





The bias and variance of & up to order n~2 can be written as B(0) = n~'B,(0) + n~? B;(6) and
V(8) = n='V,(8) + n~?V,(0), respectively. Here, “to order n=*" means that terms of order smaller
than n~? are neglected. Three bias-corrected maximum likelihood estimates of 8 are
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where

B3(6) = B»(6) - B:\(6)B,(0) - %Bi'(G)Vn(f’),

primes denoting derivatives with respect to 6. Ferrari, Botter, Cordeiro and Cribari_—Neto (1996)
have shown that these three modified estimates are bias-free to order n~!, but only 6, has no bias
to order n~2. They have also shown that for one-parameter exponential family models
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Expressions (5)—(9) can then be used in conjunction with (2)-(4) to construct bias-corrected esti-
mates of 4, the parameter that indexes the distribution in use. Bias-corrected maximum likelihood
estimates of T = (7(6), a function of @ which does not depend upon n. can also be obtained using
the results in their paper. 6,, 82 and 8., have the same mean squared error (MSE) to order n~3,
and MSE(@) — MSE(6;) = A(8)/n® + O{n~?), where, in one-parameter exponential family models,
A= A) = (48'a"B" + 9a’'8" — 4a’3'3"™)[(4a’*A'*). A can be used to decide which estimator
shouid be used in a given application. 6 or B;, when the mean squared error is the deciding criterion.

In Section 2 we apply the general formulas above to a number of distributions in the one-
parameter exponential family, thus giving closed-form expressions for the second and third order
biases that can be readily used by practitioners to bias-correct maximum likelihood estimates in
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studies that involve distributions in the one-parameter exponential family. Section 3 gives ap-
proximations based on asymptotic expansions that can be used to avoid the evaluation of unusual
functions and long formulas. By making use of our approximations, one can avoid the evaluation
of polygamma, Bessel and zeta functions. A graphical analysis that shows the dependence of the
corrections on 8 is performed is Section 4. This section also examines the difference in the mean
squared errors of @ and 8, to order n=? as a function of #. Finally, Section 5 concludes the paper
with some simulations.

2. SOME SPECIAL CASES

In this section we use the expressions for B,(8), B,(6) and B3(6) in (5), (6} and (7) to obtain
closed-form formulas for the second and third order biases of maximum likelihood estimates for
a number of important distributions. Here, we consider 24 special cases and give closed-form
expressions for B,(8), B.(8) and B;(8) obtained with the help of the computer algebra systems
Mathematica (Wolfram, 1991) and Maple V (Abell and Braselton, 1994). These cases cover more
than 24 distributions since some of them are indeed families of distributions. For example, the
Burr system of distributions covers 10 distributions (all distributions in the Burr system with
the exception of the Burr I and the Burr IX). Most of the distributions considered here are well
known and have wide range of practical applications in many fields, such as engineering, biology,
and economics, among others. Cases (i) through (viii) involve discrete random variables whereas

continuous random variables are considered in cases (ix) through (xxiv). For further details on the
distributions considered here, see Johnson, Kotz and Balakrishnan (1994a, 1994b) and Johnson,

Kotz and Kemp (1992).
The following particular cases are considered:

(i) Binomial (0 < # < 1, m € IV, m known. y = 0.1.2..... m): a(@) = -log{8/(1 - 9},
)= (1 -8, d(y) =y, v(y) = log (,); Bi(8) = Ba(6) = B;() = 0.

(ii} Negative binomial (# > 0, ¥ > 0, 4 known, y = 0.1.2....): «(f) = — log(8), ((8) = (1 -8)77,
d(y) = v, v(y) = log ("*27');

(1 — 8)?

B,(0) = — By(0) = g

é(1 - 8) B:(6) = —
y 2

a(1 — 8)(1 — 20)
7 )

(iii) Poisson (8 > 0, y = 0,1,2,...): a(8) = —log(8), ((8) = exp{#}. d(y) = v, v(y) = - log(y);
B\(8) = By(8) = B:(8) = 0.




