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(€] = 1, [s~1](s][e] = [s~][st], and [s]fe[¢~"] = [st][e™"], for every ¢ and
sin G.

Contrary to the case of KG, even if G is an abelian group, Kpar(G)
may be a non-commutative algebra. For example, the complex partial
group algebra Cpar(Zy4) of the cyclic group of order four is isomorphic
(see [9]) to

7C® M2(C) ® M3(C),

where by 7C we mean the direct sum of seven copies of C. On the
other hand, Cpar(Z2 X Z2) is given by

11Co M3(C).

The dimension of Kpar(G) is 2"~2(n + 1), where n is the order of G,
and hence it is much larger than the dimension of K'G. Partly for this
reason Kpar(G) keeps much more information about the structure of G
than does KG. In particular we have seen that Coar(Z4) % Goar(Z2 &
Z,) while the complex group algebra of both groups of order four are
isomorphic to 4 C.

The fact that the partial group algebra construction is able to differ-
entiate between the two groups of order four, raises the following ques-
tion: under which circumstances the isomorphism Kpar(G) >~ Kpar(H),
implies G ~ H? One of the main goals of this paper is to prove that
the above implication holds provided that G and H are finite abelian
groups and K is a field (even integral domain) of characteristic zero;
we also give a counterexample in the case of nonabelian groups.

The history of the famous isomorphism problem for group rings
shows that, in general, KG does not determine a group G up to isomor-
phism. Indeed, E. C. Dade in [6] has constructed two nonisomorphic
finite groups G and H such that KG ~ KH for all fields K. On
the other hand, if ZG ~ ZH, where Z is the ring of integers, then
KG ~ KH for all fields K (see [15, p. 664]). So, the crucial question
is whether a finite group G is determined up to isomorphism by the
group ring ZG.

Many deep positive results have been obtained on this problem,
(see [15, 19, 22, 23]), however, a counterexample has been recently
announced by Martin Hertweck. In view of this situation, it is natural
to test the partial group rings for the isomorphism question.
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The concept of partial group representation was introduced in [9]
and [17], motivated by the desire to study algebras generated by partial
isometries on a Hilbert space H. By a partial isometry on H one usually
means a bounded operator S: H — H satisfying the equation $S*S =
S, where the star refers to the Hilbert space adjoint. Partial isometries
clearly include the isometries, i.e. operators § for which S*S = 1, as
well as unitary operators.

Partial isometries may be characterized geometrically as the linear
operators S for which ||S(€)|| = [|£|| for all £ in the orthogonal com-
plement of Ker(S). It is therefore easy to see that the isometries are
precisely the injective partial isometries, while the unitary operators
are those which are bijective.

While the set of unitary operators forms a group under composition,
nothing like this holds for the set of all isometries, let alone the case
of partial isometries. In particular the product of two isometries is
often not an isometry. For this reason, algebraic properties of partial
isometries are extremely difficult to investigate. In particular, given
a set of partial isometries, the algebra they generate is often a wild
object unlikely to yield to any attempt at understanding its structure.

The first among the few well understood examples of algebras gen-
erated by isometries is the Toeplitz algebra [7], defined to be the closed
*-subalgebra of operators on the Hilbert space I3(Z,), generated by
the forward shift operator. The Toeplitz algebra has important appli-
cations in the study of Wiener-Hopf operators [20], in K-theory [16],
and in K-homology [1].

Another thoroughly studied algebra generated by isometries is the
so called Cuntz algebra O, [2] which is also relevant in K-theory [3].
O, is a special case of the class of Cuntz—Krieger algebras @4 defined
as follows [4): given an n x n matrix 4 = {aij}1<ij<n With entries in
{0,1} one defines O4 as being the universal C*-algebra generated by
partial isometries Sy,...,S, subject to the conditions:

CK,) ) 5:S; =1,and
i=1

CKa) S1Si=)  a;;S;S;.

i=1
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The properties of 04 are closely related to the properties of the
Markov subshift whose transition matrix is given by A.

