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The equation au + H(t x au Bu ) o d th at , 1, ... ,xn,u,-a , ... ,.,- = an e 
XJ VXn 

method of characteristics in the framework of 
generalized functions1 

Roseli Fernandez 

Abstract. In this work we study, in the framework of Colombeau's general-
. d f · h . au ( au ou 1ze unctions, t e equation'" +H t,x1, •• • ,xn,u,-, ... ,-) = O with the 

Vt 8X1 8Xn 
initial condition ui{o}xV = f Iv, where u, H, and / are generalized functions. 
We have obtained a theorem on existence of solutions and some partial results on 
uniqueness. We use a technique which has been based on the classical method 
of characteristics. This technique, in the framework of generalized mappings, has 
led us to obtain some results on global invertibility of these mappings and also on 
ordinary differential equations. 

Introdution 

Our mains references for Colombeau's theory and notations in general are 
[1] and [2). Others relevant references about this theory are [3], [5] and [8] . 

In Section 2 we have introduced the concept of invertible application and 
have obtained some results on global invertibility of these applications. Sec­
tion 3 is devoted to the study of ordinary differential equations. Finally 
in Section 4 we use the method of characteristics to study the equation 
au ( au au ) 0 . h . . . . 1 d" . 0 h - + H t, x 1, ... , Xn, u, -, ... , - = wit a given 1mt1a con 1t10n. t -at OX1 OXn 
ers techniques to study generalized solutions to nonlinear partial differential 
equations can be found in [4] and [6]. 

1 Preliminaries 

To facilitate the reading, we summarize some concepts which will be 
needed in this work. 

1 It is part of the author's Doctoral Thesis written under the guidance of Dr. Jorge 
Aragona. 
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If n1 is an open subset of R:' the notation K cc n1 means that K is a 
compact subset of n1 • Moreover 

e[ni] = { u E RlO,l)xni \u(e:, .) E C00 (S11; R) for all c E )0, 1)}; 

CM[n1] = { u E t:[ni] IV K cc n1' V Q E Nn '3 N E N such that 
sup lo"u(e:, x)I = O(e:-N) as e: .J.. 0 }; 
zEK 

N[ni] = { U E t:M[ni] IV K cc n1 1 't/ Q E Nn and 't/ Q EN one has 
sup jfJ<'u(e:,x)! = O(e:q) as e: .J.. 0}; 
zeK 

CM[n1;Rm) = { (u1, ... ,um) lu; E CM[ni) for all 1 $ i $ m} 
(the elements of £M[n1; Rm] are called moderate applications on n1); 
N[n1; R"'] = { (u1, ... , Um) I Uj E N[ni] for all 1 :5 i :5 m} 
(the elements of N[n1; Rm] are called null applications on S11); 

Q(S11; Rm)= t;[~:i!l = EB~1E;, where E; = Q(S11; R); 

£M(R) = { u E Rl0,1J I 3 NE N such that !u(e:)I = O(e:-N) as c .J.. 0}; 

N(R) = { u E t:M(R) j 't/ q EN one has lu(e:)I = O(e:q) as e: .J.. 0}; 

- CM(JR) -n -
JR= N(R) and JR = EBf=1.R;, where R; = JR; 

if n2 is an open subset of Rm, then Q. (S11; S12 ) is the set of all the f E 
Q(S11; Rm) for which there is a representative f such that the following holds: 
(i) given K cc n1 there are K' cc n2 and 1J E JO, 1] with /(JO, 11[ xK) c K' 
(remark that if/ E 9.(n1;S12), then all representative off satisfy (i)); 

if z = (z1, •. • ,zn) denotes points in JRn, g E Q(n1;JR), g is a representative 
of g and a= (01, ... ,on) E Nn with lal = 1, then 

~g (resp. ~g ) denotes o"g (resp. o<'g) if a; = 1 and 1 :5 j :5 n; 
uz; uz; 
_ a9 a9 a9 og 

'vg(resp. 'vg)denotes (!l1 • •• ,!l)(resp. (!l, ... ,~)); 
uZ1 UZn uZ1 UZn 

if (l1, •.• ,ln) denotes points in R", 1 :5 i. :5 n for all 1 :5 s :5 k and 
a9 a9 og 

l = (l;n ... , l;t), then 8l denotes ( 8l;
1

, ••• , ol;t ); 

- - - - p- p-if h = (h1 , ••• ,hm) E £M[S11;Rm], then of3h denotes (8 h1, ... ,o h.,n) for 
/3 EN"; 

2 

.,. -



if J is an open subset of Rand W is an open subset of n1, then 1r(resp. 
1r;, with 1 :5 i :5 n) denotes the class in Q(J x W; R) of the moderate 
function (e,t,Y1,•••,Yn) E]O,l] x J x W i----+ t E R(resp. (e,t,Y1,•••,Yn) E 
]0, I] x J X W i----+ Yi ER); 

if V is an open subset of Rn, then Iv denotes the class in 9(V; Rn) of 
the moderate application ( e, x) E ]O, I] x V i----+ x E Rn ; 

if x = (x1, ••• ,xn) denotes points in Rn, f E Q(n1;R) and f is a repre­
sentative of f, then J f denotes the moderate mapping from JO, I] x n1 to 
R defined by 

and J f denotes the class of J f in Q(n1; R); 

if / is an open interval of R, t0 E R and a > 0, then / 0 (t0 ) denotes 
]t0 - a, t0 + a[ (sometimes we will write /0 instead of / 0 (0) ); 

if A c JRk , then A denotes the closure of A . 

2 Invertible application 

Here r21 and r22 will be open subsets of Rn. The theorem 2.4 is the 
main result in this section. The proposition 2.5 will be useful in Section 4. 

Definition 2.1 We say that f E 9.(r21;r22) is an invertible application if, 
and only if, there is g E Q.(n2; ni) such that fog= lrh and go f = ln1 • 

If f E Q. (r21; n2 ) is an invertible application, then there is an unique 
g E Q.(n2;D1) that satisfies 2.1 and it is called the inverse application off. 

To obtain 2.4 we will use the characterization of inverse multiplicative in 
Q(r21; JR) given by F. Villarreal ([9] or [10]). For the benefit of the reader, 
we write, in 2.2, this characterization. 

Proposition 2.2 Let f E 9(01 ; R) and f a representative off such that 
f(]o, l] x r21) c R \ {O}. The following are equivalent: 
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(a) f has inverse multiplicative in 9(f21; R); 

(b) if J. is a representative off with J.(]o, l] x f21) c R \ {O}, then 
* E £M[f21; Rj; 
Ii 

(c) for all K CC f21 , there are 1J E JO, lJ and a function µ from JO, lJ 
to JO, +oo[ such that ~ E £M(R) and µ(e) $ inf{ lf(e, x)I Ix E K} for all 

e E Jo, TJ[; 
(d) if J. is a representative of f, then for all K CC f21, there are 

1/ E JO, lJ and a function µ from JO, 1] to JO, +oo[ such that ~ E £M(R) 

and µ(e) $ inf{lfi(e,x)I Ix EK} for all e E]O,TJ[. 

Moreover, if f()o, IJ x ni) c R \ {O} and (c) holds, then the class de j in 

Q(f21; R) is the inverse multiplicative of f in Q(f21; R). 

