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Abstract. This paper ,:ives closed-form expres.ion• for the second and third order biases of max­

imum likelihood estimate, for a number of distributions in the one-parameter exponential family. 

Approllimation• ba.'led on a.•ymptotic upansions for 110me bias-cornctions that require the evalu­

ation of unusual functions and Ion,: expresaions are ,:iven. A ,:raphical analysis is also performed 

to show how such biases and the mean squared aTOn of both the mallimum likelihood estimate 

and its bi,.,._corrected version vary with the parameter that index .. some distributions. Finally, we 

present aimulation result.a comparin,: the performance of the maxinium likelihood estimator and it.a 

bias-corrected version. 
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1. INTROOllC:TION 

Lel Y1 , •• • , }'" be a sPt or n independent and identically distributed random variables with probability 

or density function in the one-parameter exponential family, that is, 

I 
/(y; 8) = ((

8
) exp{-n(B) d(y) + u(yl}. 

where 8 is a scalar parameter and((·), a( •) . d(·) and v(•) are known functions and 8 E 0. The 

i<UJ>port of /(y; 8) is assumed to not depend on 8, o and ( are a.,.,umed to have continuous first 

fivP derivatives with respect to 8. with ((·) bein,; positive valued, da(8)/d8 and d/1(8)/d8 being 

different from zero for all values of 8 in the parameter space. where 13(8) is defined as /J(8) = 

(d((ll)/J8)(((8)do(8)/d8)- 1 • A number of important distributions can be shown to be special 

ca.<;ps of (I). Thi.' maximum likelihood estimatP iJ of 8 !'omes from u- 1 1::':,1 d(y;) = -/J(9) if the 

!<Olution to this e<p1ation l>Plonp;s to the parameter space. 0. 



The bias and variance of 8 up to order n-2 can be written as 8(9) = n-• B, (9) + n-2 B2(9) and 

V(9) = .. -1 V.(9) + ,.- 2 V2 (9), respectively. Hl're, "to order n- 2" means that terms of order smaller 

than 11-2 are nl'glected. Thrtt bias-corrected maximum likelihood l'stimat.es of 9 are 

(2) 

(3) 

and 

(4) 

when• 

B;(9) = B2(8) - B1(8)B;(8) - ~B;'t8)V.(8), 

primes denoting derivatives with respect to 8. Ferrari, Bott.er, Cordl'iro and Cribari-Neto (1996) 

have shown that these thrtt modified estimates are bias-free to order u- 1 , but only 82 has no bias 

to order n- 2• Thl'y have also shown that for one-parameter exponential family models 

fJ" 
B1(9) = -'lo'/J"'' 

- 12/J' on fJ'f2 - :JJa' fJ'l3 + 4(Jf2 on /1"' + 26o' /J' /J" /J"' - Jo' fJ"' piv 
B,(9) = 'l4o13fJ" 

B 0 (9) = --1
--(12/312

0
112/J" + 18 '/J' "/3'12 + I5o12/J'13 

- 6o'/J12/J''o"' - 8o'/J12o"/J"' 
2 'l4o••p•s n o . 

- 16011/J'/J"/J"' + :Jo12 /J12/J'"), 

V (8)- -
1
-

t - n'/J'' 

'ltJ' n" (J" + 501 (J'12 
- 'ln' /3' fl"' 

V2 ( 8) = fal3131◄ 

(5) 

(6) 

(7) 

(8) 

(9) 

Ex1>ressions (5)-(9) can then ht- used in conjunction with (2)-(4) to construct bias-corrected esti­

mates of 8, thl' parametl'r that indexes thl' distribution in use. Bias-corrected maximum likelihood 

Pstimates of r = <:(8), a func:-tion of 8 which dOl's not dPpt>ncl upon n . t·an also bP obtained using 

thP rPsults in thPir papPr. 8., 82 and 81 havp thP samP 1t1Pan squarPcl Prror (MSE) to order n-3 , 

and MSE(D) - MSE(82 ) = tJ.(8)/11 1 + U{n-~), where. in one-paramPter PXponPntial family models, 

.:l = A(8) = (4/310"/J" + 9o'/3"2 - 4o.'/J'/J"')/(4o'3/3'4 ). A can be used to decide which estimator 

i;hould be used in a givl'n application. ii or 92 , when the mean squared error is the deciding criterion. 

In Section 2 we apply the general formula.'! above to a number of distributions in the one­

parameter exponential family, thus ,;iving closed-form expressions for the second and third order 

bia.-;es that can he readily used by practitioners to bia.-.-corrl'Ct maximum likelihood estimates in 
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studies that involve distributions in the one-parametn exponential family. Section 3 gives ap,­

proximations based on asymptotic expansions that can be used to avoid the evaluation of unusual 

functions and long formula.~. By making use of our approximations, one can avoid the evaluation 

of polygamma, Bessel and zeta functions. A graphical analysis that shows the dependence of the 

corrections on 8 is performed is Section 4. This section also examines the difference in the mean 

squared errors of 9 and 82 to order 11- 2 as a function of 9. Finally, St-ction 5 concludes the paper 

with some simulations. 