Attempting to study sets of isometries which generate a reasonably
tame algebra, Nica [14] studied isometric representations ¢ ~—+ V; of the
positive cone P of a quasi-lattice ordered group G satisfying a certain
“covariance condition”. Nica’s condition is satisfied in examples related
to the C*-algebras generated by one-parameter groups of isometries
studied by Douglas [8], as well as to the Cuntz algebra, and hence it
gives a satisfactory framework for the study of algebras generated by
isometries. But it cannot deal with Cuntz—Krieger algebras since the
canonical set of generators of the latter is formed by partial isometries
rather than isometries.

The first indication that the concept of partial group representations
is relevant to the study of the Cuntz—Krieger algebras appeared in
[10], where it is shown that, given any finite set Sy,...,Sn of partial
isometries on a Hilbert space H satisfying CK;—CK2 above, there exists
a partial representation of the free group F, sending the i** canonical
generator to S;. This idea was subsequently generalized in [12] to treat
the case of infinite matrices and was used to give the first definition
of Cuntz—Krieger algebras for transition matrices on infinitely many
states, dropping the row-finite condition imposed by Kumjian, Pask,
Raeburn, and Renault in [13].

Also, it was proved by Quigg and Raeburn in [17] that every iso-
metric representation satisfying Nica’s covariance condition extends to
a partial representation of the ambient group. Therefore there is a
partial representation underlying each and every one of the examples
of algebras generated by partial isometries that have been successfully
studied so far.

We should also note that by [11}, a necessary and sufficient con-
dition for a self-adjoint set S of partial isometries to be closed under
multiplication is that & be range of a partial representation of a group.
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2. BASIC DEFINITIONS

Let G be a finite group and K be any field. We denote by e the
identity of G; the notation H < G will mean that H is a subgroup of
G; H < G will mean that H is a proper subgroup of G, i.e., H # G. If
H < G, the symbol (G : H) will denote the index of H in G; by [G,G]
we will mean the commutator subgroup of G, which is the subgroup
of G generated by the elements of the form sts~1t~1, with 5,t € G.
For H < G, N(H) will denote the normalizer of H in H, which is the
maximal subgroup of G containing H as a normal subgroup.

Definition 2.1. A partial representation of G on the K-vector space
V is a map 7 : G — End(V) such that, for all s,t € G, we have:

(a) m()r(r(t™Y) = m(st)m(t);

(b) m(s~")m(s)m(t) = m(s™)m(st);

(c) m(e) =1,
where 1 = Idy is the identity map on V. In general, a map = from G
to any unital algebra A will be called a partial representation of G in
A if it satisfies (a), (b) and (c) above.

In other words, 7 is a partial representation of G if the equality x(st) =
n(s)x(t) holds when the two sides are multiplied either by n(s~!) on
the left or by 7(¢~!) on the right. In particular, every representation
of G is a partial representation; moreover, if H is any subgroup of G
and 7 : H — End(V) is a partial representation of H, then the map
# : G — End(V) given by:

ﬁ'(g)={ n(g), if g € H;

0, otherwise

defines a partial representation of G. Obviously, Definition 2.1 makes
sense also for infinite groups.

The concept of equivalence for partial representations is the follow-
ing. Two partial representations =; : G — End(V}), ¢ = 1,2, are
said to be equivalent if there exists a K-vector space isomorphism
¢ : V) +— V3 such that ¢omi(g) = m2(g) o ¢ for all g € G. There
is also a natural notion of snvariant subspace for a partial representa-
tion of a finite group G and one can define the concept of srreducibility
for a partial representation in the obvious way.
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A unitary representation of a group G on an inner product space H,
e.g., a Hilbert space, is a representation 7 of G in the space B(H) of
all linear bounded operators on H such that m(g) is a unitary operator
on H for all g € G. This means that n(g)* = n(g)~? for all g, where *
denotes the adjoint operation in B(H).

" The analogous concept for partial representations is the following:

Definition 2.2. A partial isometric representation of G on the com-
plex Hilbert space H is a map =« : G — B(H) such that:

(a) m()r()m(t™?) = m(st)m(t™");

(b) m(t™") == (t)%;

(c) m(e) =1;
for all s,t € G.

It is not hard to see that, if = is a partial isometric representation of
G on H, then = (g) is a partial isometry in B(H), i.e., m(g)m(g)* is an
orthogona.l projection.

