





that Kleene’s theorem generalizes to the case of multiplicities in any semiring
in place of the Boolean semiring. The interested reader can find the details in
Eilenberg’s book [9]; we only note that we will make use of the multiplicity the-
ory in section 4. On the other side of Kleene’s equation we find Rat A* which is
also nondeterministic, in the sense that any given rational language is denoted
by an infinity of rational expressions, i.e. there are different ways of obtaining a
set using the rational operations. This will be our starting point, since all three
problems we will address began with questions about the existence or the opti-
mization of expressions, possibly of restricted forms, to denote a given rational
language.

Historically, the first problem of our interest, related to the product, was
posed by R. McNaughton in 1960 [25] and solved by M. P. Schiitzenberger in 1965
[36] in the first real breakthrough in the area. Very interesting historical remarks
about the formulation of the star-height problem can be found throughout the
monograph of McNaughton and Papert [27], especially on page 99.

Let us recall first that every recognizable set is recognized by some deter-
ministic automaton; it immediately follows that the family Rec A*, hence also
Rat A*, is closed under complementation.? McNaughton’s question was to char-
acterize the family of star-free languages, i.e. the ones which can be expressed
using only the singletons and the operations of union, complement and product.
For instance, consider the language® L = (ab+ ba)*. Even though the star is
used in this particular expression for L it can also be expressed without the
star, hence it is a star-free language. We leave it to the reader the interesting
exercise of verifying that the following expressions define L over the alphabet
A={qb}.* _

I=A"=0,
J = (ab)* =1+ alnIdbNTaal NTHE],
L = (ab + ba)* =TabJal + TbJabl
In section 2 we will return to the star-free question, state Schiitzenberger’s the-
orem and comment its many consequences.
The next problem to appear was Eggan’s star-height prablem. The star-

height of a rational ezpression is the maximum number of nested stars in it. For
instance, the star-height of

a"b + ((ab*)e)” + (((a*b + c)* +d)"e

is three. We define the star-height of a set X as being the least star-height of
rational expressions denoting X . The star-height problem consists in determining

2 Note that this statement about Rat A® is an algebraic property of an algebraically
defined family. However, its proof goes through Kleene's theorem and uses the con-
cept of a finite automaton, which, in principle, has nothing to do with the family
Rat A°.

3 We frequently denote a union by X + Y; the empty word is denoted by 1.

¢ Unfortunately, there are no methods to produce beautiful symmetric expressions for
star-free languages as in our example. This problem probably merits further study.



the star-height of a given rational language X. This problem, formulated in 1963
has been shown to be algorithmically decidable by Hashiguchi in 1988 [15] but,
unfortunately no practically executable algorithm is known to determine the star
height of a given set. We shall say more about this problem and some of the tools
used to attack it in section 4.

Connected to the star-height problem we mention another problem of Brzo-
zowski, formulated in 1966, which had a great influence in the theory. A language
X has the finite power property if its star is the union of finitely many of its
powers, i.e. if there exists an m > 0, such that X* = (14 X)™. This is equivalent
to saying that

X' =14X+X2+---4+X™.

This problem, solved independently by Hashiguchi [12] and the author [40} was
the starting point for further developments which ultimately led to Hashiguchi’s
solution of the star-height problem. Note that Brzozowski’s condition is sufficient
in order to replace a star by finitely many unions and products.

Interested in star-free languages and inspired by Eggan’s star-height hierar-
chy, J. A. Brzozowski formulated the dot-depth problem in the late 60’s [8] which
is, in general, still unsolved, despite the combined eflorts of many researchers.
The dot-depth of a star-free rational expression is the maximum nested levels of
concatenation used in the expression. The dof-depth of a language is the least
dot-depth of star-free expressions denoting it. The dot-depth problem asks for
the characterization of languages of any given dot-depth. For instance the pre-
vious star-free expressions show that the dot-depths of A*, (ab)* and (ab+ ba)*
are at most 0, 1 and 2, respectively. However, it is a nontrivial journey to prove
that 2 is the dot-depth of (ab + ba)* [38].

