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Abstract 

In this paper we derive & general clolled-form expielllion fur the BartleU oorrec­

tion fur testing a sca1M parameter of a two-pvameter exponential family model 
The correction has the advantage for algebrical and numerical purposes since it in­
volves only trivial operations on suitably defined functions. The formula derived is 
general enough to cover many important and commonly wied distnbutions. Simu­
lations show that the corrected likelihood ratio tests have empirical si,,,es cl.oeer to 
the nominal size than the classical uncorrected tests. 

Key words: Bartlett correction; chi-squared distribution; exponential family; 
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1 Introduction 

The MYJD.ptotic chi-squared distribution of the likelihood ratio (LR) st&tistic w is fre­

quently used to test hypotheses of interest in regre&'lion models. However, as the sample 
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size decreases, the use of such a statistic becomes less justifiable. One way of improving 

the chi-squared approximation to the LR statistic is by using a Bartlett correction. In fact, 

under mild regularity conditions, the Bartlett correction c guarantees that all moments 

of the adjusted LR statistic w• are equal to those of the asymptotic r distribution up to 

order n-1
, where n is the sample size. The Bartlett correction c and the modified statistic 

w• are defined by c = E(w)/p and w• = w/c, where p i.s the difference of the dimensions of 

the parameter spaces under the alternative and the null hypothesis and E(w) is obtained 

up to order n-1• The Bartlett corrections are usually effective in bringing the true sizes 

of the modified statistic w• closer to the nominal levels. A method for obtaining c was 

developed in full generality by Lawley (1956), who showed by a complicated calculation 

that all cumulants of w• agree to order n-1 with those of the reference x; distribution. 

The di.savantage of this method is that it requires certain joint cumulants of log-likelihood 

derivatives. 

In recent years there has been a renewed interest in Bartlett corrections. Cordeiro 

(1983, 1987) derived closed-form Bartlett corrections in generalized linear models (Nelder 

and Wedderburn, 1972) and discussed improved LR tests. Bartlett corrections for mod­

els defined by any one-parameter distribution in which the mean is a known function 

of a linear combination of unknown parameters were obtained by Cordeiro (1985}, who 

generalized his own results of 1983. Several papers have focused on deriving closed-form 

Bartlett corrections for specific regression problems. For example, Moulton, Wei.ssfeld and 

St. Laurent (1993) obtained Bartlett corrections for logistic regressions; Attfield {1991) 

and Cordeiro (1993a) showed how to correct LR tests for heteroskedasticity; Wong (1991) 

obtained a Bartlett correction for testing several slopes in regression models whose in­

dependent variables are subject to error; Wang (1994) derived a Bartlett correction for 

testing the equality of normal variances against an increasing alternative; Cordeiro, Paula 
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and Botter (1994) derived corrections for the class of dispersion modela proposed by 

J111rgensen (1987); and Chesher and Smith (1997} obtained Bartlett corrections for LR 

specification tests. A correction to the LR statistic in regression models with Student-t 

errors was obtained by Ferrari and Arellano-Valle (1996}, and similar corrections to bet­

eroskedastic linear modela and multivariate regression were obtained by Cribari-Neto and 

Ferrari (1995) and Cribari-Neto and Zarkos (1995), reBJ)ectively. Furthermore, Bartlett 

corrections for general models were discussed by a few authors. An algorithm for comput­

ing Bartlett corrections in general statistical modela was given by Jensen (1993}; see also 

Andrews and Stafford (1993) and Stafford and Andrews (1993). General matrix formulae 

for computing Bartlett corrections were developed by Cordeiro (1993b). For a detailed 

account of the applicability of Bartlett corrections, see Cribari-Neto and Cordeiro (1996). 

The pmpoee of this paper is to obtain simple Bartlett corrections to improve the LR 

test of a scalar parameter of two-parameter exponential family modela where no cumulant.s 

are involved. A simple Bartlett correction for one-parameter exponential models that 

does not depend on cumulant.s of log-likelihood derivatives was derived by Cordeiro et 

al. (1995). Then they applied their result to several distributions in the uniparametric 

exponential family. The present paper can be therefore viewed as an extension of their 

paper for two-parameter exponential family modela. 

Consider a set of n independent and identically distributed random variables Yi, ... , 1/n 

with density function 

,r(y; µ, 11) = exp{a1(µ, 11)d1(Y) + 02(µ, 11)d-i(y) - p{µ, 11) + 11(11)}, (1.1} 

whereµ and II are scalar parameters, 01(·), a 2(·), p(·,·), d1(·), di(·) and 11(·) are known 

functions. H 1/1, ... , y,. are continuous, ,r is 888UDled to be a density with respect to the 

Lebesgue measure while, if 1,11, ••• , Yn are discrete, ,r is assmned to be a density with 
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respect to counting measure. We also 8SSUUle that the support set of (1.1) is independent 

ofµ and v and that o 1(·, •), a 2(·, ·) and p(·, ·) have continuous finrt four derivatives with 

respect to the parametera µ and 11. 

The discussion in this paper proceeds as follows. In the next section we introduce 

our notation and obtain a simple formula for the Bartlett correction to the LR test of a 

scalar parameter in the exponential model (1.1) assuming that the parametersµ and 11 are 

globally orthogonal. The formula is simple enough to be UBed algebrically to obtain closed­

form expressions in several special cases since it involves only functions o1(µ, 11), a1 (µ, v) 

and p(µ, v) and their derivatives with respect to the parametersµ and v. In Section 3, we 

present a number of distributions of (1.1) with orthogonal parameters in order to show 

that our result has a wide range of important applications. In Section 4 we show that it is 

always possible to reparameterize the model (1.1) to achieve the orthogonality between the 

parameters. We then apply the formula for the Bartlett correction via the reparameterized 

model to other important tests for which orthogonality does not hold. Finally, in Section 

5, some simulation results illustrate the superiority of our Bartlett-<:orrected statistic w• 

over the usual LR statistic w with regard to second-order asymptotic theory. 

