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IL ii ra.Lher commoapl&ee ia everyday coaversa1ioa lo rcler Lo Lhe "Language of At,mc •. 
Howcwcr, we beliewc LIie wllole appar&Lu alreldy b•ilt for the analr- of nt•ral l&11g11age 
bu aoL bee■ )'CL u Lboroagh(y ■led for Lhe analy1i1 of musical phcaomeu u it could hawe 
beea. la tbie article we praeaL aome initial ideu Low&rda extending Lhe &pplic&Liol of Lhil 
appa.ratu for the be11er ■odentandi■g of •J.fw,c ., Lang,,••· 

la Lhil pa.per, we apply ac>me &ecb■iqaea from Colegonol Gl"Ofllmor 10 repreaeu alimple 
problem of muic tlaeory, wbicla we belieYC ■ennladaa to be of widapread interest: fnc­
lioa&I laarmonic aoalyaia. We propoae an e■codi■g of Lile liarmoaic fu■ction1 of chord• u 
ayal&cLic ca&qoria. ud allow liow Lile ge■eratioa o( proofs of •barmoaic wdl-formed■aa• 
of cadeac:a cu be implelllt!llted and ■■ed u a tool to verify and to dilplay tile (111ctioaal 
laarmoaic aLnctuiag of cldcaas. 

Ke;ywonia: muic ualyaia, liarmoaic aaaly1ia, categorial grammar. 1yaLa.ctic e&lnlu, 
a11betnct•ral logica. 

1 Introduction 
I\ ia commonplace in everyday conversation \0 refer LO the "£HfHfC of Jluic•. Indeed, lbc 
atudy of musical phenomena as linguistic objecta has been developed by many authon (see e.g. 
{BCe84, Hol80, LJ83, Sch89)). In lbia article we pl'C9Cnt aome initial idcu towards extending 
the application of lhia apparatus for the better understanding ol "Muic •• L<lnfHft". More 
apec:ifically, we employ techniques rrom C•legon•I Gran11n1r to represent a rather specific anJ 
eimple problem of music theory, which we believe nevcrthelesa to be or widespread interest: 
functional harmonic analysis [Bri79). 

The aim of Categorial Grammar (Ben87, Ben90, Ben91, Lam58, Lam89) is the analysis 
of ayntaclic well-formednese of acntences. The fundamental concept underlying Catcgorial 
Grammar is that of synlulic calegonu, which arc cl&S5CS LO which words in a sentence must 
belong. Syntactic categories can be organised u formulae of some aubstructural logic - e .g . the 
a<Halled L•miel C•lc■IH (Lam58) - in such way that syntactic well-Cormcdoess can be checked 
via an appropriate proof IAeor, related to the logic. 

In this paper we propoec an encoding of the harmonic functions of chords as syntactic cat­
egories and ahow bow the generation of proo& of "harmonic well-foundednesa" of cadences can 
be implemented and used u a Looi to verify and to display the functional harmonic structuring 
ol cadences. 

In aection 2 we briefty review the concepts of Lambek Calculus that we need to use in the 
rest of the paper. lo section 3 we introduce our encoding of harmonic functions ol chords u 
syntactic categories, and show how they can be used to check and to display the functional 
harmonic structuring of cadcncca. In section 4 we present a simple PROLOG implementation 
for checking the harmonic wcll-i>undedness of cadences and displaying CunctioM of chords. 



Finally, in aection 5 we discuss these resulls, present some conclusions and propoae 110me future 
work. 

2 The Lambek Calculus 
J. Lambek introduced the Syntactic Calculus - most usually called Lambek Calculus nowadays 
- in [Lam58), as a tool to encode the English grammar, such that well-Cormedness or sentences 
could be te11ted deductively. 

Essentially, the Lambek Calculus corresponds to classical propositional logic devoid of any 
structural rule, in which implication i, factorised in two non-commulative coonectha. Here, we 
consider only th/ implicati,·e fragment of that Calculus, which is sufficient Cor what we intend 
to prewnt. 

A Gent1en-style presentation of implicative Lambek Calculus can be given by the following 
rules. in which r, y. z are syntactic categories generated by the members of a 11et S of basic 
syntactic cateiories and r. f .~ a.re sequences of syntactic ca.tegoriea. The sequences fare 
ASSumed to he non-empty. 

axiom: rl-r . 

right-inclusion : left-inclusion : 

~ ft- v;ri31a1- : . 
ft- z/!/ r,r/11,r.~1- z 
~ f I- Yi r, r, a I-: 
I'l-s,\ .z: r,r,s,\z.~1-:: · 

For example, Lambek uaumee that S = {n,•J, in which n stands Cor "noun" and• stands 
for "sentence". The words of the English language are attached as labels to formulae, in 1uch 
way that they can only occur in 1pecific aequences from which the category "a{entenceJ- can be 
derived. 