2. SOME SPECIAL CASES 

In this section we use the expressions for B1(/J), B2(/J) and B1(/J) in (5), (6) and (7) to obtain 

closed-form formula.,; for the second and third order biases of maximum likelihood estimates for 

a number of important distributions. Here, we consider 2~ special cases and give cl05ed-form 

expressions for B.(8), B2(/J) and B;(B) obtained with the help of the rnmputer algebra systems 

MathPmatica (Wolfram, 1991) and Maple V (Abell and Bra.o;elton, 1994). These cases cover more 

than 24 distributioms since some of them are indeed families of distributions. For example, the 

Burr system of distributions covers 10 distributions (all distributions in the Burr system with 

the exct>ption of the Burr I and the Burr IX). Most of the distributions considered here are well 

known and have wide range of practical applications in many fields, such a.,; engineering, biology, 

and economics, among others. Cases (i) through (viii) involve discrete random variables whereas 

rnntinnons random variables are com.idered in !'a.'il's (ix) through (xxiv). For further details on the 
distributions considered here, see Johnson, Kotz and Balakrishna.n (1994a., 1994b) a.nd Johnson, 

I<otz and Kemp (1992). 

The following pa.rtil'nlar !'a.">es are ronsiclered: 

(i) Binomial (0 < 8 < I, m E CV. m known. y = 0,1.2 ..... m): 0(8) = -log{8/(I-8)}, 

((II)= ( I - II)-"', d(y) = y, v(y) =log(';); Bi(II) = B2(8) = Bi(8) = 0. 

(ii) Negative binomial (8 > 0, "( > 0, 'Y known, y = 0.1.2 .... ): o(/J) = - log(/J), ((8) = (I -8)-", 

d(y) = y, v(y) = log c•:-•); 
8( I - 8)( I - 28) 

11,(8) = 1 • 
"( 

8"(9) = - 8(1 - 8)2 
2 "(2 

(iii) Poisson (8 > 0, y = 0, 1,2, ... ): rr(8) = - log(8), ((8) = <'Xp{II}. d(y) = Y, v(y) = - log(y!); 

/J 1 (8) = 8 2 (8) = Bi(/1) = 0. 



(iv) Truncated Poii;.wn (8 > 0, y = 1,2, ... ): 0(8) = - log(8), ((8) = c1 (1 - i:-•), d(y) = !/, 

11(y) = - log(y!); 

8(c-1 - l){8(c-21 + c-1 ) + 2i:-29 - 2c-1 } 

Bi(9) 2(8c-B + c-1 - 1)3 ' 

B2(8) = - {24(8c-• + c-• - 1)'}- 18(1:-• - 1){84(10c-61 + 2,-r.1 + 2,-41 + l0c-31
) 

+ s3(52c-61 - 44c-51 - 2&-31 + 20c-21 ) + 82(97,-61 - 217c_,, + 66e-41 

+ 134c-31 - 83c-21 + 3c-1 ) + 8(52c-61 - 272c-r.f + 520c-41 - 448e-31 

+ 164,-21 - 16c-1 ) - 36,:-61 + 156c-51 - 264c-49 + 216c-31 - 84e-21 

+ 12e-1}, 

B;(B) = - {24(8c-' + t'_, - 1)5}- 18(c-• - ll{84(-2c-61 + 2r- 51 + 2c-4' - 2e-31 ) 

+ IJ3(-2c- 61 + l&-51 - 12c-49 + 8c-31 - lOc-29 ) + 8i( 19c-61 - 7c-51 - l&-41 

- 22e-38 + 3lc-2' - :1e-') + 8(52c-61 - l 16c-51 + 16c-•• + 12&-31 

- l00c- 21 + :.!Oe-1 ) + 48e-61 - 216c-51 + 384c-49 - :J36c-31 + 144e-2
' 

- 24e-1}. 

(v) Logarithmic sPriPs (0 < 8 < I, JI= 1,2, ... ): 0(8) = -log(8), ((8) = -log(l-8), d(y) = y, 

v(y) = - log(y); 

fl (
8

) = IJ( I - H) log( I - lll[2{1og( l - 8)}2 + (8 +:.!)log(! - H) + 28) 
1 2{8+1og(l-8)P ' 

B~(8) = - (24{8 + log(l - 8)}5J- 18(1 - 8) log(l - 8}((4S8- 24){1og(l - 8)}' + (2682 

+ 1648- G0){log(l - 8)} 5 + (14113 + 29682 + :JG8 - 24){log(l - 8)}4 + (384 

+ J:JGs-1 + 31282 
- 41l8){log( I - 8) }3 + (2884 + 2768"1){Jog(l - 8)}2 + (6084 

+ -IX83
) log( I - 8) + 2484

], 

Bi(8) =(2-1{ 8 + log( I - 9)}']- 18( I - 8){log( I - 9) }2((2-18 - 24){log( I - 8)}6 + (2282 

+529- i2){log(l -tl)}4 + (1683 + t:$682 
- l:.!08- 24){log(I -8)}3 + (384 

+ 8083 
- i29){log( I - 8) }2 + (2094 + 7283 

- i292
) log( I - 8) + 24B4 - 2493

]. 
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.. 
v(y) = log(a,); 

B (8) = _ 8(29
1 + 9g") 

1 
2(g + Ug')2 ' 

8 • . 
B2(8) = - 24(g + 8g')S (39'g 2g'" + 12g2g'' + 168g2g'" + 2168913 + :13849112 

- 48gg12 

- 2683
99"9"' - 2694 g'9"9

111 + as•9
12

9;., - 1><08gg'g" + 20402
9

12
9" + 10893

9'9'12 

- :16fJ3g12g"' - 9082 gg112 + 6fPgg'giv - 2092gg'g"' + l69g2g"' - 3683g'g"'), 
8 . 