In [9], Definition 2.2 is taken as the deﬁmtlon of a partial represen-
tation of a group G. We will show in a moment that the two definitions
coincide, up to equivalence. '

In first place, observe that if # : G — B(H) is a partial isomet-
ric representation, then 7 is a partial representation. Namely, using
properties (a) and (b) of Definition 2.2, we get:

w(s~ () (t) = (r (¢ )w(s™ )7 (8))" = (w(t™ s~ )m(s))" =
= (s~ 1)x(st),
for all s,t € G. Conversely, we have the following:
Proposition 2.3. Let K = R or C. Given any partial representation

7 of G on a K-vector space, there ezists a partial zsometrtc represen-
tation m; of G which is equivalent to w.

Proof. We will prove that, given any partial representation 7 : G +—»
End(V), with V a complex vector space, then there exists a positive
definite K-valued inner product (-,-) in V such that:

(1) (n(9)& m) = (£, x(g~ ")),

for all ¢ € G and all §,7 € V. In order to prove this, we argue as
follows.
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For all t € G, let ¢(t) denote the element m(t)x(t~1); it is easy
to check that the ¢(t)’s form a family of commuting idempotents in
End(V):

()’ =a(t) (¢~ (@) w(t7") = w () w(e) m(t7) = (2);
and, for all t,s € G,
w(t) e(s) = n(t) m(s) m(s™Y) = w(ts) w(s™!) =
(2) =r(ts) m(s~t" ) w(ts) w(s™Y) =
= n(ts) m(s™H 1) n(t) = e(ts) x(t),
from which we compute:
3 €t) e(s) =m(t) n(t™ ) e(s) = w(t) e(t L) w(t™) =
=¢(s)w(t)m(t™)) = €(s) €(t).
Given a subset S of G, we denote by Ps the element in End(V) given
by: .
4 Ps =[] es) [T (1~ e(s)).
28€S 8¢S :
Using (2), it is easily seen that 7(t) Ps = FPis x(t). Observe that, since
€(1) = 1, Ps is zero unless S contains the identity e of G; moreover, if
t ¢ 5, then Psw(t) = 0, because ¢(t)n(t) = m(t). Also, the following
identity holds:
(5) E Ps=1,
5CG
where the sum is taken over all possible subsets of G, including the
empty subset. In order to prove (5), it suffices to observe that, since
the €’s commute, we have the following combinatorial formula:

1=J[1=J](1-e(s) +¢(s)) = Z ([He t)] [H(l— € t))])

Fide] s€G tes tgs

Now, let [-,-] be any K-valued positive definite inner product in V;
we consider the new inner product {-,-) on V, given by:

(6) Eny=Y_>  [Psw()¢ Psx(t)n).

§ teG
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In order to prove that (-,-) is positive definite, since _[-, ] is positive
definite, it suffices to show that Ps¢ = 0 for all § C G implies £ = 0.

This follows easily from (5).
We now prove (1). To see this, we start by observing that, for all

S CG,treG and € n €V, the following equality holds:

(M [Ps (t)w(r)€, Ps (t)n] = [Psw(tr)¢, Ps ()]

Namely, observe that if t € S, then Psx(t) = 0 and both sides of (7)

vanish. On the other hand, if ¢ € S, then Pse(t) = Ps, hence:

Psn(t)w(r) = Ps e(t)x(t)w(r) = Pse(t)r(tr) = Psw(tr),

which proves (7). Similarly, by symmetry one checks that:

(8) [Ps n(t)€, Psn(t)r(r)n] = [Ps x(t)€, Psm(tr)n)].

For g € G and &, 7 € V, using (7) and (8) we now compute as follows:
(x(@)e.my = 3 [Psm(t)m(9)é, Psm(t)n] =

SCG teG

= 3 3 [Pswltg)e, Psw(t)n] = (setting t' = tg)
SCG teG

=33 [Psx(t)& Psm(t's™)n] =
SCG t'eG

=>_ > [Bsn(t)& Psw(t)m(g™)n] = (€& x(g™ ),
SCGeG

which concludes the proof. O

The group algebra KG is the algebra with the same representation
theory of the group G; in a similar fashion, we can define the partial
group algebra Kpa.(G), whose representations are in one-to-one corre-
spondence with the partial representations of G as follows.