Giving a more specific example. if we assume the words John and ■ill< to be of category 
"n(ounr, the word fr-■b to be of category "n/n" (a qualifier - must precede the noun it is 
qualifying to produce a qualified nounl and the word likH Lo be of category nWn (a transitive 
,·erb - Corms a sentence if preceded by a noun - the subject - and followed by another noun 
- the object of the sentence), we can prove the well-formednesa of Johll lil<H frHh ■ilk 
with the deduction tree presented in figure I (we abbreviate Johll, liltH, frHh, and ■ilk 
by their initials J, l, f, and ■} . 

f■: n I- ta; n Jlf■: • I- Jlb: • 
■: n I- ■: n Jl: afn, f■ : n I- Jlf■: • 
Jl: &/n, f : n/n, ■: n I- JU■: • J: n I- J: n 

J: n. l: n\s/n, f : n/n , ■: n I- JU■: • 

Figure I : Deduction for "John likes fresh milk" 

This deduction proves that from the sequence J : n, l : n\$/n, f: n/n, ■: n we can derive the 
well-formed sentence Jlf■: •· 

We have employed this Calculus to encode the functional grammar of tonal chords, as 
detailed in the following sections. 

3 Tonal Chords and Syntactic Categories 
The aet of basic syntactic categories for functional harmony must be large enough to permit 
the characterisation of all different function, each chord may have in a cadence. We have 
employed a aet of three basic syntactic categories S = { a, I>, c}, a and c looaely corresponding 
lo the concept.ti of Ionic and cad,nc,, related to Lambek'1 11ou and 1ealence functions, and 6 

., 



corresponding lo an inlermediale concept leading Lo the idea of n6Jominanl. Intuitively. we 
have a as tonic, a\ II as subdominant (fulfilled when preceded by aomdhing of category a) and 
II\ c/a as a full cadence (fulfilled when preceded by some chain of chords or category 6 and 
followed by something of category a). In order to present our prop0<1ed encoding of chords as 
repreaentatives of synta«ic categories, we must introduce some notation . 

We have adopted the (first twelve) MIDI codes for pitch values, and hence the notes C, 
CD, D ... are denoted respectively u 0, l, 2, .... The syntactic categories of the functions of 
chord, can then be encoded in a dictionary like the one presented in table 1. In this dictionary, 
i = 0, 1, ... , 11, and these numbers are operated modulo 12, i.e. 6 + 5 = 11. 6 + 6 = 0, 6 + 7 = I 
etc. (and, of course, in table 1 we have only a small fragment of one such dictionary). 

Major Mode 

tonaluy 
entry chord 11 i i+I i+3 i+5 a+i i-HI •+IU 

j l i,i+4,t+7 Cl b\qa a\6 
j · v +3.i+7, a\6 

i+l0 
i"3 i,i+4,i+7, 6\c/a 

i+lO 
i' i,i+4,i+7, a a\b 

i+ll 
il i,i+4,i+7, a 

i+l l,i+2 
i' i,i+3,i+8 l>\c/a a\b a 

Minor Mode 

I entry I chord II tonality I 
• I i+I I i+I I i+5 I i+i I i+9 

j l i,i+4.i+7 b\r/a 
j J i,i+l.t+7. b\r/a 

i+l0 
j • i,i+3,i+7 a a\b 
i ' i,i+3,~ b\c/a 
i" i,i+4,i+9 a\ b Cl 

Table 1: Dictionary or Syntactic Categories of Chords (1 = l. ... , ll 1s the root of the chord) 

It should be observed that syntactic categories refer 10 specific tonalities and modes \\'.­
avoid referring explicitly to tonalities and to modes in our deduction trees to preserv<! our 
notation as simple as possible. Now, using the notation of table I. if we attach the perfect maJor 
triads 01 , 51, 71 as labels to the categories a, aV, and b\c/a, ,..e can derive the well-formednr,ss of 
the perfect cadence {01,5 1, 71,01} (figure 2) . 

