





If , is an open subset of JR" the notation K CC ), means that K is a
compact subset of ;. Moreover
E[] = {u € ROVMn|y(e,.) € C®(0y; R) foralle €]0,1] };
Em[h]={ue[U]|VKCC,Vae N* 3N € N such that
sup [0%u(e,z)| =O0(e™V) ase { 0 };
z€K

N ={uveéu[U]IVKCCQ,Vae N*andV ¢ € INone has
sup |0%u(e,z)| = 0(e%) ase L 0 };
TzeK
EmQ; R™) = { (uy, ..., um) | ui € E[h] foralll1<i<m}
(the elements of £p[§2; IR™)] are called moderate applications on £, );
NQ;R™ = { (u1y ooy ) | EN[Q] foralll <i<m}
(the elements of M[$}y; R™] are called null applications on ,);
. pm _gM[QI;Rm]_ m o - ) :
G(Q; R™) = Ny B~ @, E;, where E; =G(Q; R);
Em(R) = {u € R®Y|3N € Nsuch that ju(e)| = O(e~™) ase L 0};
N(R)={u€éy(R)|Vqge Nonehas|u(e)| =0(?) as € L 0};
R= i}l((z?)) and R" = @2, R;, where R; = R;
if Qp is an open subset of R™, then G,((;£2) is the set of all the f €
G(€y; B™) for which there is a representative f such that the following holds:
(i) given K CC § there are K' CC Q3 and n €0, 1) with f(]0,n[xK) C K’
(remark that if f € G,.(; €2), then all representative of f satisfy (i));
if z=(z,...,2,) denotes points in K", g € G(£; k), § is a representative
of g and a = (ay, ..., on) € IN™ with |a| =1, then

ﬁ (resp. ﬁ.?__) denotes 0°g(resp. 0%g)if a;=1 and 1<j <n;
0z; 0z;

. 0§ 6§ 89 99,
Vg (resp. Vg) denotes (6‘21’"" aZ")(resp. (le""'azﬂ )i

if (l,...,l;) denotes points in R*, 1 < i, < n forall 1 € s £ k and

o 9 99 D9,
I=(l,...l;), then Bl denotes (%""’ Bli,‘)’

if B = (hyy.,hm) € En[Q; R™), then °h denotes (8PRy,...,8hy,) for
peN™,



if J is an open subset of R and W is an open subset of ;, then w(resp.
7, with 1 < ¢ < n) denotes the class in G(J x W; R) of the moderate
function (g,t, 41,y ¥n) €]0,1] X J X W +— t € R(resp. (&,t,¥1,.--yUn) €
10,1] x J x W — y; € R);

if V is an open subset of JR™, then 1y denotes the class in G(V;R") of
the moderate application (g,z) €]0,1] XV +— z € R";

if z = (z1,...,7s) denotes points in R", f € G(Q; R) and f is a repre-
sentative of f, then Jf denotes the moderate mapping from ]0,1] x @, to
R defined by

IF(e,7) = det(afle, Jo) = det(5 e, 2o

and Jf denotes the class of J fing (21; R);

if I is an open interval of R, ¢, € R and a > 0, then I,(t,) denotes
Jto — a,t, + a| (sometimes we will write I, instead of I,(0));

if Ac R*,then A denotes the closure of A.

2 Invertible application

Here Q, and Q. will be open subsets of JR*. The theorem 2.4 is the
main result in this section. The proposition 2.5 will be useful in Section 4.

Definition 2.1 We say that f € G.(£1;$0) is an invertible application if,
and only if, there is g € G,(C12; ) such that fog=1q, and go f =1q,.

If f € G.(;82) is an invertible application, then there is an unique
g € G.(Q; ) that satisfies 2.1 and it is called the inverse application of f.

To obtain 2.4 we will use the characterization of inverse multiplicative in
G(§); R) given by F. Villarreal ([9] or [10]). For the benefit of the reader,
we write, in 2.2, this characterization.

Proposition 2.2 Let f € G(; R) and f a representative of f such that
f(0,1] x @;) c R\ {0}. The following are equivalent:
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(a) f has inverse multiplicative in G(Qy; R);

(b) if fi is a representative of f with A (J0,1] x ) € R\ {0}, then
€ EMlﬂl;R] ,

(c) for all K CC Q, there are n €]0,1] and a function u from )0, 1]
to )0,+o0o[ such that ‘ € En(R) and p(e) < inf{|f(e,z)||z € K} for all
e €)0,n[;

(d) if fi is a representative of f, then for all K CC Q,, there are
n €]0,1] and a function p from 0,1] to ]0,+oo[ such that | € Em(R)
and p(e) < inf{|fi(e,z)||z € K} forall € €)0,7].
Moreover, if £(10,1] x ©,) C R\ {0} and (c) holds, then the class de ,} in
G(Su; R) is the inverse multiplicative of f in G(Sh; R).

1
=

N

The next result is analogous to applications in C®°(2;; ;) .

Proposition 2.3 Let f € G,(4;%). A necessary condition for f to be an
tnvertible application is that Jf has inverse multiplicative in G(Q; ; R) .

Proof. Let K = (Kj);en be an exhaustive sequence of compact subsets of
{1, g the inverse application of f and § and f representatives of g and

f respectively.
Since f € G.(91;) there is (7;)jen a sequence in ]0, 1] with n; > 754,

and {f(e,z) | (5,z) €]0,n;{xK; } €C Qp for all j € V.
Let j € IV and 71,« and 'l\J the applications defined on ]0,1] x I%j by

{J.a(e Jlex) L ife€lo,n
e, f(%,2) ,ifee [n;1) ]

Tj(e,z)={g(€ f(e z)) ,?fee]O,n,-[ .

i, f(%,2) ,ifee ;1]

Then h and l are representatives of (Jgo f) [ o and (gof)]| 2 respectively.
Using that h;Jf = JI; and that (J(g f))la = J(lm)| 2= 1] o e

have (Jgo f)Jf| 2 = 1] forall j € IN. Hence Jgof IS the 1mierse

multiplicative of .] f in Q(Ql, R). |




Theorem 2.4 Let f € G.(Q1;8) such that there are a representative fof
f and 7 €]0,1] satisfying:

@) {fle,z) |z €U} = forall € €]0,7[;

(i) fle,.) is an invertible application with inverse g. for all € €]0,7[ ;

(iii) for all K' CC S, there are K CC Q, and 7 €0, 7( such that

. {gt(y) I (e,9) E]Or W[XK'} CK;

(iv) JF(0,7[x%) € R\ {0} .
Let § the application from 10,1} x Q, to Q, such that G(e,.) = g for all
€ €)0,7[ and g(e,.) = g5 for all € € [r,1]. The following statements are
equivalent:

(a) Jf has inverse multiplicative in G(y; R);

(b) § € Em[; R7);

(¢) f is an inversible application and the class of § in G(Qy; R™) is the
inverse application of f.