(iv) Truncated Poisson (@ > 0, y = 1,2,...): a(8) = -log(d), ((8) = f(1-¢,dy) = v
v(y) = - log(y");

(e~ - 1){8(e™? + =°) + 2672 — 2¢~7)

20~ + €0 ~ 1)2 ?

Ba(f) = — {24(8c™" + ¢™° = 1)*)'8(e™* — 1){8*(10c™* + 26 + 2674 4 10¢~%)
+ 63(526% — 44e0 — 28~ + 20e™ ) + 62(97¢~% — 217 + 66~
+ 138e=% — 83 4 3¢7%) + 8(52¢~% — 272¢™% 4 520e™* - 448¢~
+ 164e-2 — 1667%) — 36~ + 15665 — 264e™ 4 21630 — 84~
+ 126"‘},

B3(0) = — {24(8e™% + 7 — 1)°}7'8(c™ = 1){8%(=2¢7% + 2c7> + 2¢=% — 2¢™%)
+ (=27 41667 — 12¢7% + Be™¥ — 10¢™%%) + 6*(19¢™% - 7e~5¢ — 18¢~4*
—22e=% 4316 — 3¢=°) + 0(52e7% = 116~ + 16¢™* + 128¢™
— 1006~ + 20™°%) + 48¢=%" — 2166 + 3846~ — 336¢ + 144e™ %

—~ 24¢7%).

B,(0) =*

(v) Logarithmic series (0 < 8 < 1, y = 1,2,...): a(f) = —log(6), ((8) = ~log(1 - 8), d(y) = ¥.
v(y) = - log(y);

8(1 - #) log(1 — 8)[2{log() — 6)}* + (6 + 2) log(1 — 6) + 26}
2{8 + log(l — 6)}2 .
By(6) = — [24{8 + log(1 — 8)}*)7'6(1 ~ 8) log(1 — 8)[(488 — 24){log(1 — 8)}° + (266"
+ 16468 — G0){log(1 — 8)}® + (146° + 2966* + 360 — 24){log(1 — 8)}* + (36°
+ 1366° + 312607 — 488) {log(1 - 8))® + (286" + 2766°){log(1 - 8)}* + (608"
+ 4860%) log(1 - 6) + 248},
B3 () =([24{6 + log(1 — 0)}*]~'8(1 ~ 8){log(l — 8)}7[(248 — 24){log(l - O)}* + (220
+ 520 — 72){log(1 - 6)}* + (168> + 1366% — 1200 — 21){log(1 — 8)}° + (36°
+806° — 720){log(1 — 8)}* + (208* + 726° — 7267) log(1 ~ 8) + 248* — 246°].

B\(8) =

(vi) Power series (§ > 0. a, > 0, y = 0,1.2,...): a(f) = —log(f), ((8) = =, a,0%, dly) = v,

=0
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v(y) = log(a,);

__ 820"+ 89"
PO ey

9 ; bl
Ba(6) = = G gy I8 + 120°" + 1609%5" + 21609" + 338" — 489"

_ 2603ggnym — 2604glg"glll + 3649ng.‘u — 1H00gg'g” + 20492gngn + logoaglyrn
- :$69“g"g"' - goo:ggln + 60“gg'g"‘ - 20929g1gm + lﬁag:ym I 360°g'g"'),

. U ;
B0y =5 (g + 6g")8 (66°99'g™ + 4889" — T2gg’ + 80%99'g"™ — 166°g"g" ~ 166%g'g"g"

+24g°g" - 120899'g" + 36" ¢"%g" + 36%g%¢™ — 126°g"g" + 208¢%g" — 666%g¢"
+2468%'g"? + 366%g"¢" 4 158%¢"),

where g = g(8) = dlog ((8)/d4.
(vii) Zeta (0 > 0,y = 1.2,3,...): a(f) = 6+ 1, ((8) = Zeta( + 1), d(y) = log(y), v(y) = 0:

" 33 " — 96 ! 3 fv
B,(6) 9" gy = -3 9'9"9" + 39"g '

292’ 249"
. 150" — 16g' nqm+3 12 iy
B;(8) = g -g‘s gg,
24g’
where Zeta(-) is the Riemann zeta-function, i.c., Zeta(f) = 332, i~ (see, c.g., Patterson, 1988)

and g = g(8) = dlog Zeta(d + 1)/d8.