0151 
: 6 I- 0151 

: 6 01517101 
: Ct- 01s11101 

: C 

01 : at- 01 : a 0 151 : 6. i 10 1 : 6\c I- 01517101 : c 
0 1 : a , 51 : a\6, 7101 : b\cl- 01517101 : c 01 : a I- 01 : a 

o1 : a,51 : a\6, 71 : 1>\c/a,01 : at- 01511101 : c 

Figure 2: Deduction for the perfect cadence 



?- harwon([[c,e,g]. [d,f,.J, [g,b,d]. [c:,e,g]]. l}. 

l • [[c ,aaj]] ? 

,. .. 
I .,_ 

Figure 3: Using the Theo~m Prover 

A theorem prover for this Calculus can be implemented in PROLOG, and in the following 
section we present a \'ery simple implementation for it. 

4 Functional Harmony in PROLOG 
The PRO LOG code for a simple implementation of a theorem prover for the Calculus presented 
above is introduced in the appendix following this paper. This program works as follows: given 
a sequence of chorda (C,, ... , C~). the procedure gen■•q converts this sequence into a sequence of 
aet■ of harmonic functions T; that each chord C; can have. From these, the procedure cadence 
selects the functions /i e T; such that from /; : i = I, ... , n we can derive the function c or any 
tone and mode. These functions are then pr-nted as solutions, with the corresponding tone 
and mode of the derived cadence. 

For example, if we want to check the well-formedness of the 1equence or chords in figure 
2, we obtain the following (figure 3). This output indicates that, for the fragment of tonal 
functional harmony encoded above, the only eyntactic category or type "c" that can be derived 
from thl' given sequence of chords is that of C major. 

5 Conclusions and Future Work 
In this paper we presented an encoding of the harmonic functions of chords as 1yntactic cat­
egories. and showed how the generation of proofs of "harmonic well-foundednesa" of cadences 
could be used as a tool to verify and to display the harmonic functional structuring of cadences. 
We have also presented an implementation of a theorem prover for automating this verification. 

Clearly, there is still much to be done on turning Categorial Grammar applied to functional 
harmonic analysis a more friendly tool for musicians. Nonetheless, our initial experiments 
suggest that this can be a useful tool , not only for analysis but also for generation of cadences 
upon certain constraint■. e.g. when building accompaniments for given melodies. 

Immediate future work shall include the study of applicability of this tool in practical situ­
ations of interest for musicians and for students of music, and the extension of our "dictionary" 
to encompass richer harmonic cadences. It shall also be interesting to further analyse the math­
ematical properties of tonal harmony under the viewpoint of Lambek Calculus, and to study 
what the (musical) consequences could be of altering some of these mathematical propertiea 
(e .g. by adding some structural rules or different connectives to lhe Calculus). 

The program presented here is also available by ftp at 
ftp. i••· uap. br:/p11b/■u1ic/laabek, or directly from the authors. 

Acknowledgements: this work has been partially support11d by FAPESP grant 93/0603-
01, and CNPq grant 300041/93-4. 
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Appendix: A Theore■ ProYer for Functions of Chord■ 

/•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••/ /• har■on{L, A) - the collection of hu■onic justifications for •/ 
I• ■equence of chord■ Lis l •/ /•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••/ 
har■on{L, A) :- ■iditran■l{L, LD), gen■eq{LD, F), 

1etof{[l,Y], cadence(F, X, Y), An), ■idibaclt(An, A). 

■iditran1l([BIT], [BnlTn]) transchord{B, Rn), ■iditran■l(T, Tn). 
■id i transl( (J , (J) . 

tranechord((BITJ.. [HnlTn]) transnote(R, Rn), tran,chord(T, Tn). 
tran■ chord( Cl, Cl). 

tran111ote(e, 0). tran1note(c_1harp, 1). trananote(d_flat, 1). 
tran1note{d, 2). trananote(d_sharp, 3). transnot•(e_flat, 3). 
tran1not•C•. 4). 
tru■not•Cf, S) . tran111ot•Cf_1harp, fS). trananot•Cg_flat, II). 
trananote(g, 7). tran111ote(g_sharp, 8) . trananote(a_flat, 8). 
tran■note(a, 9). tran■note(a_aha.rp, 10).tran,note(b_flat, 10). 
tran■not•Cb, 11). 