The next result is analogous to applications in C00 (f21; f22) . 

Proposition 2.3 Let f E Q. (f21; f22). A necessary condition for f to be an 
invertible application is that J f has inverse multiplicative in Q(f21 ; R) . 

Proof. Let IC = (Kj)jeN be an exhaustive sequence of compact subsets of 
f21 , g the inverse application of f and g and / representatives of g and 
f respectively. 

Since f E Q.(f21; f22) there is (TJJieN a sequence in JO, lj with 1/i > 1/i+• 

and {/(e, x) I (e, x) E JO, TJ,lxKi} cc n2 for all j E N . 

Let j E N and h1 and li the applications defined on JO, lJ x Ki by 

h-( )={Jg(e,£(e,x)) ,ifeE]O,TJi[ 
1 e, x Jg(e, f(¥, x)) , if e E [TJ;, IJ ' 

l-( )={g(e,[(e,x)) ,ifeEJO,TJi[ 
1 e, x g(e, f(¥, x)) , if e E [1/i, l] · 

Then h1 and lj are representatives of (Jg of) I • and (go f) I • , respectively. 
KJ KJ 

Using that h;J f = Jlj and that (J(g o !)) I• = J(ln1 ) I • = l j • we 
K; K; K; 

have (Jg o f)J f I • = I I• for all j E N . Hence Jg of is the inverse 
K; K; 

multiplicative of J f in Q(f21; R). ■ 
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Theorem 2.4 Let f E Q. (01 ; 0 2 ) such that there are a representative f of 
f and r E ]O, 1] satisfying: 

(i) {!(t,x) Ix E Oi} = n2 for all e E]O,r[; 

(ii) f(t , .) is an invertible application with inverse 9c for all t E JO, r[ ; 
(iii) for all K' cc r22 , there are K cc 0 1 and T/ E JO, r[ such that 

{gc(Y) I (e, y) E Jo, 77(xK'} CK; 

(iv) J f(]O, r[xQ1) CR\ {O} . 
Let g the application from JO, 1) x f22 to Q1 such that g(t, .) = 9c for all 

e E JO, r[ and g(c, .) = g1 for all c E [r, 1). The following statements are 
equivalent: 

(a) J f has inverse multiplicative in Q(D1; R); 

(b} g E £M[D2; Rn]; 
(c) f is an inversible application and the class of g in Q(Q2; ER) is the 

inverse application of f. 

(We remark that (iv) and Ye E C00(Q2 ; Q1} for all e E ]O, r[ are equivalent.) 

Proof. Let f = (f.,/2, .. . Jn) and g = (91,92, ... ,gn). Suppose that (a) 
is true and let K' Cc Q2 and o E Nn. We will prove that there is N E N 
such that 

sup{ la°g,(c, y)I I y E K' and 1 $ l $ n} = O(cN) as e .J, 0, (1) 
and thus we will have (b}. 

Take K cc r21 and T/ E JO, r[ as in (iii). If lol = 0 then (1) holds for 
N = 0 . Assume that lol ~ 1. We will prove (1) , in this case, using induction 
on lol. 

Fore E]O,TJ[ we know that f(t,g(t,.)) = lo2 , and so dg(t,.) is the 
inversible matrix of df(c, .)g(c,.) . Therefore 

091c 1 
-(t,y) = - a;ic 
oy; J f(c, g(c, y)) 

for all 1 $ j, k $ n, where a;ic is sum of products of elements of the set 

{ ~f; (c,g(t, y)) I 1 $ i, s $ n} U {1, -1}. 
vx, 

Using that J f has inverse multiplicative in Q(Q1 ; R}, (iv) and 2.2, there 

are T/2 E JO, TJ[ and a functionµ from JO, 1] to JO, +oo[ such that ! E £M(R) 
and 
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0 < µ(e) :5 inf{ IJf(e,x)I Ix EK} for all e E)0, 712[ . 

Since ; E tM(R) and f; E EM[!11; R] for all I :5 i :5 n, there is 

N 1 E N such that 

sup{ -
1 I y E K'} = O(e-N1

) as e ,!. 0; 
IJ f(e, g(e, y))I 

sup {lo' f;(e, g(e, y))I I y EK', 'YEN' and hi $ lal + 1} = O(e-N1
) as e ,I. O. 

l:Si:Sn 

If lal = 1 then (I) is true for N = (n + l)N1 • 

Let !al > I and II E Nn with lvl = lal + 1. By hypothesis of induction, 

there is N2 E N such that 

sup {l&P§,(t:, y)I I y EK', /3 E Nn and 1/31 $ lal} = O(t:-N2 ) as t: ,I. 0. 
1:51:Sn 

Noting that given 1 :5 k :5 n there are 1 :5 j :5 n and i E Nn with 

Iii = !al such that &"gA:(e, y) = a"8a9" (t:, y), it is clear that (1) holds for 11 . 

Yi 
It is easy to check that (b) implies (c) and, by 2.3, that (c) implies (a) .■ 

Proposition 2.5 Let I an open interoal of R with O E I, r E JO, 1] and 
g = (g,, ... , 9n) E £M[I X Rn; Rn]. If f is the class in 9(1 X Rn; Rn+I) of 
moderate aplication f : (e, t, x) E JO, 1] x Ix Rn 1----t (t, g(e-, t, x) + x) and g 
satisfies 

(i) g;(e,O,x) = 0 for all (e,x) E)O, r[xRn and 1 :5 i :5 n; 

(ii) there is M > 0 such that llo"g(e, t , x)II :5 M for all (e, t , x) E 

JO, r[ xi x Rn and {) = (f3o , {)1, .•. , f3n) E Nn+l with 1 :5 f3o :5 lf31 :5 2, 

then there is a > 0 with Ia C I such that 

(I) fli. xRn E 9.(Ia X Rn; Ia X Rn),• 
(II) fl1.xRn is an invertible application; 

(III) f(e, .)11.xRn is an invertible application for all e E JO, r[. 

Moreover if f = (I'o, I'i, .. . , f n) is defined on JO, I] x Ia x Rn by I'(e, .) = 
(f(e-, .)11.x~ )-1 for all e E JO, r[ and I'(e, .) = (!(½, ,)11.xRn )-1 for all 
e E [r, 1) then 

(IV) I'(]O,r[xJ x K') CC Ia x Rn for all J CC Ia and K' CC Rn; 

(V) I' is a representative of Ul,.xRn)-1 
j 
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(VI) there is M > 0 such that ll8'>I'(e, t, y)II $ M for all (e, t, y) E 

]0,r[x [4 x Rn and o E Nn+l with lol = 1 . 

Proof. Denote by (t , x) = (t,xi, .. ,, xn) points in Ix Rn. Let M be as in 

(ii), a• > 0 with [4 • c I and a > 0 such that 

. { • 1 1 nn } 
a< mm a , M, -,M, '( l) . n nn. n nn. n + n 

Using the Mean Value Theorem, (i) and (ii) we have 

l§;(e,t,x)l$Mltl for all (e,t,x)E]0,r[xlxRn and 1$i$n; (1) 

1
8
89; (e,t,x)I $ Mltl for all (e,t,x) ej0,r[xl x Rn and 1 $ i, k $ n . (2) 

Xk 

By (1) we have (I) is true. Our next goal is to prove (III) and (IV). 