Definition 2.4. Given a finite group G and a field K, the partial group
K-algebra Kpar(G) is the universal K-algebra with unit 1 generated by
the set of symbols {[g] : ¢ € G}, with relations:

(1) [e] =1;

(2) [s]s)e] = [s~"[sth;

(3) [slielle™") = [se]t~");
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for all 5,t € G.

It is straightforward to check that, if A is any unital K -algebra and
7 : G — A is a partial representation of G in .4, then 7 extends
uniquely by linearity to a representation ¢ : Kpa(G) — A such that
#([g]) = =(g).

Conversely, if ¢ : Kpar(G) = A is a unital homomorphism of K-
algebras, then 7 (t) = ¢([t]) gives a partial representation of G in A.

Rather than giving generators and relations, we want to give an
alternative (and constructive) description of the algebra Kpar(G).

To this aim, associated to G, we will consider a finite groupoid
(Brandt groupoid) I' = I'(G), whose elements are pairs (4, g), where
g € G and A is a subset of G containing the identity e and the element
g1, We will refer to [18] for the basic definitions and properties of
groupoids. Observe that e, g € gA.

The multiplication of pairs (4, g) - (B, k) in I is defined for pairs for
which A = AB, in which case we set:

(hB’g) ) (Brh) = (Bagh);

the inverse of the pair (A,g) is (9A4,97!). The source and the range
map on I' are respectively s(4,g) = (4, ¢e) and r(4, g) = (9A,e). The
set of units of I' is denoted by I'©), the | +| function will denote the
cardinality of a set.

We recall that if I is any groupoid, denoting by I'(2) C ' x I the set
of its composable pairs, the groupoid algebra KT is a K-vector space
linearly generated by the elements of I, and with the multiplication
given by:

o = | 72y 1 (71,72) €T,
e { 0, otherwise,

and extended linearly on KT.

Let KT'(G) denote the K-algebra of the groupoid I'(G); the dimen-
sion of this algebra is equal to the cardinality of I'(G), which is the
number of pairs (A, g) as described above. If |G| = n, it is easily
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computed:

n-1
(9) dim(KT(G)) = ) (k+1) (" ; 1) =2"%(n + 1).
k=0

Remark 2.5. Observe that the right hand side of (9) is a strictly in-
creasing function on n. In particular, if G and H are finite groups such
that KT(G) is isomorphic to KT'(H), then |G| = |H|.

The elements of the form (A, €) are idempotents in KT'(G), they are
mutually orthogonal and their sum is the identity of KI'(G):

(A7e)2=(A’e)1 (A,e)(B,e)=0. if A# B, ‘ Z(Aae)=1'
Ade

We define the map Ap : G — KT(G) by:

(10) d(@)= Y (4,9).

A3dg—!

Observe that in the above formula we are summing over all possible
subsets A of G that contain the elements e and g~1.

We claim that X, is a partial representation of G. Namely, for g, h €
G, we compute:

M@ e(@Ape(B) = D (4,97)(B,9)(C,h) =
/s
h-leC
= Y (ghC,g7")(hC,g)(C\h) =

h—leC
g-lenC

= Y (Ch).

h-leCc
h-lg—teC
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On the other hand, we have:

M@ ™)p(gh) = D (A4,97)C gh) =
gEA
h=lg-leC

= > (Ch).

h=leC
h—lg—lec
Hence, Ap(971)Ap(9) Ap(h) = Ap(97)Ap(gh) for all g, h € G. Similarly,
one proves the equality Ap(g)Ap(R)Ap(h~1) = Ap(gh)As(h~!). More-
over, by definition

Ap(e) = Z(A, e) =1,

Ade

and the claim is proven. We are ready to show that the partial repre-
sentation theory of G is the same as the representation theory of the
algebra KT'(G):

Theorem 2.8. There is a one-to-one correspondence between the par-
tial representations of G and the representations of KI'(G). More pre-
cisely, if A is any unital K-algebra, then # : G —— A is a partial
representation of G if and only if there exists a unital algebra homo-
morphism & : KT'(G) — A such that © = &% o A,. Moreover, such
homomorphism # is unique.

Proof. If ©# : KT'(G) v A is a unital homomorphism of K-algebras,
then clearly # = # 0o Ap : G —> A is a partial representation of G in A.

