taken on average approximately
equal to 50%.

We consider sample sizes n = 50, 100, 200, 400 and n = 800. For each configuration, we per-
form 1000 simulations and calculate the averages of the MLEs of the cured fractions (péo) and
pél)), SDs of these averages and the square root of the mean square errors (RMSES) of the esti-
mates. The results are listed in Table 1 for the simulated data from the BS cure rate model. We
note that the averages of the MLEs are close to the true parameter values and that, as expected,
the SDs and RMSEs decrease as the sample size increases.

9. Diagnostic analysis

In order to assess the sensitivity of the MLEs, the global influence and local influence under three
perturbation schemes are carried out.

9.1. Global influence

A first tool to perform sensitivity analysis, as stated before, is by means of global influence starting
from case deletion. Case deletion is a common approach to study the effect of dropping the ith
observation from the data set. The case-deletion model for Equations (4) and (5) is given by

1% A
el ()
L A
foop (ti)) = @iy fes(ti)) exp :_‘/’@q’ [“1 (‘/? B \/?)] } '
0

where i=1,...,n, ¢ = exp(x(Ti)ﬂ) and the quantity with subscript “(i)” means the original
quantity with the ith case deleted. For model (5), the log-likelihood function for @ is denoted by

i) (0). Let 8, = (B(Ti), i) be the MLE of 8 calculated by maximizing (). To assess the
influence of the ith case on the MLE 6 = (ﬁT, #1)7T, the basic idea is to compare the difference
between 9@ and @. If deletion of an observation seriously influences the estimates, more attention
should be paid to that case. Hence, if 90) is far from @, then the ith observation is regarded as an

and
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influential observation. A first measure of global influence is defined as the standardized norm of
0, — 0 (generalized Cook distance)

GDi(0) = (B, — )" [-L ()10 — 0).

Another alternative is to calculate the statistics GD;(8) or GDj(y), whose values reveal the impact
of the ith case on the estimates of g and y, respectively. Another popular measure of the difference
between @ ;, and @ is the likelihood distance

LDi(8) = 2{1(8) — 1(B))}.

Further, we can compute BJ- — Bj(i)(j =1,...,p) to assess the difference between f3 and ,B(i).
Alternative global influence measures are possible. We can also consider the behaviour of some test
statistics, such as the Wald test for explanatory variables or censoring effect, under a case-deletion
scheme.

As 9@ is required for every case, a quite heavy total computational burden may be involved. In

this case, the following one-step approximation for ‘% can be used to reduce the burden
B = 0+ L) g @),

where i, (8) = 9l;,(8)/00 is evaluated at § = .

9.2. Local influence

Another approach is suggested by Cook,[18] where instead of removing observations, some
weights are given to them. Local influence calculation can be carried out for model (4). If likelihood
displacement LD (w) = 2{l(#) — 1(8,,)} is used, where w is the perturbation vector such that @ €
Q C RY Q is an open set and 9w denotes the MLE under the perturbed model, i.e. the MLE
based on I(éw). The normal curvature for @ at the direction d, || d |= 1, is given by Cq(8) =
2|dTAT[L(0)]"LAd|, where A isa (p + 2) x n matrix that depends on the perturbation scheme,
whose eIemepts are given by Ay = 3210 | w)/d¢ydw;i, fori=1,....nandv=1,...,p+2,
evaluated at # and wg, where wy is the no perturbation vector.[18] For the PBS regression model
with cure rate, the elements of L (#) are given in the appendix. We can also calculate normal
curvatures Cq(B) and Cq(y) to perform various index plots, for instance, the index plot of dpmax,
the eigenvector corresponding to Cyq,, , the largest eigenvalue of the matrix B = —ATIL@)] A,
and the index plots of Cgq, (B8) and Cgq, (), called the total local influence, where d; denotes an
n x 1 vector of zeros with one at the ith position. Thus, the curvature at direction d; takes the form
Ci= 2|AiT[|:(0)]—1Ai|, where A" denotes the ith row of A. It is usual to point out those cases
such that C; > 2C, where C = (1/n) Y1, Ci. Another influence measure for the ith observation
isUj = Zﬂizl erﬁi, where {(6k, &) | k = 1,...,n}are the eigenvalue—eigenvector pairs of B with
0> >0y >0hs1=--=06y=0and {& = (&1,...,6n) '} is the associated orthonormal
basis. Zhu and Zhang [31] studied the influence measure u; systematically under a case-weighted
perturbation. Hence, this influence measure expresses local sensitivity to the log-likelihood of the
perturbations.

9.3. Curvature calculations

For three perturbation schemes, we calculate the matrix

321(0 | w)
A = (Ad)ip+2)xn = <—> |
Vi) [(p+2)xn] 00, wi [(p+2)xn]
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wherev=1,...,p+2andi=1,...,n. We shall consider the model defined in Equations (4)
and (5) and its log-likelihood function given by Equation (24).