The dot-depth problem has an easy solution for dot-depth zero. The next
step, i.e. the characterization of dot-depth one languages was achieved by R.
Knast in 1983 [18]. For depth two or more the problem is open, but important
partial results of Margolis, Pin, Straubing and Weil in that direction should be
mentioned. We leave the details to section 3.

We close this introduction by mentioning that the first and third problems
here described led to the discovery of many interesting families of rational lan-
guages, called varieties. The study of these varieties is mathematically sophis-
ticated and it combines algebraic, combinatorial, logical and lately topological
methods to attack linguistic problems. Reciprocally, linguistic properties are of-
ten used to establish algebraic results about pseudovarieties. Such mathematical
diversity and richness is one of the main credentials of this theory. Extensive
and modern accounts of these developments can be found in the books of Pin
[31] and Almeida [3}.

2 More on McNaughton’s star-free problem

McNaughton’s question on star-free languages was not motivated by its linguistic
aspect but it appeared as a natural question related to the representation of
rational languages by logical formulas. This area was pioneered by Trakhtenbrot



{56] and independently discovered by McNaughton [25). See also the fundamental
work of Biichi [7] and Elgot [11].

More precisely, following Biichi, rational languages can be defined by formulas
in the monadic second order theory of successor. A restriction to first order
formulas leads to the subfamily of star-frce languages and this was the original
motivation of McNaughton for his interest in star-free languages. The reader will
find further details in [27, 51, 54, 28].

Now we recall that every language X has a syntactic monoid M and a syn-
tactic morphism f: A* — M which have the property that f~!fX equals X.
Furthermore, M is the least monoid with this property in the sense that for every
other morphism f': A* — M/, such that f'~1f'X = X, M is a homomorphic
image of M’. We will say that a monoid M is aperiodic if for every z € M there
exists an n > 0, such that z" = z"*!. Here is Schiitzenberger's theorem.

Theorem 2 A sel X in Rat A* is star-free iff the syntactic monoid of X is
finite and aperiodic.

We wish to comment now on three aspects of Schitzenberger’s paper [36)
containing this theorem:

— the effective solution of a linguistic problem through the use of the syntactic
monoid;

— the introduction of the Schiitzenberger product for finite monoids;

— the lead it contained for the introduction and investigation of pseudovari-
eties, one of the most significant aspects of the theory today.

Let us examine first the constructive aspect of Schiitzenberger’s solution of
the star-free problem. Note that the syntactic monoid can be constructed al-
gorithmically for a recognizable set, given an automaton recognizing it or an
expression denoting it. Since one can easily check whether the syntactic monoid
of a language is aperiodic or not it follows that the theorem is an effective
characterization of star-free sets. This is one of the theorem’s major aspects,
certainly the one which motivated McNaughton’s question. Maybe it even stim-
ulated and justified the study of the syntactic monoid. Indeed, this invariant has
been known for a long time and both Schiitzenberger and Rhodes were directing
some of the work of their respective schools to the investigation of these alge-
braic structures since the beginning of their activity. However, the structure only
gained widespread acceptance after the appearance of Schiitzenberger’s theorem,
effectively characterizing star-free languages.

Next we comment on the Schiitzenberger product of monoids. Note that
given languages X and Y, the syntactic monoid of X + Y divides the direct
product of the syntactic monoids of X and Y. One of the difficulties in handling
the product of languages, our main concern here, is that we do not have a
simple operation on monoids which would play the role of the direct product
in the above statement. Such a product was introduced during the course of
the original proof of theorem 2. This product is now called the Schiitzenberger
product and it can be found in section 5.