(viii) Non-central hypergeometric (8 > 0, m,, mg, v known positive integers. & = max{0,r - my} <

y < min{my,r} = b): a(8) = 6. ((8) = Do(6), d(y) = -y, v(y) = log{{™) )k

B,(60) = Dol~DiDa+ 3Dy D, D, — 203)‘
2(DoD, - Dy)?
B2(8) ={24(DuD. - D})*}' Do(-24D} - 94D3 D3 D3 - 92D DS D5 ~ 75D3 D D3
~ 120D; D} D} + 108D, D] D, — 4RD3 D3 D + 144D3D, D3 - 37D3DE D,
~3D5D3Dy - 3D} D} Ds + 193D3 Dy D, D — 309D4 D2 D2 Dy + 35003 D3 Dy Dy
+ 26030, D3D, ~ 63D} D, DDy + 10003 D3 D, Dy — 26D3D? D3 D,
+6D; D} D, Ds - 33D% D3y,
B3(6) = - {24(Do Dy - D})*}""D3(~15D3 D3 + T1D3D, D, D} — 93D D? D3 D,
+ 82D D} D2Ds + 16D} D, D3 Dy ~ 33D3D, D3Dy + 50D3 D3 D, Dy
= 16D3D} D3 Dy - 3D D} Ds + 6 D3 D? Dy Dy — 26D2 D D2 ~ 16 D¢ Dy
= 51D D} D3 + 12D} D? ~ 18D3D3Dy + 54D2D, D} ~ 17D, D} Dy — 3D3 D2 Dy),
where Dy, = D,(8) = 3¢ y’(";‘)("")oxp{ﬂy}. p=0,12.3.4.

v=a rey
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(ix) Maxwell (8 > 0, y > 0): a(6) = (26*)~", ((6) = 6%, d(y) = y?, v(y) = log(¥?v/2/x); Bi() =
-0/12, B,(0) = 6/288, B;(6) = —6/288.
(x) Gamma (k> 0,6 >0,y > 0):
(a) k known: a(f) = 8, ((8) = 6%, d(y) = v, v(y) = (k=1) log(y)-log{(k)}; Bi(8) =6k7",
By(8) = 6k~2, B;(8) =0;
(b) 8 known: a(k) = —{k - 1), {(k) = 8-kT(k), d(y) = log(y), v(y) = -0y

'/;ll(k) —331/)”(k)3 + '261/7’(k),//’(k)1/,llr(k) _ 31/:'(k)’1b“’(k)
By (k) = SR By(k) = LE ’
Be (k) = 15,4,"(]:)3 = lﬁﬂ”(k)'/’”(k)d’m(k)+31/’I(k)2l/’iv(k)
30 = AL ‘

where T'(-) and ¥(-) are the gamma and digamma functions, respectively.

(xi) Burc system of distributions (8 > 0, b > 0, b known, y > 0): a(8) = 4, c(8) = <(8)/9,
dly) = — logG(y), (y) = log{ldlogG(y)/dyl};  B(6) = Ba(6) = 8, B;(6) = 0, where the
functions c(-) and G{-) are positive real-valued. Different choices for ¢(¢) and G(y) lead to
different distributions; see Burr (1942).

{xii) Ravleigh (8 > 0, y > 0): a(8) = 877, ((6) = 0, d(y) = ¥, v(y) = log(2y); Bi(f) = —0/8,
B,(8) = 8/128, B3 (8) = —8/128.

(xiii) Pareto (8 > 0, k > 0, k known, y > k): a(8) = 0+ 1, C(8) = (6k%)*, d(y) = log(y), v(¥) = 0;
B, (6) = B,(8) =48, B3(9) = 0.