■idibaelt((RIT], (BnlTnJ) notebaek(R, Rn), ■idiback(T, Tn). 
■idibaclt(O, (]). 

not•baclt([0, N], [c, N]). notebaek([I, NJ, [c_1harp_d_flat, N]). 
not•b■clt([2, N], [d, NJ). not•back([3, N], [d_aharp_e_flat, N]). 
noteback{(4, NJ, Ce, NJ). 
notebaclt([S, N], [f, NJ). not•back([fS, NJ, [f_1harp_g_flat, NJ). 
noteback([7, N], [g, N]). noteback([8, N], [g_,harp_a_flat, N]). 
not•baclt([9, N], [a, N]). noteback{[lO, NJ, [a_aharp_b_flat, NJ). 
not•baclt( [11, NJ. [b, NJ). 

!•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••/ I• g•n1eq(S, L) - the collection of candidate ••quene•• of •I 
/• har■onic function• for Si■ L •/ /•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••/ 
gen1eq(S, L) :- gentunct(S, F), re■ap(F, L). 

gentunct([BIT], L) :- gentunct(T, T2), 1etof(F, function(&, F), S), 
append([S], T2, L). 

genfunct ( 0 , Cl) . 

function((BIT], [Y, Fun, Nod]) :- funct(Lf, [Z, Fun, Nod]), 
■atch(R, [BIT], Lf), Y i1 {(Z + B) ■od 12). 
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/•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••/ /• fuct(BO, FO) - dictionary of haraonic function■ •I /•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••/ 
fUDct([0,4,7]. [O, [al, aa3]). func;t([0,4,71, (6, [b,e,c,d,a]. aaj]). 
fUDct([0,4,7], (7, [a,e,b], •aj]). 
fUDct( [0,3, 7, 10]. (10, [a,•• bl, aaj]). 
funct([0,4,7,tO]. [S, [b,e,c,d,a]. aaj]). 
func;c([0,4,7,11]. [O, [al. aaj]). fUDc;c([0,4,7,11]. (7, [a,e,b]. aaj]). 
func;c([0,4,7,11,2]. [O, [a], aaj]). 
fuc;t([0,3,8], [1, [b,e,c,d,a], •aj]). 
fuct([0,3,8]. [3, [a,e,b], aaj]). fuct([0,3,8). {8, (a], u3]). 
fuct([0,4, 7]. (6, [b,e,c,d,al, ■ial). 
faact([0,4,7,10], (5, [b,e,c,d,a], ■in]). 
fuct([0,3,7], [O, [a], ■ial). fllllc;t([0,3,7], [7, [a,e,b], ■in]). 
fuct([0,3,8], (1, [b,e,c,d,a], •in]). 
fuct([0,4,9], [4, [a,a,b], ■in]). funct{[0,4,9], (9, (a], •in]). 

/•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••/ 
•atch(l, [B1IT1], (B2IT2]) :- Bl i ■ ({I+ 82) •od 12), •atch(l, Tl, T2). 
■atchL, □, □). 

r••ap([BIT], L) :- r ... p(T, T2), coabint(B, T2, L). 
re■ap( [T]. L) :- c011biH(T, [ □]. L). 

co■bine{(BIT], Lt, L2) :- co■bine{T, Lt, T2), co■b(B, Ll, H2), 
append(B2, T2, L2). 

co■biae(D. _, 0). 

co■b(i, (B11Tt], [B2IT2]) 
co■bL, □, □). 

append{[BIT], Lt, [BIT2]) 
append( □, L, L). 

co■b{i, Tl, T2), append([A], Bl, H2) . 

apptnd(T, Lt, T2). 



!•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••/ 
/• cadence(L, Ton, Mod) - L ton■ a cadence of Ton - Mod •I 
!•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••/ 
cadence([BI_]. l, T) ·­
cadenc,([_IT]. l, Y) 

th10r(H, [I, [c], T]) . 
cadenc1(T, l, Y). 

th,or([BIT]. [I, F, Y]) :- theor(T, [l, L, Y]), 
pron(B, [I, L, Y]. [l, F, Y]). 

tlleor([[l, F, Y]]. [X, F, Y]). 

pron([X, Ll, Y] , [X, [FIT2]. Y]. [l, L2, Y]) :-
in••rt(Ll, [F, dlT1]), in•1rt(Tl, Tli), app1nd(Tli, T2, L2). 

pron([l, Ll, Y]. [I, [F, 1IT2]. Y]. [I, L2, Y]) :-
in•1rt(Ll, [FIT1]), in••rt(Tl, Tli), append(Tli, T2, L2). 

inYert([BIT], L) ·- inYert(T, Ti), append(Ti, CB], L). 
iDYert(0, □). 

