GLOBAL ANALYTIC SOLVABILITY OF INVOLUTIVE SYSTEMS
ON COMPACT MANIFOLDS
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ABSTRACT. Let M be a compact, connected, orientable and real-analytic mani-
fold; consider closed, real-valued, real-analytic 1-forms wq,...,w, on M and the
differential complex over M x T" naturally associated to the involutive system
determined by them. In the real-analytic context, we completely characterize
global solvability of the operators in its first (functional setting) and last (dis-
tributional setting) levels. Analogous results are obtained simultaneously in the
Gevrey framework.

1. INTRODUCTION

Given 2 a closed smooth manifold and P : C*(2) — C'*(2) a linear differential
operator, the solvability of the equation Pu = f forces certain restrictions, known
as compatibility conditions, on the right-hand side f. Namely, if we aim to find a
distribution solution u € D’(£2), then

(f,0) =0, Voe C®Q)Nker'P, (1.1)

where P is the transpose of P. In the absence of this property the existence of a
solution wu is untenable, hence it only makes sense to try to solve Pu = f for those
f satisfying (1.1). These considerations are appropriate to f either in C'*°(2) or in
D'(2), but in the former case one could want, alternatively, to solve Pu = f with u
smooth; in this context, we would necessarily have

(v,f) =0, YveD(Q)Nker'P, (1.2)

a condition, in principle, more stringent than (1.1), leading to a different problem.
This digression sets the stage for different notions of global solvability of P, para-
mount in the theory of linear PDEs. Variations can be obtained by allowing P to act

on other function spaces [!, 2, 16], and by considering more general vector-valued
operators (making in each case the necessary adaptations). Of great importance
among such equations are the so-called tube structures [7, 10, 11, 13, 14, 19], one of

the main models of interest in the study of systems of linear PDEs, which we briefly
describe.
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Given a compact n-dimensional manifold M and closed 1-forms wy,...,w,, over
M, consider the product manifold Q@ = M x T™ (where T™ is the m-dimensional
torus) and the subbundle ¥V C CT) annihilated by all the forms

Qcidxk—wk, kE{l,...,m}7

where (x1,...,2,,) are angular coordinates on T™. Such a bundle is involutive, and
gives rise to a complex of vector bundles over €2 and first-order differential operators
between them (see for instance [12, 24]), here concretely realized as follows.

Let A? be the bundle of complex g-forms over M, and A%? be its pullback to
via the natural projection {2 — M; we denote their spaces of smooth sections by
ANIC>®(M) and A®1C>(Q), respectively. We define L7 : A®1C>(Q) — A%+1C>(Q)
by the formula

LOf =df + > wi Ay f, (1.3)
k=1
where t € M and d; is the exterior derivative on M; hence, L9 is a first-order
differential operator, and a simple computation shows that L¢"! o L = 0.

Global solvability of L% = f in the smooth setup, subject to its underlying
compatibility conditions, is then of major interest. Usually, it is investigated in
degrees g € {0,n— 1} (an assumption that will be kept in this work) and for corank
m = 1 (which will be dropped).

So far we have described the environment. The problem we intend to deal with
is global solvability of LY in spaces of real-analytic sections; or, more generally,
in spaces of Geuvrey sections of order s > 1 (among which s = 1 comprises the
real-analytic case) as well as their generalized function counterparts, the spaces of
ultradistributions of Gevrey order s (of which the case s = 1 must be interpreted as
the space of hyperfunctions). See [3, 9, 15] for some previous investigations of global
solvability in the Gevrey setup for tube structures defined on tori.

Appropriate regularity of our data must then be assumed. In the present work,
we will consider

M a real-analytic manifold and wy,...,w,, of Gevrey order s,

in which case the real-analytic vector bundles A%? admit spaces of G* sections, here
denoted by A%G*(Q), and carry a natural locally convex topology described in
Subsection 2.1; moreover, L7 : A®G*(Q)) — A%IT1G%(Q) continuously as a differ-
ential operator with G* coefficients. We are in position to describe our notions of
solvability.

Definition 1.1. We say that L9 is:
globally , D.)-solvable if for every f € A4 satisfying
1) globally (D~ D.)-solvable if fi f e AHD (O isfyi
(f,0) =0, V¢e A" 1G*(Q)Nker L" 91 (1.4)
there exists u € A%D.(Q) solving Liu = f;
globally (G*, G?)-solvable if for every f € A" G* satisfying
2) globally (G*,G lvable if fi f e AYHIGs(Q isfyi
(v, f) =0, Yoe A" D (Q)NkerL" 91, (1.5)

there exists u € A%G*(Q) solving Liu = f;
(3) globally (D, G*)-solvable if for every f € A®IT1G5(Q) satisfying (1.4) there
exists u € A®ID(Q) solving Lu = f.
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Notice that the space of ultradistribution sections A®¢D’ () is in natural duality
with A%"=971G4(Q), even when s = 1; with respect to this duality, the transpose of
LY is essentially L"77! (see (3.2)).

In the present work, our main interest will be in the case where

w1, . ..,wn, are real-valued

(it is worth mentioning, however, that this latter hypothesis will only kick in halfway

through Section 4 and onward). It can, therefore, be regarded as a natural con-

tinuation of [1], where we characterized global Gevrey hypoellipticity of L% such

phenomenon, as we will see, is directly connected with our current problem. In fact,

condition (d) in our main result (Theorem 1.3) can be regarded as a condition of

global s-hypoellipticity in a certain closed subspace of distributions (Section 4).
Before we state our main result, we recall a definition [0, Definition 2.1]:

Definition 1.2. A real, closed o € A'C>(M) is integral if and only if fg o € 217
for every 1-cycle o in M; it is otherwise rational if qo is integral for some g € Z\ {0}.

Below we denote w = (wy, . ..,wy,) and

I = {§ =&, . &n) €L ; £ w= ifkwk is not integral}.

k=1
Theorem 1.3. Suppose that wy, ..., wy, are real. The following are equivalent:
(a) Lt is globally (D, D.)-solvable.
(b) L is globally (D, G*)-solvable.
(c) L° is globally (G*, G*)-solvable.
(d) The matriz of periods A(w) € Maxm(R) (see (4.4) for its definition) satisfies
the following: for every e > 0 there exists C. > 0 such that

I+ A@)E| > CoeIsHIEDT ik ¢) € 7 x T

(e) w is not (s,T'1)-exponential Liouville (see Definition 4.4). That is, the fol-
lowing property does not hold: there exist ¢ > 0, a sequence of integral
forms {0, },en C A'G*(M;R) and {&,}en C Ty such that |€,| — oo and

1

{117 (&, - w — 0,) }oen is bounded in A'G*(M).

Our proof is done is several steps along the sections of this paper, which are
summarized in Section 6. The organization is as follows. In Section 2 we introduce
the theoretical tools that will be necessary; mainly, the spaces of forms in which we
operate, their locally convex topologies and their partial Fourier series.

In Section 3 we start our analysis of tube structures and the notions of global solv-
ability of interest; in Subsection 3.1 we connect the contents of Theorem 1.3 with
the notion of global s-hypoellipticity of L° (actually, the weaker property (3.5)),
for which we introduce heavier functional analytic machinery. The notion of global
(DL, G®)-solvability is discussed in Subsection 3.2, where an important a priori in-
equality for it is derived.