(xiv) Weibull (8 > 0, ¢ > 0, ¢ known, y > 0): a(f) = 6-*. ((8) = 6%, d(y) = v*, v(y) =
log(e) + (¢ — 1) log(v);

(1 — @)
247

B(2¢4% — 9¢° + 106 ~ 3)
2404

0(26° - 367 — 26+ 3)

B,(8) = T

< Bu(6) = -

. B;(8) = -

(xv) Power (8 > 0,6 > 0, ¢ known, 0 < y < o): a(f) =1-6,((8) = 07'4*, d(y) = log(y), v(y) = 6;
B, (8) = B(8) = 6. B3(6) =0.
(xvi) Laplace (8 > 0, —o0 < k < oo, k known, y > 0): a(8) = 87, ((8) = 26, d(y) = |y — kI,
v(y) =0; Bi(6) = B2(8) = B3(9) = 0.
(xvii) Extreme value (00 < 8 < o0, ¢ > 0, ¢ known, —00 < ¥ < )i &(f) = exp{8/¢}, ((9) =
oexp{-8/a}, d(y) = exp{-y/o}. v(y) = —y/o;  B:i(8) = o/2, Ba(6) = B3 (6) = o/12.
(xviii) Truncated extreme value (¢ > 0. y > 0): a(f) = 0=, C(8) = 6, d(y) = exp{y} — 1, v{y) = y;
B,(8) = Ba(0) = B3(8) = 0.
(xix) Lognormal (8 > 0, u > 0, # known, y > 0): a(f) = 8-2, C(8) = 9, d(y) = {log(y) — n}*/2,
vl(y) = - log(y) + {log(2x)}/2;  By(6) = —0/4. B:(68) = 8/32, B3(f) = -8/32.
(xx) Normaj (8 > 0, —00 < g < 00, —00 < y < o0):
(a) p known: a(6) = (20)7", ((8) = 6'/%, d(y) = (y - w)*, v(y) = —{log(2x)}/2; Bi(0) =
B,(8) = B3(8) = 0.




(b) 8 known: a(p) = —p/0, (1) = exp{u?/(20)}, d(y) = v, v(v) = —{¥* + log(278)}/2;
By(p) = By(p) = B3 (p) = 0.

(xxi) Inverse Gaussian (6 >0, >0,y > 0):
(a) p known: a(8) = 6, ((8) = 672, d(y) = (y — n)*/(2%), v(y) = —{log(2x*)}/2;
B, (8) = 28, B,(68) = 48, B;(8) = 0.

(b) 8 known: a(p) = 8/(24?), ((u) = exp{-6/p}, d(y) = v, v(y) = —0/(2y) + [log{8/(2x
©*))/2;  Bilu) = Ba(p) = By(p) = 0.

(xxii) McCullagh (8 > —1/2, —1 < p < 1, p known, 0 < y < 1): aff) = -6, ((8) = 4~°B(@ +
1/2,1/2), d(y) = logy(1 - 9)/{(1 + #)* — 4uy}}, v(y) = —[log{y(1 - V)}}/2%
e +1/2) - (0 +1

B = - s 152; - 1/"((9+ 1))}7'

By(8) =[24{v/(6 + 1/2) - ¢'(8 + 1) *}7'{-33{v"(6 + 1/2) - #"(8 + 1)}° + 26{¢'(6
+1/2) - ¢ (0 + DHY"O + 1/2) — 0" (8 + DY{Y"(0 + 1/2) — v™(6 + 1)}
=3{¢'@+1/2) - ¥ @+ D {v™ (8 + 1/2) — v (8 + 1)},

B3(0) =[24{¢'(8 + 1/2) — ¥/ (8 + 1)}*] "' [15{w" (8 + 1/2) — v"(8 + 1)}* - 16{¥'(8
+1/2) = 90+ DI (0 + 1/2) - v"(0 + YHY" (9 +1/2) - ¥™(0 + 1)}
+3{¥(0+1/2) - W (O + NP{H O+ 1/2) - v (0 + 1)},

where B(-,-) is the beta function (see McCullagh, 1989).