2 Model with orthogonal parameters 

Let l(µ, 11) be the total log-likelihood·for the unknown parameters given the observable 

data JI = (111, •.• , Yn}. We have from (1.1) 

n 
l = l(µ,v} = Et(y1;µ,v), (2.1) 

l=l 

where t(111; µ, 11} = 01d1(111) + a11½(1l1) - p + v(111), with 01 = o1(µ, v), 02 = a2(µ, 11) and 

p = p(µ, 11). We make some a&<1umptions (Cox and Hinkley, 1974, Chapter 9; Jensen, 1993) 

on the behavior of l(µ, 11) as the sample size n approaches infinity such as the regularity 
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of the first four derivatives of l(µ, v) with respect to the parametersµ and"· We use the 

following notation: aiiJ) = fi+;a,/fJµi{},,i and p(iJ) = [j+i p/8µ'ov' for i,j = 0, 1, 2, 3, 4 

and s = 1, 2. Differentiating (2.1) we can find from E(8l/oµ) = E(8l/ov) = o, the 

following relations: 

where f3r = E { d,. (y)} for r = 1, 2. The system of equations for f3i and fh yields 

p<1,oio5io,1) _ p(o,1)o5i111) p<o,1)0 p,o> _ p<1,0J0 fo,1) 

/31 = af 1,0) o5io,1) _ 010,1) 
0

~1,0), th = 
0

p,o> o5io,1) _ af 0,1) ~1,0), 

assuming that 

The score functions for µ and " are given by 

and the maximum likelihood estimates (MLEs) µand,:, satisfy the equations ol/oµ = 0 

and 8l/811 = 0. If these equations are nonlinear they can be solved using Fisher's scoring 

method. 

We now derive a simple formula for the Bartlett correction to the LR statistic w in 

the two-parameter exponential model (1.1) assuming that the parameters µ and II are 

globally orthogonal. There a.re a number of conceptual and mathematical advantages if 

the parameters µ and " are orthogonal. Orthogonality implies, in particular, that the 

corresponding score components 8l/oµ and 8l/811 are asymptotically uncorrelated. 

The standard notation for the log-likelihood derivatives is used (Lawley, 1956; Cordei­

ro, 1987): """" =E({Pl/oµ2
), K.vv =E(lfll/ov2

), """"" =E{(al/8µ)7}, ,.,,...,=E(fJl/fJµol/011), 

1,,,_ = E(u'l/8µ3 ), ,r,t = 8K.,.,./8v, ,.,.,,.,.,,. = E{{a2l/&8µ) 2
} - ~,.. etc. Further, we 
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adopt the notation tJ$ij) = {)'+;13r/aµ•a,,,; for i,j = 0, 1,2,3,4 and r = 1,2. After some 

algebra, we can obtain 

,c,,.,, = -"w = nso1,01, i.f:;l = -n(8u,10 + 810,11), ,.~ = -n(So2,01 + 801,02) 

i.!!:} = -n(811,01 + 801,11), i.,.µv = -n(820,01 + 811,10 + 810,11), 

K.,,,,,. = -n(802,10 + 811,01 + 801,11) 

K.,,,,,, = -n(2802,01 + 801,o2), ,.,.,.,. = -n(2820,10 + 810,20), 

,.,.,.,,,, = -n(2821,01 + 2811,11 + -'20,02 + 812,10 + 810,12), 

,_~l = -n(812,10 + 2811,11 + 810,12), 

11:!!'J,. = -n(su,10 + B11,11), 11:~., = -n(s:n,01 + sn,11) 

,c,,,.,,,,. = n(, etc., 

where -';l:,lm = ~1 aP.tl tJf"'>, 

( = (ap,11)2'Vi + (a~1,1J)2½ + 2ai1,1)~1,1)Vi2, 

'Y = (ai2,0>>2v1 + {0~
2.01)2½ + 2ai2•01a~2.0>v12. 

Here, ½ = Var(d;(y)) for i = 1,2 and V12 = Cov(d1(11),~(11)). A very simple way to 

obtain Vi, l'2 and Vi.2 is given by Johnson, Lad.alla and Liu (1979) who showed that these 

quantities follow by solving the system of equations 

810,10 = (ail,0))2Vi + (a~l,0))2½ + 2ail,O)a~l,O)Vi2, 

Ei1 a!1,o)aio,1J½ 

subject to the restrictions 

810,01 = 0, 801,10 = o. 
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Under orthogonality betweenµ and v, it,,,µ= 0 for all (µ, v) in the parameter space 

and hence the joint information matrix for the parameters µ and v is block-diagonal 

and is given by K = K (µ, v) = diag{ -11;w, -,-,,., } . Further, the MLEs µ and ;; are 

asymptotically independent and converge in distribution to a bivariate normal distribution 

N2((µ., vf, x-1), where x-1 = K(µ, v)-1 = diag{-i.1111 , -i.""}, with ,.,.,. = i.;; and 

K.vv = i.;J. Also, the asymptotic variance of fi,(v) is the same whether or not v (µ) is 

known. A related aspect is that f-iv, the MLE ofµ for specified v, varies only slowly 

with v in the neighbourhood of -fi, and that there is a corresponding slow variation of;;,. 

with µ. If the parameters µ and v are not orthogonal, it is posmble to determine a new 

parameterization such that the joint information matrix is block-diagonal. We explore 

this idea due to Cox and Reid {1987) in Section 4. 

Without loss of generality, we llSfflllD.e that µ is the parameter of interest and v is the 

nuisance parameter. The composite null hypothesis under test is Ho : µ = µ<0> against 

a two-sided alternative, where µC0l is a given number. Let ii be the MLE of v under 

H0 • Functions evaluated at (µ<0l, ii) will be denoted by the addition of a tilde. The LR 

statistic w for testing H0 is 

w = 2{l(µ, v) - l(µ<0>, ii)}. (2.4) 

Under Ho and some regularity conditions, (2.4) is asymptotically distributed as~- We 

can obtain E(w) from Lawley (1956) and Cordeiro (1987) as 

(2.5) 

where t 2 = E~.v(l,..,.. - l,.m,.,.,) and t 1 = l"""" - l"""""" with the l's being obtained from 

(2.6) 
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and 

1 = Knlttu1t""[1trt,,(6",, ... - It~) 

+1trt,,(~1t..,., - 1ti:?) +~)It~+ ~)It~]. (2.7) 

Here~,., denotes the summations over all the combinationa of the parametersµ and 11. 