/•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••/ 

Figure 4· A Theorem Prover for Functions of Chords 
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~b•tract. l11 a pre~iou article we lla•ut!etcbed tbe ualogy of "Muaic as Luguage" and employed tech-

111q11~ from Caiegonal _Gram"!ar. for fanct1onal harmonic ualy1i1. In the pre■ent paper we extend th°"" 

tech~qu": to cha.r~rue 1tyh1ttc preference■ in term, of pertiaence relation, to a fuaay ""t of "higbJy­

apprai~ harmonic ~adenca, and denlop &11 experimeat ueeaiag the adequcy of the characteriution of 

aeethe~1c preferenca 10 te_rm1 of {11117 ■ell. The 1tructares employed to repre■ent lhe■e atylistic prefereaca 

~ coined Fu11~-Sy11tacttc Caiegories. They are triples (fu11y preference valaea : cborda : 1ynlactic func­

l1on). Our expenmentl_ have co1Wated on evalaating the adequcy of this approach by empirically ~ng 

the results of propagating the fuzzy preference valuea in deductio11 treea. The reaulla obtained thu far are 
reported below. 

1 Introduction 

It is commonplace in everyday conversation to refer 
lo the "L11ng•11ge of MHic ". Indeed . the study of 
mt11ical phenomena u linguistic object.a bu been de­
veloped by many authors (see e.g. (1, 6, 111). In [4) we 
u:ied some techniques from linguistics - namely, tech-
01ques related to C11legonol Grammar - to represent 

a rather specific and simple problem of music theory, 
which we believe nevertheless to be of widespread in­
terest: functional harmonic analysis (3J. 

The aim of Categorial Grammar [2, SJ is the anal­
ysis of syntactic well-foundedne11 of aentencea. The 
fundamental concept underlying Categorial Grammar 
is that of 1ynl11clic calefonu, which are clasaea to 
which worda in a sentence must belong. Syntactic 
categories can be organised as formulae of some sub­
structural logic - e .g. the so-called L•m•et C11lc■lu 

[8] - in such way that syntactic well-foundedoess can 
be checked via an appropriate proof theory related to 
the logic. 

In (4) we presented an encoding of the harmonic 
functions or chorda u syntactic categories and showed 
how the generation of proofs of "harmonic well­
foundedness" could be implemented and used as a 
tool to verify and to display the harmonic functional 
structuring or cadences. 

We can apply the same ideu to automatically 1en­
erale accompaniment of melodies. by superimposing 

chorda on aelected notes of a melodic line. In this 
case, the melody acts as a series of coulnunl• for the 
resulting sequence of chords. which can be requested 
e.g. to contain the notes or the melody upon which 
they are placed, and to be Mwell-founded" cadences. 

to some sequences of chords over others. For exam­
ple, the melodic sequence { C.F.D,C } can have as 
accompaniment.a the chord■ { CEG, FAC, GDD, 
CEG I or { CEG, DFA, GDD, CEG ) (among 
many others). One sequence of chords may be consid­
ered preferable over the other, depending on individ­
ual t~te o_r on what musical style is being considered . 

It IS this type of preference that we intend to cap­
ture in our experiment. We represent these prefer­
ences as Funy-Syntactic Categories, which are pain 

[~ueoces or chords : harmonic £unctions), accompa­
med by f■:zz, mem6er,A1p oal■u to a set of "bighly­
appraisecl" sequences. These values are attached to 
chorda and sequences of chords as labels in terms of a 
propositional doubly-labelled deductiVt! system (5, 9] 
(aee also (10] for general discu98ions on labelled de­
ductive systems). The system is doubly-labelled be­
cau.se the fuzzy values are attached to pairs (chords: 
harmonic function], which are themselves formulae of 
a propositional labelled deductive system. The val­
ues are then propagated to cadences and fragments 
of cadences according to Zadeh norms and conorms 
[7, 12, 13J. Our aim it to provide an automatic assese­
ment of generated accompaniments of melodies based 
on the funy preference rules in use. 

lo section 2 we briefly review the concepts of Lam­
bek Calculua that we need to use in the rest of this 
paper. In section 3 we formally introduce the Funy­
Syntactic Categories. and show how they can be ap­
plied to encode aesthetic preferences among different 
harmonisations of a single melody. In section 4 we 

present the empirical results obtained so far. Finally, 
in section ~ we discu98 these results, present some 
conclusions and propose some future work . 