(xxiii) Von Mises (8 > 0.0 < u < 2x, u known, 0 < y < 27): a(f) = -8, ((8) = 2xL,(8),
d(y) = cos(y — ), v(y) = 0;

"

T 3373 — 2658 P' 0" + e
Bi6) = —55. Ba(8) = - o 3
[ B 2o 1T SO, PR
B2y = LD 16T 4 30
. 24r's

where I,(-) is the modified Bessel function of first kind and wvth order, and r = r(8) =
1(8)/15(6).

(xxiv) Generalized hyperbolic secant (—x/2 < 8 € x/2,0 < y < 1, r > 0, r known): a(f) = 0,
((0) = w{sec(8)}". d(y) = —x~" —log{y/(1 — )}, »(v) = —=(1/2)log{y/(1 - ¥)};

sin(8) cos{8)
B r

sin(#) cos(8){10cos(8)? - 3}
3r2

_ sin(8) cos(8)®
B,(6) = —E————
Bias correction for some other distributions can be obtained as special cases of the distributions
introduced above. For the Bernoulli distribution. B,(#) = B,(8) = B;(#) = 0 which follows from
the binomial distribution with m = 1. The results for the geometric distribution are the same as
those for the negative binomial with v = 1. Also, the exponential distribution is a special case of the

gamma distribution with k = 1, so is the chi-squared distributions ( § = 1/2 and k = 0/2). Note,

. Bz(o) =

. Bj(8) =
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however, that the expressions for the biases given for the gamma distribution must be muitiplied
by 2 when applied to the chi-squared distribution.

It is interesting to note that for some distributions B, (), B2(#) and B;(#) do not depend on
the value of the parameter 8, but this is not always the case. In some cases, the biases vary with 6;
see Section 4 for more details. It is also noteworthy that the general expressions for B,(0), B»(9)
and Bj(8) in (5)-(7) are capable of generating both simple and complex expressions for different
special cases.

It is possible to verify from first principles or by Taylor series expansion of the expression for
the maximum likelihood estimate, that the corresponding formulas for B, () and B2(8) given here
are correct for the following cases: binomial, Poisson, gamma (a), Pareto, Laplace, extreme value,
truncated extreme value, lognormal, normal and inverse Gaussian.

3. ASYMPTOTI(: EXPANSIONS

In some cases, the evaluation of bias-corrected estimates requires the evaluation of unusual and long
expressions. We shall now obtain approximations based on asymptotic expansions which do not
require the computation of functions such as polygamma, Bessel or zeta. The expansions presented
below were obtained using Mathematica (Wolfram, 1991) and Maple (Abell and Braselton, 1994).

In order to derive approximations for B,(8), B;(#) and B3(6) for the truncated Poisson distri-
bution, we need to make use of the expansion ¢! = | + 6 + 62/2 + 63/6 + 64/24 4 ... Using this
expansion, we obtain, for small 8,

6 200 76° 20 1967  1498°
Bi#)=-3+T -55+ 0(6%), B:(f) = T Bttt 0(8*),
. 9 5667 1126%
B0 = -3+ T35 ~ 0p T O

Next, we turn to the logarithmic series distribution. For small values of @ we have that

6 6 6 & 6 .
log(l=8)=—0- 5 -5 -+ -+ -5 +0).

Using this result, we get that for the logarithmic series distribution with small 8

56 198 118° 230 4070°  596°

B 0 =" — —_— 1 E oe— e — —_—

1(8) Tt Tg T 0. Balf) = 5 T S + 06,
. T8 3799 5363

B0 =-3+ 35 -

+0(8Y).