- ---(Wgg'g'" + 488g13 
- 12gg' + 8fPgg'g111 

- l6fJ3gg11g111 
- l6trg'g11g,n 24(g + 8g')1 

. 

+ 24g2g" - l208gg'g" + 3trg12g;., + 382g2g;., - l2fPg12g"' + 208g2g'" - 668299112 

+ 24IJ3g'g'l'J + :J692gng 11 + 1584g'13), 

where g = g(8) = d log ((8)/d8. 
(vii) Zr.!a (8 > 0, y = I, 2, :J, ... ): 0(8) = 8 + I. ((8) = Zeta(8 + I), d(y) = log(y), v(y) = O; 

// 33 If.I 26 I II If/ + 3 ...12 ill B (8) = - .f!_ B (8) = - .. g - 9 g 9 . 9 9 
I ~t2• 2 ~~ , 

8
• 

8 
_ 15g',., - l6g'g"_q'" + :Jg12g;" 

2 ( ) - 24g'S ' 

where Zeta(•) is the Riemann zeta-function, i.e., Zeta.(8) = E:, i-1 (see, e.g., Patterson, 1988) 
and g = g(D) = cl lop; Zeta(D + I )/dfJ. 

(viii) Non-rPntrai hypPrgeomf'tric (8 > 0, 111 1 , m2 , r known positive integers, a = max{0, r - m2 } 5 
y ~ min{m.,r} = b): 0(8)::: 8. ((8) = D0 (8), d(y) = -y, v(y) = log{(";•)(,'~~)}; 

D (8) = D .. t-mD3 + :1DoD1 D2 - 2D~) 
1 

2(DoD2 - Di)~ ' 
B,(8) ={24(DuD2 - vn•r• D0 (-2•Wi - 9.Wiv:DJ - 92DgD~D3 - 75D~D~D~ 

- 120D~D~ D~ + I0RD0 Dr D2 - 48D~D~D3 + 144D~D1D; - 37 D~D~ D4 
- 3D~D~D, - :w:v:vs + 19:w:v1 D,D~ - 309D:v:v:D:i + asov:v:v,D, 
+ 26D~D2 D3D4 - G:ID~D1D;D4 + IO0D~D:D2D4 - '26D~D;D:,D4 
+ 6D~D~ D2 D, - :UD~D~). 

B;(B) = - j2-t(D0D2 - DW}- 1 D!(-1:w;vg + ilD~D1D2D.i - 9;JD~D; 0:03 
+ ><2DuDtD,D:i + 16D:D2D3 D4 - :J:W~DaD:D4 + 50D:D~D2D• 
- IGD~Df D»D4 - :w~o: D~ + 6D:D~ D,D, - 26D~D:D~ - l6Df D, 
- 51D0 ~D~ + t:lD:Di - IRD~o;D3 + 5-tD~D1D~ - 17DoD:D4 - :JD~D:Ds), 

whm Dp = Dp(8) = ~:.,~ y"('~•) (,':~) rxp{8y}, p = 0.1. 2.:J,4. 

!i 



(ix) ~laxweU (II> 0, y > 0): n(8) = (282)-1 , ((8) = 93
, d(y) = y2, v(y) = log(y2#); B,(11) = 

-8/12, B2(/J) = 8/288, B2(8) = -8/288. 

(x) Camma (I.: > 0,8 > 0, y > 0): 

(a) kknown: 0(8) = 8, ((8) = 9-k, d(y) = y, v(y) = (J.:-1) log(y)-log{f(k)}; B 1 (8) =Bk-•, 

82(8) = 81.:-2, B2(8) = 0; 

(b) 8 known: o(I.:) = -(k - I), ((J.:) = s-"r(k), d(y) = log(y), v(y) = -By; 

t/•"(k) -3:31/l'(l.:)3 + 261/,'(k)t/l'(k)t/,"'(k) - 3t/l(k)2,t,IV(k) 

B,(k) = -2t/l(k)2' B2(k) = :.!4t/l(J.:)5 ' 

15t/,"(k)3 - 16t/>'(k)v,"(k)1{l"(k) + 31{l(k)2t/•'~(k) 

B;(k) = 241/l(k)• ' 

where r(-) and ,J,(-) arf' thf' gamma and digamma functions, respectively. 

(xi) Burr ,wstf'm of cljstrjlrntjons (8 > 0, b > 0, b known, 11 > 0): 0(8) = 8, ((8) = c(8)/8, 

d(y) = - logG(y), v(y) = log{ld logG(y)/dyl}; B.(8) = B,(8) = 8, B2(8) = 0, where the 

functions c(•) and G(·) are positive real-valued. Different choices for c(8) and G(y) lead to 

different distributions; see Burr (1942). 

(xii) Rayleigh (8 > 0, y > 0): n(8) = 9- 2, ((8) = 82 , d(11) = Iii, v(11) = log(2y); 8 1(8) = -11/8, 

B,(9) = 9/128, B;(B) = -8/128. 

(xiii) Pareto (8 > 0, k > 0, k known, y > k): n(II) =II+ I, ((8) = (Bk')- 1 , d(11) = log(11), v(y) = O; 

B, (8) = B2(8) = 8, B2(8) = 0. 