The product was originally defined for two monoids. Straubing took this idea
of the 2-fold Schiitzenberger product and generalized it for a k-fold product. His
definition can be found in section 5. This was an essential step because the
Schiitzenberger product is not associative and the iterated use of the 2-fold
product introduces unnecessary and unwanted algebraic “complexities”. Next,
Straubing proved that the Schiitzenberger product is an operation on monoids
which reflects the (k-fold) product of languages in the sense mentioned before.
On the other hand, Reutenauer proved in 1979 [34] an inverse result for the
2-fold Schiitzenberger product, using the marked product of languages. More
precisely, he proved that every language recognized by the 2-fold Schiitzenberger
product of monoids M) and M, can be expressed as a Boolean combination of
marked products LyaL,, where L; is recognized by M; and a is a letter. Pin
generalized this proof and showed [29] a similar property for the k-fold product.
From all these developments we can conclude that the Schiitzenberger product
is the monoid equivalent of the marked product of languages. This transforms
the Schiitzenberger product in a major tool to attack product problems for
rational languages. In section 5 we give a full proof of this basic property of the
Schiitzenberger product, and this will be the only proof in our paper.

The last aspect we will comment is still another far reaching consequence of
Schiitzenberger’s work. It provides perhaps the earliest example of a pseudova-
riety of monoids, theme which dominates the modern research in the area.

A pseudovariety of monoids is a class of finite monoids which is closed un-
der formation of submonoids, of homomorphic images and of finite direct prod-
ucts. These classes are the finite analogue of Birkhofl’s varieties of algebras
which are exactly the classes of algebras definable by equations. An exam-
ple of a pseudovariety of monoids is given by the class A of finite aperiodic
monoids. Schiitzenberger noted very early this connection [37) but the subject
was to be developed only in the book of Eilenberg [10] in 1976. One problem is
that on account of the finiteness the equational property of varieties, present in
Birkhoff's theorem, is lost, i.e. it is not true that every pseudovariety is the class
of finite monoids satisfying some set of equations. Nevertheless, Eilenberg and
Schiitzenberger have shown [10] that the equational property can be partially
recovered. Indeed, they proved that every pseudovariety of monoids is ultimately
defined by equations. Another, very elegant proof of this fine theorem was found
by Ash [4]. Let us illustrate this property by the example of A. Consider the
equation " = z"t!, one for every n > 1. It is easy to see that only the idem-
potent monoids, in which z = z2, satisfy all of these equations. It is equally
casy to see that every aperiodic monoid satisfies all but finitely many of these
equations: it is said therefore that those equations ultimately define the class A.

Later on, Reiterman [33] improved the analogy with Birkhoff's theorem by
introducing the topological algebra of the implicit operations on finite monoids
(finite algebras in general). He proved that every pseudovariety is defined by
pseudoidentities. For the case of A, the pseudoidentity defining it is ¥ = 22",
where z¥ is a typical example of an implicit operation which is not a homomor-
phism. It associates to each element z of a monoid its unique power z* which



is idempotent. The use and calculus of implicit operations for pseudovarieties of
monoids wassignificantly developed by Jorge Almeida who recently wrote a com-
prehensive book about the subject [3]. This area still has many unanswered and
interesting questions, the book of Almeida, for instance, lists 57 open problems.

3 More on Brzozowski’s dot-depth problem

We begin with a precise linguistic statement of the dot-depth problem. For tech-
nical reasons we will initially restrict our attention to languages which do not
contain the empty word, i.e. our universe for languages will be 24* for a fixed
alphabet A. Let £ be the family of singletons, one for each letter of A. For a
family F of languages we denote by BF the smallest Boolean algebra contain-
ing F, i.e. the closure of F U {8} under union and complementation. Let us
denote by SF the smallest semigroup containing F, i.e. the closure of ¥ under
multiplication. The dot-depth hierarchy is the sequence

BoCB C--CByC---

of Boolean algebras, where By = BE and Bny1 = BSB,, for n > 0. Now, we
say that a language L C A" is of dot-depth n if L — {1} belongs to B, but
not to B,_;. The dot-depth problem consists in (effectively) characterizing the
languages of each given dot-depth.

The idea here is to minimize the nested number of levels of concatenation
in expressions denoting the star-free sets: By is the family of star-free languages
which must use n nested levels of concatenation and for which that many levels
are sufficient to denote them. Clearly, each B, is a subfamily of the star-free
sets, and each star-free set belongs to some B5,, but not much more than this
follows by intuitive arguments.