Clearly, for most melodies the sequence of ac­
companying chords generated this way is not unique . 
Technically speaking, all different variations are "cor­
rect•, in the sense that they obey the harmonic rules 

2 

encoded in the syntactic categories. Stylistic (and 
personal) judgement, however, shall give preference 

The Lambek Calculus 

J. Larnbek introduced the Syntactic Calcul111 - moet 
usually called Larnbek Calculus nowadays - in [8), 
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t■ : ti I- f■ : ti Jlf■: • I- Jlf■; • 
■: • I- ■: ti Jl: ,t,a, f■ : • I- Jlf■: • 
Jl: i/n, f: n/n, ■: ti I- JU■: • J : .. I- J: II 

J: ... 1: .. x.;., f: n/n, ■: 11 F JU■: • 

Figure I: Deduction for "John likes fresh milk" 

as a tool to encode the English grammar, such that 
grammaticality of sentences could be tested deduc­
tively. 

F.esentially, the Lambek Calculus corresponds to 
classical propoeitional logic devoid of any structural 
rule, in which implication is factorised in two non­
commutative connectives. Here, we consider only the 
implicative fragment of that Calculus, which is suffi­
cient for our application. 

Table I; Dictionary of Syntactic Categories of Chords 

Major Mode 

I l II tot11ty enuy chord , I •+I I i+:I I , I ,+7 1-AI I 1-t-

i' i,i+'i+7 • b\th o\ 6 
i' i,i+ai+, •' i+lO 
i• i,i-Ki+, b\<fo 

i-HO 
i' ,i-HiH • oV, 

i+ll 
;> 
I i.i-Htt, Q 

i+ll.i+2 
i ' , i+ai+8 b\tfa a\b Q 

t.linor Mode 
A Gent1en-atyle presentation of implicative Lam-

bek Calculus can be given by the following rules, in I j entry chord which z, 1/,, are 1yntactic categories generated by the II ton4:¼ I , I •+I I ,+4 I •+7 I •+9 
members of a 1d S of basic syntactic categories and 
r, r, A are sequences of 1yntactic categories. The ee­
quences r are assumed to be non-empty. 

axiom:· z I- z . 

right-inclusion: left-inclusion: 
~ r 1- v; r i.!, A 1- z 
fl-_z/11 · f,z/11,f,Al-z . 
~ r1- y;r,z,.c. t-:: 
fl-11\z · f,f,11\z,AI-, · 

For example, Lambek aaumes that S = {n,,}, 
in which n stande for "noun" and • 1tands for "sen­
tence". The words of the English language are at­
tached as labels to formulae, in such way that they 
can only occur in specific aequences from which the 
category "(s)entence" can be derived. 

Giving a more specific example, if we assume the 
worda Johll and ■ilk to be of category "(n)ouo", the 
word :rre■h to be of category "n/n" ( a qualifier - must 
precede the noun it is qualifying to produce a qual­
ified noun) and the word like■ to be of category 
n'wn ( a transitive verb - forms a sentence if preceded 
by a noun - the subject - and followed by another 
noun - the object of the sentence), we can prove the 
grammaticality of John like■ :rre■h ■ilk with the 
deduction tree presented in figure I ( we abbreviate 
Johll, like■ , frHh, and ■ilk with their initials 
J, l, f, and a). 

Thia proves that from the sequence J: n, l: n\s/n, 
f: nfn, a: n we can derive the sentence JU■: ,. 

In (4] we showed how this Calculus could be used 
for harmonic analysi1. We employed a set of three ba­
sic syntactic categories S = { a. 6, c}, a and c loosely 
corresponding to the functions of tonic and cadena, 
related to Lambek 's no•11 and •enlellce functions, and 
b corresponding to an intermediate function of 06-
dominanl. In order to present an example, we must 
introduce some notation. We adopt the (first twelve) 
MIDI codes for pitch values, and hence the notes C, 

i' i.i+\i+7 6\da 
j • i,i+.iH 6\rfu 

i+IO 
j • i.i-+-li+7 • o\6 
i i.i-t-li-+8 6\r/a 
j • \ i-Ki+9 a\6 Q 

o's' : 61-0151 : b 01511101 : cl- 01511101 : 
0 1 

: "t- 0 1 
: • D1 31 

: 6, 1 101 
: 6\ct- 0 131 7101 

: c 
o1 : •· 51 

: o\6. 1101 : b\c 1- 01s111 o1 : c o1 , " 1- 0 1 : a 
01 : a,51 : a\6,71 : 6\qa,01 : o 1-01s111o1 : c 

Figure 2: Deduction for the perfect cadence 

Cl, D ... are denoted respectively as 0, I, 2, .... The 
syntactic categories of the chords under consideration 
are as in the dictionary presented in table I (in this 
dictionary, i = 0, l, .. . , II, and these numbers are op­
erated modulo 12, i.e. 6+5= 11,6+6= 0,6+7 = I 
etc.). 