Fix e ej0,r[. Let (s,x), (t,y) E 10 x Rn with (s,x) 'F (t,y). Ifs 'Ft 
one has f(e, s, x) 'F i(e, t, y). Suppose that s = t and let 1 $ j $ n such 

that Ix; - y;I $ Ix; - Y;I for all 1 $ i $ n. From Mean Value Theorem we 

know that there is z E Rn such that 

and so by (2) we obtain 

l§;(e, s, x) + xi - Y;(e, s, y) - Y;I ~ lxi - Y;I - nMalxi - Y; I > 0. 

This implies that f(e, s, x) 'F f(e, s, y). Hence f(e, .) l10
xRn is one-to-one. 

Let (s, y) E I,. x R:', d = IIYII +nMlsl, Bd(O) = {z E Rn I llzll $ d} and 

Ill : x E Bd(O) 1----t y - g(e, s, x) . From (1) we have 1/l(Bd(O)) C Bd(O) and 

hence by Brouwer's Theorem we conclude that there is x E Bd(O) such that 

p(x) = x. Thus f(eJ.kxRn is onto and if J CC I,. and K' CC Rn, then 

f(e, J x K') C J x B,(O), where r = max{llzll + nMltl I (t , z) E J x K '}. 

Therefore (III) and (IV) hold. 

Let M1 such that nn! max{ Mn, (1 + .!. t} < M1 < .!. . From (2), (i), 

(ii) and Mean Value Theorem we have 
n a 

~ ~ 8Jf 
IJ J(e, t , x)I ~ IJ J(e, 0, x)I - sup lat(e, s, x)l ltl ~ 1 - Mta > 0 (3) 

1Elo 
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for all (c, t, x) E JO, r(x/0 x Rn. 
As the functionµ : c E JO, Ij i-----+ I-M1a belongs to £M(JR) we conclude, 

by 2.2, that J f has inverse multiplicative. This, together with (I), (III), 
(IV) and 2.4, tells us that (II) and (V) are true. 

Finally, assertion (VI) is a consequence of (2), (ii) and (3). ■ 

More results about invertibility of applications can be found in (7] . 

3 Existence and uniqueness of solutions to 
ordinary differential equations 

Here !21 will be an open subset of R", !22 an open subset of Rm, I an 
open interval of R and t0 E / . 

To obtain results about existence and uniqueness of solutions to ordinary 
differential equations we will use the next lemma and definition. 

Lemma 3.1 Let K CC i11 and (9i)ieN· and (hi)ieN· sequences of functions 
in £M[i11; R] such that given any i EN• and p EN one has 
supl9i(c,x)-hi(c,x)I = O(cP) asc-!. 0, then given any q EN one has 
zEK 

sup I TI 9i(c, x) - TI hi(c, x)I = O(cq) as c-!. 0 for all AC N• and A finite. 
zEK iEA iEA 

Proof : It is enough to note that, if A = {i1, ... , ik} C N• and 
B = {i2, ... , ik}, then n 9; - TI hj = (9i1 - h;.) TI 9; + hi1 ( TI 91 - n h;) 

jEA jEA jEB jEB jEB 
and to use the principle of finite induction. ■ 

Definition 3.2 We say that 

(i) f E £M[J x !21 x i12; Rk] has the property (LLL) (locally logarith­
mically lipschitz) in (J,i11,i12) if given J cc I, K cc !21, K' cc !22 

and a E Nn+m+I, there are N E N, c > 0 and r, E JO, l] such that for all 
(c, t,x,z,y) E]O,r,(xJ x K x K x K' and l :5 i :5 k one has 

lh(c, t, x, y) - h(c, t, z, y)I :5 log(ccN)llx - zll; 

18° J;(c, t, x, y) - aa J;(c, t, z, y)I :::; Cc- N11x - zll. 
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(ii) f E t:M[I x !11; RkJ has the property (LLL) (locally logarithmically 
lipschitz) in (J, !11) if g: (e, t, x, y) E JO, lJ x J x !11 x Em 1--t i(c:, t, x) has 
de property (LLL) in (I, !11, Rm); 

(iii) f E t:M[U; RkJ, where U is an open subset of R', is a bounded 
mapping on A C U if there are M > 0 and r E JO, I J such that I If (c:, x) 11 :5 M 
for all (c:,x) E]O,r[xA; 

(iv) J E t:M[U; RkJ , where U is an open subset of R', has the property 
(LLG) (locally logarithmic growth) if given K CC U, there are N E N, 
c > 0 and TJ E ]O, 1] such that llf(c:, x)II :5 log(ec:-N) for all (c:, x) E 
JO, r,[xK. 

Clearly if one representative off bas the property (LLG), then each repre­
sentative off has it too. Moreover if f E Q.(U; Rk) then each representative 
of f has the property (LLG). 

Remark that if f E Q(J x !"21 x !"22; R), a" f E Q.(J x !"21 x !"22; R) for all 
o = (0, o 1, ... , On, 0, ... , 0) E Nn+m+l with lo-I = 1 and !"21 is convex, then 
each representative of f has the property (LLL) in (J, !11, !12) . 

Theorem 3.3 (Existence) Let W be an open subset of 112 , x0 E Rn, 
f E Q(J x !"21 x !"22; Rn) , x0 a representative of x0 and f = (fi, ... , fn) a 
representative off. If 

(i) W cc !"22; 

(ii) there are K1 CC !'21 and r1 E JO, 1] such that x0 (]0, ri[) C K1; 

(iii) f E Q.(J x !'21 x !"22; Rn); 
(iv) a" h has the property (LLG), for all l :5 i :5 n and o E Nn+m+l 

with lol = 1 and o- = (0, 0-1, ... , On, 0, 0, ... , 0), 

then there are a> 0 with I0 (t0 ) C I, TE ]O, 1], u E Q(I0 (t0 ) x W; R") and a 
representative u of u satisfying: 

(I) there exists K cc 111 with u(]O, r[xl0 (t0 ) x W) c K CC !'21; 
au ~ 

(11) at (c:,t,y) = f(c:,t,u(c:,t , y),y) for all (c:,t,y) e]O, r[xJ0 (t0 ) x W; 

(III) u(c:, t0 , .) = x0 (c:) for all t: E ]O, r(; 
(IV) u E Q.(J0 (t0 ) x W; !"21); 
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OU 
(V) ot = f O (1r, u, 1ft, . .. , 7rm) i 

(VI) ul{to}xW = Xo• 

Moreover 
(VII) i/p EN and o'1f; E Q.(I x 0 1 x 02;R) for all 1 $ i $ n and 

O' E Nn+m+l with ial $ p, then aPU; E Q.(I0 (t0 ) X W; R) for all /3 E Nm+l 
with 1/31 $ p and 1 $ i $ n; 

(VIII) if {JO f; E Q.(I x 01 x 02; R) for all 1 $ i $ n and a E Nn+m+t 
with lal = 1 and a= (O,a1,•••,lln+m), then {)Pu; E Q.(I0 (t0 ) X W;R) for 
all 1 $ i $ n and /3 E Nm+l with I.Bl = I and /3 = (0, /31, ... , f3m); 

(IX) the assertions (VII) and (VIII) are still true if we replace 
o'1f; E Q.(I X 01 X S12;R) and i)IJU; E Q.(Ia(to) X W;R) by aof; is a 
bounded mapping on J x S11 x S12 for all J cc I and aPu; is a bounded 
mapping on J1 x W for all J1 CC I0 (to), respectively. 