Next, we consider the zeta distribution. Let

m BY) It1
2= lim {z (logkk) _ (lo;:-n)] }’




7=0,1, v being Euler’s constant. We then have that
B\(6) = 0+ 2(% +21)8 + 0(8*),  B2(8) = 6 + 12(13 + 27)6° + O(6*),
B3(60) = ~2(73 + 2m)8° + 0(8%),

for small values of 4. It is possible to simplify these approximations using Maple V (Abell and
Braselton, 1994) as

B\(0) = 6 + 0.375006°,  B,(8) ~ 8 + 2.250560°, B3 (6) ~ —0.375000°.

Consider now the gamma distribution (with @ known). For large values of k we have that

1 1 1 1 1 5 691
k i e ) e I
V) =g+ 3w+ 5%~ 308+ 5 ~ 30+ seE ~ z30ks
Using this expansion we obta.m, for large k,
11 1 1 1
Bi(k)= = = —— = —— - ) = — s — e — -
B =3 - s~ aas O Balb)= -5 - o zssk= 5 +0(™),

1 1 23 -

24k ~ 38k T 2sa T OG-

For small values of k, we obtain

Bi(k) = -

2
B\(k) =k - %k"’ +5Zeta(3)h* + O(K®),  By(k) = k = 272k + 44 Zeta(3)k* + O(K®),
2
Bj(k) = "T;é' — 11 Zeta(3)k* + O(KY),
where Zeta(3) = 1.2020569. By making use of the formula

P04 1) - v (8 + 1/2) = 20" (8) — 4¢/(26) —

07'
we obtain the following asymptotic expansions for the Mc(C'ullagh distribution, for large 8:
1 1 9
= —— =4 o = _———— = [ 5
B,(6) = zo+ + +0(o o Ba(6)=480+1+ % 168 1203+O( )
1 1
B)= — - — - +0(674).

48  166* 529"

It is noteworthy that these expansions are in agreement with the quasi-linear behavior of B,(#) and
B»(6) shown in Figure 4 in the next section. It is also clear that Bj(8) should be close to zero for
large values of 8. Indeed, Figure 4 shows that the latter holds for all values (small and large) of 8.
It is also possible to obtain expansions for B,(#), B;(8) and B;(#) for the McCullagh distribution
when @ is small. However, the coefficients of such expansions involve long expressions. To save
space. we replaced these espression by approximated values. thus obtaining

B.(8) = 0.6663% + 1.643556 + 0.431636° ~ 0.357518°,

B,(6) = 1.20140 + 3.515078 + 1.187356° — 1.667606°,

B;(8) =~ —0.02503 — 0.010708 4 0.151108* — 0.053116°.
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For the von Mises distribution, B,(8), B;(6) and B;(#) are functions of modified Bessel func-
tions of first kind. However, it is possible to design approximations which do not involve such
functions. For large values of 8, it is possible to write an expansion for 7(#) by making use of the
expansions in Abramowitz and Stegun (1970, 9.7.1), and then to use this result to obtain, for large
o,

L1530 5 3 JWLIew e
= 0Y) I o, () B R - =%,
Buf)=20-35+ g + g +O0™), Balf)=d6-1-5 -5 - gm+0007)
32 165
B3(0) = =25 ~ o~ Jo + 007,

40 46 1683
Using equation (3.4.46) in Mardia (1972) we obtain that, for small 8,

AT
=3 s T @ T 3m T 30720 ’
Therefore, we obtain the following expansions for B,(8), B,(08) and B3 (8)
30 76 . 196  5056° . @ 5368 1
= — 4 — = — 4 — > = - — 8°).
Bi(0) = -+ +0), Balb) = -+ —-+0(6°). By(f) = -7 - == +0(F)

Notice that these approximations do not require the cvaluation of Bessel functions.