(We remark that (iv) and g, € C®(); Q) for all € €]0, 7{ are equivalent.)

Proof. Let f = (fi,fs...,/s) and § = (31,82 ...,8n). Suppose that (a)
is true and let K’ CC €2, and o € IN". We will prove that there is N € N
such that
sup{ |0°Gi(e,v)| |y € K' and 1<1<n}=0("") as €0, (1)

and thus we will have (b).

Take K CC €, and  €]0,7{ as in (iii). If || = 0 then (1) holds for
N = 0. Assume that || > 1. We will prove (1), in this case, using induction
on |al.

For € €]0,7 we know that f(e,d(c,.)) = 1q,, and so dj(e,.) is the

~

inversible matrix of df(e,.);,). Therefore
OGk 1
(E, y) T -~ Gjk
By; Jf(e,gey) "

for all 1 < j, k < n, where aj; is sum of products of elements of the set

(e geunin<i s<njun, -1}
3

Using that Jf has inverse multiplicative in G(£:; R), (iv) and 2.2, there
are 7, €0, 7| and a function g from ]0,1] to ]0, +oo[ such that € En(RR)
and




0 < ple) < inf{ |Jf(e,z)| |z € K} forall € €]0,mf.
Since L € £y(R) and f; € En[Q;R] for all 1 < i < m, there is
N, e N such that
1
Sup{—ﬁ—h—— I} O Nl) as ELO
|J £ (e, §(e, v))l
sup {107 file, 5 v)) ly €K', yE N™ and || < || +1} = O(e™™) as e | 0.

1<i<n

If || = 1 then (1) is true for N = (n+ 1)V

Let |a| > 1 and » € IN™ with |v| = |a| + 1. By hypothesis of induction,
there is N, € IV such that

up {18a(e,y) lye K', Be N™ and |B] < o]} = O(e™™) as € | 0.

’\Totmg that given 1 < k < n there are 1 < j < n and ¥ € N* with
5] = || such that 8“Gk(e, y) = 8" az (€,y), it is clear that (1) holds for v.
It is easy to check that (b) implies (c) and, by 2.3, that (c) implies (a).®

Proposition 2.5 Let I an open interval of R with 0 € I, 7 €]0,1] and
§= (1, 9n) € Em[I x R™; R"] If f is the class in G(I x R™ R"') of
moderate aplication f: (¢,t,7) €]0,1] x I x R" — (t,§(e, t,2) + z) and §
satisfies

(i) 5i(e,0,z) =0 for all (e,z) €]0,7[xR" and 1 <i<n;

(i) there is M > 0 such that ||07G(e,t,z)|| < M for all (e,t,2) €
]OiTIXI x R* and ﬁ = (ﬂO)ﬁl)""ﬂn) € N’H—l with 1 S ﬂo S lﬁl S 2:
then there is a > 0 with I, C I such that

(I) flioxrn € Go(Ia x R™; I, x R");

(I1) flr.xgn %S an invertible application;

(I11) f(e, M1.xre 18 an invertible application for all € €]0, 7.
Moreover if ['= ([0, Ty, Tn) s defined on ]0,1] x I, x R" by I'e,) =
(f(e, Niaxrn)™" for all € €]0,7[ and T'(e,.) = (f f(Z, Miaxrn)™  for all
£ € [r,1] then

V) 1'()0,7[xJ x K) cC I, x R* for all J CC I, and K' CcC R";

(V) T is a representative of (f|.xrs)™";
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(VI) there is M > 0 such that [18°T(e,t,u)|l € M for all (g,t,y) €
10,7[x I, x R* and a € N™*' with |[a| =1.

Proof. Denote by_Lt, z) = (t,21,...,Tn) points in I x R*. Let M be as in
(i}, a* > 0 with I,- C I and a > 0 such that

1 n"

1
nM’ nn!M"’ nnl(n+ 1)

}.

a < min{a”,

Using the Mean Value Theorem, (i) and (ii) we have
|gi(e, t, z)] < M|t| for all (¢,t,2) €]0,7[x] x R" and 1< i< n; (1)

l At'
aa:k
By (1) we have (I) is true. Our next goal is to prove (III) and (V).
Fix € €]0,7(. Let (s,7), (t,y) € Lo x R" with (s,7) # (t,y). If s# ¢
one has f(e,s,1) # fle,t,y). Suppose that s =t and let 1 < j < n such
that |z; — 4| < |z; — y;| forall 1 <i<n. From Mean Value Theorem we

know that there is z € JR® such that

(,t,7)| < M|t| forall (g,t,z) €]0,7[x/ x R* and 1 <4,k <n. (2)

- 2 ™. 0g;
|3i (e, 8,2) + 25 — Gi(e, s,0) — w3l = 1D 5;(& s, 2)(zi — ¥:) + x5 — sl
i=1 13

and so by (2) we obtain
|3i(e, 5, 7) + 35 — Gi(€, 8,9) — 93] 2 |zj — yil — nMalz; —y;/ > 0.

This implies that f(e, s,z) # fle,s,y). Hence f(e,.) l1uxrn is one-to-one.

Let (s,y) € I, xR", d = ||y||+nM|s|, B4(0) = {z € R"|||2|| < d} and
¥ : z € By(0) — y — §(c, 8,2) . From (1) we have %(By(0)) C Ba(0) and
hence by Brouwer’s Theorem we conclude that there is € By(0) such that
P(Z) = Z. Thus f(e,.) |1,xr~ is onto and if J cC I, and K’ CC R", then
(e, J x K') ¢ J x B,(0), where r = max{||z|| + nM|t|| (,2) € J X K'}.
Therefore (III) and (IV) hold. .