The inconvenience for the practical use of formulae (2.5) - (2.7) is that they require 

joint cumulants of log-likelihood derivatives with respect to the parametem µ and v. We 

now give expressioDB for computing E(w) that involves only simple differential operations. 

By inserting the cumulants it's given before into equations (2.5) - (2.7), c = E(w) can be 

decomposed, due to the orthogonality between µ and 11, into the sum of three components 

(2.8) 

where 

A,. = 1 'E(a(3.0)/J,C1.0) + a!-2,0){]$2.0) _ a!.l.O)f]$S,o)) 
4n ( E~1 <Jl.0) ~1,0))2' r=l r r r r 

1 2 2 5 
- - ( - 2--(1-,0-) - (1- ,0->)~3 L L(a,.a. + a,.b. - 4b.-b.), 

3n E;,,,1 Or /Ji, r=l r-=l 
(2.9) 

C l ~( (1,2) all,O) l..,.. = 2 (~2 (1,0) ,,(1,0)) (~2 (0,1} R(0,1)) ~ 0,. Pr n L.r=l Or Pr L..r.=l Or pr r=l 

+a!-2,1) /JJ0,1) + ~1,1) /J$1,l)) · (2.10) 

and 
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Expressions (2.8) - (2.11) are suitable for routine computation since they depend 

only on simple derivatives of the functions 01, 02, /31 and {k. The improved LR test of 

Ho:µ= µ<0> can be computed from (2.4) and (2.8)- (2.11) usingw• = w/cand comparing 

the transformed statistic w• with the ;<l distribution. The distribution of w is generally 

order n-1 away from ;<l, but the Bartlett correction (2.8) renders the n-1 term equal to 

zero and the distribution of w• becomes much closer to r than is the distribution of w. 

We now give Bartlett corrections for testing Ho : µ = µC0l under two special cases 

of (1.1). First, consider a two-parameter exponential family with a 1{µ,v) = 01(µ) and 

a 2 (µ, 11) = 02(11). In this case, we find 

and 

o~;,;J = fi+ia,.(µ, 11)/8µ'{),) = O for r = 1, 2 and i,j = 1, 2, ... 

which implies 
fl,O) p(O,1) 

Pi = aP•o> and th. = ~0,1). 

Finally, the orthogonality between µ and II gives {J{o,;J = rf,,i,O) = 0 and tJ$iJ) = 0 for 

r = 1, 2 and i, j = 1, 2, ... and therefore C1~.• = C:,,,. .• = 0 and the Bartlett correction in 

9 



(2.8) reduces to c = 1 + A,., with 

A,.= 1 (oP•O) rJ<I,O) + 0.(2,0) pe2,(fJ _ 0.(1,0) tP',,0)] 

4n( o.11,o) pp,o>)2 1 1 1 1 1 1 

1 Lc2,o),,(1,o) _ ~ (o.c1.o),q(2,0))2 +o.<2,o),q(1,o) 
0

c1,o),q(2,o~ (2.12) 
3r{o.P.0)pf1.0))3 r1 Pi 4 1 /Jl 1 /Jl 1 /JI j • 

We now assume that the function o.2(µ,11) depends only on the nuisance parameter 11, 

namely 0.2(µ, 11) = 0.2(11), implying 

pCI,O) pCI.O) o.P•O) - ,;.1.0)o.10,1) 

/31 = -:Jr.ii)• /3z = (0,1) (1,0) . 
0.1 0.2 0.1 

In view of the global orthog~nality between µ and 11, we obtain """ = -n ~I o.i1,
0> PS0

,
1> = 

-na{
1
•0>,m0•1> = O and K.,,p = -n(o.f0•1> pp,o> +a~O,l)~l,O)) = 0 and equations (2.9) - (2.11) 

become 

A = 1 [o.(3,0) Q(l,O} + 0.(2,0) p(2,0) _ 0.(1,0) fJ(3,0)l 
,. 4n( 

0
p,o> pp,o) ) 2 1 n 1 1 1 1 

___ 1 __ fi(
0

(2,o)'fJ(1,0))2 _ ~ (a(1,o)a<2,0))2+
0

(2,o),q(1,o) 
0

(1,0),q(2,o~ (
2 

la) 
3~p,o),ml.0))3 r 1 1 4 1 Pi 1 /JI 1 /Jl j , · 

C = 1 (o.(1,2) Q(l,O) + 0.(2,1) ,q(O,l) + 3a(l,l) ,q(l,1)](2 14) 
I,.,, 

2 
(1,0) ,q(l,O) "'2 (0,1) ,q(0,1) 1 f-'1 1 /J1 1 f-'1 • 

nal · /Jl LJt=l Or ,._., 

and 

3 Special cases 

This section develops Bartlett corrections to improve LR tests for a number of important 

distributions in the exponential model (1.1). We assume that these distributions are pa-



rameterized in such a way that the parameter of interest and the nuisance parameter are 

orthogonal. Section 4 is devoted to distributions for which orthogonality is not available. 

The distributions considered, namely normal, inverse Gaussian, gamma, log-gamma and 

inverse gamma distributions, are well known and have a wide range of practical applica­

tions in fields such as engineering, economics, biology and medicine, among others. For 

each distribution, we give closed-form expressions for Bartlett corrections to improve LR 

tests for both parameters. For the gamma distribution, the Bartlett corrections are quite 

complex and require the evaluation of polygamma functions and we give some simple 

approximations based on asymptotic expansions. 