(xiv) WP.il,ull (II > 0, <I> > 0, ti> known, II > 0): 0(8) = 11-". ((II) = II", d(y) = ·1l, v(11) = 
log( ip) + ( <I> - I) log(y); 

B (8) = 8(1 - </,). 8 (8) = - 9(U>
3 

- 9¢
1 + 10~~ - :1) B"(IJ) = - 11(241

3 
- :14>

2 
- 2ip+ 3). 

l "J.</)2 2 24,p◄ • 1 24ip4 

(xv) PowPr (II> O. <I>> 0, ct, known, 0 < y < (11): 0(8) = 1-/J, ((IJ) = 11- 1,J,', d(y) = log(y), v(y) = 0; 

8.(8) = 8 2 (11) = 8, Bi(II) = 0. 

(xvi) Laplan• (II > 0, -oo < I.: < oo, k known , y > 0): o(IJ) = s- 1, ((8) = 28, d(y) = 111 - kl, 

v(y) = O; 81(8) = B2(8) = Bi(8) = 0. 

(xvii) ExtremP vah1P (-oo < 8 < oo, rJ> > 0, rJ> known. -oo < II < oo): o(II) = exp{ll/ip}, ((8) = 
oexp{-11/,/>} , d(11) = exp{-y/o). 11(11) = -y/<1>; 8.(8) = <1>/2, B 2 (8) = B1(8) = rt,/12. 

(xviii) Trnnratf'd PXtrPmr value (8 > 0. y > 0): n(B) = e-1 , ((II)= 6, d(y) = exp{y} - I, v(11) = y; 

81 (6) = 8 2 (/J) = Bi(8) = 0. 

(xix) Lognormal (B > 0, /t > 0, µ known, y > 0) : n(B) = 0-1, ((8) = 8, d(y) = {log(y) - µ}2/2, 

11(y) = - log(y) + {log(2lf)}/2; Bi(O) = -8/4 , B2(8) = 8/:12, Bi(B) = -8/:32. 

(xx) Normal (B > 0, -oo < µ < oo, -oo < y < oo): 

(a) µ known: 0(8) = (28)-1, ((6) = 8112 , d(y) = (y - µ) 2, 11(y) = -{log(2lfl}/2; B1(6) = 

82 (8) = 82(8) = 0. 
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(b) 8 known: a(µ) = -Jl/8, ((µ) = exp{µ 2/(28)}, d(y) = y, v(u) = -{y2 + log(2ir8)}/2; 

B1(µ) = B2(µ) = B2(µ) = 0. 

(xxi) lnve,rsP Gam;.,;ian (8 > 0, µ > 0, y > 0) : 

(a) µ known: 0(8) = 8, ((8) = 0- 1
/

2
, d(y) = (y - µ) 2 /(2µ 2y), v(y) = -{log(2~v3)}/2; 

B1 (8) = 28, B2(8) = 48, Bi(8) = O. 
(b) 8 known: er(µ) = 8/(2µ 2

), ((µ) = exp(-8/µ}, d(y) = y, v(y) = -8/(2y) + pog{8/(2~ 

y3)}]/2; Bi(µ)= B2(µ) = B2(µ) = 0. 

(xxii) MrCnllagh (8 > -1/2. -1 $ µ $ l, µ known, 0 < y < 1) : 0(8) = -8, ((8) = 4-1 8(8+ 

I/2, 1/2), d(y) = log[y(l - y)/{(I + µ) 2 
- 4µy}], 11(y) = -pog{y(I - y)}]/2; 

B (8) _ _ t1l'(8 + 1/2) - vl'(8 + l) 
I - 2{1/i'(8+1/2)-1/i'(8+1)}2' 

B2(8) =(24{1/>'(8 + 1/2) - 1/>'(8 + 1}}5J- 1(-:J:J{vl'(8 + 1/2) - v,"(8 + 1)}3 + 26{'1'(8 

+ 1/2) - vl(8 + 1) }{1/,"(8 + 1/'2) - 11,"(8 + 1)}{1/•"'(8 + 1/2) - 1/1111(8 + I}} 

- :J{ 1/11(8 + 1/2) - 1/11 (8 + 1 )}2{ 1/1;v(8 + 1/2) - 1/•;"(8 + l)}], 

B;(8) =[24{ f/l(8 + 1/2) - l/l(8 + 1 )}5t'[15{ f/1"(8 + 1/2) - ,t,"(8 + 1)}3 - 16{ ¢'(9 

+ 1/2) - 1/1'(8 + l}}h'1"(8 + 1/2) - 1/•"(8 + l)}h'l"(8 + 1/2) - !P"'(8 + l)} 

+ :J( iJl(8 + 1/2) - 1/>'(8 + I )} 2
( f;"(8 + 1/2) - v•i"(tl + 1)}], 

where B(·, ·) is the beta function (i;ee McCullagh, 1989). 

(xxiii) Von Mi,...,. (9 > 0, 0 < µ < :.!ir, µ known, 0 < II < :.!,r): n(9) = -9, ((9) = 2ir/0 (9), 

d(y) = ros(y - 11), u(y) = O; 

r" :l:!r113 - "J.6r'r''r'" + :Jr12 r•v 
B, (8) = - '2r'2' B,(B) = 24rA 

R" 
8 

_ 15r'r.i - lfir'r"1·"' + :fr12 riv 
,( ) - 24r'5 ' 

where /.,(·) is the modified Bessel function of fir:o;t kind and 11th order, and r = r(8) = 
1~(8)/ / 0 (8) . 