Let M, such that nn!max{M", (1+ %)“} < M < "
(ii) and Mean Value Theorem we have

(et 7)| > V(. 0,2)] - su}p]a—;ti(e, 5,0)[[t] 21— Ma>0 3)
s€la

. From (2), (i),
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for all (g,t,z) €]0,7[x], x R".
As the function p : € €]0,1] — 1—M;a belongs to £ (IR) we conclude,

by 2.2, that Jf has inverse multiplicative. This, together with (I), (III),
(IV) and 2.4, tells us that (II) and (V) are true.
Finally, assertion (VI) is a consequence of (2), (ii) and (3). [ |

More results about invertibility of applications can be found in (7].

3 Existence and uniqueness of solutions to
ordinary differential equations

Here ; will be an open subset of R", ), an open subset of R™, I an

open interval of R and ¢, €.
To obtain results about existence and uniqueness of solutions to ordinary

differential equations we will use the next lemma and definition.

Lemma 3.1 Let K CC Q, and (§)ien- and (h)ien- sequences of functions
in Em[Oh; R) such that given any i € IN* and p € IN one has
sup |Gi(e,z) — hi(e,z)| = O(e?) ase | 0, then given any ¢ € IV one has

sup| T gi(e,z) - 1T h.-(s,:c)l =0(? ase )0 for all AC N* and A finite.
zeK i€A i€A

Proof : It is enough to note that, if A = {4),...,4x} C IN* and
B= {i2, zk}s then n gJ H h‘ = (9;1 - 11) H §] + htl(.H g] H h )
j€A j€B jeB

and to use the principle of ﬁmte induction. [ ]

Definition 3.2 We say that

() f € Em[I x Qy x Qp; R has the property (LLL) (locally logarith-
mically lipschitz) in (I,§2,,%:) if given J CC I, K CcC &, K' cC ,
and a € N™™*! there are N € IN, ¢ > 0 and n €]0,1] such that for all
(6,t,z,2,y) €]0,9[xJ x K x K x K' and 1 <4 < k one has

lofi(ei t,z, y) - fi(Ei t,z,y)f < lOg(CE—N)”.'C - 2“;

|8°ﬁ(e, t,z, y) - 3aﬁ(5, t,z,y)| < ce—N“I - 2|



(i) f e Eum(I x Q; R¥] has the property (LLL) (locally logarithmically
lipschitz) in (1, Q) if §: (6,t,2,9) €]0,1] x I x ) x B™ — f(e,t,z) has
de property (LLL) in (I,Q,, R™),

(iii) f € Em|U; R¥), where U is an open subset of R?, is a bounded
mapping on A C U if there are M > 0 and T €]0,1] such that ||f(e,z)|| < M
for all (,z) €]0,T[x A;

(iv) f € Ex[U; R¥), where U is an open subset of R*, has the property
(LLG) (locally logarithmic growth) if given K CC U, there are N € N,
¢ > 0 and n €]0,1] such that ||f(e,z)|| < log(ce™™) for all (e,z) €
10,n[xK.

Clearly if one representative of f has the property (LLG), then each repre-
sentative of f has it too. Moreover if f € G.(U; R*) then each representative
of f has the property (LLG).

Remark that if f € G(I x 2, X Qy; R), 8*f € G.(I x ) x ; R) for all
a = (0,04, ..., p,0,...,0) € N*"*™*! with |a|] =1 and , is convex, then
each representative of f has the property (LLL) in (I,;,Q;).

Theorem 3.3 (Existence) Let W be an open subset of S, 3, € ;ﬁ",
f € G xQy xQy;R*), T, a representative of T, and f = (f1,.., fa) @
representative of f. If

(i) W cc Qq;

(i) there are K} CC Q) and 1y €]0,1] such that Z,(]0,nn[) C K\;

(iil) f € G.(I x ) x Qp; R™);

(iv) 82f; has the property (LLG), for all 1 < i < n and a € N**™H!
with o] =1 and a = (0,ay, ..., 0n,0,0,...,0),

then there are a > 0 with I,(t,) C I, 7 €]0,1), u € G(L,(t,) x W; R") and a
representative & of u satisfying:

(I) there exists K CC Qy with 4(]0, 7[xI,(t,) x W) C K CC Qy;
(1) Fe,t,9) = fle,tlest),y) Jor all (6,8,) €10, 7lxLalte) x W

(I11) (e, to,.) = Zo(€) for all € €]0,7[;
(IV) u € G (La(to) x W; ),

S —

W =7



(V) ?a'_tl'l_ = f 2] (7":“: T, "':ﬂm) ;

(VD) uliexw = Zo.

Moreover

(VII) if p € N and 8°f; € G.(I x % x Qg R) forall 1 <i < nand
a € N™m+ yith |a| < p, then 8%y; € Gu(L(to) x W; R) for all g € N™!
with |f] <pandl <i<ny

(VILL) if 8 f; € Gu(I x 4 x O R) forall 1<i<n and a € N*+mH
with |a| = 1 and a = (0,1, ..., Qnim) , then &Pu; € G (1,(t) X Wi R) for
all 1<i<nandfeN™ with | =1 and B = (0,51, .., Bm);

(IX) the assertions (VII) and (VIII) are still true if we replace
ofi € G.(I x @ x Qg; R) and 8%u; € G.(1,(t,) x W;R) by 8°f; is a
bounded mapping on J x ) x Qy for all J CC I and 0°%; is a bounded
mapping on Jy x W for all Jy CC I,(t,), respectively.