The distributions considered here are the following: 

(i) Normal N(B, <f>) distribution with mean B and variance <f> (</> > 0, -oo < B < oo, 

-oo < y < oo): a 1 (B,<f>) = 9/¢,, a 2 (9,ef,) = -1/(2</>), p(B,<f>) = B2/(2¢,) + logef,/2, 

d1{y) = y, ~(y) = ,r, 11(11) = - log(21r)/2, /31 = IJ, /32 = (,t,+IJ2), Vi= t/>, V;i = 2</,2+4,f,IP 

and Vi.2 = 2B<f>. We begin with the test of the mean Ho : (} = 9(o) against H : (} =I e<0>, 
where (J(O) is a given number and the variance <f> is the nuisance parameter. The LR 

statistic for testing Ho : 8 = o<0> is given by 

Thus, we apply equations (2.13) - (2.15), on moving from (µ,v) to (9,</>) and noting 

that a 2 depends only on the nuisance parameter ef,. We have A, = 0, C~,. = 2/n and 

c,..,♦ = 1/2n and the Bartlett correction (2.8) reduces to C = 1 + 3/2n which is a widely 

known result. This provides a partial check on these equations. 

ider the test of the variance Ho : ef, = q,CO) against H : <f> =/:- q,CO), where We now cons 
¢,CO) is a specified value and the mean 8 is now the nuisance parameter. The LR statistic 
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is given by 

{ (
q,(O)) J- q,(O)} 

w=n log T +~, 

where~= Ef:1(yi-fi)2/n. :Equations (2.8)-(2.11) yield the Bartlett correction c = 1+1¼ 
which is also a known result. 

(ii) Inverse Gaussian N-((J, t/>) distribution with mean (J > 0 and precision parameter 

¢, > 0 (y > 0): a 1(8, t/>) = -t/>/(282), a2(8, t/>) = -t/>/2, p(,9, t/>) = -(t/>/9 + logef>/2), 

d1(Y) = 11, ,h(y) = y-1
, v(y) = -log(21ry3)/2, /J1 = 9, fl,,= (8 + 4>)/(94'), Vi= 03/t/>, 

V:i = 2/q,2 + 1/(¢,8) and Vi2 = (</,- 8)/4>. The variance of y is Var(y) = 03 /<J,. For testing 

the mean Ho : 8 = e<0> against H : 8 =I 9'-0>, the LR statistic is w = nlog{~/~), where 

~ = w-1 - y 1)-1 and ~ = ne<0>2 [~1 (p; -:
0l>•r1 

are the unrestricted and restricted 

MLEs of ,j,, respectively, and fj = [¼ Ef:1 11;1]-
1 

is the harmonic mean of the y's. From 

(2.13) - (2.15) we obtain A, = Ci.., = 0 and C2-,- = 3/2n which leads to c = 1 + 3/2n. 

We now consider the LR statistic for testing the precision parameter Ho : ef> = 4><0> 

against H: ef, =I= 4><0>, where the mean 9 is the nuisance parameter. It is given by 

w=nlog( ~ )- (~-4>(0))'E(Yi-fi)2_ 
q,( ) ff' i=l 1/i 

From (2.9) - (2.11) we obtain A.= 1/3n, c1,., = 0 and c,.,. = -3/2n and then by (2.8) 

we obtain the Bartlett correction c = 1 + 11/6n. 

(iii) Gamma G(9, <J,) distribution with mean 8 > 0 and shape parameter ef, > 0 (y > 0): 

01(8, 4>) = -q,/8, a2(8, t/>) = t/>, p(9, <J,) = t/>log8 - ef>log<J, + logf(ef>), d1(y) = y, ,h(y) = 
logy, v(y) = - logy, /Ji = 8, fl,,= log(B/4>) + ,p(ef>), Vi = 02 /4>, l'2 = t/1(4>) and Vi2 = 8/<J,, 

where f{ef>) is the gamma function and '1/J(ef>) = dlogr(q,)/def> is the digamma function. 

The variance of y is Var(y) = 82 / ef>. Here, we have used a parameterization such that the 

orthogonality between 8 and 4> is achieved. Evidently, the MLE of O is 8 = fi. The MLE 
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of tf, is obtained as a solution of the nonlinear equation 

log~= ,p(~) =log(:,), (3.1) 

where y
9 

= (ffi=1 y;)1/n is the geometric mean of the y's. 

If ~ is large enough, the approximantion ,p(</>) = log{tf, - ½) may be used to yield 

~ = y/{2(y-y
9
)}. For a better approximation 1/12 should be subtracted from the right­

hand side of this formula. Another approximation to solve (3.1) {Thom, 1968) is given 

by 

where g = log(y/y
9
). 

For testing the mean Ho : 0 = 9(o) against H : 0 =I- o<0>, the LR statistic is given by 

w = 2n{(J-~)logy9 -(~-:) 

+ log [ (if r;J) ]-log [ ( ofn> l rt~)]}, (3.2) 

where ~ is the MLE of tf, under Ho which comes from 

- - (o(o)) y 
logtf,- ,p(,J,) = log Yg + (J(O) - 1. (3.3) 

Equation {3.3) can be solved for~ analogously to¢ in {3.1). 

Since a 2 depends only on the nuisance parameter <J,, equations (2.13) - (2.15) yield 

the values of A,, Ci.., and c,..,.. Then, we obtain 

1 [-3(24'2.,,,,, + H + 1) ] 
c = l + 12ntf, (H - l}'l + 2 ' 

(3.4) 

where ,JI and .,,,,, are the first two derivatives of the 1/J(<J,) function. The improved LR 

statistic can easily be obtained as w• = 1:-1w from {3.2) and {3.4), where c is the value of 