(xxiv) (:pnrr:ilizt>d hypnholir sMant (-•-/"2 S 8 $ ,r/2, 0 < g < 1, r > O, r known): 0(8) = I, 
((8) = ir{sec(8)}', d(y) = -ir-• - log{y/(1 -y)}, u(y) = -(1/2)10,;{y/(I - y)}; 

D (8) = sin(8) ro:,;(8) B (8) = sin(8) ros(8){10cos(8)2 
- :J} B"(8) = _ sin(8)cos(8)3

_ 

I r • 2 ;jrl • 2 ;J,2 

Bia.,; corrttlion for some other distributions can bP obtained as :o;pecial cases of the distributions 

introduced above. For the Bernoulli distrihution. 8 1 (8) = B2 (8) = B;(8) = 0 which follow11 from 

the binomial distribution with m = I. ThP results for the, ,;t>Ometric distribution are the same as 

those, for the nl',;ative binomial with -, = 1. Al:so, thP eXJ>Onential distribution is a special case of the 

gamma distribution with k = I, :so is thP rhi-"()uart><I distributioni. ( 8 = 1/2 and k = 8/2). Note, 

; 



however, that the Pxpressions for the bia.,;es given for the gamma distribution must be multiplied 

by 2 when applied to the chi-squared distribution. 

It i,; interesting to not!' that for some distributions 8 1 (ll), 8 7 (8) and 81(ll) do not depend on 

thl' value of the parameter ll, but this is not always the case. In some ca.-;es, the biases vary with 8; 

see Sec.tion 4 for more details. It is also noteworthy that the general expres.'!ions for B1 (ll), B2(ll) 

and B2(8) in (5)-(7) are capabll' of genl'rating both simple and complex expressions for different 

,;pecial cases. 

It is pos.o;ible to verify from first principles or by Taylor series expansion of the expression for 

the maximum likelihood estimate, that the rnrresponding formulas for B 1(8) and B2 (8) given here 

are correct for the following cases: binomial, Poisson, gamma (a), Pareto, Laplace, extreme value, 

truncated extreme value, lognormal, normal and inverse Gaus.,;ian. 

3. ASYMPTOTIC EXPANSIONS 

In some cases, the Pvaluation of bias-corrttted estimates re<1uires the evaluation of unusual and long 

expressions. We shall now obtain approximations based on asymptotic expansions which do not 

require tht> computation of functions such a.,;; poly,;amma, Bes.~el or zeta. The expansions presented 
b.>low werP ob~inPd using Mathematica (Wolfram, 1001) and Maple (Abell and Braselton, 1994). 

In order to derive approximations for Bi(B), B 2 (8) and B2(8) for the truncated Poisson distri­

bution, we need to make use of the expansion c' = I + 8 + 82 /2 + 113 /6 + fJ4 /24 + ... Using this 
ex1.ansion, we obtain, for small ll, 

NPxt, we turn to the logarithmic sPries distribution. For small vah1P.'I of ll we have that 

82 l/3 84 ll" 86 

log(I - ll) = -ll - - - - - - - - - - + 0(81
). 

- 2 3 4 5 6 

lisin,; this result, we get that for the lo,;arithmic series distribution with small I 

58 1982 11113 • 
B1(ll)= --+ - + - +O(ll) 

:I 18 45 ' 
B (fl) = 1:38 _ 4078

2 
59113 O(B4) 

2 !l !JO + 162 + ' 
o•(ll) _ 78 37982 5383 

4 
2 - -:J + 1:15 - :114 + O(ll ). 

Next, we consider the zeta distribution. Let 

. {~ (lo,;k)' (lo,;m)J+ 1
} 

..,, = 11111 ~ --- - • ' 
m➔oo k:I k J + ) 

8 



j = 0, 1, 'Yo being Euler's constant. We then have that 

B1(9) = 9 + 2(-y: + 2-yi)B3 + 0(94), 8 2 (9) = 9 + 12(-y: + 27.)93 + 0(9'4), 

B;(9) = -2(-y~ + 2-y.)93 + 0(9'4), 

for small values of 9. It is possible to simplify thE'!\E' approximations using Maple V (Abell and 
Braselton, 1994) a.,; 

8, (8) :::= 8 + 0.37509B3, B2 (9) :::= 8 + 2.25056e3. 8;(9) :::= -0.3750993• 

Consider now the gamma distribution (with 8 known). For large values of k we have that 

, 1 1 1 1 1 1 5 691 
t/J (k) - k + 2k2 + 6k3 30k6 + 42k7 30k9 + 66k11 2730k13 + 

Using this expansion we obtain, for large k, 

81(k) = ! - - 1
- - -

1
- + 0(k-4

) B2(k) = --1- - - 1- - _ I_·+ 0(k-4) 2 24k2 24L~ ' 24k 4Rk2 2RRk3 ' 

B•(k) 
1 1 2

:
3 O(k-◄) 2 :::: - 24k - 48k2 + 288L~ + . . 

For small values of k, WE' obtain 

,r2 
81 (k) = k - Jk3 + 5 Zeta(3)k4 + 0(1,!), B2 (k) = k - 2,r2k3 + 44 Zeta.(3)k4 + O(k1), 

2 

Bi(k) = ; 1.:3 - 11 Zeta(3)k4 + O(k!), 

where Zeta(3) :::= 1.2020569. By makin,; uSf' of the formula. 