Proof. Parts (IV), (V) and (VI) follow from (I), (II) and (III), respectively.
Let a* > 0 with I,-(¢,) C I, Ky and 7 as in (ii), V an open subset of £,
such that K, C V ¢ V cC Q, and d > 0 the distance of K; to 2, \ V.
By (iii) and (i) there are 7 €)0,71[ and M > 0 such that
[1f(e,t,z,2)|] < M for all (e,t,z,2) €]0,7[xI-(t,) x V x W.
Take a > 0 with @ < min{a*,d/M}. Fixed any € €]0, 7 there exists a
unique u, € C(I,(t,) X W; V) NC*®(I4(t,) x W; R") such that
ue(t, y) = Zo(e) + Ji, (e, 8,uc(s,9),p)ds forall (t,y) € Lt) xW. (1)

Remark that u.(1,(t,) x W) C {z € R"|||z = Z,()|| < d}.

Let @ :]0, 1] x I,(t,) x W — R" defined by (e, t,y) = u.(t,y), ife €]0, [
and u(e, t,y) = uz(t,y), if € € [7,1]. Then 4 satisfies (I) (for K = V), (D)
and (I11).

Let J cC I,(t,) and K’ cc W. We will prove, by induction on |8,
where § € IN™*!, that there exists Ny € IV such that

sup  |0PTi(e, t,y)| = O(e™) ase } 0 foralll1 <i<n. (2)

(ty)eJxK'

Thus @ = (@y, ..., &) € Em[la(te) x W; R").

It is clear that (2) is true for || = 0. Let p € IN and suppose that
|8| = p+ 1 and (2) holds for all y € N™*! with |y| < p.

Denote by (t,Z1, ..., Tn, Y1, -, Ym) Points in I x ; x Qs
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Using that I,(t,) x Vx W cC I x ; x Qy, fe EmlI x Q) x §p; R™] and
(iv), there are ¢ > 0, 7 €]0,7[ and N € N such that
120,500 < Totee™) and 10 Berss ) S & (9
for all (e,8,y) €]0,n[xL(t;) xW,1<4,j<nand|a|<p+1.
Assume that 8 = (8o, £, ..., Om) and let
Acry = {8 file,t (e, t,),y) g € N™*™1, || <p+1and 1< k < nk;
Bepy = {1} U {0(e, t,y)|y € N™, |y| <pand 1 < k < n}.
If By # 0 then 8%1;(e, ¢, y) is sum of products of elements of Az, U B ..

Applying (3) and the hypothesis of induction it is clear that (2) is true.
If By = 0, then

Pie,t) = [ (les,9)+ Y- goc(e,s, e, 9,8),1)2%le,5,9)ds
to k=1 9%k

where (g, 8, y) is sum of products of elements of A¢ 45U Beay-

Take a1, by € IR such that JU{t,} C [a1, b1] C I,(t,). From the hypothesis
of induction and (3), there are ¢; > 0, Ny € IN and m, €]0, 7 such that, on
10, m[x[a1, 4] x K’ one has

10%6(e, 6l < 3 10%5(e, )] < | (cne™ o+ mlogles™ 10, s

i=1

This inequality, together with Gronwall’s Lemma, proves (2).
The remaining statements are established by similar arguments, replacing
log(ce~") and ce~¥ in (3) by the appropriate constants in each case. [ ]

Theorem 3.4 Let z, € R", feGIxY x§; R"), %, a representative of
z, and f = (fi, ..., f,,) a representative of f. If f is a bounded mapping on
I xQy xQy and the assertions 8.3.ii and 3.3.iv are true, then the assertions
from 3.3.1 to 3.3.IX hold, replacing W by .

Proof. Let V as in the proof of 3.3. Using similar arguments there are
a > 0 with I,(t,) C I and T €]0,1] such that, if £ €]0,7[ and y € 3, then
there is a unique u;, € C(J4(to) X Br. B,,(y); V) satisfying ug ,(,2) = Zo(e) +
fz, fle, s,u £ (5 z),z)ds, where r, > 0 and B,.v( ) € Q; is the closed ball
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of center y and radius r,. As in the proof of 3.3, the mapping % from
10,1] x L(2,) x Qy defined by (e, )i ()x5.,w = &, if € €]0,7[ and @
constant in [r, 1] x I,(2,) X Q2 is a moderate application and its class satisfies
the requirements of our theorem. [ |

In the next theorem we will replace z, by a generalized application.

Theorem 3.5 (Existence) Let W be an open subset of 0, g € G(W; R"), §
a representative of g = (g1, .., Gn), f € GI X X; B*) and f = (f1, ., fa)
a representative of f. If

(i) W cC Q;

(i) there are U an open subset of Q; and 1 €]0,1] such that U CC
€, and §(J0,n[xW) CU;

(iii) g € G.(W;U), where U is as in (ii);

(iv) f € G.(I x O x §; R");

(v) 82 f; has the property (LLG) for all 1 < i < n and a € N*™* with
la| =1 and a = (0, e, ...,2,,0,0,...,0),
then there are a > 0 with I,(t,) C I, 7 €]0,1], u € G(L,(t,) x W; R") and @
representative & of u satisfying:
_ (I) there is V an open subset of h with @(]0,7(x[a(te) x W) C V C
VccQy;

(IT) %(e, t,y) = fle,t,8(e, t,y),y) for all (e,t,y) €]0,7[xLa(ts) X W;

(111) #(e, to,-) = 3(e,.) for all € €)0,7(;
(IV) u€ gﬂ(Ia(to) x W; Ql);

V) %tlf = fo(mu,m,...;Tm);

(VD) ulgyxw = g.
Moreover

(VII) if p € N and for all 1 < i < n one has 3°f; € G.(I x Oy x ; R)
and 8"g; € G.(W; R) for all @ € N™*™*! with |o| < p and v € N™ with
[7] < p, then 8%u; € G,(L,(t,) x Wi R) for all € N™! with |8 < p and
1<i<n;

(VITI) if for all 1 < i < n one has 0°f; € G.(I x @ x (; R) and

8¢ € G.(W;R) for all @ = (0,01,...,Qn4m) € N™*™*! and y € N™
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with |a| = |yl = 1, then 8%u; € G.(L,(t,) x W; R) forall 1 <i<n and
ﬂ (0 ﬁla 1ﬂm)€Nm+l with Iﬁl_l

(IX) the assertions (VII) and (VIII) are still true if we replace 8°f; €
G.(I x @ x Q; R), 8g; € G.(W; R) and u; € Gu(L.(to) x W; R) by
6°f. is a bounded mapping on J x 0y x Qy forall J CC I, 875; is a
bounded mapping on W and 8°4; is a bounded mapping on Jy X W for all
J1 CC L(t,), respectively.