The partial Fourier series is employed, in Section 4, to define suitable decompo-
sitions of the spaces of forms related to property (e) above, while the Diophantine
condition in (d) is discussed in Subsection 4.1. A normal form for L° in the set of
frequencies complementary to I'; is then obtained in Section 5.
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Finally, after some concluding remarks in Section 6, we draw some interesting
consequences and applications of Theorem 1.3 in Subsection 6.1. We explore certain
substructures of w = (wy,...,w,,) obtained by putting away some of the 1-forms
wg, yielding new tube structures (such a procedure changes both the base space and
the corank of the structure), and investigate the connection between the Gevrey
solvability of the former and the latter systems. An in-depth analysis of the corank
1 case is provided (Theorem 6.4), which parallels [7, Theorem 1.9] for real forms.
Even in that case, our Theorem 1.3 has conceptual advantages over theirs: for our
notion of solvability (a) is by design stronger® than (b), which is the de facto analogue
of their solvability in the smooth setup [7, Definition 1.2]; and everything is further
connected with solvability (¢) in degree g = 0.

2. PRELIMINARIES

In this section we introduce the theoretical tools that we will need along the paper.

2.1. Spaces of Gevrey sections of vector bundles. Let s > 1. Given K C R"
a regular compact set and h > 0 we let

G (K) = {f € C%(K) 5 | fllanse = sup Aot~ sup o7 f| < oo} .
a€Zly K

The space of Gevrey functions of order s on an open set U C R"™, which we denote
by G*(U), is the space of all f € C*°(U) such that for every regular compact set
K C U there exists h > 0 such that f € G*"(K). For more details about Gevrey
functions see, for instance, [23].

Now let €2 be a compact real-analytic manifold and E be a real-analytic vector
bundle of rank r over Q. As in [1], given s > 1 we can endow G*({2; E') — the space
of sections of E of Gevrey order s — with a locally convex topology as follows. Pick

e a finite analytic atlas {(U;, x;) }ier of €2,

e over which we can further find analytic local trivializations of E i.e. local
frames of analytic sections e;1,...,¢e; : U; — E and

e regular compact sets K; C U; whose interiors still cover (2.

Then every f € G*(Q; E) can be written in U; as
f= Zfijeija fij € G*(Uy),
j=1

and we endow G*(Q; E') with the coarsest topology that makes all the linear maps
feG(UE)— fioxi' € G3(xi(K))", iel,

continuous, where f; = (fi,..., fir) : Ui — C".

Such a topology is independent of our choices (of coverings, frames, etc.) and
turns G*(§2; £) into a DFS space (for which we refer the reader to [20]). Actually,
if for each h > 0 we let

G E) = {f € G(ULE); fiox;' € G(xu(Ky))", Vi eI}, (2.1)

1Although in the end equivalent to it by virtue of the very same Theorem 1.3.



endowed with the norm

. r B aa fz o X;l
ke = 3 D g0 s = 53 sup sup (T2

n
iel j=1 iel j—1 €LY xi(Ki)

then
G*(; E) = im G*" (4 B)

h>0

as the injective limit of a system of Banach spaces with compact inclusion maps (no-
tice that definitions (2.1)-(2.2) are not invariant though). It follows that G*(Q; E) C
C*(€; E) continuously for the standard Fréchet topology on the space of smooth
sections, and also that whenever s, > s we have

G*(S; E) C G+ () E)  continuously. (2.3)

Moreover, we may easily derive the following criteria for boundedness of subsets and
convergence of sequences in G*(Q); E).

Proposition 2.1. A subset B C G*(; E) is bounded if and only if there exist
constants C,h > 0 such that

Hfzg o Xflﬂs,h,xi(&-) < C’

for every f € B, everyi € I and j € {1,...,r}. A sequence {f,},en converges to
zero in G*(Q; E) if and only if there exists h > 0 such that for every i € I and j €

{L .7} we have {(fu) o X; l}ueN C GSh(XZ(Ki)) and H(fu)w °X; 1”5th (k) — 0.

2.2. Partial Fourier series. Let us recall some aspects of the partial Fourier series
for functions (resp. distributions) as defined in [1]. Given f € C*(U x T™), where
U C R" is an open set and T™ is the m-dimensional torus, we define for each £ € Z™
a function fe € C=(U) by

foy= [ s aan (2.4)

more generally, if f € D/(U x T™) we define fg € D'(U) by the rule
peCEWU)— (fo®e™™) eC.

It is easy to check that this construction is local and invariant by changes of
coordinates: if x : U' — U is a diffeomorphism between open sets in R™ then

(X*fle=x"fe, VE€Z",
whatever f € D'(U x T™), where by definition
X : UxT" — UxT™
(thz)  — (x(t),z)

These properties allow us to define fg € D'(M) for f € D'(M x T™), where M is
now a smooth manifold, in which case formula (2.4) holds for all f € L{ (M x T™).
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2.3. Forms of type (0,q). Let M be an n-dimensional smooth manifold, which we
will further assume to be compact, connected, oriented, and also real-analytic from
here on.

On Q = M x T™, for each ¢ € {0,...,n} we denote by A% the bundle of ¢-
forms over Q that are locally spanned by dt; = dt;; A--- Adtj,, J = (j1 < j2 <

- < jg), where (t1,...,t,) is an analytic coordinate system on M. Given .# a
suitable sheaf of coefficients on Q (resp. M) — say, smooth or Gevrey functions, or
even their distributional counterparts — we denote by A®9.% (Q) (resp. A%.% (M)) the
associated space of sections over ) (resp. space of g-forms or g-currents over M). If
(U;ty,...,t,) is an analytic coordinate chart on M then any f € A%%.Z(Q) can be
written on U x T™ as?

f= Z/ frdty (2.5)

where f; € F(U x T™).
An f € A%C>(Q) acts on a v € A% 7IG*(Q) in a natural way:

(f,v) i/QfAv/\dx, (2.6)

where dz = dz; A -+ Adx,. For s > 1, this pairing permits us to identify A%ID’(£2)
with the topological dual of A®"~9G*(2): the latter space is of course endowed with
the DF'S topology described in Subsection 2.1, so we endow the former with the
strong dual topology, turning it into a so-called FS space [20)].

Remark 2.2. In the case s = 1 the interpretation is more delicate: A»4D}(12) is the
space of hyperfunction sections of A%?. If we were to write an f € A»D}(2) in local
coordinates as in (2.5) we would need be very careful and take f; € B(U x T™), the
space of hyperfunctions on U x T™. However, since {2 is compact we can, and will,
identify A%?D](Q) with the topological dual of A%"~4G*(Q2) (we could even take this
as the definition of A%D.(Q) when s = 1).

2.4. Partial Fourier series of (0, ¢)-forms. Similarly to what was done in [/]
for (0, 1)-forms, we extend the definition of the partial Fourier coefficients to forms
f € A%C>=(Q). Given U C M domain of a coordinate system (t1,...,t,) we write
f asin (2.5), where f; € C*°(U x T™), and then define fe € A9C>(U) by

A~ /] —

fe=D 7 (f2)e dty. (2.7)

[J|=q
One can prove that this definition is independent of the choice of coordinates, which
implies that fe € AIC>(M).