Proof. Parts (IV), (V) and (VI) follow from (I), (11) and (III), respectively. 
Let a• > 0 with / 0 • (t 0 ) CI, K1 and r1 as in (ii), Van open subset of 01 

such that K 1 C V c V cc 01 and d > 0 the distance of Ki to S11 \ V. 
By (iii) and {i) there are r E JO, r 1 [ and M > 0 such that 

llf(e,t,x,z)II $ M for all (e,t,x,z) E]O,r(xJ0 .(t0 ) x V x W. 

Take a> 0 with a< min{a•,d/M}. Fixed any e EJO,r( there exists a 
unique U6 E C(I0 (t0 ) x W ; V) n C00(10 (t0 ) x W; Rn) such that 

u£(t,y) = x0 (e) + J~ f(e,s,u£(s,y),y)ds for all (t,y) E I0 (t0 ) x W. (I) 

Remark that ut(Ia(to) X W) C {z E ~I llz - Xo(e)II $ d} . 
Let u :JO, l] x I0 (t0 ) x W--+ Rn defined by u(e, t, y) = ut(t, y), if e E JO, r[ 

and u(e, t, y) = ui (t, y), if e E (r, l] . Then u satisfies (I) (for K = V), (II) 
and (III). 

Let J CC I0 (t0 ) and K' CC W. We will prove, by induction on 1/31, 
where f3 E Nm+l, that there exists N2 E N such that 

sup joliu;(e, t, y)I = O(cN2 ) as e .j. o for all 1 $ i $ n. (2) 
(t,11)EJxK1 

Thus u = (u1, ... , Un) E £M[J0 (t0 ) x W; Rn]. 
It is clear that (2) is true for I.Bl = 0. Let p E N and suppose that 

1/31 = p + I and (2) holds for all 'Y E N"'+1 with h"I $ p. 
Denote by (t,x1, ... ,Xn,Yl,···,Ym) points in J X n1 X n2 . 



Using that /"(to) XV X w cc I X n1 X n2, 1 E CM[/ X n1 X n2; Rn] and 
(iv), there are c > 0, 1/ E ]O, rl and N EN such that 

laaJ; (c:, s, u(c:, s, y), y)I $ log(cc:-N) and 1ao h(E, s, u(e, s, y), y)I $ CE-N (3) 
Xj 

for all (e, s, y) E JO, 11lx/4 (to) x W, 1 $ i,j $ n and lal $ p + 1. 

Assume that /3 = (/30 , /31, ••. , /3m) and let 

At,t,11 = {a1.1fi.(e,t,u(e,t,y),y)lµE rvn+m+l, lµI $ p+l and 1 $ks n}; 
Bt,t,11 = {l} u {aYuk(e, t, y)i'r E rvm+i, bl $ p and 1 $ k s n}. 

If /30 #- 0 then aPu;(e, t, y) is sum of products of elements of At,1,11 U Bc,1,11• 

Applying (3) and the hypothesis of induction it is clear that (2) is true. 
If /3o = 0, then 

aPu;(E, t, y) = rt (Ii (e, s, y) + t aaJ; (c:, s, u(e, s, y), y)aPuk(e, s, y))ds, 
}4 k=l Xk 

where l1 (e, s, y) is sum of products of elements of A,,,,Y U B,,,,,r 

Take a1, b1 ER such that JU{t0 } C la1, bi] C J4 (t0 ). From the hypothesis 
of induction and (3), there are c1 > 0, N1 EN and 1/i E JO, 11[ such that, on 
]0,11i[x[a1,bi) x K' one has 

11aPu(t:, t, y)II :5 t iiJllu;(c:, t, y)I :5 1 { (c1E-N1 + rhog(et:-N)llaPu(E, s, y)ll)dsj. 

This inequality, together with Gronwall's Lemma, proves (2). 
The remaining statements are established by similar arguments, replacing 

log(ee-N) and cc:-N in (3) by the appropriate constants in each case. ■ 

Theorem 3.4 Let Xo E Rn' f E Q(Ixn1 xn2; Rn)' Xo a representative of 
x 0 and f = (fi., ... , fn) a representative off. If f is a bounded mapping on 
Ix n1 x n2 and the assertions 3.3.ii and 3.3.iv are true, then the assertions 
from 3.3.I to 3.3.IX hold, replacing W by 0 2 • 

Proof. Let V as in the proof of 3.3. Using similar arguments there are 
a > 0 with J4 (t0 ) C I and r E ]O, l] such th~t, if e E ]O, r[ and y E 02, then 
there is a unique u: E C(/11 (t0 ) x Br,(Y)i V) satisfying u: (t, z) = xo(e) + • • 
J~/(e,s,u~.(s,z),z)ds, where ry > 0 and Br,(Y) c n2 is the closed ball 

11 

----, 



of center y and radius r11• As in the proof of 3.3, the mapping u from 

Jo, lJ X /,.(to) X n2 defined by u(c, -)lr.(t.,)xB,,(11) = u~w if c E Jo, r[ and u 
constant in [r, 1] x J0 (t0 ) x n2 is a moderate application and its class satisfies 

the requirements of our theorem. ■ 

In the next theorem we will replace x0 by a generalized application. 

Theorem 3.5 (Existence) Let W be an open subset of !l2, g E Q(W; Rn), g 
a representative of g = (91, ···,9n), f E Q(Jxn1 xn2; Rn) and f = U1, ... , ln) 
a representative off. If 

(i) w cc n2; 

(ii) there are U an open subset of n1 and r1 E JO, lJ such that U cc 
!l1 and g(JO, r1[xW) CU; 

(iii) g E Q.(W; U), where U is as in (ii) ; 

(iv) f E Q.(J X n1 X n2; Rn); 
(v) a"[; has the property (LLG) for all 1 $ i $ n and a E Nn+m+l with 

lo! = 1 and a= (0, 01, . . . , On, 0, 0, ... , 0), 

then there are a> 0 with I0 (t0 ) CI, r E JO, lJ, u E Q(l,.(t0 ) x W; nn) and a 
representative u of u satisfying: 

(I) there is Van open subset of 0 1 with u(]O,r[xl0 (t0 ) x W) C V C 
Vee~; . 

ou -
(II) at (c, t, y) = f(c, t, u(c, t, y), y) for all (c, t, y) E JO, r[xl,.(t0 ) x W ; 

(III) u(c, t0 , .) = g(c, .) for all c E JO, r(; 

(IV) U E Q.(I .. (to) X W; n1); 
OU 

(V) at = f o (1r, U, 1r1, ••• , 7rm) j 

(VI) ul{t0 }xW = g . 