It can be shown without difficulty that each B, is a +-variety of languages, in
the terminology of Eilenberg [10], and this essentially means that the syntactic
semigroups of languages in B, form exactly the syntactic semigroups of some
pseudovariety of semigroups. The corresponding pseudovariety of semigroups will
be denoted by B,,.

It is known that the hierarchy is proper but the proof of this result already
requires sophisticated arguments. It was first proved by Brzozowski and Knast in
1978 [5). A more informative and algebraic proof was later obtained by Straubing
[46). Another proof, logically oriented, was given by Thomas {52, 53).

Straubing proved initially that B,,4; = OB,, where OV is the pseudovariety
generated by the Schiitzenberger product of semigroups in V. Straubing’s proof
of the properness of the dot-depth hierarchy was done then by a careful analysis
of the algebraic properties of the Schiitzenberger product of semigroups.

As for the dot-depth problem the strongest known result is the characteriza-
tion of dot-depth one languages, achieved by Knast [18]. Knast’s condition is a
bit complicated to be stated here; we only mention that it is an effective property
on the syntactic semigroup of a language which gives a necessary and sufficient



condition for a language to be of dot-depth one. The same problem for dot-
depth two is still open, despite the many efforts of solving it. The closest results
so far were obtained by Straubing and Weil in a series of papers [48, 58, 50]. An-
other line of attack tried to characterize the power operator P, since an effective
characterization of PJ would solve the problem [45, 22, 32, 23, 24, 30, 1].

At this point we mention some early results on the dot-depth problem which
had an influence on the forthcoming research in this area. These are contained
in the Doctoral dissertation of the author [38], written in 1972. Three problems
were tackled there: the characterization of locally testable languages, the char-
acterization of piecewise testable languages and the localization of two infinite
hierarchies of languages of dot-depth one.

A language X is said to be locally testable if pertinence of a word to X
can be decided by looking only at segments of bounded length of the given
word. The problem of effectively characterizing locally testable languages has
been formulated by McNaughton and Papert in their monograph [27] and it was
solved independently by McNaughton and by Brzozowski and Simon (26, 6]. It
is easy to see ihat a language is locally testable iff it belongs to the Boolean
algebra generated by the sets AwA”, A”w and wA", for words w. This clearly
implies that every locally testable language is of dot-depth one.

Theorem 3 A subsel of A* is locally lestable iff its syniactlic semigroup S is
finite and locally idempotent and commuiative, i.e. for every idempotent e = e?
in S the monoid eSe in S is idempotent and commutative.

One of the major steps in our solution corresponded to a wreath-product
decomposition of semigroups which are locally idempotent and commutative
and which became known as “A theorem on graphs”, after its reformulation by
Eilenberg [10]. This result inspired Knast to obtain a technically more complex
theorem on graphs (19} and which allowed him to characterize the whole family
of languages of dot-depth one[18]. Later on, starting from these theorems on
graphs, Tilson developed the Theory of Finite Categories as Algebras [55), as
a generalization of the Theory of Finite Monoids and which is bound to play
a crucial role in a possible solution of the dot-depth problem. Another very
important result in this area is contained in the V *+ D paper [47] of Straubing;
theorem 3 is also the first discovered particular case of Straubings results on
Vs«D.

A language X is piecewise festable if pertinence of a word to X can be
decided by looking at subwords of bounded length of the given word. Note that
u = a1az--Gn, With 8; € A, is a subword of v iff v € A*ay A° ---a, A". This
last set is the shuffie product of u and A*, denoted uU A®. It is easy to see that
a language is piecewise testable iff it belongs to the Boolean algebra generated
by the sets u U A* = A*ayA* -+ -a,A". Piecewise testable languages were first
considered by the author [38, 39] who also obtained several characterizations.
The most important one is the following.

Theorem 4 A subset of A is piecewsse leslable iff its syntaclic monoid is finile
and J-trivial.