Lemma 2.3. For each £ € Z™ the assignment f € A™G*(Q) — fg € NIG* (M) is
continuous.

Proof. As a consequence of the topology constructed in Subsection 2.1, in addition
to (2.5)-(2.7), it suffices to prove the statement for functions (i.e. the case ¢ = 0).
We will take the time to derive a slightly sharper estimate than required for the
moment because it will be applied later on.

2«Primed” sums are taken only over ordered multi-indices J, being therefore unique.
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If f € G%(Q) then there exists h > 0 such that f € G"(Q). Taking U C M a

coordinate open set, for any compact subset K C U one has

I(Su']lp laf‘afﬂ S ||f||s,h,Q h‘aH_lm(Oé‘ + 6>!Sa Va € Z’I-I,L-) V/B € ZT?
X m

where || - ||s.».0 represents the norm in G*"(Q). Let & € Z™, k € Z, and pick a
B € Z7 such that |8] = k and |¢|* < m*|¢?|. Then

€M108 fe(1)] < m*1€°07 fe(8)]
/ e OO0 f(t, x)da
< (2m)"m¥|| £l n.ol 1l greos D

< 271)™(| s ma(2°h) ¥ ol (hm2%)F ke,
for every v € Z7} and t € K. That is

:mk

|€|k o f m spylal 418
Ty e < C)" oo )al, Wk € 2.,
which implies that
|€‘§ o £ 1 1 m % 1 ol 1
T T T O < e E A0 ol ¥k € 2,

Summing both sides over k € Z, and raising them back to the power of s we obtain

1 A
107 fe()] < 2°2m)"|| fllsnn(2°h) *al?,

where 0 = s/ 4(hm)%. Hence, by suitably rearranging the terms and maximizing in
both ¢ € K and o € Z, and noticing that these estimates are independent of our
choice of U and K, we obtain

1 ellssnar < 2°Cm)™ | fllsng e, Ve € 2™, (2.8)

where || - ||sna represents the norm in G**(M) (see Subsection 2.1). This esti-
mate (which can also be obtained for forms by working with their local coordinate
components) shows, among other things, the desired continuity for each £ € Z™

fixed. U
Lemma 2.4. For each f € A“G*(Q) we have
1 ) N
— - 2
I 2 >

with convergence in A“G*(Q).

Proof. As in Lemma 2.3, it is sufficient to prove the statement for functions. We
take an open covering {U;};cr of M and a family of compact sets { K;};cs satisfying
the properties stated in the beginning of Subsection 2.1. It follows from (2.8) that

1
¢ ¢ > L —ole)s m
IFdlon = [ ViPan) " < 2@l (0 1 lapn e, vz
M

with respect to an arbitrary Riemannian metric we endow M with (du the underlying
volume form). One easily sees that the series in (2.9) converges to a g € L?(2) in
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the L? norm (now regarding the product metric on 2). This in turn satisfies ge = fg
for every £ € Z™, and it follows from [, Proposition 5.2] that g = f; the only thing
left to prove is that the series actually converges in G*(€2).

For any v € N we write

1 , A 1 . A
o Y eeie LY e
2)m 2 )m
@mm &= @m)™ S

(. /
v~

=gy

Thus again from (2.8):

; 1
sup [0708(F — g < 3 sup |08 E|2 @my™ l, na(2h)latee ol

while by [/, Lemma 6.1] there exists h; > 0 such that
sup |00e' ™8| < h‘f‘lx\!se%‘glg, VA e ZY.
Tm

Hence

sup |6§‘8£(f - gl/)| < h‘f'ﬁ!st(?TF)meHs,h,Q(Qsh)‘a'Of!s Z o 5lels
e l€|>v+1

Setting hy = max{2°h, h;} one deduces that

SUP g, pm 0805 (f — gv)|

.
<2°2m)"|[ flane Y e H° VaeZl, VB eZY,

al+|8 s
h|2 [+ |(Oé—|—ﬁ)! o
which allows us to conclude that the convergence stated holds in G®2(K; x T™) for
each i € I, thus yielding the desired result (see Proposition 2.1). U

3. GLOBAL SOLVABILITY OF TUBE STRUCTURES

For each ¢ € {0,...,n — 1} we define the differential operator ¢ : A% — A0aT!
between analytic vector bundles over €2 by its action on smooth sections (1.3). Since

we are assuming wi, . ..,w, € A'G*(M), we have that L? has G* coefficients (in
analytic local frames and coordinates). In particular,
L7 : A™GE(Q) — AYHGH(Q) (3.1)

continuously. With respect to the pairing (2.6), the following formula is well-known
and easy to derive from Stokes Theorem:

/(qu) AvAdz = (—1)t / fA (L") Ada, (3.2)
Q 0
for any f € A%C>®(Q) and v € A%~ 171C>(Q). Tt identifies

L7 : %D (Q) — ACTHID(Q) (3.3)

with the transpose of the map

(—1)FHLr 0 A LG Q) — APIGE ()
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and vice versa. Standard considerations about global solvability of IL? lead to natural
compatibility conditions (1.5)-(1.4) for it, summarized in Definition 1.1. Well-known
functional analytic arguments (see e.g. [3, Lemma 2.2]) entail:

L7 is globally (G*®, G*)-solvable <= (3.1) has closed range,

L9 is globally (D., D.)-solvable <=> (3.3) has closed range.
Moreover, the Homomorphism Theorem for Fréchet-Montel spaces [21, p. 18] yields:
LY is globally (D, D.)-solvable <= LL.""9"! is globally (G*, G*)-solvable.  (3.4)

3.1. Connections with regularity. We recall an abstract result [, Corollary 5.4]
that will be used a couple of times:

Theorem 3.1. For j € {1,2}, let X; Xti be DFS spaces, X; C Xti with continuous

inclusion mappings, and the additional property that if we write Xti = lgEk as
the injective limit of a sequence of Banach spaces with compact inclusion mappings,
then

X1 C Ey, continuously for some ky.

Let T : Xf — Xg be a continuous linear map such that the restriction T' : X1 — X5
18 well-defined, continuous and satisfies

Yu € Xf, Tu e X9 =— Fv € Xy such that Tv = Tu.
Then T : X1 — X5 has closed range.
Its next consequence is straightforward (recall (2.3)).
Corollary 3.2. Suppose that for some sy > s > 1 the following holds:
Vu € A%GH(Q), Liu € A%GH(Q)
— Jv € A"G*(Q) such that L = L. (3.5)
Then L7 is globally (G*, G®)-solvable.

Remark 3.3. Notice the resemblance of (3.5) with global s-hypoellipticity, which for
q = 0 reads:

Vu € D'(Q2), Lu € A G*(Q) = u € G5(Q). (3.6)
Property (3.6) was completely characterized in 1] when wy, ..., w,, are real-valued;
by Corollary 3.2, if this property holds then L° is globally (G*, G¥)-solvable.

Corollary 3.4. The partial exterior derivative d; : G*(2) — A®'G*(Q) has closed
range.