Moreover 

(VII) if p E N and for all 1 $ i $ n one has a" f; E Q. (I x n1 x n2; R) 
and o'g; E Q.(W;R) for all a E Nn+m+l with !al$ p and 'YE Nm with 
!'YI::; p, then oPu; e Q.(I .. (to) x W;R) for all /3 e Nm+I with 1/31::; p and 
1 $ i $ n; 

(VIII) if for all 1 $ i $ n one has a" f; E Q.(I x n1 x !l2; R) and 
a' g; E Q. (W; R) for all a = (0, 01, . . . , On+m) E Nn+m+l and 'Y E Nm 
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with lol = l'YI = 1, then EJP'Ui E Q.(Ia(t0 ) x W ; R) for all 1 :5 i :5 n and 
/3 = (0, /31, ... , /3m) E Nm+l with 1/31 = 1; 

(IX) the assertions (VII) and (VIII) are still true if we replace ~ f ; E 
Q.(I x fl1 x f22; R), o'.g; E Q.(W; R) and EJP'Ui E Q.(/0 (t0 ) x W; R) by 
~ f; is a bounded mapping on J x 0 1 x 0 2 for all J cc I, ff'!'§; is a 
bounded mapping on W and aPfi.; is a bounded mapping on J1 x W for all 
J1 CC Ia(t0 ), respectively. 

Proof:. Let U and r1 as in (ii), take U1 and U2 open subsets of f21 such that 
Uc U1 c U1 c U2 c U2 cc fl1 and let 4d the distance of U1 to fl1 \ U2. 

Note that, if X E Bd(O) = {y E Rn I IIYII < d}, then X + Z E n1 for all 
z E U1• Thus we can define the moderate application h = (hi, ... , h,.) on 
]O, 1] X / X Bd(O) X U1 X n2 by h(e, s, x, z , y) = i(e, s, X + z , y). 

We will denote by (s, x, z, y) = (s, xi, ... , Xn, z1, ... , Zn, Y1, ... , Ym) points in 
/ X Bd(O) X (U1 X fl2) -

Let J cc I, K cc Bd(O) and L cc U1 x f22. Take K2 cc U1 and 
K' cc n2 such that£ C K2 X K '. 

Using that K +K2 cc 0 1, (iv) and (v), there are M > 0, c > 0, 'Tl E ]O, r1[ 
and N E N such that on ]0, 'Tl[ x J x K x (K2 x K') one has 

llh(e, s,x,z,y)II :5 Mand laah;(e, s,x,z,y)I :5 log(ee-N) for alll :5 i,j :5 n. 
x; . 

Applying 3.3 (replacing!, n1, n2 and w by h, Bd(O), U1 xn2 and u X w, 
respectively) there are a > 0 with / 0 (t0 ) C /, r E ]O, 'Tl[, Vi open subset of 
Bd(O) and an application v E &M[/0 (t0 ) x U x W ; Rn] such that 

v(]O,r[x/0 (t0 ) x U x W) C Vi C Vi CC Bd(O) ; 
v(e, t0 , . ) = 0 for all e E JO, r(; 

av - -a/e,s,z,y) = h(e,s,v(e,s,z,y),z,y) on]O,r[xla(to) Xu X w. 

By (ii) we may define u = (fi.1, ••• , Un) on ]O, lJ x / 0 (t0 ) x W by fi.(e, t, y) = 
'§(e, y)+v(e, t, g(e, y), y), ife E Jo, r[ and fi.(e, t, y) = '§(½, y)+v(½, t, g( ½, y), y), 
if e E [r, lJ. 

Since g E &M[W; FJ, v E t:M[/0 (t0 ) x U x W; Rn] and (iii) holds is easy 
to prove that u E t:M[/0 (t0 ) x W ; F]. Let u the class of fi.. 
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To establish from (I) to (IX) it is enough remark that fi(e, t0 , . ) = g(e, .), 

ou (c, t, y) = J(e:, t, u(e:, t, y), y) on ]O, r[xla(to) x W, if V = U + Vi then 
8t - -u(10, rl xla(t0 ) x W) C V c V C U!.. + Bd(O) and v and its class -v satisfy 
from 3.3.Vll to 3.3.IX(replacing f, 01 , 02, W, u and u by h, Bd(O), 
U1 x ~h, U x W, v and v, respectively). ■ 

In the next theorem we will replace W by 02. 

Theorem 3.6 Let g E 9(02;~n), g_ a reyresentative of g = (g1 , ••• ,gn)...! 
/ E Q(/ x 0 1 x !'22; R") and J = (/1, ... , fn) a representative of f. If J 
is a bounded mapping on I x !'21 x !'22 and the assertions 3.5.ii, 3.5.iii and 
3.5.v are true(replacing W by !'22) or if !'21 =Rn , f is a bounded mapping 
on Ix 01 x !'22, g E 9.(02; Rn) and 3.5.v holds, then the assertions from 
3.5.II to 3.5.IX are true(replacing W by !'22 ). 

Proof. Similar to the proof of 3.5, replacing W and 3.3 by 0 2 and 
3.4, respectively. Remark that if !'21 = Rn , then Ii may be defined on 
JO, 1] X J X Rn X R!' X 02. ■ 

Now we present a theorem about uniqueness of solutions. 

Theorem 3.7 ( Uniqueness) Let f E 9(/ x 0 1 x 0 2 ; Rn) and f = (fi, ... , Jn) 
a representative off such that 

(i) f has the property (LLL) in (I, !'21, !'22); 
(ii) o<> f; has the property (LLG) for all a = (0, a 1, .• . , On, 0, 0, ... , 0) E 

Nn+m+I with joj = 1 and 1 :5 i :5 n. 

If u and v belong to (}.(I xf22; 0 1), ul{to}xn, = vl{t.} xn, and they are solutions 
ow 

of ot =Jo(1r,w,1r1, ... ,1rm), then u=v. 

Proof. Let (Jj)jeN be an exhaustive sequence of compact subsets of I with 
to E njeNJi and Ji closed interval for all j E N, (K;)jeN an exhaustive 
sequence of compact subsets of 0 2 , u a representative of u and ii a represen-

tative of v. It suffices to pro~e that, if j E N, J CC Ji, K' CC I<; and 
f3 E Nm+l, then given q E N one has 

sup 1(&'3v; - a0u;)(c, t, y)I = O(e:9 ) as C .l, 0 for all 1 :5 i :5 n . (1) 
(t,11)EJ x K' 
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Fix j E N and let q E N . Take a, b E R such that JU{ t0 } C [a, bj CC ji· 
Since u, v e Q.(I x n 2; n 1), there are K; cc n 1 and 1/; E JO, lj such that 
u(Jo, r,;[xJ; x K_;) u v(Jo, TJ;[xJ; x K_D c K; cc n1 . 