It should be observed that syntactic categories re­
fer to specific tonalities and modes. We avoid re­
ferring explicitly to tonalities and to modes in our 
deduction trees to preserve our notation as simple as 
possible. Now, using the notation of table I, if we 
attach the triads 01 , 51 , 71 as labels to the categories 
a , a\6 and fl\c/a, we can derive the ~grammaticality" 
of the perfect cadence {01 , 51, 71 • 01} (figure 2). 

Now assume we have a melody for which we want 
to build an accompaniment. Based on the rhytmic 
structure of the melody, we select the point.s in the 
melody upon which we want to superimpose chords. 
We require that the harmonic cadences thus obtained 
have to be "grammatically well-founded", and that 
each chord must contain the note• in the melody lying 
at the point upon which it is placed. 

For example, assuming that the triad 2• is also of 
category a\6, we could similarly deduce that the ca-
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dence {01 , 21 , 71 , 01} is grammatically well-founded, 
and both {01 ,_51 , 71,01 ) and {01,26 , 71,01} (among 
other alternatives) can be taken as accompaniments 
for the simple melody {O, 5, 2, O}. 

The choice upon which accompaniment to choose 
is based on stylistic and personal preferences. 
Nonetheless, it seema reuonable to request from a 
composer/arranger (or attentive listener) that their 
style and personal preferences be consistent. A rather 
unrestraining framework for this consistency require­
ment can be based on the supposition that cadences 
and segments of cadences can be ordered, so that one 
would not accept a segment of cadence to entail a 
second segment they did not like. 

One interesting way of envisaging this frame­
work is therefore to admit that segments of cadences 
have different funy membership degrees to a set of 
"highly-appraised" cadences such that, if a I- /J, then 
the fuzzy membership degree of /J is not smaller that 
that of a. It should be remarked that what we re­
gard as segments of cadence• are pairs [chords: har­
monic function). like the ones presented in the exam­
ple above. 

Our framework is detailed below. 

3 Fuzzy-Syntactic Categories 

We introduce here the concept of F-•::z,-S,ntachc 
Categone,. Fuzzy-Syntactic Categories are triples of 
the form [µ:C:c), whereµ= (µ 1,µ 2) c;;; [O, l) is a closed 
interval containing a /uzzJ degree of 11ppra1&al, C is a 
seq■ence of choru and c is a s1nlachc categor,. Our 
goal is to obtain the narrowest possible µ. 

A11&uming that a segment of cadence cannot entail 
a second segment less-appraised than itself, we formu­
late the following propagation rule for degrees of ap­
praisal, which is in accordance with Zadeh's triangu­
lar norms and conorms for fuzzy 1ets: if we can have 
in a proof the sequent [[µl,µU :C1:ci),[[µf,µl) :C2: 
c2) I- [[µ1, 1'2) :C1 C, : c), then we have that µ 1 ~ 
min{µf.µH and /J2 ~ min{µ},µn. 

Our computational framework (in course of im­
plementation) is based on constraint-propagation for 
maintaining con,istency among the intervals of de­
grees of appraisal. At the initial configuration, the 
set of appraised segments of cadences is empty, and 
the user builds their own set of degrees of appraisal 
incrementally, i.e. initially, µ = [O, OJ for all triples 
[µ:Cc). Each time the user updates the intervals µ, 
all intervals that have already occurred in any de­
duction are updated in order to preserve consistency, 
and from that point on each newly used segment of 
cadence is constrained by the existing intervals. The 
input points for the user to update intervals are in­
dividual chords, and compound segments of cadences 
must obey the propagation rule above. 

As an example, let us consider again the perfect 
cadence {01 , 51, 71 , 01 }. The initial Fuzzy-Syntactic 
Categories corresponding to our previous deduction 

fe,et••••• = • ► fe.ot , o•s• , • 
lo,!I , 01,1,101 . • ► fa. !f ot,1,••• - e 

Figure 3: Initial intervals for the perfect cadence 

I0-1•••21 : • 1 • 1 : • ► to - •.• - ll = ••s• :• 
(G - 1,0 , Jl : Dlaltl ■I t c ► fo - 1,0 - '1) Ollltlol c 

: :::::: ; ::;.~·a~i•;:•21 : 1 1
: •\',(O . l,0 .11 : tlol : •\c ► 

....... 11 l •• I ... ,. ••• · ·•I I •• . • 

Figure 4: Updated intervals for the perfect cadence 

are as in figure 3. 
Now, if tbe user updates these intervals to e.g. 