Proof. By Corollary 3.2 it is enough to prove that
Vu € G (), dyu € AP G*(Q2) = Fv € G*(Q) such that d;v = dyu,
for some s; > s. Indeed, pick an arbitrary tg € M. We will prove that
v(t,x) = u(t,x) —ulty,z), (t,z)€Q,

defines a function of Gevrey order s. We must check, by [1, Proposition 5.2], that
for every coordinate chart (U;ty,...,t,) of M and every compact set K C U there
exist constants C, h, e > 0 such that

1
sup |000¢| < Ch®alse™1*  ve ¢ 7™, (3.7)
K
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for every o € Z't. But by that very proposition, since dyu € A% G*(Q) there are
constants C, hy, €1 > 0 such that

1
sup |0) (dae)| < Cyhflre=kl* v ez, Ve ezm, (3.8)
K

(the usual abuse of notation of treating 1-forms locally as vectors of functions is
employed) which ensures (3.7) for |a| > 0 since 0¢ = Ug — Ue(to) for every £ € Z™.
We are therefore left to check that

1
sup |t — tig(to)] < C'e™®El° ve e Z™, (3.9)

for some constants C’, > 0.
We fix a finite covering {U;};c; of M by coordinate balls and connect an arbitrary
t € M to ty by a polygonal curve 7, : [0,1] — M satisfying the following properties:
o 1(0) = to, (1) = ¢;
e there exists a partition 0 = 79 < 74 < --- < 7y = 1 such that for each
r € {1,..., N} the image of the segment 7} = |-, _, -] is entirely contained
into a single Us,) and is a straight line segment there (in the fixed set of
coordinates in Uj(,)); and moreover
e N is at most |I| and no Uj( is repeated i.e. r # 7" implies i(r) # i(r').
Such choices are always possible since M is compact and connected. They ensure
that ~; is a piecewise smooth curve and

N
ﬂg(t)—ﬂg(to):/ dagzzf dii.
"t r=1 Y%

Now using that estimates like (3.8) hold on all coordinate compact subsets of M
one can prove the existence of constants C”,§ > 0 such that

| ai
,Y'r

t

< C"e7 %" Jength(yr), Vre{l,...,N}, VéEe€Z™,

where, by construction,

length(v;) < diam(Us(,y) < maxdiam(U;), Vr e {1,...,N}, Vt € M,

il
from which (3.9) follows easily for some C’ > 0, completing the proof. Il

Still regarding the case ¢ = 0 we have the following converse of Corollary 3.2:

Theorem 3.5. Suppose that wi, ... ,wn are real-analytic 1-forms. If L.° is globally
(G*, G®)-solvable then

Vu e D'(Q), Lou € A G*(Q) = Fv € G%(Q) such that L°v = L.

Proof. Let u € D'(Q) be such that f = L% € A%'G*(Q2). Then for each & € Z™ we
have that

fe = (L), = dite + (¢ - w)ie = L
belongs to A'G*(M), which implies, due to the ellipticity of LY, that 4 € G*(M)
by the Gevrey version® of Sato’s Theorem [13, Theorem 8.6.1]. Moreover, by

3This is the only place where we employed analyticity of wy, ..., wm, for, in that case, ]Lg is a
real-analytic operator.
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. 1 )
. ix-€ 0, 1 0 i€ ~
f= yh_g)lo @) Z et @ (Lete) = l}g&]}" R Z et ® g
l€l<v [€|<v
with convergence in A%'G*(Q2), showing that f belongs to the closure of the range
of L : G*(Q) — A%G*(Q2). Since L is globally (G*, G®)-solvable by assumption,
there exists v € G*(2) such that L% = f = L%, which finishes the proof. O

3.2. Global (D, G*)-solvability and an a priori inequality. Comparing the
three notions of solvability laid down in Definition 1.1, it is immediate that

global (D, D.)-solvability = global (D., G*)-solvability. (3.10)

Their relationship with the notion of global (G*, G*)-solvability is, however, sub-
tler: although it is clear that for a given f € A%T1G*(Q) the compatibility condi-
tions (1.5) imply (1.4), it is not know whether the converse holds, unless ¢ =n — 1
according to the following digression.

Remark 3.6. We claim that, taking for granted a version of Lemma 2.4 for ultradis-
tributions, if f € A%"G*(Q) satisfies (1.4) then (1.5) holds. Indeed, let v € D.(Q)
be such that L% = 0 and write

1 ) 1 )
E ix-€ Ao Th z : ir-& ~
(2m)m ¢ O l}ggo (2m)m ¢ B
gezm |€1<v

(& J/
-~

Vv =

=v,

with convergence in D;(€2). Notice that for each £ € Z™ we have that Lo, = 0,
which implies that ve € G*(M), by ellipticity (this is precisely the information
lacking when v € A%D.(Q) with ¢ > 0). Hence, v, € G*(Q2) and satisfies L°v, = 0
for every v € N. We conclude that

(v, f) = Jim (0, f) = 0

v

thanks to (1.4). This proves our claim, and entails the following consequence: if
L™~ is globally (G*, G*)-solvable then it is globally (D, G*%)-solvable.

As is standard in the study of global solvability of linear PDEs, the notion of
global (D, G*)-solvability implies a Hérmander inequality, here involving Gevrey
norms (see e.g. [22] for a local version):

Lemma 3.7. Let ¢ € {0,...,n — 1} and suppose L7 is globally (D~, G*)-solvable.
Then, for each hy,hy > 0 there exist C,hl, > 0 such that

/ fAvAde
Q
for every f € AYITIGSM(Q) satisfying (1.4) and every v € AP"=1-1G5h2(Q)).

Remark 3.8. Here hi, > 0 is taken to be such that
Lnqul (AO,nqul Gs,hQ (Q)) C AO,nqu}s,h’2 (Q),
which always exists by continuity of L"=971 : AOn=4=1G5(Q) — AO"9G3(Q).

< CHfHS,hLQ HLniqilv”s,h’Q,Qa
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Proof. Let E C A%1G*M(Q) be the subspace of all f € A%TIGM(Q) satisfy-
ing (1.4); as such, it is closed and therefore a Banach space for the norm || - |5 4, .0-
Consider also Fy = A%"~471G=M2(Q)Nker L" 97! as well as the quotient vector space
F = AOn=a=1Gsh2 () / Fy, which we endow with the norm

v+ Fy—> ||]L”_q_lv||s7h/279,

for some hfy > 0 as in Remark 3.8. Notice that if |[L" % 'v||, 4 o = 0 then the
equivalence class of v € A" 7971G*2(Q) in F is zero.
Consider the bilinear map B : £ x F' — C given by

B(f,v—i—Fo)i/f/\v/\dx.
Q

It is well-defined: indeed, if v + Fy = v' 4+ F} then for every f € E:
L' o —v)=0= (f,v—0) =0= B(f,v+ Fy) = B(f,v + Fp).

Our thesis is equivalent to continuity of B; by the Banach-Steinhaus Theorem it
suffices to check its separate continuity.

It is clear that for every v fixed the map f € E +— B(f,v+ Fy) € C is continuous.
If, on the other hand, we fix f € E then by our assumption of global (D%, G*)-
solvability there exists u € A%?D.(Q) such that LIu = f. Therefore,

B(f,v+ Fo)| = [{f,v)] = (L%, v)| = |[(u, L"™* )| < "1™ 0| m 0,

for a constant C’ > 0, by the continuity of u as a linear functional on A"~ 9G*"2(Q).
This is continuity of B(f,-), finishing the proof. O

4. SOLVABILITY AND REGULARITY IN SETS OF FREQUENCIES

In connection with conditions (d) and (e) from Theorem 1.3, in the next sections
we will see that the information relevant to the phenomenon of global solvability
can be fully encoded in a special subset of frequencies (regarding the partial Fourier
series) associated with our tube structure, whereas in the remaining frequencies solv-
ability always holds, so to speak. Below we introduce such formalism and give precise
meaning to this notion, by using the partial Fourier series to suitably decompose
our spaces of forms and currents.