Denote by (!, X1, ... , Xn, YI, ... , Ym) points in [ X n1 X n2. 
Using that f E £M[I X n1 X n2; Rn], (i} and (ii) there are NE N, C > 0 

and r E JO, TJ;[ such that on ]O, r[ x [a, b] x K' one has 

laa[; (e,t,u(e,t,y),y)I :5 log(ee-N); laa[; (e,t,v(e,t,y),y)I :5 log(ee-N); (2) 
Xk Xk 

lh(e, t, u(e, t, y), y) - h(e, t, v(e, t, y), y)I :5 log(ee-N)ll(u - v)(e, t, y)II; (3) 

18° };(e, t, fi(e, t , y), y)I :5 ee-N; 18° };(e, t, v(e, t, y), y)I :5 ee-N; (4) 

18° h(e, t, u(e, t, y), y) - 8° h(e, t, v(e, t, y), y)I :5 ee-Nll(u - v)(e, t, y)II (5) 
for all lol :5 I.Bl and I :5 i, k :5 n. 

Let g = ('§1, ... , 9n) E N[J; X K1; R"] and h = (h1, ... hn) E N[K_; ; Rn] 

such that, if l = (l1, ... , ln) :JO, TJ;[xJ; x K1 ---t Rn is defined by 

l(e, t, y) = (v - u)(e, t, y) - h(e, y), 
then 

l(e:, t, y) = f1~(!(e, s, v(e, s, y), y) - l(e, s, u(e, s, y), y) + g(e, s, y))ds . 

As u and v are moderate mappings and h and g are null there are c1 > 0, 
T1 E JO, r[ and N1 E N with N1 > max{N, Nn2 (b - t0 ), Nn2(t0 - a)} such 
that for all e E JO, r1 [, t E [a, b] and y E K' one has 

max{ n(.~J)EAxA j8Afi;(e, t, y)I ' TI(AJ)EAxA l8Av;(e, t, y)I } :5 C1CN1 (6) 
for all AX AC {8 E Nm+lj IOI :5 I.Bl} X {1, ... , n}; 

max{ jll"k;(e, y)I , lo>"'§;(e, t, y)I } :5 C1eq+2N1 (7) 
for all ji. E Nm, 'YE Nm+l with jji.l :5 I.Bl, l'YI :5 I.Bl and I :5 i :5 n. 

By (3) and (7) we have 

lll(e, t, y)II :5 I {(nlog(ee-N)lll(e:,s,y)II + (nc + l)nc1eq+N1 )dsl 

on ]O, ri[ x [a, b] x K'. This, together Gronwall's Lemma, implies that 

sup l(v-u)(e,t,y)-h(e,Y)l=O(eq) as e..l-0. 
(t,11)E la,b) x K' 

Hence (1) is true for I.Bl = 0. 
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Let I.Bl = l(.Bo, .81, ... , .Bm)I > 0. Using the induction hypothesis and 3.1 
given 3N1 + q there are c2 > 0 and r2 E JO, r1 [ such that 

I Dc>.J)eAxA a>-uj(e, t, y) - Dc>.J)eAxA a>-vie, t, y)I $ C2e3Ni+q (8) 
on ]O,ri[x[a,b] x K' for all Ax AC {0 E Nm+ll 101 < I.Bl} x {1, ... ,n}. 

0 0 

Let 1 $ i $ n. If 73 = (.Bo -1,,01, ... ,/3m), (e,t,y) E]O,r2[xJ; x K1, 
w1(e,t,y) = h(e,t,v(e,t,y),y) and w2(e,t,y) = h(e,t,u(e,t,y),y) we have 

8/Jli(e, t, y) = f~ of1(w1 - w2 + gi)(e, s, y)ds, if /3o = 0; (9) 

of1[;(e, t, y) = oii(w1 - W2 + 9i)(e, t, y), if /3o > 0. (10) 
Now we will calculate 8"(w1 - w2), whereµ E Nm+l with lµI $ 1/31 -
Let µ = (µo, µ1, ... , µm) with lµI $ I.Bl and 'Y = (µo, 0, ... , 0, µi, ... , µm), 

then o"(wi - W2)(e, t, y) = 0:1 + 0:2 + 0:3 + 0:4, where 
a:1 = Eft J;(e, t, v(e, t, y), y) - Eft J;(e, t, u(e, t, y), y); 

0:2 = EZ=I (f (e, t, v(e, t, y), y) - U;(e, t, u(e, t , y), y))o"vk(e, t , y) ; 

03 = EZ=l f (e, t, u(e, t, y), y)(o"vk(e, t, y) - o"uk(e, t, y)); 

a4 is sum of elements of the kind bXA + cL, where 
b'JiA = [al' h(e, t, v(e, t, y), y) - al' h(e, t, u(e, t, y), y)] Dc>.,k)EAXA a>-vk(e, t, y); 

CAA = al' h(e, t, u(e, t, y), y)[D(>.,k)EAxA a>-vk(e, t, y) - D(>.,k)EAXA o>-uk(e, t, y)] 
with hi :5 lµI and AX AC {a E Nm+l I 101 < jµj} X {1, ... , n}. 

From (2), ( 4), (5), (6), (7) and (8) there is c3 > 0 such that for all 
(e, t, y) E JO, ri[ x [a, bJ x K' one has 

l8"(w1 - w2)(c, t, y)I $ nlog(ccN)ll8"l(e, t, y)II + c3e9+Ni . (11) 
Suppose that /30 = 0. Using (7), (9) and (11) (takingµ= .B) we have 

llaPl(e, t , y)II $ I rt (n2log(ee-N)ll8/Jl(e, s, y)II + n(c3 + ci)eq+Ni )dsl, It. 
Then, by Gronwall's Lemma, we obtain 

sup j8/Jl(c,t,y)j=O(e9) as c:-l,0 . 
(t,11)E [a,bjx K' 

Thus we have proved (1) for /30 = 0. 
Applying (7), (10) and (ll)(replacing µ by 73 = (/3o -1,/31,• •• ,/3m)) we 

conclude that (1) holds for .Bo -::j:. 0. ■ 
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Remark 3.8 Let J be an open interval of I, *• :]O, 1] x J --+ R defined 
by if.(£, t) = t and 1T. its class in Q(J; R). With similar arguments to proof 
3.3 and 3.1 it is easy to verify that: 

If f E Q. (Ix 0.1; Rn), X0 E Rn and there are x0 a representative of X0 and 
1 a representative off such that x0 (]0, r[) CC 0.1 for some TE JO, 1] and 1 
has the property (LLL) in (I, 0.1), then there are a> 0 with Io.(t0 ) C I and an 
unique u E Q. (Io.(t0 ); 0.1) such that u' = f o (1T., u) and u(t0 ) = x0 • Moreover, 
from Q(.; Rn) be a sheaf of vector spaces on R, there is an unique maximal 
solution of w' = f o (1T.,w) satisfying w(t0 ) = x0 (a maximal solution is a 
solution that can not be extended). 

4 Method of characteristics 

In this Section n and 0.' will be open subsets of Rn, I an open interval 
of R with O E I, I' an open interval of R and we will denote by x = 
(x1, ... ,xn), (t,x)=(t,x1, ... ,xn) (or (s,r)=(s,r1, ••·,rn))and (t,x,y,p)= 
(t, X1, ..• , Xn, y,pi, ···,Pn) points in 0,, IX 0, and IX 0, XI' X n', respectively. 
Moreover f E Q(O.; R) and HE Q(J X n XI' X 0.'; R). 