4. GRAPHICAL ANALYSIS

It was shown in Section 2 that for many special cases B;{8), B,(#) and B3(8) vary with the un-
known parameter §. In this section we give plots of B,(6), By(8) and Bj() against @ in order to
examine how these three quantities vary with 6. The following distributions are considered: trun-
cated Poisson. logarithmic series, gama (with known 8), McCullagh, von Mises and generalized
hyperbolic secant (with r = 1). A plot of B,(#), B:(9) and B:(8) against & is given for each of
these distributions. These plots are given iu Figures 1 through 6, respectively.
[Figures | through 6 near here}

1t is clear from Figures | to 6 that: (i) the second and third order biases and B3(8) can vary
substantially depending on the true value of the parameter 8; (ii) except for the gamma distribution,
the behavior of B;(@) and that of B;(8) are quite different; for the McCullagh distribution, for
example, B3(#) is nearly zera for all values of § whereas B.(f#) grows almost linearly with #; (iii) in
some cases. B, (0), B2(8) and B;(#) display rather interesting behavior as @ changes, as for instance
in the case of the generalized hyperbolic secant distribution, where al] three quantities show periodic
fluctuation patterns.

It is commaon practice to choose among competing estimators using the mean squared error as
a deciding criterion. It is then important to look at .\, which gives the difference between the mean
squared errors of @ and 8, to order a=2. That is. to order =%, A > 0 when MSE(@) > MSE(@;),
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and vice-versa. For some distributions, the expression for A is quite simple. For example, for the
geometric distribution, A = —8(1 — #2)(2 — 58), and hence A < 0if § < 0.4, A =0if # = 0.4 and
A > 0if 8 > 0.4. Also, for the inverse Gaussian (with known mean u), A = 128* which is positive
for all values of #: for the Pareto and power distributions, A = 38 which again is positive for all
values of 8; for the log-normal distribution (with known u), A = —362/16, thus being negative for
all values of 8. The expression for A. however, can be quite complex, and in such cases a graphical
analysis can be helpful. The idea is to plot A against # in order to examine which regions of the
parameter space correspond to positive, zero and negative values of A. This is done in Figures 7
through 10. Here we plot A against @ for the following distributions: truncated Poisson, gamma
(with 8 known), McCullagh and generalized hyperbolic secant.

{[Figures 7 through 10 near here]

Figure 7 shows that for the truncated Poisson distribution, the mean squared error of the bias-
corrected estimate is smaller than the mean squared error of the maximum likelihood estimate,
up to order n~2, for (approximately) # > 1.4, and larger for (appproximately) @ < 1.4. Figure 8
shows that for the gamma distribution A is negative only for small values of k. For the McCullagh
distribution, Figure 9 shows that, to third order, 8, dominates  in terms of mean sequared error.
Also, A displays an interesting periodic behavior as a function of 8 for the generalized hyperbolic
secant distribution, being negative when @ is close to 0, and postive when 4 is close to —x /2 or x/2.

3. SIMULATION RESULTS

This section gives some Monte Carlo simulation results comparing the finite-sample performance
of the maximum likelihood estimator & and its bias-corrected version 8,. We consider an inverse
Gaussian distribution with known mean u, and focus on the estimation of the precision parameter,
8. The experiment was performed by setting st = I, # = 1.5.10. and using 10,000 replications.
Random numbers were generated using the algorithm outlined in Devroye (1986, pp.148-149). The
estimated means and mean squared errors of & and 8, = 6 — 28/n are given in Table 1.

The figures in Table 1 show that 8, outperforms the maximum likelhood estimator 8 both in
terms of smaller biases and smaller mean squared errors.

The next simulation experiment involves the estimation of the parameter 8 in a Weibull dis-
tribution when the parameter ¢ is known. In Tables 2 and 3 we give results for # = 5,10 and
© = 0.3,3,7 obtained from 10.000 replications.

The simulation results for the Weibull case show that the bias of 8 tend to be larger when ¢ is
small. In all cases. the bias of 8, was nearly zero. and its mean squared error was no larger than
the mean square« of the maximum likelihood estimate.