(3.4) at ~, and has under H0 a rt distribution to order n-1. 
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We now consider the test of the shape parameter H 0 : t/, = 9<01 against H : t/> =f: ,p<0>, 
where 4><0> is a specified value and the mean(} is now the nuisance parameter. The LR 

statistic for testing Ho : t/> = q,<0> reduces to 

{ ( 
A' ) ( (0)1(0) ) } 

w = 2n (~ - 4><
0
>)pog(y,/j) - 1] + log r~~) - log ~(q,(O) , (3.5) 

where i is obtained from (3.1). Using the results (2.9) - (2.11) we can obtain the Bartlett 

correction to improve the test of Ho : t/> = ¢,<0> as 

1 [5(t/,W,Yo + 1)2 &p<0>2(tf,<0>#f + 2tj,g) 3 ] 
C = l + 12nt/,(D) ( ,p(0)1/fo _ 1 )3 - ( ,f/,.0)1/fo _ } )2 - tp(0)1/fo - l ' (3.6) 

where 1/fo, ,pg and 1{;: are the first three derivatives of t/J(t/>) evaluat.ed at 4><0>. 
For both tests in the gamma distribution, the evaluation of the corrected statistics 

requires the computation of polygamma functions. We now obtain approximations based 

· on Mymptotic expansions which do not involve such functions. We use the expansion 

t/l(t/,) = 1/tp+ 1/(2,P) + 1/(6'p3)-1/(30ef,5) +O(t/,-7) to obtain for the test of H0 : (J = o<0> 

when q, is large 

c = 1 + ..!.. (o- _!_ _ -
4
- ) +o(r') 6n &Jr 15tp3 . 

For the test of Ho : tf, = 4,<0> we also obtain from (3.6) for large q,C0> 

_ 1( 1 7) (0)-4 
C -1 + 6n 11- tf,(D) + 27q,(D) + O{t/, ). 

{iv) Log-gamma LG(B,t/>) distribution (-oo < 9 < co, -oo < 11 < oo) defined as the 

distribution of 1J = logx where :z; hBB a. gamma G(B, t/>) distribution with mean 9 and shape 

parameter t/> (see (iii) above). The log-gamma distribution belongs to the exponential 

family model (1.1) with a1(8,1p) = -<f,e-', a 2(6,t/>) = t/>, p(O,t/>) = ef,6-t/>logt/,+log{f(t/,)}, 

d1(Y) = exp(y), d:,(y) = 1/, v(i,) = 0, /Ji = exp(fJ), fl2 = 8 + ,p(tf>) - logt/,, Vi = exp(29}/t/>, 

½ = t/l(tp) and \'12 = ,t,-1 exp(O). 
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For testing H0 : 8 = (J(.D) against H : 8 =I= (J(.D), the LR statistic and its modified version 

have the same expressions of the corresponding statistics for the test of the mean of the 

gamma distribution described in (iii). The derivation of this result relies on the fact that 

the LR statistic and its Bartlett correction are invariant under a transformation of the data 

in the situation where the null hypothesis remains unaltered. Analogously, for the test of 

Ho : t/, = q,<0> against H : q, =I= 4><0>, the LR statistic and the Bartlett correction coincide 

with the corresponding expressions for the test of the gamma distribution discussed in 

case (iii). 

(v) Inverse gamma o-(fJ, q,) distribution (fJ > 0, q, > 0, y > 0) defined as the distribution 

of y = x-1 where x has a gamma G(O,tf,) distribution. The distribution belongs to 

the exponential family model (1.1) where a 1(9, ef>) = -94>, a 2(9, ef,) = -t/,, p(_9, ¢,) = 

-ef>log(8¢,) + logf(</»), d1(11) = y-1, ~(11) = logy, v(y) = -logy, /Ji = 0-1, th. = 
log(O,f») -,f.,(,/»), Vi= 1/(,f,IP), ¼ = t/1(</») and V12 = -1/(0,/)). The LR statistics and their 

Bartlett corrections for both tests Ho : 8 = (J(.D) against H : 9 =I= (J(.D) and H0 : ¢, = ,t,<0> 

against H : ef, =I= q,<0> are identical to the corresponding ones for the tests of the gamma 

G(8, ti>) distribution described. in (iii). 

4 Orthogonalized parameters 

Consider the exponential family model (1.1) and assume that µ is the parameter of interest 

and v i8 the nuisance parameter. H the parametersµ and 11 are not orthogonal in the 

expected information sense, i.e., the conditions (2.3) are not satisfied, it is of relevance to 

know whether there exists a complementary parameter o such that (µ, o) parameterizes 

the model and µ and /; are orthogonal. When the dimension of the parameter of interest 

is one, it is in general possible to find such a orthogonal parameterization which comes as 
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a solution of the differential equation 

(4.1) 

see Cox and Reid (1987). From~= -ns01,o1 and tt,,p = -m10,01, equation (4.1) becomes 

&v 810,01 

oµ. = - 801,01 • 

It is possible to so.Ive this equation in generality because the solution depends on the 

forms of the quantities 801,01 and s10,01 • We now apply (4.1) to some exponential models 

whose parameters are not orthogonal. 

(i) Normal N(O, 112</,2) distribution with mean 8 and coefficient of-variation ,f> (8 > 0, 4> > 0, 
-oo < J/ < oo): a 1 (9, ¢,) = -1/(292 ,t,2), a 2{9, ,J,) = 1/(9,t,2), p(9, ,J,) = 1/(2¢,2) + log(6¢,), 
d1(11) = y", "2(y) = y, 11(11) = 0, /31 = t12(t/>2 + 1), th. = 8, Vi = 211'</>2(t/>2 + 2), Vi = 02tf 
and V12 = 2t/>2(J3. We obtain 

n(2,J,2 + 1) 2n 2n 
ics, = <Pfl' , icH = - fl' and ""• = - Oq, 'f' 0. 

First, we consider the test of the coefficient of variation Ho : </> = ¢,C0l against H : 
<I> 'f' q,C0>, where the mean 8 is the nuisance parameter. The parameters t/> and 8 are not 
orthogonal and equation (4.1) takes the form 

88 28t/> 
8tj, = -2fl' + l' 

with a possible solution 6 = 6(2,f + 1) 1/2. 