Let I' C Z™ be any set. For ¢ € {0,...,n} we let

ADL(Q) = {f € AYD/(Q) ; fe=0, V€ Z™\T}.

We define A®1G$(Q) accordingly, which is a closed subspace of A%?G#(Q) thanks to
Lemma 2.3, hence itself a DF'S space with respect to the subspace topology. It also
carries a continuous projection

1

fENMG) — fr =

S et ® fe e AMGH(Q),
el

thanks to Lemma 2.4. Moreover
APIGH(Q2) = APIGE(Q) @ AIG (), (1.1)

the sum being direct as a consequence of [/, Lemma 5.1].
It is clear that

LI(A%D(Q)) € A%HDL(Q), Vg e {0,...,n—1},
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thus inducing linear maps
L% : AYDL(Q) — A™TIDL(Q),

and by restriction
L% AMGE(Q) — AMTTLGE(Q), (4.2)

which is continuous. In what follows, we relate the closedness of the range of the
map (3.1) with the ones in (4.2); the proof is elementary.

Proposition 4.1. Let T C Z™. Then L7 : A™G*(Q) — A»1G5(Q) has closed
range if and only if the same property holds for both L : A®4G#(Q) — A»H1G5(Q)

and L, - A%IG3,, 1 () — A%THIGS,, L (Q).

In this section we will be interested in the following property.
Definition 4.2. We say that LY is globally (s, T')-hypoelliptic provided that
Yu € Dp(Q), Lou € A" G*(Q) = u € G*(Q).

Remark 4.3. By Theorem 3.1, if L° is globally (s, I')-hypoelliptic then L% : G§(Q) —
A%1G5(2) has closed range.

Up to this point, our closed 1-forms wy,...,w,, could be, in principle, complex-
valued. From here on, however, we will further assume them to be real. In what
follows we lay down a generalization of the main results and definitions in [1].

Definition 4.4. Assume each wy real. We say that the system w = (wy, ..., wy,) is:

(1) T'-rational if there exists £ € I such that £ - w is an integral 1-form.
(2) (s,T')-exponential Liouville if
(a) w is not I'-rational and
(b) there exist € > 0, a sequence of integral forms {0, },eny C A'G*(M;R)
and {&, },en C T such that |£,| — oo and

{edfvﬁ (&, -w —0,)}en is bounded in A'G*(M). (4.3)

Remark 4.5. Tt is necessary for I' C Z™ to be an infinite set in order for any system
w = (w1, ...,wn) to be (s,I")-exponential Liouville.

These definitions recover their standard counterparts when I' = Z™ \ {0}, see [/,
Definition 3.2]. Notice that, with respect to I, property (2b) is obviously preserved
by inclusion, whilst property (2a) is preserved by reverse inclusion; hence, if I' C IV
there is no direct relationship between w being (s, I')-exponential Liouville and being
(s,I")-exponential Liouville.

Recall [1, 11] that a matrix of periods A(w) € Mgxm(R) is defined by the rule
1
2T o1 oy
where oy,...,04 are 1-cycles in M whose classes [04],...,[04] in H{(M;Z) form a

basis of its free part — and therefore also an R-basis for Hy(M;R). In order to charac-
terize the properties introduced in Definition 4.4 by means of A(w) (Proposition 4.11
below), we must first bring in their corresponding Diophantine conditions.
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4.1. Diophantine conditions for matrices in sets of frequencies. Let I' C Z™
be any set and A € Myy,,(R) be a matrix.

Definition 4.6. We say that A satisfies condition (DC), . if for every e > 0 there
exists C, > 0 such that

1
s

k4 AE| > CemUrHlED® vy ¢) € 724 x T

Ezample 4.7. Recall from [15, Section 3] that A is said to satisfy condition (DC)}
if for every € > 0 there exists C. > 0 such that

|k + AE] > Cem<UrHED® - y(k €) € 28 x Z™ with & 4+ A€ # 0.
This is nothing but (DC), , for T'y = {£ € Z™ ; A ¢ Z}. Indeed, on the one hand
Z'xT1 C{(k,€) € 2" X Z™ ; K+ A& # 0},

hence (DC)! implies (DC), p,; assuming, on the other hand, condition (DC), .,
given (k,£) € Z% x Z™ such that k + AE # 0, either £ € T’y — so the desired
inequality is ensured by (DC)SI1 —or k + A is an integer, ensuring that

I+ AL > 1> ecUrHEDs
This easily implies condition (DC)!.

Ezample 4.8. By the same token, condition (DC)? from [15, Section 3] — which says
that for every e > 0 there exists C > 0 such that

5+ Ag > Ce DT (. 6) € (2 x Z) \ {(0,0)},
and is related to the phenomenon of global s-hypoellipticity (3.6) (see [1]) — is
precisely (DC), ,, with T'y = Z™\ {0}. In fact, since Z? x Ty C (Z% x Z™) \ {(0,0)}
it is immediate that, on the one hand, (DC)? trivially implies (Dc)s,m? whilst, on
the other hand, if £ = 0 and x € Z?\ {0} then |x + A¢| = || > 1, and, by the
previous argument, (DC), , implies (DC)?.

The characterizations below are easy to prove (see [15]) and will be useful later.

Lemma 4.9. Condition (DC)&F 15 equivalent to the following: for every e > 0 there
exists C. > 0 such that

6+ AL > Coe 7 (k&) € Z8 x T

Lemma 4.10. If (DC)S’F holds then for every € > 0 there exists Ce > 0 such that
max |e?miact 1| > C’ee*dfl%, véEerT,

where a; € R™ denotes the (-th row of A.

The next result follows from the same proof as that of [4, Proposition 4.2].

Proposition 4.11. Let I' C Z™ be any set. The system w is I'-rational if and only
if Aw)(T) NZE# 0. It is an (s,T)-exponential Liouville system if and only if it is
not I'-rational and A(w) does not satisfy (DC), p..

Using the notion introduced above (as well as Lemmas 4.9 and 4.10, and Propo-
sition 4.11), a detailed inspection in the arguments in [1] further shows that:
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Theorem 4.12. Let wy,...,w, € AG*(M) be real and closed and T C Z™. If
w = (w1,...,wn) is neither T-rational nor (s,T)-exponential Liouville then 1.0 is
globally (s,T")-hypoelliptic.

Remark 4.13. The converse of Theorem 4.12 holds under some mild extra assump-
tions on I' e.g. that it is conic, in the sense that NI' C T' (required for the rational
case). We will not use this fact in our arguments though.

Corollary 4.14. If w = (wy,...,wn) is neither I'-rational nor (s,I')-ezponential
Liouville then LY : G&(Q2) — A»'G5(Q) has closed range.

The proof of our next result is inspired by that of [7, Lemma 3.1]. However, in
order to estimate the corresponding Gevrey norms, we employ a much more refined
version of an argument appearing the proof of [4, Theorem 3.4].