The aim here is to study the following problem: 

Problem 4.1 Given H and f, there are W open subset of I x n with 
V = {z E Rnl (0, z) E W} =f 0 and u E Q(W; R) such that 

(i) {u, aau , ... , aau ) E Q.(W; I' x 0.') i 
X1 Xn 

( .. ) au H ( au av. ) 0 11 !'u + 0 7T, 11"1, ••• , 7Tn, v., -a' ... , -a = ; 
vi X1 Xn 

(iii) ul{o}xV =!Iv• 

We say that u E Q(W; R) is a solution for 4.1 in Q(W; R) if and only if 
u satisfies (i), {ii) and (iii). 

Definition 4.2 If J is an open interval of R with O E J C I and W is an 
open subset of Ix n with V = {z E Rnl {O, z) E W} =I= 0, then we will denote 
by S(I, n, I', O.', H, f, J, W) the set of (X, U, P) for which one has: 

{i) X E Q.(J x V; 0.) , U E Q.(J x V; I') and PE Q.(J X V; n'); 
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(ii) (X, U, P) is a solution of sistem: 

ax aH . 
8s = op o ( 1r, X, U, P) 

au n aH 
~=-HO (1r,X,U,P) + L ~ 0 (1r,X,U,P)P; 7 

VS ~I~ 

where P =(Pi, ... , Pn) 

aP aH aH 
as = - ax o (1r,X, U,P) - Pay o (1r,X, U, P); 

(iii) (X, U, P) l{o}xv = (lv, f Iv, V f Iv) i 
(iv) Y = ( 1r, X) E (}. ( J x V; W) and Y is an invertible application. 

Theorem 4.3 (Existence) If there is a representative H of H such that 

~; has the property (LLG) and if (X, U, P) ES(/, n, I', fl', H, f, J, W) and 

u = U o (1r, X)-1 , then 

(I) u is a solution for 4.1 in Q(W; R); 
au au -I 

(II) ( ~, ... , ~) =Po (1r, X) . 
uX1 uXn 

Proof. Let Y = (1r, X) and h = (ho, h1, .. . , hn) = y-1 • Then 

(1r l{o}xV, 7rJ l{o}xV •··, 7rn l{o}xV) = (Y O h) l{o}xV 
= (hol{o}xv,Xo(hl{o} xv)) 
= (ho l{o}xV, h1 l{o}xV, ... , hn l{o}xV) 

and thus u l{o} xv = U o (h l{o}xV) = f Iv. 
As U = u o Y and 4.2.ii holds we have 

au n au ax; 
(at O Y) +HO (1r,X,U,P) + I:(-a. 0 Y - P;)-a = O; 

i=I X3 S 

au n au ax- . 
-a = L ( -a O Y)-a' for all 1 $ t $ n. 

r; i=I x; r; 

Fix 1 $ i $ n and let cp = aa~ - t P;°aX~ . 
r, i=I r, 

Suppose proved that cp = 0 . Then by (1) and (2) we have 
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au n au ax; 
l<at o Y) +Ho (1r,x,u,P)]+ :El(- o Y) - P;J- = o 

i=l ax; as 

Applying that Y is an invertible application we conclude, by 2.3, that 
JY has inverse multiplicative in Q(J x V; R). This implies that the system 
above has only the trivial solution. Hence 

( au au ) -1 ( ') -a , ... ,-a =PoY eQ. W;n ; 
X1 Xn 

au -1 au 8u 
at 

=-Ho(1r,X,U,P)oY =-Ho(1r,1r1, ... ,1Tn,U,-a , ... ,-a). 
X1 Xn 

To conclude this proof we will prove that cp = 0. 
Let (J;);eN be an exhaustive sequence of compact subsets of J with OE 

n;eNJ; and 1; closed interval for all j EN, (K1);eN an exhaustive sequence 

of compact subsets of V, X, 0, P and (p representatives of X, U, P and cp, 
respectively. 

Let j E N, [a, b] CC i;, K' CC i; and /3 E Nn+l . We will prove, 
using induction on 1/31, that 

given q EN one has sup 1aPrp(c:, t, r)I = O(c:q) as c: .J, 0. 
(t,r)E[n,b]xK' 

(3) 

acp aH 
By 4.2 we have as = -cpay o (1r,X, U, P) and cp l{o}xv = 0 . Thus 

there are g E N[i; xi;; R], h E N[K1; R] and T/; E JO, l] such that 

(p(c:, t, r) - h(c:, r) = l (ifi(c:, s, (p(c:, s, r), r) + g(c:, s, r)) ds, 

where 
- aii - - - • • 
t/J(E:,s,t,r) = -t 8y (e,s,X(e,s,r),U(e,s,r),P(e,s,r)) on ]0,11;[xJ; x Rx K1. 
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Using that Ji is a moderate function, the Mean Value Theorem and that 
8J: has the property (LLG} we can find NE N, c > 0 and r E ]O, 11;[ such 
that for all a E Nn+I with lal :5 I.Bl and (c,s,r) E]O,r[x [a,b] x K' one 
has 

18°1/i(c,s,rp(c,s,r),r)I :5 ee-N; (4) 

18°1/i(c, s, rp(e, s, r), r)I :5 ee-Nlrp(e, s, r)I, (5) 

l~f (c,s,rp(c,s,r),r)I :5 log(ee-N); 

11/i(e, s, rp(e, s, r), r)I :5 log(ee-N)lrp(e, s, r)I, 

and thus 

(6) 

(7) 

lrp(e, t, r) - h(e, r) I :5 I fo\1og(ee-N)lrp(e, s, r) - h(e, s)I + log(ee-N)lh{e, s) I+ 
lg(e, s, r)I) ds 1-

This, together with Gronwall's Lemma, gives us 
sup l$(c, t, r) - h(e, r)I = O(eq) as e ,!. 0 . 

(t,r)E (a,b]xK' 

Hence we have proved (3) for I.Bl = 0. 

Let l :]O, 1/;[xi; x Ki -t R defined by l(t:, t, r) = cp(t:, t, r)-h(e, r) and 
.B = (.Bo, .Bi, ... , .Bn). Using (4), (5), (6), (7), the induction hypothesis and 
Gronwall's Lemma for /30 = 0 we have sup la'1l{t:, t, r)I = O{t:q) as 

(t,r)E [a,b]xK' 
e ,!. 0 . Thus {3) holds for I.Bl > 0. ■ 

Now we will present some results about uniqueness. 

Theorem 4.4 Let H a representative of H such that 

(i) 8°H has the property (LLG) for all a= (O,a1, ... ,a2n+1) E N 2n+2 

with 1 :5 lal :5 2; 

(ii) Ji, ~: , ~; and :: have the property (LLL) in (I, n x /' x O.'). 

If (X, U,P) and (X, U,P) belong to S(I, O.,I',O.',H,f, J, W), then X = X , 
U= U and P=P. 

Proof. Let V = {z E Rn I {O,z) E W}, rp = (rp1, .. . ,$2n+1) the moderate 
application from Jo, l] X J X (n X I' X n') X V to R 2n+I defined by 
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(<Pi, ... , <Pn)(e, t, x, y, p, z) = ~; (e, t, x, y,p); 

- - naff 
'Pn+I (e, t, x, y, p, z) = -H(e, t, x, y,p) + L -

0
. (e, t, x, y, P)Pii 

i=I P, 

(<Pn+2, ... , <P2n+1)(e, t, x, y,p, z) = - ~: (e, t, x, y,p) - p ~; (e, t,x, y,p) 

and cp the class of <pin Q(J X (n XI' X n') X V,R2n+I). 