We recall that a monoid M is J-trivial iff every principal ideal of M has
a unique generator. In other words, for any mi,mz € M, MmyM = MmaM
implies that m; = m,. This is an important structural property of monoids and
the corresponding pseudovariety J appears frequently especially in connection
with the Schiitzenberger product and the dot-depth problem. Note, as a starter,
that the shuffie product u lJ A® is a particular case (perhaps the simplest one)
of the marked product of section 5.

The family of piecewise testable sets possesses today many characterizations,
some of them having more than one proof. We do not have space to review
these here but indicate some of the literature {10, 35, 44, 49, 2]. Perhaps the
most outstanding proof so far is that of Almeida which contains a completely
topological proof of theorem 4 staged in Universal Algebraic terms. Even though
his proof is not constructive it yields an effective decision procedure for the
problem of deciding whether or not a given recognizable set is piecewise testable.

The third aspect we mentioned was the identification of two infinite hierar-
chies inside B, particular families of which were the locally testable languages
and the piecewise testable ones. Again, we will not survey this aspect here and
only mention that this subject was much expanded by Pin who in [29] introduced
a formalism to construct many hierarchies inside the family of star-free sets and
which are very closely related to the role of the Schiitzenberger product in the
theory of pseudovarieties (see section 5). We even believe that a proper study
of the algebraic properties of the hierarchies introduced by Pin might lead to a
solution of the dot-depth problem.

4 More on Eggan’s star-height problem

Instead of addressing the star-height problem in detail we shall try to describe
here only the main tool developed to deal with this problem area, pointing out
its connection with the product of rational languages. Even this we will do very
briefly, a more detailed account can be found in our survey [41].

Consider initially the following problem. Let be given a finite family F of
rational languages. Can we decide whether a given language, L belongs to the
closure of F under certain operations? Hashiguchi solved this problem in 1983
for any subset of the rational operations: union, product and star [14]. Two
cases are particularly interesting and difficult: the closure of F under product
and its closure under union and product. Representing the elements of F by
X1,X3,...,Xa, in the first case we wish to know whether some monomial in the
(noncommuting) X’s (i.e. a product X;, X;, --- X;,) denotes L. In the second
case one is interested in a polynomial in the X’s, denoting L. But what is the
relation to the star-height problem? Consider the following situation: we have
already found expressions of star-height at most h for the sets X;. We are given
the language L. Can we express L* as unions of products of the X;’s? If so, then
we can guarantee that the height of L° is at most k. This technique alone is
not strong enough to solve Eggan’s problem but it does describe an important
aspect of Hashiguchi’s solution.



We shall consider now the particular case of these problems when there is
only one language in F, or equivalently, there is only one variable X and the set
to be expressed is X*. Recall the definition of the finite power property, given
in the Introduction, and note that the solution to either problem above (for one
variable) can be expressed in terms of the finite power property for the only
language in . This problem is already quite difficult and it will illustrate well
the general case.

The problem of deciding whether or not a rational language has the finite
power property was first formulated by J. A. Brzozowski in 1966 during the sev-
enth SWAT (now FOCS) Conference. It was solved independently by Hashiguchi
[12] and the author [40). Our solution introduced the theory of multiplicities over
the tropical semiring® (see [41]) which seems to be an important tool in minimiz-
ing the number of factors in expressions involving products of rational languages.
We try to illustrate the idea briefly by an example.

Fig.1. A set X with the finite power property: A* = (1U X).

Consider the language L recognized by the automaton A of Figure 1. Au-
tomaton B (without the multiplicities /1) is the automaton recognizing the lan-
guage L*, obtained by a standard construction; let i be its only initial and final
state. Let us now assign a multiplicity 1 to each edge arriving at the final state ¢
of B and multiplicity 0 to every other edge of B (zero multiplicities are not indi-
cated in the figure). Let us postulate that the multiplicity of a path is the sum of
multiplicities of its edges. The multiplicity of a word w is the least multiplicity
of successful paths spelling w. These rules are easily remembered if one inter-
prets the multiplicities as a “cost”. Now, every i — i path in B, spelling w € L°,
induces a factorization of w showing that w € L™, where n is the multiplicity of
our path. It follows that the multiplicity of every word w in the behavior of B is

% This is the semiring consisting of the natural numbers extended with co and equipped
with the operations of minimums (as semiring addition) and addition {as semiring
product).



the least exponent n, such that L™ contains w. Finally, the set L has the finite
power property iff the words in L* have bounded multiplicity. Or equivalently,
iff the behavior of B is limited.