Theorem 4.15. Ifw is (s,T')-ezponential Liouville for some T' C Z™ then "™ is
not globally (D, G*)-solvable.

Proof. Suppose that w is not I'-rational and there exist € > 0, a sequence of integral
forms {6, },en C A'G*(M;R) and {&,},en C T such that |§,] — oo and (4.3) holds.
Denoting by IT : M — M the universal covering of M, we take for each v € N a
Y, € GS(M ;R) such that di, = I1*6,. It is known that, since 6, is integral,

for every p,q € M such that II(p) = II(q) we have 9, (p) — ¥, (q) € 27Z,

which is the condition one needs to descend e to M via Il to a function g, € G*(M)
i.e. such that II*g, = e"* on M. Therefore,

dg, = 19,0, on M.
Moreover, g, never vanishes. Set

fr = e ™% ®g,du € A""G5(Q), (4.5)
v, =" gt € G(Q), (4.6)

where du stands for the volume form associated to a real-analytic Riemannian metric
on M. Below, we will show how the sequences {f,},en and {v,},en violate the
inequality presented in Lemma 3.7.

Let ¢ € G*(Q2) be such that L% = 0: we prove next that

/nymmdx:o,

that is, each f, satisfies the correct compatibility conditions (1.4). In fact, notice
that for every £ € Z™ we have that

0= mg = dé& + @(5 'w)éf;

hence, ég = 0 whenever £ - w is non-integral by [7, Lemma 2.1]. Therefore,

[tnonds~ [ 4 ( / e—“%dw) di= [ gdedu=0,
Q M m M
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since &, - w is non-integral for every v € N by hypothesis. On the other hand:
Lo, = e © g,%dg, +i(e™* © g, )&, -w
= —i(e"" ®g, )0, +i(e" ®g,1)6 w

=i, w—10,), VveN, (4.7)
by (4.5)-(4.6). We proceed to compute the G* norms of f, and L%,,.
Take a coordinate domain (V;ty,...,¢,) in M, so small that I : V — V is a

real-analytic diffeomorphism for some open set V C M and ¢, € G*(V;R) given
by ¢, o Il = 1, |; hence g, = ¢ on V. In the topology of A'G*(M),

eclevl® (& -w —0,) bounded = |,|7'(¢, - w — 6,) bounded = |£,|7'6, bounded,

where we have used that |§,| — co. We conclude that given a compact set K C V
there exist C, hy > 0 such that

sup |07 (16,]716,)| < C’lhlla‘ozls, sup |05 pu| < Clh‘lodozls, (4.8)
K K
for every oo € Z7} and v € N, where

p,,;edf” (& - w—106,). (4.9)

Observe in addition that dg, = ig,6, on M implies d¢, = 0, on V. From the first
inequality in (4.8) we conclude the existence of Cy, hy > 0 such that

sup [02(16,) L) | < Cohllal®, Va ez, W eN,;
K
hence by [1, Lemma 6.1] one can find hy > 0 (depending only on Cs, hs, €) such that

) . _ B 1
sup|0;'(g,1)| = sup |97re™* opele eI < pllgreeslel® o (4.10)

= sup
K

for every o € Z%} and v € N. Also in V' we have
f,=e " g, )D()dt, A - Adty, (4.11)

where D € C*(V;R). Hence, there exist Cy, hy > 0 depending on D, and by [/,
Lemma 6.1] an hs > 0, such that

—ix-&y —ix-Ep «@ o—
00 g, D| < [0Fe 5|Z(v)|azgy||at D)

y<a

cL il el .
< nYleilerl” g1y (a) hlyeslels oyple=l (o — )
v

'y<o¢

< CphloitPl ¥l g (a+ B)r* (4.12)

on K xT™, for some constants Cg, hg > 0 independent of o € Z7}, 8 € Z and v € N.
Note that, by estimate (4.10), it is not difficult, with an analogous computation, to
deduce that

100000, | < CohlePlEIEN (o 4 g)1o (4.13)
on K x T™, for every a € Z, 8 € ZT} and v € N.
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Moving to another direction, we estimate (4.7). One deduces from (4.8), (4.9)
and (4.10) that

070 (L0,)] < e~el”

ozee 3 (%) n(a o

<«
1 e 1 cip gt _
< el il g $° (a) Wl y1sesle s oy ple (o — e
y<a v
5e 1
< CrhlMP (o 4 gy 1se=F 18l (4.14)

on K x T™, for constants C7, h7 > 0 independent of o € Z%, f € Z and v € N.
Finally, it follows from (4.11), (4.12), (4.13) and (4.14) that

fr € A"GOM(K), v, € G(K), L, € AY'GYM(K),
with
3epe [% _Beje L
Hfl/”s,ha,K < Cees & ) ||]LOUVHs,h7,K < Cre” s & )

for every v € N. Since these estimates can be obtained for each K satisfying the
hypotheses previously imposed, we conclude the existence of C',C” b, h" > 0 for
which

fy c AO’nGs’hl(Q), v, € Gs’hl(Q), LOUV e Ao’le’hH<Q),
with
€ 1
HfVHS W0 < Cle s |§u\s ”Lovu”s,h“,ﬂ < C//€7%|§V|s ’
for every v € N. In particular,

||f,/||s7h/79||LO’UV||S7hN,Q — 0 asv — 0.

On the other hand, by construction,

/fl,/\vl,/\dx:(%r)m/ du #0, Vv eN,
Q M

which contradicts the thesis of Lemma 3.7 and allows us to conclude that L" ! is
not globally (D’, G*)-solvable. O

5. THE NORMAL FORM OVER INTEGRAL FREQUENCIES

From here on, given a system w = (wy,...,wy,) of real closed 1-forms on M, we
will be especially interested in the following set of frequencies:

Fg={£€Z™; ¢ wis an integral 1-form}.

In this section we investigate closedness of the range of Ly, : G}, (2) — A»'G} (Q);
as we will see below, such a property always holds.
Notice that I'y is a subgroup of Z™, hence we have

I'y=7Z" for somer <m.

We then take n,...,n, a basis of I'y as a Z-module: for each £ € I'y there exist
unique aq, ..., q, € Z such that

§:Oé1T]1+"'+Oéﬂlria§'77, (51>
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where ag = (aq,...,0,) € Z" and n = (n1,...,n,). For each j € {1,...,r} we let
Y; € G*(M;R) be such that di; = II*(n, -w); recall that since 7); -w is integral there
exists g; € G*(M) such that IT*g; = €7, In particular,

dg; =igj(n; - w), je€{l,....r}. (5.2)
Let g~ =g, --- g € G*(M) for each £ € 'y, and consider the map
T AO’qu‘iO(Q) — AO’quo(Q)
defined by

T(f) = (;)m Z ¢ @ g fe.

gelo

Proposition 5.1. .7 is well-defined and a topological isomorphism.