Proof:. Let U and m, as in (ii), take U; and U, open subsets of ; such that
UcU cU, cU,clT, cCQ and let 4d the distance of U; to €, \ Us.

Note that, if z € By(0) = {y € R"|||y|| < d}, then £+ 2z € @, for all
z € U;. Thus we can define the moderate application h = (A1, ..., hn) on
10,1] x I x B4(0) x Uy x Qs by h(e,s,7,2,y) = fle, s,z +2,v).

We will denote by (s,z,2,y) = (S, 1,0 Tny 215 ++ey Zny Y1y -y Ym) POINLS in
I x By(0) x (Uy x ).

Let J cC I, K cC B4(0) and L cC U, x Q,. Take K, CcC U, and
K' cc Q such that L € Ky x K'.

Using that K+ K, CC £, (iv) and (v), there are M > 0,¢ > 0,7 €]0, 71|
and N € NN such that on ]0,n[xJ x K x (K x K') one has

||h(e, 8,2, 2,9)|| € M and[a L(e, 5,7, 2,y)| < log(ee™) foralll <i4,j < n.

Applying 3.3 (replacing F, S, 0y and W by R, B4(0), Uy xQp and Ux W,
respectively) there are a > 0 with I,(¢,) C I, 7 €]0,7[, Vi open subset of
By4(0) and an application ¥ € Ep[la(to) x U x W; R"] such that

5()0, 7[x I (t,) x U x W) C V; C Vi CC By(0);
9(e,to,.) =0 for all € €]0,7;
%(e,s, 2,9) = h(e, 5, 0(,3,2,9),2,y) on]0,7[x1u(te) x U x W.

By (ii) we may define @ = (i1, ..., in) on ]0,1]x I (t,) x W by (e, t,y) =
g(e, y)+0(e, t, (e, v),v), ife €]0, r{and Ge, t,y) = §(5, ¥)+3(3, 8, §(3,9), 9),
if £ € [1,1)

Since § € Ep[W; B™), 0 € Ey[La(t,) x U x W; R™ and (iii) holds is easy
to prove that & € Ey[I,(t,) X W; R"]. Let u the class of .
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To establish from (I) to (IX) it is enough remark that @(e, t,,.) = 3(e, .),
98 e t,y) = Fle,t e, t,4),9) on )0,7[xLo(t) X W, if V = U + V; then

(10, 7[xIa(te) x W) C V C V C Uy + B4(0) and ¥ and its class v satisfy
from 3.3.VII to 3.3.IX(replacing f, O, Q, W, 4@ and u by h, By(0),
Uy xQy,Ux W, % and v, respectively). [

In the next theorem we will replace W by €2,.

Theorem 3.6 Let g € G(Q2; R™), § a representative of g = (g1, 9n),
f€GI x xQy; R*) and f=(fi,...fn) a representative of f. If f
is a bounded mapping on I X Q) x 0y and the assertions 3.5.ii, 3.5.iii and
3.5.v are true(replacing W by ) orif Qy = R*, f is a bounded mapping
on I xQ xQ, g€ G, (0 R*) and 3.5.v holds, then the assertions from
3.5.1I to 3.5.IX are true(replacing W by §2;).

Proof. Similar to the proof of 3.5, replacing W and 3.3 by {; and
3.4, respectively. Remark that if ; = RR", then h may be defined on
10,1] x I x R* x R" x Q,. [ ]

Now we present a theorem about uniqueness of solutions.

Theorem 3.7 (Uniqueness) Let f € G(I x £ x Qg; R™) and f = (fl,,f;,)
a representative of f such that

(i) £ has the property (LLL) in (I, S, Q2);

(ii) 8f; has the property (LLG) for all @ = (0,04,...,@5,0,0,...,0) €
N1 with |la| =1 and 1 < i < n.
Ifu and v belong to G. (I x; ), u|{1,}x0 = ¥|{e.}xn, and they are solutions

w
of o = fo(mw,m,..,my), then u=v.

Proof. Let (J;);jen be an exhaustive sequence of compact subsets of J with
to € NjenJ; and J; closed interval for all j € IV, (Kj)jen an exhaustive
sequence of compact subsets of {2, i a representative of u and ¥ a represen-
tative of v. It suffices to prove that, if j € N, J CC J,, K' cc K’ and
B € IN™! then given g € IV one has

sup |(8%0; — 8%4;) (€, t,y)| = O(e%) ase 0 foralll1<i<n. (1)
(Ly)exK'
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Fix j € IN and let g € IN. Take a, b € IR such that JU{¢,} C [a,b] CC jj.
Since u,v € G,(I x Q;), there are K; CC €, and 7; €]0, 1) such that
ﬁ(]O, Tij[XJj X K;) U 7.7(]0, T]J'[X.]j X K_;) C KJ‘ cC .

Denote by (t,z1,...,Zn, %1, .-, Ym) Points in I x O x Q.

Using that f € Ey[I % £ x Qg; R"], (i) and (ii) there are N € IV, ¢ >0
and T e}O 7;[ such that on |0, 7[x(a, b] x K' one has

1), y)| < log(ee™); ! Etv(ety),y)l<10g(66 M (2
lf.(etu(ety) y) — f.(etv(ety),y)|<log( ce™M)||(@ —v(e,t,y)ll; 3)
[0°file, t, A, t,y), y)| < eV |8°file,t, B(e, t, 0), 0)| < eV (4)

|62 fi(e, t, (e, 2, ), y) — 0% file, t, (e, t,9), )| < e M@ - D)(e, tw)l|  (5)
forall|o| <|B| and1 <1,k < n.
Let § = (81,..3n) € N[J; x KI; R*) and b = (Ry, .. h) € MK} R"]
such that, if 1 = (Iy, .., ln) 0, 7;[x J; x K} — R" is defined by

b I(E,t, y) = (a-—ﬁ)(E)tl y) - E(e,y),
then
Ue,t,y) = JL (Fle, 5, 8(e, 5,9),¥) — fle, 8, (e, 5,9),) + 8(e, 5, 9))ds .