The density function in the new parameterization ( tf>, ,5) is 

• . _ (2t/>2 + 1)
1
/2 { (2,f + 1) ( 6 )

2
} ,r (11,6,g,) - $~ exp 62</,2 11- (2¢,2 + I)l/2 , (4.2) 

where 0 1(¢,,6) = -(2¢,2 + 1)/{2o'¢,2), a'l(</,,6) = (2</,2 + 1)112/(6¢,2), p(t/>,6) = 1/(2t/>2) + 
log(64>/(2t/>2+1)1l2

), d1(11) = y2, "2(11) = 11, /3i = '52(t/>2+1)/(2t/>2+1), fh. = 6/((2</,2+1)112), 
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Vi= 2(/,2((/,2 + 2)64 /(2(/,2 + 1)2
, ½ = ~q,2/(2(/,2 + 1) and V12 = 2(/,263/(2(/,2 + 1)312 • It is 

now easy to check that i;,6,• = it,;,6 = 0, i.e., 6 is orthogonal to ef,. Thus, equations (2.8) -

(2.11} apply withµ and v replaced by ef, and 6, respectively. 

Let l(ef,, 6) = ~ 1 log1r*(Yii 6, ef,} be the log-likelihood for the parameterized model 

which comes from {4.2). The unrestricted estimates of ef, and 6 are ~ = s/y and J = 
(2s2+y2

) 
1
/
2

, where s2 = E~1 (y,-y)2 /n. The restricted estimate of 6 is 5 = iJ(2q,<0l2 + 1 )112 , 

where 

- Of + 44>(0>27712)112 - fi if-y > o 
(J = 2q,(0}2 ' 

and 
_ -(y2 + 4¢,(0)27712)1/2 _ y 
(J = 2ef,(0)2 ' ify < 0, 

where 7712 = E~1 ,jf /n. 
The LR statistic is simply given by w = 2{l(5, ~) - l(6,¢<0l)}. We obtain ( = 4((/,2 + 

t)/{.s2<f,4 (2,f>2 + 1)112 } and -y = 4(3 + 9,P + 4<f,4 )2/{<f,6 (2,f>2 + 1)4 }. The Bartlett correction 

can be calculated from (2.8) - (2.11). Using MATHEMATICA (Wolfram, 1996} we find 

l 1 [3(3 + 84} + 7ef,'-) 2(1 +&Ji'+ 18ef,4 + 15¢,6) ] 

C = + 6n (1 + 2</,2)2 + (1 + 2</,2)3 1 (4.3) 

which does not involve the nuisance parameter 6. 

Now consider the test of Ho : (J = ()CO) against H : (J # fJ(O), where the coefficient of 

variation ef, is the nuisance parameter. In this case, the new parameter 6 orthogonal to fJ 

comes from the differential equation 

fJ<f, <f, 
fJ(J 7i' 

which yields 6 = fJ/,p. For testing the mean of the normal N(fJ,fP(/,2) distribution, the 

Bartlett corrected statistic has the same form of that one for testing the mean in the 
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normal N(9, <f,) distribution with variance <f, (Section 3, case (i)), since it is invariant 

under transformation of the nuisance parameter. 

(ii) Inverse Gaussian N-(8,84'2) distribution (8 > 0, <f, > 0, 11 > 0) with mean 8 and 

coefficient of variation 4,-1• The density function in this parameterization becomes 

1r(y; 8, <f,) = exp { {~¢;2 

+ ~ log (;) - ~ log(21ry3)} , 

where 0 1(8,<f,) = -1/(284'2), 0 2(9,tf,) = -8/(24'2), p(8,<f,) = log(t/,2)/2- logB/2-1/,t,2, 

d1 (11) = 11, tki(y) = y-1
, v(y) ;;:; - log(2,ry3)/2, fJ1 = 8, th, = (<f,2 + 1)/8, Vi. = 82</,2, 

½ = </,2(2</,2 + 1)/02 and Vu= -<f,. We obtain 

n(ef,2 + 2) 2n n 
14111 = - 202,P , ~ = - tf,2 and ~ = (Jq, =I= 0. 

The unrestricted MLEs of O and <f, are fJ == fl and~= f, where jj is the harmonic mean of 

the 11's. 

We .start with the null hypothesis Ho : <f, = ;c0> to be tested again.st the alternative 

hypothesis H : tf, 'F ,t,C0>, where now the mean 8 is the nuisance parameter. The parameters 

8 and <f, a.re not orthogonal. By comparison with (4.1) we obtain the differential equation 

Consequently, choosing 6 = 8/(t/>2 + 2), we have that 6 is orthogonal to <f,. Then, the 

8880ciated density in the new parameterization takes the form 

·c · o ..i.) = { (11 - a(</>2 + 2))2 +!.I (o(</>2 + 2)) - !. I (2 s>} 
,r 11' '"' exp 211tf>o(tf,2 + 2) 2 og t/>2 2 og 11"1/ ' 

where 0 1(6, t/>) = -1/{26</,2(t/>2 + 2)}, o 2 (o, t/>) = -o(<f,2 + 2)/(2t/>2
), p(o, <f,) = log(<f,2)/2 -

log{o(<f,2 + 2)}/2-1/<f,2 , /31 = o(<f,2 + 2), th,= (t/>2 + 1)/{o(<f,2 + 2)}, Vi.= cS'l<f,2(</,2 + 2)2
, 
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Vi= rf(2</i2 + 1)/{a2(,p2 + 2)2} and Vi2 = -rf. The restricted MLE of cS is easily shown 

t.o be 

c5 = 2(2 +ii qi(o)2) {q,(O)' + ✓<fi{O)" + 4f}/jj}, 

and the LR statistic for testing Ho : q, = q,<0> reduces to 

w = 1 ~ -1 (o)• - 2 
(ef>(o)• + 2)c5q,(o)• ~ V; Vi - (¢, + 2).S} 

{ [ 
yfjq,(O)' ] } 

+n log (,p(D)' + 2)c5(y - ii) - 1 . (4.4) 

We can show that ( = 4(</>4 + 6rf + 4)/{a2q,4 + (rf + 2)2} and 'Y = 4(25¢,6 + 78</i + 