Proof. Let U C M be a coordinate domain so small that II : U—Uisa real-analytic
diffeomorphism for some open set U C M. Let ¢; € G*(U;R) be given by

¢joH:w]"fja jE{l,...,T’};

hence, on U,

Q5 —iag —og _ —log-@
gj = e JJ:g 5_6 13 ,

where ¢ = (¢1,...,¢,). Now take K C U a compact set. Since each ¢; € G*(U;R)
it follows from [/, Lemma 6.1] that for each § > 0 we can find h; > 0 such that

1
sup |07 g~¢| < hlysedlee vy e 7 e e T, (5.3)
K

We claim that, due to the fact that 7;,...,n, form a basis of the Z-module Iy,
there exists a constant C' > 0 such that

|ae| < ¢l V€ e To.

Indeed, since 7y, ...,n, are linearly independent over Z it is well-known that they
are also linearly independent over R, forming thus a basis of an r-dimensional linear
subspace of R™, namely spang I'y. We extend (5.1) to all £ € spang I'g, now with
ag € R", and € — |ag| defines a norm over spang I'g, which is therefore equivalent to
the Euclidean norm inherited from R™ (or any other, for that matter). This proves
the existence of such a C' > 0.

Therefore, by (5.3), for each 6 > 0 we can find h; > 0 such that

sup|gfg~¢| < W'y Y v e 7, we e, (5.4)
and similarly, by [/, Lemma 6.1], for each § > 0 there exists hy > 0 such that

sup |9 €| < P va ez, ve e R™ (5.5)
On the other hand, since f is a G* form, it is a consequence of (2.8) that

~ 1
sup 107 fe| < 2°@2m)™ || fllspo(2°h)PIBle 1" va e 2, Ve € 7™,
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for some h > 0, and a ¢ > 0 that depends on h, m and s. Hence, if we choose

§=0/(4C+) in (5.4) and § = ¢/4 in (5.5) we obtain hy, hy > 0 such that

sup 122079 < 5 3 3 () sup o0 el sup 07 gl sup 02+

KxTm !
<QSZZ( )”f” ha(2° h)y1sealels h'ﬁ 7'(5 y)lseilél® h'*‘)\ts If\%‘
Eelp v<p
If we take hs = max{hi, hy,2°h} it follows that
o ¢l
sup |8£‘8tﬁﬂ(f)| < QSHfHS,h,Q(Qh:’))'ﬁH‘(ﬁ LA Z o= 5lel’

KxTm £elo
< G| fllsna(2hs) P (B+M)1E, YA€ ZT, VB € Z",

for some C3 > 0. Observe that the estimate above holds for any K with the proper-
ties previously described. Hence, it not only implies that .7 is well-defined, but also
that it is continuous. Finally, note that the same arguments apply to its inverse:

n mZ et @ g% fe,

£elp

T f) =

which completes the proof. [l
A simple computation using (5.2) shows that for every { = ag -n € I'y we have
dg™* = —i(§ - w)g™™;

hence, for any f € A®IG}, () we have
(ng(f»g = dy(f)g +i(§w) A g(f)g
= (g fe) + (6 - w) A (g7 fe)
=g dfe
— 7(df)e VEET,

which implies that
Li0o7 =7 od; onA™G} (). (5.6)

Proposition 5.2. The map Ly, : G}, () — A»' G} (Q) always has closed range.
Proof. From Corollary 3.4, d; : G*(Q2) — A»'G*(Q) has closed range; thus
X =ran{d; : G} () — A”'G}, (Q)}
is a closed subspace of A%'G}, (€2), by Proposition 4.1. Thanks to (5.6) we have
T(X) =ran{L’: G} () — A”'G}, (Q)},

which by Proposition 5.1 is closed in A%'G3 (). O
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6. CONCLUSION AND FURTHER RESULTS

It follows from Propositions 4.1 and 5.2 that L° : G¥(Q2) — A%!G*(Q2) has closed
range if and only if the same holds for LY. : G () — A®'G} (Q), where
Iy =Z"\Ty={£€Z™; £ wis not an integral 1-form}.

By Definition 4.4, the system w is not I';-rational; we conclude from Corollary 4.14:

Corollary 6.1. Ifw is not (s,I'1)-exponential Liouville — which is equivalent to A(w)
satisfying condition (DC), — then Ly, : G} (Q) — AY'G} (Q) has closed range.

The proof of Theorem 1.3 is now essentially complete; we summarize it below,
referring to its statement in the Introduction.

Proof of Theorem 1.3. Equivalence (a) < (c) is a particular instance of the dual-
ity (3.4). Implication (a) = (b) is general, as pointed out in (3.10). The equivalence
(d) < (e) follows from Proposition 4.11, while Theorem 4.15 yields (b) = (e) as

a special case. A conjunction of Proposition 5.2 and Corollary 6.1 then entails
(e) = (c), thus closing the chain of equivalences. O

6.1. Solvability of associated substructures. Theorem 1.3 gives a numerical
condition in terms of the matrix of periods A(w) that completely characterizes global
(G*#, G%)-solvability of L°. 1In this section, we use this result in order to relate
the aforementioned solvability to that of certain substructures associated to w =
(Wi, ... ,wm). The reader must keep in mind that a consequence of Theorem 1.3 is
that all the properties of interest of w (as far as our discussion is concerned) are
independent of the order of wy,...,w,. Also, for convenience we will use, in our
arguments below, the alternative characterization of condition (DC), . presented in
Lemma 4.9. 7
Let € {1,...,m — 1} and consider the system
w= (wl,...,wm),

which generates a corank 7 tube structure on = M x T™: we denote, for ¢ €

{0,...,n},

L7 =d, + Zwk A Oy, acting on (0, ¢)-forms on Q. (6.1)
k=1
In relation to it, below we decompose a vector & € Z™ as & = (€,€) € Z™ x 2™,

Theorem 6.2. If L° is globally (G*, G*)-solvable then the same holds for IO
Proof. Suppose that L° is not globally (G*, G*)-solvable, and let
Iy ={£€Z™; ¢ wis an integral 1-form},
Iy =277\ T,.
Then there exist €y > 0 and sequences {x, },en C Z, {EV},,GN C T'; such that
Ky + AW)E,| < 1/716760‘5”%, Vv e N,

where, as we recall, A(w) € Myy.,(R) is computed by

Aw)é 2F(/§w /§w> VE e 7™,
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Now consider the sequence {{,},en C Z™ defined by &, = (£,,0) € Z™ x Zm=™,
Then &, -w = §, - w is not an integral fprm for every v € N; hence {&,},en C T'y.
Moreover, A(w){, = A(w)§, and |{,| = [§,|. Therefore,

1
Ky + AW)E, | < v e @& * vy e N,

proving that L? is not globally (G*, G*)-solvable either. O
Corollary 6.3. If LY is globally (G*,G®)-solvable then the same holds for each
operator

Lr=di+wp A0y G5(M x T — A®'G*(M x TY) (6.2)

associated with a corank 1 tube structure on M x T?!.

Based on this result, we focus next on the particular case of corank 1.

Theorem 6.4. Let ¥ € A'G*(M) be real and closed. Then
L=di+IN0,: G5(M x T') — A%G¥(M x T)

is globally (G®, G®)-solvable if and only if either ¥ is rational or non s-exponential
Liouville*. The latter is equivalent to L being globally s-hypoelliptic.

Proof. If 4 is not rational then
Fo={£ €Z; &Y is an integral 1-form}

equals {0}; hence, by Theorem 1.3, it follows that £ is globally (G*, G*)-solvable
if and only if ¥ is non s-exponential Liouville (equivalent to £ being globally s-
hypoelliptic by virtue of [/, Theorem 3.4]).