I t/•'(9+ 1)- v>'(B+ 1;21 = u ,'(B)-4vl(28)-
81

• 

we obtain thE' following a.,;ymptotic expansions for the Ml'C'ull~h distribution, for large 9: 

1 1 4 I I !I 4 ) 8i(9) = 'l.9 + 1 + RIP + O(r ). 8 2(9) = 48 + I+ -1
8 

-
168

, - ;J283 + 0(9- , 

B"(9) = _!_ - - 1
- - _:!_!_ O(tr4 ) 2 48 1682 :1203 + . 

It is noteworthy that these expansions are in agreement with the quasi-linear behavior of B1 (9) and 
B2 (8) shown in Figure 4 in the next section. It iii also clear that B2(8) 11hould hf' c)o,;e to zero for 
lar~ values of 8. Indeed, Figure 4 showii that the latter holds for a.II values (small and large) of fl. 
It is also p0$.,;ible to obtain expansions for 8 1 (9), B2 (8) and B2(9) for the McCullagh distribution 
when 9 is small. However. the coefficient.,; of such expan:o1ions involvf' long expressions. To save 
space. WP replMed these Pspres.'<ion by approximated values. thus obtaining 

8,(B) :::= 0.666:J~ + 1.G,U.',M + 0.-1:3)6:J/12 
- o.:Ja751113

• 

8 2(8) ::o:: 1.201-10 + :J.!il5079 + 1.1873592 - l.6676~. 

s;(B) == -0.02,;o:J - 0.010;00 + o.t.'it 1002 
- o.os:mo3

• 

!I 



For the von Mises distribution, B1(8), B2 (8) and B2(8) are funrtion11 of modified Bessel func­

tion,- of first kind. However, it is possible to design approximations which do not involve such 

functions. For large values of 8, it is possible to write an expansion for r(B) by making use of the 

expansions in Abramowitz and Stegun (1970, 9.7.1), and then to nse this result to obtain, for large 

8, 

:J 3 171 (8-1) B2(9) = 48 - l - - - - - - + 0 , 
49 92 l6tP 

Using equation (3.4.46) in Mardia (1972) we obtain that, for small 8, 

8 { 82 81 1186 19114 } 
r(B) - 2 l - 8 + 48 + :3072 + 30720 - . . . . 

Therefore, we obtain the following expansions for Bi(8), B2(9) and B2(8) 

38 7113 5 
B1(8)= -+-+0(8 ), 

4 48 
B (8) = 198 505113 0(Bs) 

2 16 + 768 + ' 
• 8 53113 5 B2 (8) = -- - - +0(8 ). 

4 768 

Notice tha.t these a.pproxiana.tions do not r~uire lhe ~valuation of Be:io"iE!l functions. 

4. GRAPHICAL ANALYSIS 

It was shown in Section 2 that for many special cases B1(8), B 2 (8) and B2(8) vary with the un­

known parameter 8. In this section we give ploL,; of B1(8), B2 (8) and B2(8) against 8 in order to 
PXamine how thesP threP quantities vary with 8. TlrP following distributions are considered: trun­

catPd Poisson. logarithmic series, gamma (with known 8), ~frCullagh, von Mises and generalized 

hyperbolic secant (with r = I). A plot of 8.(8), 82 (0) and B;(B) against 8 is given for each of 

thPse distributions. These ploL,; arP given iu FigurPs I through 6, rPspectively. 

[Figures 1 through 6 near here] 

It is clear from Figures 1 to 6 that: (i) the second and third order biases and B2(8) can vary 
substantially depending on the true value of thP paramPter 8; (ii) except for the gamma distribution, 
the behavior of B2 (8) and that of B;(B) are quitP different; for the McCullagh distribution, for 
example, B2(9) is nearly zero for all values of 8 whereas B2 (9) grows almost linearly with 8; (iii) in 
some .-ases. B1 (fl), 8 2 (8) and 8 7(8) display rather intPrPsting hehavior as 9 rhanges, as for instance 
in the case of the generalized hyperbolk secant distribution, where all three quantities show periodic 

fluctuation patterns. 

It is common practice to rhoose among compPting estimators using the mean squared error as 

a deciding criterion. It is then important to look at~. which gives the difference between the mea.n 
squared errors of 8 and 82 to orclPr 11- 2 . That i:-, to order 11- 2 • ~ > 0 when !\1SE(8) > MSE(B2), 

ID 



and vice-versa. For some distributions, the expression for Li is quite simple. For example, for the 
geometric distrihution. ll = -9( I - 92)(2 - 59), and hence ii < O if 9 < 0.4, 6. = 0 if 9 = 0.4 and 
~ > 0 if 9 > 0.4. Also, for the inverse Gaussian (with known mean µ), 6. = 1282 which is positive 
for a.II values of 8: for the Pareto and power distributions, ~ = :J92 which a.gain is positive for all 
values of 9; for the log-normal distribution (with known µ), ~ = -392 /16, thus being negative for 
all values of 9. The expression for Li. however, can be quite complex, and in such cases a graphical 
analysis can be helpful. The idea is to plot Li against 9 in order to examine which regions of the 
parameter space correspond to positive, zero and negative values of Li. This is done in Figures 7 
through IO. Here we plot Li against 9 for the following distributions: truncated Poisson, gamma 
(with 9 known), McCullagh and generalized hyperbolic secant. 