As @ and © are moderate mappings and k and § are null there are ¢; > 0,
7, €]0,7[ and N, € IN with N; > max{N, Nn%(b — t,), Nn?(t, — a)} such
that for all € €]0,7[, t € [e,}] and y € K one has

max{ M g)eaxa |3Aaj(€: t,v)l, IIiajyeaxa la'\ﬁj(f: ty)l } < ce~M (6)
forallAx Ac {#e€ N™| 9 <|B]} x {1,..,n};

ma.x{ la‘lﬁ‘(e,y)l ) lmﬁi(g,t, y)l } < clE?+2Nl (7)
forallie N™, ve N™ with || < |6], Iv] < |8l and 1 < i< n.
By (3) and (7) we have

et )l < | [ ‘Crlogles™)ll(e, ) + (e -+ )ncse* )]

on ]0,71[X [a,b] x K'. This, together Gronwall’s Lemma, implies that

sup | —@)(e,t,y) — h(e,y)| = O(?) as elO.
(.)€ [ab]x K’

Hence (1) is true for || =

15
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Let |8] = |(Bo, b1, --s Bm)| > 0. Using the induction hypothesis and 3.1
given 3N, + ¢ there are ¢; > 0 and 7, €]0, [ such that
| Hagyeaxa 88562, y) — Masyeaxa 8 0i(e, 1, y)| < e+ (8)
on ]0,7[x[a,b] x K forall Ax AC {0 € N™!||0] < |B|} x {1,...,n}.
Let1<i<n KB = (B—1B,.0n), (1Y) €)0,mxfx K,
wl(E,t, y) = fi(E,t, 6(5: L, y),y) and TU2(E,t, y) = fi(Ev t ﬁ(E,t, y): y) we have
Bli(e, t,y) = [, 8% (w1 — wa + i) (e, 5, y)ds, if Bo = 0; (9)
Bf’li(e, t) y) = a—ﬁ(’wl — Ws + §i)(61 t: y)) if ﬂﬁ > 0. (10)
Now we will calculate 8*(w; — w2), where p € N™ with || < |8].
Let p = (po, p1, -y ) With || < |B] and ¥ = (g0, 0, -"sOsl“ls---:.u'm)!
then 8*(wy —w2)(e,t,y) =T + @2 + @3 + G4, where
a, = 07fi(e,t,0(e, 8, 9),9) — 8 file, t, (e, t, 9), 9);

B2 = ey (L (61,006, 1,9), ) — 2 (6,1, 8le, 1, 1), )2 ee, £, v);

@ = Tpy 26, t, e, 1, 1), 1) (0Fk (e, 1, y) — B4Ek(e, 1, 9);

82;—
@4 is sum of elements of the kind b} 4 + c} 4, where
b;(A = [ani(‘E, t,9(e,t,9),y) — 0 fi(e, t, A6 t, ), y)] H(A,k)EAxA 3‘\5}0(51 t,y);

a = O file,t, (e 1, 1), T pyeaxa P Bele: t,v) — [ preaxa O Br(e, 2, y)]
with |y| < [p] and A x A C {6 € N™*1||§] < |u[} x {1,...,n}.

From (2), (4), (5), (6), (7) and (8) there is ¢ > 0 such that for all
(e,t,y) €]0, n[x[a b] x K' one has
[6% (w1 — w2)(e, 8, y)| < nlog(ece™)[|0"U(e, £, y)|| + e3e7*M. (11)

Suppose that 8y = 0. Using (7), (9) and (11) (taking p = 8) we have
10°1e, 60} < | [ (mhog(ee™) 0%, s, ) + nles + )™ ™)dsl.

Then, by Gronwall’s Lemma, we obtain

sup  [0Pl(e, t,y)| = O(e%) as €l0.
(L)€ [ab]x K

Thus we have proved (1) for G = 0. _
Applying (7), (10) and (11)(replacing z by 8 = (6o — 1,81, ..., Bm)) we
conclude that (1) holds for §, # 0. .
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Remark 3.8 Let J be an open interval of I, 7, :]0,1] x J — R defined
by #.(e,t) =t and . its class in G(J; R). With similar arguments to proof
3.3 and 3.7 it is easy to verify that:

_Iffegq, (Ix8y; R"), z, € R" and there are 3, a representative of z, and
[ a representative of f such that Z,(]0,7[) CC Q, for some T €]0,1] and f
has the property (LLL) in (I,y), then there are a > 0 with I,(t,) C I and an
unique u € G, (I,(t,); ) such that o' = fo(m.,u) and u(t,) = z,. Moreover,
from G(.; R") be a sheaf of vector spaces on R, there is an unique mazimal
solution of W' = f o (m,,w) satisfying w(t,) = z, (¢ mazimal solution is a
solution that can not be eztended).

4 Method of characteristics

In this Section §2 and Q' will be open subsets of JR", I an open interval
of R with 0 € I, I’ an open interval of R and we will denote by = =
(%1, ey Tn) s (&) = (8, T1ye0y Zn) (OF (8,7) = (8,71,...,70) ) and (t,z,y,p) =
(t, @1y ey Tny Yy P15 - Pn) Pointsin @, IxQ and I x QxI' x €V, respectively.
Moreover f € G(§; R) and H € G(I x Q@ x I' x '; R).

The aim here is to study the following problem:

Problem 4.1 Given H and f, there are W open subset of I x Q with
V={ze R"(0,z) e W} #0 and u € G(W; R) such that

L PO
(i) (u, B an) € G.(W;I'x Q)

e au au au )
(ll) a +Ho (‘ﬂ',ﬂ'l, veey Ty Uy 6_1'1’ vy 5—;’12:) =0;

(iii) uloyxv = flv -

We say that u € G(W; R) is a solution for 4.1 in G(W; R) if and only if
u satisfies (i), (ii) and (iii).