The last probiem, deciding whether or not the behavior of an arbitrary finite
automaton is limited is a basic ingredient in the solution of the star-height
problem and many other related problems. It is a hard problem, first solved by
Hashiguchi [13] and which since then has given rise to much research [21, 43, 42,
16, 57] which description is out of the scope of this paper.

We mention a recent result of D. Krob [20] which surprised everyone in the
area. Krob has proved that the equivalence problem for finite automata with
multiplicities in the tropical semiring is recursively undecidable. He did this by
a very ingenious construction which solved Hilbert’s tenth problem using only the
very rudimentary arithmetic available in the tropical semiring and the equally
rudimentary computing powers of finite automata. With such limited resources
he was able to express the multiplication of natural numbers. Thus, Krob proved
the undecidability of the equivalence problem using a reduction from Hilbert’s
tenth problem.

5 Languages of the Schiitzenberger product of monoids

In this section we prove a theorem incorporating work of Schiitzenberger, Straub-
ing, Reutenauer and Pin {36, 46, 34, 31). This result is one of the most important
tools to work with products of rational languages. Our proof is a major simpli-
fication of earlier ones and is reminiscent of some of the early linguistic proofs
related to the dot-depth problem. In a forthcoming paper we intend to explore
the possible benefits of such a transparent proof.

Theorem 5 Let A be a finite alphabet and let My, My, ..., M, be finile monoids.
Then & = O(My, My,..., M) recognizes a language L C A* iff L can be ez-
pressed as a Boolean combination of languages of the form

LigayL;, -+ -0, L;,, 1

vhere 0 < r<n, 0<ig<i) < - <ip<n,a; €A (for]1 £i<r) and
Li; C A® 15 a language recognized by M; (for0 < j <r).

Initially we give precise definitions of the terms of theorem 5. Let us consider
monoids Mo, M,,..., M, and let M = My x M, x .-+ x M, be their direct
product. The family K of subsets of M is a semiring under the operations of
union and product of subsets of Af. The Schutzenberger product of the M;’s,
denoted O(Mo, M), ..., M,), is the semigroup of (n + 1) x (n + 1) matrices
P = (P;;) over K whose elements satisfy the following properties:

1. Pj=0,forevery0 < j<i<m;
2.P;Clx oox1xMx:---xMjxl-..x] forevery0<i<j<nm
3. Pi; is a unitary subset of K, for every 0 < i < n.
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For a monoid M and a language L C A" we say that M recognizes L if there
exists a morphism p: A® — M such that L = f='fL.

Lemma 6 Every language of the form (1) is recognized by <.

Proof . Initially we note that O(M,,, ..., M;,) is a subinonoid of O(Mo, .. ., M,);
hence, there is no loss of generality if we assume that the language to be rec-
ognized is L = Loa,L;+--anLn, where L; is recognized by M;. Assume that
pi: A — M; are morphisms, for 0 < i < n, such that p; recognizes the lan-
guage Li,ie Li= p~1pL;. We define matrices ap, for a € A, as follows:

(1,---.1,[.1,.0,1,....1)ifp:q;
(ap)pg = (1-- 0 1) ifa=apandg=p+1;
0 else.