1081/>2 + 72)/{ef>4 (rf + 2)4}. The Bartlett correction to improve (4.4) can be calculated 

directly from (2.8) - (2.11) using MATHEMATICA, for example. We find 

- 2- [2(8 + 12rf - 3</,4 
- 6q,6) 3(12 + 14</,2 + 7</,4)] 

C - 1 + 6n (2 + t/,2)3 + (2 + ef,2)2 · (4.5) 

We note that (4.5) does not depend on the nuisance pa.ram.eter o. 
We now move to the null hypothesis which specifies the value of the mean 0, namely 

H0 : 0 = o<-0> with alternative hypothesis H : 0 I- o<-0>, where now the coefficient of 

variation q,-1 is the nuisance parameter. The parameters¢, and Oare not orthogonal. To 

find a transformation to orthogonafu.ed parameters (0, cS), the differential equation 

fJ<J, "' 
fJO = 29' 

should be solved. A possible solution is cS = <J>(r112 which yields the density function in 

the orthogonafu.ed parameterization 

1r"(y·0 6) = exp{--11- - -
1
- +-1 

- ! Iog(52
)- !.1og(21rrl>} ' ' 20252 2y52 (}52 2 2 ' 

where a1(0, 6) = -1/(2/Ptl), a 2(0, 5) = -1/(2.r), p(_fJ,5) = log(cS2)/2-1/(06"2), d1(Y) = y, 

d,(y) = 11- 1, v(v) = -½ log(21ry3), f3i = 8, f32 = (6"28+1)/8, Vi.= a2fP, V2 = a2(2cS29+1)/fJ 
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and Vu= -tl-9. The LR statistics and their Bartlett corrected versions for testing the 

mean of the inverse Gaussian distribution, parameterized 88 N-(0, ¢) or N(9, fP~), are 

identical becauae they are invariant under transformation of nuisance parameter. Thus, 

the Bartlett correction for testing Ho : 8 = (J(O) in the inverse GaUS8ian N-(8,IJ</l'} 

distribution is c = 1 + 3/2n 88 obtained in Section 4 (case (ii)). 

(iii) Gamma G(IJtf,,tf,) distribution (8 > 0, tf, > 0, 71 > 0). In this parameterization, 

84' is the mean and tf, is the inverse of the square of the coefficient of variation. The 

corresponding density function is 

Here, 01(9, 1,6) = -(J-•, 02(8, cf,) = q,, p(8, 1/1) = q,logO + r(!/1), d1(y) = 11, "2(J,) = logi,, 

v(y) = -logi,r, /Ji = 94>, th= log9 + ,p(ef>), Vi = ¢,82, ¼ = t/l(tf>) and l'i2 = 8. We find 

First, consider testing the null hypothesis Ho : ef> = tf,<0> with two-sided alternative 

hypotesis H : tf, =f, tf,C0>. A new parameterization ( ¢, t5) such that ¢ and 6 are orthogonal 

parameters follows from ( 4.1} as 

which yields 6 = 81,6. In the new parameterization the density function takes the form 

w•(y;o,4') = exp {-
11
: + ef>logy - logy+ ¢log ( t) ~ Iogr(ef,)}, 

where 01(6,4') = -¢/5, a2(t5,q,) = ¢, p(t5,ef,} = -ef,log(q,/6) + logf(I/,}, v(i,r) = -logy, 

d1(Y} = 1/, ~(y) = logy, /Ji = 6, fh. = log(t5/ef,) + t/J(tf,), Vi = ~ /q,, ¼ = ,j/(tf,} and Vu = 

6/ef,. Clearly, we obtained the same parameterization for the gamma G(o, ¢) distn'bution 
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adopted in Section 3 (case (iii)). The hypothesis testing is invariant under transformation 

of the nuisance parameter. Hence, the Bartlett correction given by (3.6} holds here. 

Suppose now that we wish to test the null hypothesis Ho : (} = (J(o) with two sided 

alternative H: (} f:. (J(Ol, where</, is the nuisance parameter. Equation (4.1) yields 

tf/(ef,}: = -~, 

with solution o = ,J,(</,)+log6. Thus, oisorthogonal to 8. We have ,J,'(ef,} = J:° ~~~'1dt > 0 

for ef, > 0 (Abramowitz and Stegun, 1979, p. 260). Since t/;(¢>) is strictly increasing as 

q, increases, it has a strictly increasing inverse function, say, w-1
(-). Let r(u) = 'I/J-1(u), 

with u = u(8, 5) = 5 - loglJ. Under (5, 6) parameterization, we obtain 

1r*(y; 6,o) =exp{-~+ r(u) logy - r(u) logO - logr(r(u)} - logy}, {4.6) 

with a1(8,o) = -}, a 2(6,o) = r(u), p(O, o) = r(u) log(}+ logr(r(u)), d1(!1) = y, d2(!1) = 
logy, v(y) = - logy, {31 = 6r(u}, f:J2 == 6, Vi= B2r(u), ½ = (r'(u))-1 and ½2 = 0, where 

r'( ) ~ 1 W easil bt . c1,o) 1 c1,0J ~ a<o,1) Or1( ) u = dv = '1'(r(u}). e can y o am a 1 = ~• a 2 = - , , Pi = u , 

{4°•1> = 1, etc. We also have 

and 
{(4r(u)r1(u) - 3r1(u}2 - 2r'(u)r1'(u) + r''(u}2)} 

'Y = B'r'(u) . 

The unrestricted MLE of 6 is~= logy, and the unrestricted MLE of 8 is obtained as a 

solution of the nonlinear equation 

where y
9 

is the geometric mean of the y's. The restricted MLE of 5 is J = logy,. Then, 

the LR statistic for testing Ho : (} == o<0> is given by 
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Using (2.12) due to the orthogonality between fJ and o, we obtain the Bartlett correction 

to improve the test of Ho : 8 = (J(O) as 

1 
c = 1 + 12n(r _ r')3 {2(9r + 403)r + (28r' - 41r - 883)r' 

+(2r - 12r1 + 5r•)r" + 3(r - r')r"'}, 

where r', r- and r'• are the derivatives of r(u) evaluated at (J = (J(0), /, = 5. 