[Figures 7 through 10 near here] 

Figure 7 shows that for the truncated Poisson distribution, the mean squared error of the bias­
correc.ted estimate is smaller than the mean squared error of the maximum likelihood estimate, 

up to order 11-2 , for (approximately) 9 > 1.4, and larger for (a.ppproximately) 9 < 1.4. Figure 8 

shows that for the gamma distribution Li is negative only for small values of k. For the McCullagh 
distribution, Figure 9 showi. that, to third order, 92 dominates 9 in terms of mean sequared error. 
Also, Li displays an intnesting periodic behavior a.'l a function of 8 for the generalized hyperbolic 
secant distribution, being negative when 9 is dose to 0, and postive when 9 is close to -1r /2 or 1r /2. 

:i. SIMULATION RESULTS 

This section gives some Monte Carlo simulation results comparing the finite-sample performance 
of the maximum likelihood estimator iJ and iL'- bia.-,-rorrected version 92 • We consider an inverse 
(;a.ussian distribution with known mean µ, and focus on the estimation of the precision parameter, 
8. The experiment wa.-, performed by setting I' = I. 8 = I, 5.10. and using 10,000 replications. 
Random numbers were generated using the algorithm outlined in Devroye (1986, pp.148-149). The 

estimated means and mean squared errors of iJ a.nd 92 = iJ - "26/11 are given in Table I. 

The figures in Table I show that 82 outperforms the maximum likelhood estimator iJ both in 

terms of smaller bia.ws and smaller mean 11quared errors. 

The next simulation experiment involves the estimation of the parameter 6 in a Weibull dis­
tribution when the parameter r/, is known. In Ta.hies 2 and :1 we give results for 9 = 5, IO and 
,,, = Q.j,:J, 7 obtained from 10.000 rPplica.tions. 

ThP simulation results for the Weibull rase show that the bia." of iJ tend to be larger when ff, is 
small. In all ra."SPs. thP hias of 62 wa.-, nearly zPro. and iL-< mean squared error was no larger than 

the mean 11quared of the maximum likelihood estimate. 

In the final simulation rx1>Priment. we considPr a lol(arithmi<- series distribution with parameter 

IL 



Table 1. Simulation results I 

inverse Gaussian distribution, I' = 1 

8 s'l 
8 JI mean MSE mean MSE 

5 1.68 5.28 1.01 1.74 

10 1.24 0.54 1.00 0.31 

15 1.15 0.28 1.00 0.19 
1 

20 1.11 0.16 1.00 0.12 

25 1.08 0.12 1.00 0.10 

30 1.07 0.09 1.00 0.08 

5 8.54 :i.•n.77 5.13 137.45 

10 6.24 14.97 5.00 X.59 

15 5.73 o.:J8 4.97 4.:39 
5 

20 5.54 3.99 4.99 2.99 

25 5.44 3 .01 5.00 2 .:39 

30 5.37 2.:u~ 5.01 1.95 

5 16.6X 442.7'!. 10.01 14:u:i 

10 12.60 59.17 IO.OX :3.1.55 

15 ll.4X 25.s ;i 9.95 17.52 
IO 

20 11.17 17.50 10.06 13.06 

25 10.85 11.92 9.99 9.47 

30 10.71 9.21 9.99 7.59 -

12 



• 
Table 2. Simulation results II 

Weibull distribution, 8 = 5 

8 82 

"' II mean MSE mean MSE 

5 6.00 31.90 5.20 :30.94 

10 5.4R 12.27 5.03 12.04 

15 5.34 7.84 5.03 7.73 
0.5 • 20 5.23 5.61 4.99 5.55 

25 5.19 4.39 5.00 4.35 

30 5.14 3.61 4.98 3.59 

5 4.89 0.57 5.00 0.56 

10 4.94 0.21:< 4.99 0.2~ 

15 4.96 0.11< 5 .00 0.18 
3.0 

20 4.97 0.14 5.00 0.14 

25 4.98 0.11 5.00 0.11 

30 4.99 0.09 5.00 0.09 

5 4.94 0.11 5.00 0.11 

10 4.97 0.05 5.00 0.05 

l.'i 4.98 0.04 -'i .00 0.0.l 
7.0 

::m 4.91:< 0.0:i f, .00 0.03 

•)r. wa 4.99 0.0:.! 5.00 0.0:.! 

:m 4.99 0.02 •'> .UO 1).()2 



Table 3. Simulation results Ill 

Weibull distribution, (J = 10 

i1 82 

tb II mean MSE mean MSE 

5 11.84 124.31 10.24 120.97 

10 11.00 49.80 10.10 48.80 

15 10.69 32.09 10.07 31.62 .. 
0.5 

20 10.48 22.96 10.00 22.73 

25 10.45 18.13 10.07 17.93 

30 10.35 14.59 10.03 14.46 

5 9.78 2.27 10.00 2.22 

10 9.89 1.13 10.00 1.12 

15 9.94 0.76 10.Dl 0.76 
3.0 

20 9.93 0 .56 9.98 0.55 

25 9.95 0.45 9.99 0.45 

:m 9.97 0.:16 10.00 0.36 

5 9.88 0.45 10.00 0.4:J 

10 9.94 0 ') ' l to.DI 0.21 

15 !).9(i 0. 1-l 10.00 0. 14 
7.0 

20 9.97 0.11 10.00 0 .10 

25 9.98 0.08 10.00 0.08 

30 9.98 0.07 10.00 0.07 

14 



IJ. We used the following approximation for the maximum likelihood estimate of(} (Birch, 1963): 

Table 4 presents the resuts for 8 = 0.2,0.5,0.7,0.9 obtained from 10,000 replications. 