Considering the unique extension of p to a morphism, 4 A® — O, we have, for
every w € A®,

(wp) ={(1,...,1,p,w.1,...,1) ifp=q
Pe {(1,...,1,[1,!0?,...'}l'w',l,....l)'wEA'wp---a'qu'}|fp¢q_

Thus, assuming that subset X; of AM; is such that L; = p,-“,\',-, we have that
L=p"'X, where

X={P€O(Mo,....Ms)| PsnNXox---x Xo #0}.
[ |

To show the other implication in theorem 5 we consider a language L C A"
recognized by © and a morphism u: A* — ©, such that L = p~'pL. We shall
study the morphism y in detail. Initially, we define functions p,;: A° — K by
putting p;jz = (pz);;. Note that, for each 0 < i < m, phii is a morphism, which
is easily identified with a morphism A* — M;, but no similar property holds for
the g in general. The next lemma says that g;; is essentially computed by the
morphisms p1;¢. It contains the inspiration for our proof.

Lemma 7 For every word w € A°, and for every 0 < i, j < m,
Hijw = Z HioioWightsgiy @1 iyiy Wiy ** * Hisyin Gk Piniy Wias

where the sum extends over all0 < k< m, alli=dp <i) <+ < iy = j, and all
factorizalions w = wi,a1W;, - - - B Wi, with a; € A.

Proof. Let w = b1ba---b, be the factorization of w in letters. The nature of
matrix multiplication guarantees that

pijw = Y pigiybistiziaba i _sinbrs

where the sum extends over all i = ig,i1,....dr = j. Since ppyz = @, whenever
p > ¢, it is enough to consider sequences such that i = dip < i) < -+ < ¥ = J.

11



Grouping now equal neighboring indices and remembering that each sy, is a
morphism we arrive at the desired expression for u;;w.

This lemma suggests the following definition, crucial in the proof. An ebject
is a sequence
o= (iO!mDyallilvml: .- -uaklikimi)v

where 0 < k< n, 0<io<iy <---<ir <n a €A and m; € M,,. Integer k
is the length of the object o. There are finitely many objects and ©@ will denote
the set of all of them. Given g we define the value of o as being

F(o} = ma(pigi,arYmy -« (piy_yip ar)me,

and do note that f(o) C1x---x1x M;; x---xM;, xIx--.x1. Forug A"
we define its contenis by

cont(u) = {0 € O | u = woayuy - - -arug, with y;;u; = m;, for each j},

i.e. the contents of u consists of those objects for which u has a compatible
factorization. Finally we define an equivalence relation, = mod ¢, by

u = v modQ ifl cont(u) = cont(v).

The reader will verify at once that = mod © is a congruence relation over A* since
cont(ua), for a € A, depends only on cont(u) and a, but not on u itself. Besides,
since there are only finitely many objects, we can conclude that = mod< is a
congruence of finite index. We will denote by F, the quotient monoid A*/ =
mod © and by x the natural projection x: A* — F,.

Corollary 8 The congruence ' is a refinement of the congruence p=y, i.c.,
=l Cpulp

Proof. Observe initially that from Lemma 7 we can conclude that for every
u € A* and 0 < i,j < n, p;ju depends only on cont(u) and not on u itself.
Assume that u = v mod O. It follows that pu = pv. The proof is complete. W

Now we are ready to prove the second part of theorem 5.

Lemma 9 Every language recognized by O belongs to F, where F is the family
of Boolean combinations of languages of the form (1).

Proof. Every language recognized by © is a finite union of congruence classes
p~1p. Thus, it suffices to show that each such class is in X,

Since x~!x is of finite index, in view of Cor. 8 each congruence class gl
is a finite union of congruence classes of x~!x. Hence, it suffices to show that
cach congruence class of z~!x is in ¥. To do this, we associate a language L(o)
to every object o as follows:

L{o) = {u€ A | o € cont(u) }.

12



Recalling the definition of an object and that each p;; is a morphism il is easy
to see that

L(0) = (uy.} pisiemo)ar (p,i, Hiriy 1) - - ar (), Bivia)-

Thus, L{o) is of the form (1) and consequently belongs to F.
We observe now that, for every u € A°,

= () Lo- U L.

o€cont(u) 0€O —cont(u)

It follows that each congruence class 7~ !xu is in F and this concludes the proof
of the Lemma.

Theorem 5 is established now by lemmas 6 and 9.
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