9.3.1. Case-weight perturbation

First, we consider a case-weight perturbation which modifies the weight given to each subject in the
log-likelihood. Consider the vector of weights @ = (w1, ..., wn) T. In this case, the log-likelihood
function takes the following form:

6] @) =) Siwi {|Og[fBS(ti)] +X B —exp(x/ B)@ [a‘l (/;I - ﬁ)} }

i=1

- i;:(1 — 5)w; exp(x;’ B)® |:al (\/E — \/?—I)} ,

where 0 <wj <1 and wg = (1,...,1)T. The elements of the matrix A = (AT,AI)T are
calculated numerically.

9.3.2. Response perturbation

Since t; values have different variances, they require a scaling of the perturbation vector @ by
an estimator of the SD of t;. Here, we shall consider that each t; is perturbed as tj, = t; + w;St,
where S; is a scale factor that may be estimated by the SD of t and w; € R. Then, the perturbed
log-likelihood function can be expressed as

10 1w) =) 4 {Iog[fssar)] +% B—exp(x B)® [al <\/§ - \/tzﬂ }

i=1

- A -sexp B [al (@ - \/gﬂ ’

i=1

where t = (t + ;iSt) and wo = (0,...,0)". The elements of the matrix A = (A, A))T are
calculated numerically.

9.3.3. Explanatory variable perturbation

Cook [18] described a general scheme for perturbing the whole design matrix X in linear regression
models. Some authors have studied the perturbation of explanatory variables. This perturbation
has a more complicated impact on the estimates. The errors-in-variable model considers the errors
of the explanatory variables and so the local influence under the perturbation of these variables
may be in connection with the model. We take an additive perturbation on a particular continuous
explanatory variable, say x;, by setting Xit,, = Xit + wiSx, Where Sy is a scaled factor, w; € R. This
perturbation scheme leads to the perturbed log-likelihood function

10 1w) =) 4 {'09[fBS(ti)] +XTB —exp(x T pO [“1 <\/§ - \/tE )} }

i=1

- . *T -1 li _ &
_g(l—a,)exp(xi B |:o: (\/; ﬁ)}
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where (X7 T B) = BaXit + - -+ + Bt(Xit + @iSx) + -+ + BpXip and wo = (0, . .. ,0)T. The elements
of the matrix A = (A}, A}T)T are calculated numerically.

10. Application

In this section, we discuss an application of the local influence methodology to a real data set
on cancer recurrence. The data are of a study designed to determine if female breast cancer
patients, originally classified as lymph node negative by standard light microscopy (SLM), could
be more accurately classified by immunohistochemical (IH) examination of their lymph nodes
with an anticytokeratin monoclonal antibody cocktail. Identical sections of lymph nodes were
sequentially examined by SLM and IH. The data are collected by Sedmak et al. [32] and 45 female
breast cancer patients with negative axillary lymph nodes and a minimum 10-year follow-up were
selected from the Ohio State University Hospital Cancer Registry.[33]

The following variables are associated with each patient (i = 1, ..., 45), t;: observed time (in
months) and xj;: IH response (0 = negative, 1 = positive). First, we consider the PBS model (4)
with a regressor variable to define the cured fraction by

log{— log(poi)} = Bo + BiXi1.

We use the MAXBFGS subroutine in Ox to obtain the MLEs of the parameters. We report in
Table 2 the non-parametric bootstrap estimates and the BCa confidence intervals. At the 5% level,
there is no difference of the groups under treatment. We note that El is negative, which implies
that the patients in the group with positive IH response (x; = 1) should have estimated survival
probabilities lower than those probabilities for the patients in the group with negative IH response
(Xl = 0)

10.1. Global influence analysis

We use Ox to compute the case-deletion measure GD;(#) in Section 9.1. The index plot of this
measure is displayed in Figure 4. The cases 1, 37 and 45 are possible influential observations.

10.2. Local influence analysis

In this section, we analyse the local influence for the cancer data.

10.2.1. Case-weight perturbation

By applying the local influence methodology developed in Section 9, where case-weight pertur-
bation is used, we obtain the value Cq,,, (#) = 1.57 for the maximum curvature. In Figure 5, the

Table 2. MLEs and non-parametric bootstrap estimates for the parameters of the PBScr model fitted to the
breast cancer data.

MLEs Non-parametric bootstrap estimates
Parameter Estimate SE p-Value Estimate SE 95% CI (BCa)
o 0.545 0.105 - 0.527 0.074 (0.385; 0.666)
A 58.035 8.669 - 58.025 0.294 (57.514 ; 58.531)
Bo 0.560 0.378 0.138 0.568 0.165 (0.261; 0.872)

B ~1.032 0.137 0.018 —1.043 0.208 (—1.412 ; —0.649)
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index plots of dnax () and C; for all points are presented. Clearly, the most influential observations

on @ are 1, 37, 38 and 45.