It remains to prove that when ¥ is rational (in which case I'y # {0}) then £ is in
fact globally (G®, G*)-solvable. Due to the fact that Z is a principal ideal domain,
we have that I'y = ¢Z for some ¢ € N. This implies that

A(W) = 2" for some p ez’
q

Therefore, given k € Z? and £ € I’y = Z \ I'y, we have
EA(Y) ¢ 2% = K + EA(Y) # 0.
Since Ty = ¢Z, we have that q¢(k + EA(Y)) € Z%, which allows us to deduce that

4k + EAW))| = 1 —> | + EAW)| = 3 V(k,€) € Z4 x T,

an inequality that clearly implies that A(¥) satisfies condition (DC), . (in a trivial

way when ¢ = 1). The conclusion follows from Theorem 1.3. U
Corollary 6.5. Suppose that IL° is globally (G*,G®)-solvable. Then, for each k €
{1,...,m} the 1-form wy is either rational or non s-exponential Liouville.

Once we have found necessary conditions for global (G*, G*)-solvability of L° in
terms of properties of each wy, we now look for conditions that turn out to be
sufficient. First, we prove that if each wy is rational then the system is globally
(G*, G*)-solvable.

Proposition 6.6. If every component of w = (w1, ... ,wy) is a rational 1-form then
IO is globally (G*, G*)-solvable.

4That is: non (s,Z \ {0})-exponential Liouville, in the terminology of Definition 4.4.
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Proof. The argument is quite similar to the one applied in the proof of Theorem 6.4.
We once again let

Ip={£€Z™; ¢ wis an integral 1-form},
Iy =72"\T,.
By hypothesis, each wy, is rational, which means that

Alwy) = % for some p;, € Z¢ and ¢; € N.
Furthermore, if ¢ € I'; and & € Z%, it follows that
0#kKk+AWw) =k+ i{kA(wk);
k=1
hence, for ¢ = []}", gx we have q(k + A(w)E) € Z*\ {0}, which implies that
ol + AW)E] > 1= |5+ A)E| > 3 Wk, €) € 79 x T,

Since this estimate clearly implies condition (DC), . for A(w), our result follows. [

Next we show that, generally speaking, the rational components of w can be
neglected regarding the global (G*, G*)-solvability of L.

Theorem 6.7. Suppose that at least one component of w = (wq,...,wy) S Not
rational. Actually, by rearranging them, without loss of generality we assume that

wy 18 a rational 1-form <=k > m,
for a certain m € {1,...,m — 1}, Let w = (wi,...,wq). Then, LY is globally
(G*, G®)-solvable if and only if the same holds for L° as in (6.1).

Proof. Note that the direct implication is a consequence of Theorem 6.2; below, we
borrow the notation established in its proof. Suppose conversely that L° is globally
(G?®, G*)-solvable. Then, for every ¢ > 0 there exists Cs > 0 such that

Ik + AW)E| > Cse K1 (k&) € 20 x Ty, (6.3)
Now let @ = (Wyri1,---,Wn). Then, for any x € Z? and £ € T'; we have
K+ AW)E = K+ AW)E + AW)E # 0.

In this context, there are two possibilities: either £eTyoré el In the former
case, A(w)¢ € Z* which implies that

K+ AWw)é € Z°.
Since A(w) has rational coefficients, there exists a non-zero ¢ € N such that
a(k + AW)E + A@)§) € Z*\ {0},

which again entails
1 .
|k + A(w)é| > 7 V(k,€6) € Z8 x 'y, € €T (6.4)

In the latter case, for € € I’y we write
q(k + AW)E) = gk + qAW)E +AW)(g).
M—/

czd
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We may assume without loss of generality that ¢& € T'; (otherwise A(w)(¢€) € Z¢
and we fall back into the previous reasoning); fixing an ¢ > 0 and applying (6.3)

with § = eq’i we conclude the existence of C. > 0 such that

. . 1 .1 1
qls+ AW)E + AW)E| > Ce=et “ll* > O ekl

which allows us to deduce that for any € > 0 there exists C? > 0 such that

1 . .
|k 4+ AW)E] > Cle " V(K &) € Z3x Ty, €T, (6.5)
By associating (6.4) and (6.5) we conclude that A(w) satisfies condition (DC), . ,
from which the theorem follows. O

Corollary 6.8. Suppose that w has a single non-rational component wy,. Then LY
is globally (G*,G?®)-solvable if and only if wy is not s-exponential Liouville.

We close this section showing that the solvability of w cannot be always retrieved
from that of its proper substructures. Concretely, we intend to show that the con-
verse of Corollary 6.5 does not hold. Before proceeding to the proof, we need a
couple of auxiliary results. Recall that an @ € R\ Q is not an s-exponential Liou-
ville number if and only if for every € > 0 there exists C. > 0 such that

1
[k —ag] > Cee™, V(k,) € 22\ {(0,0)};
that is, o satisfies condition (DC)S,Z\{O} (regarded as a 1 x 1 matrix). We denote

NEL, ={a € R\ Q; «is not an s-exponential Liouville number},
Z, ={a e R\ Q; «ais an s-exponential Liouville number}.

Both sets are non-empty: for instance, every non-Liouville number belongs to A%
(see also [17, Theorem 5.1]). The next lemma follows easily from the definition.

Lemma 6.9. Let « e R\ Q, b€ Q and c € Q\ {0}. Then, a € &, if and only if
ca+be .

Incidentally, this entails that both .Z; and 4.Z; are dense in R, since given o € .Z
(resp. a € A%;) the homeomorphism f € R — a+ f € R maps Q into .Z;
(resp. N L5).

Proposition 6.10. 4L, + VL, = R.

Proof. The set of Liouville numbers has Lebesgue measure zero; hence, the same
holds for its subset .Z,. Therefore, A%, has positive measure, and by Steinhaus
Theorem the difference set

NLy = NLy = NL g+ N

contains a neighborhood of the origin (notice that .42, is symmetric, by Lemma 6.9).
This ensures that for any r € R there exists a v € N such that r/v € L, + NZL;
hence, r € N, + NZL,, as a consequence of Lemma 6.9. d

Next we exhibit a corank 2 system w = (wy,wy) whose corank 1 substructures
(namely, the ones determined by each wy) are all individually globally (G*, G*)-
solvable on their own, but w itself is not. On M = T! we take

wy = ¢ dt € A'C¥(M;R), ke {1,2},
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for a convenient choice of ¢,y € R. Then
LYf = (Ouf + 104, f + 20, f) dt.
In this context, d = 1 and
K+AWE =K+ &l + b, KETZ, &= (6,6) €72 (6.6)

If ¢1,c0 € A%, then the system of corank 1 associated to each wy is globally
(G*, G®)-solvable (Theorem 6.4). If, however, A = ¢; 4+ ¢ € Z; (which is possible by
Proposition 6.10) then there exist € > 0 and a sequence {(k,,&,) }oen C Z?\ {(0,0)}
such that

Iy + M| < vle e Wy e N
Consider now 9, = (&,,&,); it follows from (6.6) that

Ky + AW)0,| = |ky + A& < v le ol <yl s I0uls
which proves that L? is not globally (G*, G*)-solvable.
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