(0.5,0.5]: 01 : a, [0.1,0.2): 51 : a\6 and (0.6,0.7): 71 : 

b\c/a, the remaining intervals are changed as in figure 
4. 

As the process is iterated, the database of inter­
vals for degrees of appraisal is enriched. If now the 
user wants Lo evaluate the cadence {01, ~. 71, 01 }, by 
associ~tin_g e.g. the interval (0.3, 0.6) to 26 : a\b, the 
resultmg mtervals become as in figure 5. 

We have d~ne an initial experiment on generating 
a database of mtervals for degrees of appraisal. The 
results are presented in the following aection. 

4 Empirical Re■ults 

Our experiment consisted of encoding a fragment of 
tonal harmony [3] in terms of Fuzzy-Syntactic Cate­
gories, and then of providing all grammatically well­
founded harmonisations for a given melody that we 
could derive from the encoded fragment of tonal har­
mony. With this in hand, we ordered the set of har­
monisations according t.o personal tastes of three col­
laborators: an amateur musician, a music theorist, 
and a professional composer. Each of these collab­
orators was asked to choose the two "best" and the 
"worst" harmonisations from the sd above.Then we 
looked for three different labelings with intervals for 
fuzzy values that reflected these individual tastes, to 
see whether this methodology was capable of express­
ing stylistic harmonic preferences. as we have postu­
lated. 

IO-J,o ... , o•,6 • ► 10,J..o. s1 o•,6 = • 

10 . 1.0 ... 1, ol;r6-,to• · c ► lA . .J.o . J.J .,,.,101 , c 

(O.a ••. • , , •• ,. • •.IO•-•-lf '?' TlOI •'w= ► ... J.o.11 : ol2'itlol 1 e 

to l,O. a.J : ol ■ ► fO -t,0 . 5! : ol ■ 
1•·•·• ·•1 - •• - ■ . fe , s . 0 . 01 , rl •\•.Jo -». o.sl - T•o• ~c:t-­

to -~.•--"I , e1a-T••• -c 
1•-•·•·;!:I , ol ,. ,- fO -•·•·•I = o• • 

Figure 5: Updated intervals for the altered cadence 
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Figure 6: Excerpt from "Girl from lpanema" 

The melody we used is a fragment of the well­
known "Girl from lpanema" (Jobim and Mendonc;a) 
(figure 6). 

Baaed on table 1, the collection of well-founded 
cadences to harmonise this melody is the set 'H = 
( 0•221101, 0•2211 o•, 0•22 11 o•, 0•22114'. 0•221•01 • 
0•221•0•, 0•2213 03, 0•22?34 7 , 0•22 11 101 , 0•22 11 10•, 
0•22 u 10•, 0•2211'4' ). This &et waa ordered by our 
collaborators as follows: 

amateur musician: 0•221•0•,0•22 u'o•, ..• 0•2•1114' . 
theorist : 0•2211 01,0•2•1•0•, .. ,0•2• 11' o• . 
composer: 0•22110•,0•2•13 0•, .. ,0•2•11'4' . 
Based on these orderings, we could furnish our 

Fuzzy-Syntactic Categories with the following inter­
vals: 

amateur musician: (0.5,0.5) : o!(Ut,0.5) : 2~{0.5,0.5] : 7~ 
10..,0.4),11 :10.zo.2J:1:10.zo.21:0:10.zo.2J,o![o.1,o.1J:4'. 

theorist: (0.5,0.5): ~ [O.S,0.5): 2~ {O.S,0.5) : T! [0.5,0.5] :O! 
(0.4,0.4]:7:(0-4,0.4]:0!(0.1,0.2]:4 :(0. lO. l ):1 I 1• 

tational tool, and the development of more thorough 
experiments to assess the applicability of theae struc­
turea in more complex harmonisations. It shall also 
be interesting to study the possibilities of automating 
the generation of the intervals for fuzzy values, per­
haps by training an appropriate neural network for 
thill tuk. 

The major restriction that we have imposed i■ that 
update values are allowed only for individual chords, 
to guarantee decidability of our framework . As a 
consequence, some harmonisations must be deemed 
indi■tingui■hable, and an evaluation can only be low­
ered by inserting chords that have not yet occurred 
in the harmonisation. It shall be interesting to search 
for more flexible ways to update valuea guaranteeing 
decidability. 
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