10.2.2. Influence using response variable perturbation

Next, we examine the influence of perturbations on the observed survival times. The value of the
maximum curvature is Cq_. (6) = 9.60. In Figure 6, we display the plots for dyax(€) and C; for
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Figure 6. Index plots of dmax (Figure 6(a)) and C;(8) (Figure 6(b)) under the response perturbation scheme.

all points. The plots in Figure 6(a) and 6(b) indicate that the observations 1, 37 and 38 are the
most influential cases.

Taking into account the influence analysis results, we note that the MLEs from the PBScr model
are not highly sensitive under deletion of the outstanding observations. In general, the significance
of the parameter estimates does not change (at the 5% level) after removing the set of observations
which is the most influential. Therefore, we do not have inferential changes after removing the
observations handed out in the diagnostic plots.

We estimate the proportion of cured individuals using the invariance property of the MLEs,
that is,

45 o
Boi = expl— exp(0.560 — 1.032x;1)] and o — iz—;p‘" — 0.463.
Thus, the estimated mean cure fraction is g = 0.463. The estimated survival function and the
Kaplan—Meier estimate are given in Figure 7(a). The model provides a good fit for the cured
fraction. Figure 7(b) displays the estimated survival function for the non-cured population stratified
by IH response.

@ o | (0) o
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Figure 7. (a) Curve Kaplan—Meier and estimated survival function for the PBScr model. (b) Estimated survival function
for the non-cured population (PBS model) for the breast cancer data set.
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Finally, we turn out our attention to the role of the covariates on the cured rate, po. The estimates
of the cure rate patients stratified by IH response category are fo; = exp[— exp(Bo + jB1)] for
j = 0, 1. Estimates of the surviving fraction of patients stratified by IH from 0 to 1 (and standard
errors) are 0.174(0.0148) and 0.535(0.088), respectively. This result indicates that the covariate
(IH) has a significant effect on the increase of the cured fraction.

11. Concluding remarks

We propose the PBScr model for fitting survival data with cure fraction. The PBScr model is
conceived inside a latent competing causes scenario with cure fraction. Further, we introduce a
tree-parameter continuous model called the PBS distribution, which extends the BS distribution.
We provide a mathematical treatment of the new distribution including the density function and
explicit expressions for the moments. We use the quasi-Newton method to obtain the maximum-
likelihood estimates and perform asymptotic tests for the parameters. We provide applications of
influence diagnostics (global, local and total influence) for the PBScr model. The required matrices
for the applications of the techniques are obtained by taking into account some usual perturbations
inthe model /data. Finally, the PBScr model can be an interesting option to explain/predict survival
time for long-term individuals.
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Appendix

The elements of the observed information matrix L (@) for the parameters («, A, §;) are:

! [fes (t) luafos () — [fas(t)1?
Laa = 6i =
’ ; { [fas(ti)]2 }

+ Y sifa* exp(f BYA(, gl Ak, t)I[-2 + ¢ ~2q7 (0, 1))

i=1

—a Y (1= 8) expOq B, dla g0, t)I-2 + @G (b, 1)),

i=1

L, = Z 5 { [fas (1) Tax s (t) — s (t) lalfas (1)1 }
i=1

[fas(ti)]?

2 n _ T t_l & i\/ﬁ 1 _ ) N
+ o ;& {eXp(Xi ﬂ) (2)\‘2\/:4' 2t| )\‘> (p[O{ q()\,,tl)]{a q ()\qt|) 1}}

21 sy exocd Bratata o (L 12w 2 Y 4 a2a0t
+(X ;(1 8I)exp(xi ﬁ)¢{a q()"!tl)} (2)\.2\/:_{_ 2t| }\.) [1 o q()\'ltl)]v

Lag =02 8ifxjexpOq B)AM, thdla g, )]}

i=1

— a2 ) (1= 8)x; expOqf BA(r, tpleta(h, )],

i=1

. | Hes)lfes(t) — [fas(t)]? LN T v ity s
LM—;S. TP }+a ;6. exp(x; B)pleq(h, )]
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n ti A 1 B
Lig=a ") 6 {Xij exp(x! B) (ﬁ\/,{j+ E\/;) Pla 101()»,ti)]}

i=1

n B t|
= (= 8y expOq Bl lqa,ti)][m\[ 2t.[ }

i=1

Lgps = — Y _ SilXiXis exp(x] B)Plaq(h, 1)1}
im1

— D (L — )xijXis expOq B leq(h, 1)},

i=1

where ¢ (-) is the standard normal density function, q(, t) = V&i/x — VA/G, [fes(t)lea =
3%fes(ti)/9a?, [fas(t)]an = 0*fes(ti)/da O, [fas(ti) ] = 0°fas(t) /A%, andj,s=1,..., p.
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