Definition 4.2 If J is an open interval of R with0 € J C I and W is an
open subset of I xQ with V = {z € R"|(0,2) € W} # 0, then we will denote
by S(I,Q, I',Y, H, f, J,W) the set of (X,U, P) for which one has:

() XeG(JxV;Q), UeG.(JxV;I) and PeG,(J x V;);
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(ii) (X, U, P) is a solution of sistem:
oxX oH

—3—3-= —O(?T,X,U,P)

U " OH

o s il P)P;
o Ho(w,X,U,P)+§‘=1: 3pjo(1r,X,U, )F;,

where P=(P,...,P)
0H

oy i (m, X,U, P) — Pa—o(wXUP)

(iii) (X, U, P) ljopxv = (v, F v, Vf lv) s
(iv) Y = (7, X) € G.(J x V;W) and Y is an invertible application.

Theorem 4.3 (Existence) If there is a representative H of H such that
H s the property (LLG) and if (X, U, P) € S(I,Q, I', %, H, f, J,W) and

9y
u=Uo(m,X)", then

(I) u is a solution for 4.1 in G(W; R);

Bu au _ =
(H) (axl,...,'a?n) = PO(ﬂ',X) .
Proof. Let Y = (7, X) and h = (ho,hy, ..., hn) = ¥ ~1. Then

= (Yoh)|ixv

= (hol{oyxv, X o (h]{o)xv))

= (holgoyxv, M l{oyxvs o Bn [0 xv)

(T l{0)x V> M1 [{0}x V" -y T | {0} x V')

and thus u [(gyxv = U o (hlqoyxv) = flv.
As U=wuoY and 4.2.i holds we have

(—oY)+Ho(7rXUP)+Z( Loy - P)——O (1)

Zj

aX,

1

forall 1<i<mn. (2)

U n
ar; g(ax,

Fix 1<i< dlet p=—~ e
ix1<:<n andlet ¢ Bre Z;Jaﬂ'

1

Suppose proved that ¢ = 0. Then by (1) and (2) we have
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Ou LI, ) aX;
[(5; oY)+ Ho(m X,U,P)l+ J;[(gjoy)-P,.]—(,}T =
e 6u 6X_, _

j);‘[(a—%°y)—PJ]?9T—l- 0
noBu . 0X;

g[(5;j°y)—1;3] = 0

Applying that Y is an invertible application we conclude, by 2.3, that
JY has inverse multiplicative in G(J x V; IR). This implies that the system
above has only the trivial solution. Hence

du ou

—,.y=—)=PoY e g, (W;Q);
(o ag,) =FoY €W
du _ ou ou
i —Ho(mX,UP)oY ' =—Ho (m,m,...; Tp, U, -a?l,,a—zn)

To conclude this proof we will prove that ¢ =0.

Let (J;)jen be an exhaustive sequence of compact subsets of J with 0 €
NjenJj and J; closed interval for all j € IV, (K});en an exhaustive sequence
of compact subsets of V, X s 0 , P and @ representatives of X, U, P and ¢,
respectively.

Let j € N, [a,b] cC J;, K' cC K} and € N™*!. We will prove,
using induction on |g|, that

given g € IN one has sup  |0%@(e,t,7)| =0(¢%) asel0. 3)
(t,r)Elab]x K!
H

By 4.2 we have g—f = —(p%; o(m,X,U,P) and ¢|)xv = 0. Thus

there are g € N[.}, X I%;, R), he N[I%;;R] and 7; €]0,1] such that

Bletyr) = hler) = [[(B(e,5,p(e,57),7) + (e, 5,7)) ds,

where R
P 6H o -~ -~ o L]
P(e, 8,t,1) = —ta—y(a,s,X(e,s,r),U(e,s,r),P(s,s,r)) on 0,7;[xJ; x R x K.
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Using that H is a moderate function, the Mean Value Theorem and that

2H 145 the property (LLG) we can find N € IV, ¢> 0 and 7 €]0,7;[ such
that for all @ € N™*! with |e| < |B] and (g, s,7) €]0,7[x [a,b] x K' one
has

|6°1]3(€, 5,(e,8,7),7)| < ey (4)
165, 5, 3le, 7)) < ==, 7)) ©)
128 e,5, (e, 5,7, < log(e™); ©)
[B(e, 5, B(e,5,7), )] < log(ee™)[p(e, 5,7)] ")

and thus t

|@(e, t,r) = h(e, )| < | fo (log(ce™™)I@(e, 5, 7) — h(e, 5)| +log(ce ™) h(e, s)|+
|5(€, 5,7)|) ds |-

This, together with Gronwall's Lemma, gives us

sup  |@(e,t,7) — hle,7)| = 0(e?) as €l0.
(tr)elab)x K’

Hence we have proved (3) for |5]| = 0.
Let 1:]0,n;[xJ; x Kj — R defined by i(e,t,7) = §(e, ¢, r)—h(e,r) and
B = (Bo, Br,---» Bn) - Using (4), (5), (6), (7), the induction hypothesis and
Gronwall’s Lemma for f; = 0 we have sup  [0Pl(e, t,7)| = 0(c%) as
(¢,r)Efab]x K’
€ 4 0. Thus (3) holds for |3] > 0. [ |
Now we will present some results about uniqueness.

Theorem 4.4 Let H representative of H such that

(i) 8*H has the property (LLG) for all @ = (0,1, ..., Q2p41) € N?"+?
with 1 < |a] < 2;
(i) H BH ; oH d%g have the property (LLL) in (I,Q2xI'xQ').