As the elements of S(I, n, I', n', H, f, J, W) are solution of 

ax au ai5 - - -
( 8s' 8s' 8s) =<po (1r, X, U, P, 1T1, ... , 1Tn) 

(X,U,P)l{o}xv = (lv.f Iv, VJ Iv) 

we conclude, by 3.7, that (X, U, P) = (X, V, P) . ■ 

Theorem 4.5 If O = Rn, I' = R, S(I, Rn,R,O', H, f, J, J x Rn) =/= 0 

and there is a representative H of H as in 4.4 and such that a;: is a 

bounded mapping on Ix Rn x Rx O', then if there is u E Q(J x Rn; R) 

such that 

{i) u is a solution for 4.1 in Q(J x Rn; R); 

(ii) there are a representative u of u and r E JO, 1] such that 

(88u ' ... , 88u )(lo, r[xJ X Rn) C n'' 
X1 Xn 

(iii) 87 u E Q.(J x Rn; R) for all 'YE Nn+l with 'Y = (0, ')'1, ... , 'Yn) and 

1 s 111 s 2, 

then u is as in 4.3. Moreover if v E Q(J x Rn; R) satisfies from (i) to (iii), 

then v = u . 

Proof. Let (X, U, P) E S(I, Ir', R, 0', H, f, J, J x R"), ,/j the moderate 

application defined on JO, 1] x J x Rn x Rn by the relation 

~ 8H ~ 8u 8u 
'lfJ(e,t,x,r) = -8 (e,t,x,u(e-,t,x),-8 (e-,t,x), ... ,-a (e-,t,x)) 

p X1 Xn 

and '1/J the class of t/i in Q(J x Rn x F; Rn) . 
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Applying 3.6 we know that for t E J there are a1 > 0 with I111 (t) C J 

- axt -
and Xt E 9.(111, (t) x Rn; Rn) such that as = t/J o (1r, Xt , 71'1, ••• , 7rn) and 

Xt l{t}xR" = X l{t}xR" • 

Since J x Rn = UteJia, (t) x Rn and 9.(., Rn) is a sheaf of vector spaces 

on R, there is XE 9.(J x Rn;RR) such that Xli.,(t)xR" = Xt for all 

t E J. Thus X l{o}xR" = Xo l{o}xR" = X l{o}xR" = lR" and 

ax aH - - au - au -
-a= 8p 0(1r,X,uo(1r,X),-a 0(1r,X), ... ,-a 0(1r,X)). 

S X1 Xn 

- - - au - au -
Let U = uo(1r,X) and P = (-a 0(1r,X), ... , -

0 
0(1r,X)). If~ 

Xi Xn 

and ip are as in the proof of 4.4, then, by (i), we have (X, ti, .P)l{o}xRn = 
(IR", f IR•, v' f IR•) and 

ax au aP - - -
( 8s' as, a,;-)= ip o (1r,X, U, P, 1r1 , ••• , 1rn) . 

This, together with 3.7, gives us (X,U,P) = (X,U,P). Thus we have 

u=Uo(1r,Xt1 . 

A similar computation establishes v = U o (1r, X)-1 . ■ 

Proposition 4.6 Let I' = R and n = f2' = Rn. If (J, v' J) e 9. (RR; Rn+l) , 

HE 9.(J x R 2n+1; R) and if there are a representative f of f and a repre­

sentative H of H such that 

(i) B° f is a bounded mapping on Rn for all a E Nn with lal = 2 ; 

(ii) ~; = 0 on Jo, l] XIX R 2n+l; 

(iii) o'H is a bounded mapping on I x R 2n+l for all 'Y E A, where 

A = {,8 = (,Bo , /31, ... , /32n+i) E N 2n+2 j ,80 = 0 < l/31 :5 2 or ,8; = 0 < .Bo = 
1 < l/31 = 2 for all I :5 j :5 n + 1} , 

then there are a > 0 with Ia C I and an unique solution u for 4.1 in 

9(Ia x Rn; R) such that a-ru E 9.(/a x Rn; R) for all "f E A1, where 

A1 = {µ = (µo,µ1 .. ,,~) E Nn+l j jµj :5 1 or µo = 0 < jµj = 2} • 
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Proof. Let g : (e, z) E JO, lJ x Rn >---+ (z, v' f(e, z)) , g the class of g 

in Q(R";R2n), cp(e,s,x,p,r) = (~:(e,s,x,O,p),-~!(e,s,x,O,p)) on 

JO, 1) X IX R 3n and cp the class of Ip in Q(I x (Rn x Rn) x Rn; R 2n) . 
From 3.6 there are a• > 0 with / 4 • C I and (X, P) E Q. (la• x Rn; R 2n) 

such that there are X = (X1 , ... , Xn), f.> =(Pi, ... , Pn) representatives of X 
and P, respectively, and T E)O, 1) satisfying 

(~~ ' ~~)=ipo(1r,X,P,fr1, ... ,'irn) on JO,r[xla• xRn; 

(X, P)(e, 0, r) = g(e, r) for all (e, r) E JO, r[xRn ; 

a0 X; and 8" P; are bounded mappings on lb X R1' for all b E Jo, a•[ I 

a= (0, 01, ... , On) E Nn+l with lad= 1 and l ~ i ~ n . 

Let O be the moderate mapping defined on JO, lJ x la• x Rn by 

U(e , s,r) = l(e, r)+ r(-Ho(fr,X,O,P)+ t aaH o(fr,X ,O,P)P;)(e, t,r)dt 
lo i=l P, 

and U the class of O in Q(/4 • x Rn; R) . Then U E Q.(la• x Rn; R), 

U l{o}xRn = f and, by (ii) , (X, U, P) satisfies 4.2.ii. 

Let b E JO, a•[ , Y = (fr, X) ho,lJxi.xRn, f the moderate mapping from 

JO, lJ x h x Rn to Rn defined by f(e, s, r) = X(e, s, r) - r and Y the 

class of Y in Q(/6 x Rn; R,1'+1). Thus Y(e, s, r) = (s,l(e, s, r) + r) and, by 

2.5, there is a > 0 with Ia C / 6 such that 

Y 11. xnn E Q.(Ia x Rn; Ia x Rn) and it is an invertible application; 

there is a representative f of (Y 11.xR" )-1 such that 

I'(e, .) = (Y(e, .) lr.xRn )-1 for all e E JO, r[; 

fJ'>f is a bounded mapping on Ia x Rn for all a E Nn+l with lal = 1 . 

Hence (X,U,P)lr.xRn E S(I,R",R,Rn,H,f,la,la X Rn) . Thus, by (ii) 

and 4.3, we have u = Uo(Y lr. xRn)- 1 is a solution for 4.1 in Q(Ia x Rn;R) 

and <aau, ... , aau) = p O (Y lr.xnnt1
• Clearly U satisfies the requirements 

X 1 Xn 
of our proposition. The uniqueness is a consequence of 4.5. ■ 
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