Again, the third-order bias-corrected maximum likelihood estimator 82 outperformed the uncor­

rected MLE in the sense that it displayed smaller bias. The mean squared error of both estimators 

were nearly the same in all cases, being undistingubha.Lle up to the second decimal most of the 

time. 

ACKNOWLEDGEMENTS 

The partial financial support of CNP<1/Bra.zil is gratefully acknowledged. 

REFERENCES 

ABELL. M.L. & BRASELTON, J.P. (1994). The Maple V Handbook. New York: AP Professional. 

AIIRAMOWITZ, M. &. STEGUN, J.R. (1970) . lla11dbool.: of Mat/1ematical Fu11ctio1111. Washington, D.C.: 
National Bureau of Standards. 

BIRCH, M.W. (1963). An algorithm for the logarithmic seriPs distribution. Biometrics 19, 651-652. 

BURR, I.W. (1942). Cumulative frequency funrtions. Am1aL• of Mathematical Statistic., 13, 215-232. 

DEVROYE, L. (19KG). No11-l/11ifon11 Random Variate Genr.mtim1. New York: Springer-Verlag. 

FERRARI, S.L.P .. BoTTER, D.A ., CORDEIRO, G.M ., CRIIIARI-NETO. F. (1996). Second and third 

order bias reduction for one-parameter family models. Stati.•tio a11d Probability Letters, forth­

c·oming . 

. JOHNSON, N .L., lfoTz, S. ,I',: BALA KRISHNAN. N. ( l!l!l4a). ('011t111uo11., U11i11ariatc: Distributio11.s, vol.I, 

:.!nd eel. New York: Wiley. 

JOHNSON, N.L., KOTZ, S. ,v. B11LAKRISHNAN. N. (1994b). (.'onlim,ou.• linittariate Di.•tributions, vol.2, 

:.!nd ed. New York: Wiley. 

JOHNSON, N.L., KoTZ, S. &. l~EMP, A.W. (199".l). CJ11i11ariate Di.•crctc Distributions, 2nd ed. New 
York: Wiley. 

~IARDIA, K.V. (1972). Stati.<tics of Dirrrtio11al Data. London: Academic Press. 

Mc< :uLLAGH, P. ( l 9R9). Some statistic-al propPrties of a family of rnntinuous univariate distributions. 

Journal of the Amcriran Statistiml 1\.<S()('intin11 84. 12!">-141. 

PATTERSON. S.J. ( 19AA). An /ntrodudio11 to the Thmry of the Riemann Zeta-Function. New York: 

Cambridge University Pre55. 

\VOLFRAM, S. (1991). Mathematica: .-t .'iystcm/01· Doi119 .\latlu:matic.• by Computer, 2nd ed. New 

York: Adclison-WeslPy. 

15 



Table 4. Simulation results IV 

lo~arithmic series distribution, 9 = 0.2, 0.5, 0.7, 0.9 

ii 82 
8 fl mean MSE mean MSE 

5 0.16 0.04 0.23 0.04 

10 0.18 0.02 0.21 0.02 

15 0.18 0.02 0.20 0.02 
0.2 

20 0.19 0.01 0.20 0.01 

25 0.19 0.01 0.20 0.01 

30 0.19 0.01 0.20 0.01 

5 0.41 0.07 0.53 0.06 

10 0.45 0.04 0.51 0.0.'J 

15 0.47 0.02 0.50 0.02 
0.5 

20 0.48 0.02 0.50 0.02 

25 O.i~ 0 .01 0 .50 0 .0) 

30 0.48 0 .01 0.50 0.01 

5 0.G0 0.06 0.72 0.06 

10 0.65 o.o:J 0.70 0.02 

15 0.67 0.02 0.70 0.0) 
0.7 

w 0.G7 0.01 0.70 0.01 

25 0.6R 0.01 0.70 0.01 

30 0.6R O.ot 0.70 0.01 

5 0.S.1 0.0:J 0.89 0.03 

10 0.86 0.01 0.90 0.01 

15 0.88 0.00 0.90 0.00 
0.9 

20 0.88 0.00 0.90 0.00 

25 0.89 0.00 0.90 0.00 

30 0.R9 0.00 0.90 0.00 

16 
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Figure 1: B1(6), B2(6) and B2(6), Truncated Poisson 
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Figure 2: B1(6), B2(6) and B2(6), Logarithmic Series 
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Figure 3: Bi(ll), B2(ll) and B2(ll), Gamma 

---11 

---••J 

Figure 4: B1(9), B2(9) and B2(9), McCullagb 

---■1 



Figure 5: B1 (8), B2(8) and B2 (8), Von Mises 
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Figure 6: B1(9), B2(9) and B2(9), Generalized Hyperbolic Secant 
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Figure 7: ~. Truncated Poisson 

Figure 8: ~. Gamma 
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Figure 9: ~, McCullagb 
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Figure 10: ti., Generalized Hyperbolic Secant 
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