5 Simulation results 

We now perform two Monte Carlo simulations studies to check the adequacy of the IIB)'IllP­

totic chi-aqua.red distribution as an approximation to the finite-sample null distribution of 

the LR statistic wand its corrected version w•. We consider a gamma G(8, ef>) distribution 

with mean fJ > 0 and precision parameter ef, > 0 as presented in case (iii) of Section 3. 

In the first study our interest is to test H0 : 8 = e<0> against H : 8 -I e<0>, assuming that 

the precision parameter if> is unknown. The LR statistic w and its Bartlett correction c 

follow from (3.2) and (3.4), respectively. The unrestricted ¢, and restricted J estimates 

of if> are given by (3.1) and (3.3), respectively. Without lOSB of generality, the experiment 

was performed by setting o<0> = 4 with the values of the 1111isance parameter if> taken as 

0.5, 1, 2 and 5. The sample swes considered were n = 5, 10, 15 and 20. We carried out 

size simulations based on 10,000 replications. In each simulation the uncorrected statistic 

w and the corrected one w• = c-1w were computed, where c is the value of (3.4) estimated 

at ¢,. Rejection rates under the null hypothesis, i.e., the percentage of times that both 

statistics w and w• exceed the appropriate upper points of the .if distribution, are given 

in Thble 1 for o = 5% and in Tobie 2 for a = 10%. The program for the computation of 
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the rejection rates was written using NAG FORfRAN subroutines. 

The figures in Tables 1 and 2 show the tendency of the unmodified LR statistic w to 

reject the null hypothesis H0 : 8 = 4 more often than is expected for the selected nominal 

levels. Moreover, the empirical sizes of the adjusted statistic w• are closer to the nominal 

levels than the empirical sizes of the unmodified statistic w. Thus, the Bartlett correction 

is very effective in bringing the rejection rates of the modified statistic toward to the 

nominal levels. Clearly, the asymptotic rl approximation for both statistics w and w• 

works better for large values of n as expected. For fixed n, however, the rejection rates of 

both statistics are not very sensitive to the value of the nuisance parameter, at least for 

the values of 4> considered here. 

Table 1 Simulated rejection rates of the Bartlett corrected (w*) 
and LR (w) statistics for the hypothesis H: 8 = 4 (5% 
nominal level) 

¢, 0.5 1.0 2.0 5.0 
n w w• w w• w w• w w• 
5 8.5 7.1 8.4 7.2 8.6 7.1 8.5 6.9 
10 6.6 5.7 6.5 5.7 6.6 5.7 6.5 5.4 
15 6.0 5.5 6.0 5.4 6.2 5.4 6.2 5.3 
20 5.7 5.1 5.6 5.1 5.8 5.2 5.7 5.1 

Table 2 Simulated rejection rates of the Bartlett corrected (w•) 
and LR (w) statistics for the hypothesis H: 8 = 4 (10% 
nominal level) 

__ ¢, 0.5 1.0 2.0 5.0 
n w w* w w• w w• w w• 
5 14.4 12.1 14.1 12.2 14.4 12.0 14.3 11.8 
10 12.3 11.3 12.1 11.3 12.4 11.0 12.2 10.7 
15 11.6 11.0 11.4 10.8 11.9 10.7 11.6 10.5 
20 11.1 10.7 10.8 10.4 10.8 10.4 10.7 10.2 
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We move to the test of the shape parnmeter, namely Ho : q, = q,C0> versus H : 

ct, =I q,<0). The LR statistic and its Bartlett conection are given by equations {3.5) and 

(3.6), respectively. All simulations are based on 10,000 replicatioDB and are performed for 

q,<0> = 0.5, 1, 2 and 5 and for the following sample sizes n == 5, 10, 15 and 20, asswning 

that 8 = 5 in all cases. The rejection rates of w and w• are reported for the nominal sizes 

of 5% and 10% in Tables 3 and 4, respectively. 

Table 3 Simulated rejection rates of the Bartlett corrected (w•) 
and LR (w) statistics for the hypothesis H : q, = q,<0> 

{5% nominaJ level) 

q,(O) 0.5 1.0 2.0 5.0 

n w w• w w• w w* w w* 
5 8.1 7.3 9.0 7.6 9.3 7.7 9.4 7-8 

10 6.9 6.0 7.0 6.0 7.1 6.2 7.4 6.5 
15 6.3 5.7 6.4 5.9 6.5 5.9 6.8 6.4 
20 5.9 5.3 5.9 5.3 6.1 5.6 6.2 5.8 

Table 4 Simulated rejection -rates of the Bartlett corrected (w*) 
and LR (w) statistics for the hypothesis H : q, = 4>C0> 

(10% nominal level) 

q,\U) 0.5 1.0 2.0 5.0 

n w w• w w• w w• w w* 

5 14.9 12.4 15.4 12.8 15.9 12.9 15.8 12.8 
10 12.7 11.4 12.9 11.7 12.9 11.8 13.0 11.6 
15 11.7 10.6 11.9 10.7 11.9 10.5 12.0 10.5 
20 10.8 10.2 10.9 10.4 11.2 10.4 11.2 10.2 

From these tables it is clear the unmodified LR tfflt is oversized and that the Bartlett 

corrected statistic w• outperforms the original statistic w in all CMeS, thus delivering 

estimated sizes closer to their nominal levels. Finally, the size distortion of the LR statistic 

and the Bartlett corrected statistic decreases when n increases. 
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In view of the disc11BSion above tests based on w• can be viewed as meaningful im­

provements of tests based on w since the first-order asymptotics usually employed with 

LR statistics can deliver inaccurate inferences with samples of small to moderate su.es. 
Bartlett corrections based on second-order asymptotic theory can then be used to make 

inference with more reliable finite-sample behaviour. In that sense, if µ is the parameter 

of interest the set {µ; jw• I $ x}, where x is the appropriate upper point of a rt distri­

bution, is an improved confidence interval for µ relative to the usual confidence interval 

{µ; lwl $ x}. 
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