3
If (X,U,P) and (_7 U,P) belong to S(1,Q,I',V, H, f, J,W), then X =X,
U=0U and P=P,

Proof. Let V = {z € R"|(0,2z) € W}, & = (¢1,..., Pan+1) the moderate
application from ]0,1] x J x (R x I' x ') x V to R?**! defined by
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oH
(B1s oo o), 8T, 4,2, 2) = % ——(&,t,7,9,p);
- " 0H
Pn+1 (E, 52,4 D Z) = —'H(S, t,z, y,p) + Z —“(Ea t,z,y,p)pj;
i=1 BpJ .
R . oH 8H
(‘Pn+2: ey (PZn—i-l)(E:t’ T, Y, D z) - -'aj(e:ta z, y,P) —pTa?(ey t,z,y, P)

and ¢ the class of @ in G(J x (& x I' x ') X V, R¥"+1),
As the elements of S(I,Q,I', <V, H, f, J, W) are solution of

80X 80 apP
(Bs Bs’ as) po (m X, 0, Py Ta)
(X,0, P)goyxv = (v, f v, VS |v)
we conclude, by 3.7, that (X,U,P) = (X,U,P). [ ]

Theorem 4.5 If @ = R*, I' = R, S(I,R", R, O, H, f,J,J] x R") # 0
and there is o representative H of H as in 4.4 and such that %ﬂ isa
bounded mapping on I x R* x R x ', then if there is u € G(J X R" R)
such that

(i) u is a solution for 4.1 in G(J X R", R);

(i) there are a representative @ of u and 7 €]0,1] such that

(3 '6 )(]0 r[xJ x R*) C &,
ﬂ

(iii) 8"u € G, (J x R"‘, R) for all y € N™! withy= (0,71, .-, Yn) and
1<hl<2,
then w is as in 4.3. Moreover if v € G(J x R™; R) satisfies from (3) to (43),
then v =1u.
Proof. Let (X,U,P) € S(I, R*,R, Y, H, [, J, J x R"), % the moderate
application defined on ]0,1} x J x R* x R" by the relation

,-..

T/J(fat, z, T) = ?5;(63 t,x,u(e,t, .'L'), 51:—1(6,t, ZC) ) oz n(s t I))
and o the class of ¢ in G(J x R" x R* R").
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A e

Applying 3.6 we know that for ¢ € J there are a; > 0 with I, (2) c J
. X -
and X, € G.(I,,(t) x R*; R") such that a—aﬁ = 4o (m X, T, ..., Tn) and

Xeligxrr = X liyxre -

Since J x R™ = Utesla, (t) x R™ and G.(., R") is a sheaf of vector spaces
on R, there is X € G.(J x R" R") such that X |1, (yxrn = X, for all
te J. Thus Xl{o}x}zn = Xo I{O}xR" = Xl{o}xgn =1g and

80X O8H - - Ou ~ ou ”
oo ).

35 ap (’iT,X,uO('I[’,X),EE;O(W,X),...,a:o('ir,x
u

Let I = uo(r,X) and P = (aTo(w,)?),...,-a-m—o(n,f()). If ¢
1 n -

and ¢ are as in the proof of 4.4, then, by (i), we have (X, , P)lioyxr» =
(Lgn, f |rn, VS |n) and

du

8X 8U oP e
—_— ) = X .
(85’65,38) (,00(11’, :U)P:ﬂ'h :ﬂ'n)
This, together with 3.7, gives us (X ,U,P) = (X,U,P). Thus we have
u=Uo(mX) .
A similar computation establishes v = U o (m, X)™". [

Proposition 4.6 LetI' = RandQ = = R". If (f,Vf) € G.(R™; R+,
HeG.(Ix. R*™*'; R) and if there are a representative f of f and a repre-
sentative H of H such that

(i) 3°f is a bounded mapping on R™ for all @ € N" with la]l =2;
(i) % —0 on ]0,1] x I x R##;

(iii) "H is a bounded mapping on I x R*™ for all v € A, where
A = {B = (Bo, B, - Pons1) € N2y =0 < |8 <2 orf;=0<fo=
1<|Bl=2forall 1<j<n+1},
then there are a > 0 with I, C I and an unique solution u for 4.1 in
G(I, x R R) such that 8u € G.(I. X R™ R) for all v € Ay, where
A1 = {p = (o, 1oy ) € N™1|[p| S 1 0r po=0<|u| =2}
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Proof. Let § : (¢,2) €]0,1] x R* —> (z,Vf(e,2)) , g the class of §

o0z
10,1] x I x R*™ and ¢ the class of § in G(I x (R” x R") x R™; R*").
From 3.6 there are a* > 0 with I,- C I and (X, P) € Gu(I- x R"; R*™™)
such that there are X = (X,...,Xy), P = (P, ..., P) representatives of X
and P, respectively, and 7 €]0,1] satisfying
0X 0P, . o 5. =
(-b—s—,a) =@o (7, X, P, 71y, fin) on ]0,7[x[pe x B*;

in G(R"; R*™), @&(e,s,2,p,7) = (%(e,s,m,ﬂ,p),—a—H(e,s,z,O,p)) on

(X, P)(e,0,r) = Gle,r) for all (¢,7) €]0,7[xR";

8°X,; and 8°P. are bounded mappings on T, x R* for all b €]0,a[,
a=(0,a1,...,03) € N™*! with |a|=1 and 1 <i<n.

Let 7 be the moderate mapping defined on ]0,1] x I,. x R" by

ﬁ(e, s,r)= f(e, T) +/3(—Eo (7, f, 0, 13) + Z Q{{— o7, f,ﬁ, Is)lsj)(s, t,r)dt
0 i=1 Bpj

and U the class of U in G(I,- x R*;R). Then U € G.(I,- x R"; R),
U |(o}xrr = f and, by (ii), (X,U, P) satisfies 4.2.ii.

Let b €]0,a*[, ¥ = (‘Tr,m lo,yyxzxan , | the moderate mapping from
10,1] x Iy x R* to R" defined by (e, s, r) = X(e,sﬁ,r) —7r and Y the
class of ¥ in G(I, x R™; R™"). Thus Y (¢, s,7) = (s,l(¢,s,7) +7) and, by
2.5, there is @ > 0 with T, C I such that

Y lioxge € Go(Io x R I, x R") and it is an invertible application;
there is a representative I' of (Y |;,xrs)”" such that
Fe,.) = (¥(e,.) lxge)™! forall € €]0,7(;
8°T' is a bounded mapping on I, x R* for all @ € N**! with |o| = 1.
Hence (X,U,P)|i.xz» € S(I, R*, R, R*,H, f,I,,I, x R*). Thus, by (ii)
and 4.3, we have u = Uo (Y |,xg=)~" is a solution for 4.1 in G(I, x R"; IR)
and (iu_ Ou )= Po (Y |xrn)"". Clearly u satisfies the requirements

0z, " 8zn . ,
of our proposition. The uniqueness is a consequence of 4.5. ]
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