In the final simulation experiment. we consider a logarithinic series distribution with parameter

It



Table 1. Simulation results |

inverse Gaussian distribution, g =1

] 6,
] n mean MSE mean MSE
5 1.68 5.28 1.01 1.74
10 1.24 0.54 1.00 0.31
15 1.15 0.28 1.00 0.19
] 20 1.1 0.16 1.00 0.12
25 1.08 0.12 1.00 0.10
30 1.07 0.09 1.00 0.08
5 R.54 381.77 5.13 137.45
10 6.24 14.97 5.00 8.59
15 5.73 .38 4.97 4.39
5 20 5.54 3.99 4.99 2.99
28 5.44 3.01 5.00 2.39
30 5.37 2.38 5.01 1.95
5 16.68 442.72 10.01 14:3.33
10 12.60 59.17 10.08 33.55
16 15 11.48 25.53 9.95 17.52
20 11.17 17.50 10.06 13.06
25 10.85 11.92 9.99 9.47
30 10.71 9.21 9.99 _7.59
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Table 2. Simulation results 1]

Weibull distribution, § = 5

] 02
¢ n mean MSE mean MSE
5 6.00 31.90 5.20 30.94
10 5.48 12.27 5.03 12.04
15 5.34 7.84 5.03 7.73
o3 20 5.23 5.61 4.99 5.55
25 5.19 4.39 5.00 4.35
30 5.14 3.61 4.98 3.59
5 4.89 0.57 5.00 0.56
10 4.94 0.2% 4.99 0.28
15 4.96 0.1R8 5.00 0.18
e 20 4.97 0.14 5.00 0.14
25 4.98 0.11 5.00 0.11
30 4.99 0.09 5.00 0.09
5 4.94 0.11 5.00 0.11
10 4.97 0.05 5.00 0.05
15 4.98 0.04 5.00 0.03
0 20 4.98 0.03 5.00 0.03
25 4.99 0.02 5.00 0.02
30 4.99 0.02 5.00 0.02
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Table 3. Simulation results 111

Weibull distribution, § = 10

9 92
@ n mean MSE mean MSE
5 11.84 | 12431 | 1024 | 12097
10 | 11.00 49.80 10.10 48.80
15 | 10.69 32.09 10.07 31.62
b= 20 | 10.48 22.96 10.00 22.73
25 | 10.45 18.13 10.07 17.93
30 | 10.35 14.59 10.03 14.46
5 9.78 2.27 10.00 2.22
10 9.89 1.13 10.00 1.12
15 9.94 0.76 10.01 0.76
o 20 9.93 0.56 9.98 0.55
25 9.95 0.45 9.99 0.45
30 9.97 0.36 10.00 0.36
5 9.88 0.45 10.00 0.43
10 9.94 0.22 10.01 0.21
(! 15 9.96 0.14 10.00 0.14
01 20 | osr 0.11 1000 | 0.10
25 9.9% 0.08 10.00 0.08
30 9.98 0.07 10.00 0.07




0. We used the following approximation for the maximum likelihood estimate of 8 (Birch, 1963):

P~ [1+ {(§- fron) G- 1>+-z}log(y)]-'-

Table 4 presents the resuts for § = 0.2,0.5,0.7,0.9 obtained from 10,000 replications.

Again, the third-order bias-corrected maximum likelihood estimator 8, outperformed the uncor-
rected MLE in the sense that it displayed smaller bias. The mean squared error of both estimators
were nearly the same in all cases, being undistinguishable up to the second decimal most of the
time,
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Table 4. Simulation results 1V

logarithmic series distribution, § = 0.2,0.5,0.7,0.9

] 6,
[ n mean MSE mean MSE
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Figure 1: By(#), By(0) and Bj(#), Truncated Poisson
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Figure 3: B,(8), B2(8) and B;3(), Gamma

Figure 4: B;(8), B2(f) and B3(6), McCullagh
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Figure 5: B,(6), B2(9) and B;(6), Von Mises

Figure 6: B)(#), B2(6) and B;3(0), Generalized Hyperbolic Secant
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Figure 7: A, Truncated Poisson
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Figure 9: A, McCullagh

Figure 10: A, Generalized Hyperbolic Secant
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