Conversely, suppose that 7 : G — A is a partial representation of
G. Arguing as in the proof of Proposition 2.3, for all r € G we denote
by €(r) the element of A given by x(r)x(r~!). Recall from (2) and (3)
that the €(r)’s are commuting idempotents and

7(8)e(r) = e(sr)n(s)
for all s,r € G. Similarly

e(r)m(s) = m(s)e(s™r).
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For all elements (4, g) in I'(G), we define:

(11) #(4,9)==(g) | [] 6(T)) JIREEONE
€A sgA

For (A, g) and (B, h) in I'(G}, we have:

#(A,9) %(B, h) =
=n(g) [Te(r)- TT@ —e(s)) - w(h) - [T e®) - [T (1 - €(v)) =

reA sgA teB vgB
= n(g) w(h) [ eth™'r) [T - e(a™'s)) [T () JT (1 = e(v)) =
reA sgA ; teB . vgB
=n(g)n(w) T[] er) I = e [T e® [T -etw).
reh—'A sgh—1A teB vgB

Now, if h~1A # B, i.e. if A # hB, then, either there exists one element
r that belongs to A~1 A but does not belong to B, or there is an element
r that belongs to B but not to A~1A. In both cases, the product
#(A, g)7(B, h) contains the factor ¢(r)(1 — €(r)) = 0 and therefore it is
null. i

If h='A = B, then, since k=1 € h~! A, the product #(4, g)#(B, h)
becomes:

#(A,9)7(B,R) =x()x(t) T[] er) [] @ -es)=

reh~14 sg¢h— 1A

=n(g)n (k) x(kYx(k) J] er) ] 1 -els)) =
S A

=n(gh) [] en J] (1-e(s) =#((A 9)-(B,h))-

reh—lA sgh—14

This proves that # is multiplicative on I'(G), and thus its linear exten-
sion to KT'(G) gives a homomorphism of KT'(G) in A.
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We now prove that # is unital. By definition, since 7(e) = 1 and
recalling (4) and (5), we have: '

(12)
#(1) = # (Z(A, e)) =Y (A=) e [Ja-es) =
A3e Ade AdercA sgA
= ZPA = Z Py=1.
Ade ACG

Furthermore, we have:

Todplg) = 7 ( > (A,y)) = Y #(Ag)=

A3dg—! Adg—}

w(g) Y. [[e 1<) =

A3g-1reA sg€A

m@r@ ) Yo [ e J[a-«s)=

Adg—lreA\{g—1} sgA
=7(9)) (elg™) +1~e(g™")) II «O[Ja-e6n=
A3g~! reA\{g—1}  sgA

= 7@ [l [[a-es) =

B reB s¢B

= n(9)7(Q_(B,e)) = n(g)i(1) = n(g).
B

To conclude, we are left with the proof of the uniqueness of the homo-
morphism 7 satisfying & o A, = #. In order to show this, it suffices to
prove that the set A,(G) generates the whole algebra KT'(G).

To this aim, let (B, h) be an arbitrary element of ['(G), where

B ={b;1,b71,...,b51, "1}

is a subset of G containing the identity. The set of such pairs (B, h)
form a vector space basis of KT'(G). Let’s denote by .A the subalgebra
of KT'(G) generated by Ap(G). Let {g1,92,...,9%} be the family of
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elements of G defined by:
g1 = b1, 9201 = bz, gag2g1 = b3, -+ -,
Gk—-19k~2" """ 91 = br—1, Grgr-1--"-- g1=h.
We consider the element in A given by the product

' )‘p(gk)'\p(gk—l) -+ Ap(91),

which are computed as:

Ap(@)Ap(gk-1) == Ap(g1) = > (AksGk) - (Ak-1,98-1) - -*-- (A1, 01)-
I Ardg7?
Az3g7"

Ax3g;!

Using the rules of multiplication in I'(G), it is easily seen that the sum
equals:

Z (A, gxgk—1 " q1) = Z (A1, b).

A3g7! A 2B
g1A13g7!

Qk—lgk-z"'."glAl ag;?
Hence, for every (B, k) € I'(G), A contains the element:
> (Ah).
ADB
Now, suppose that G\ B = {z1,22,...,Zn}. We have:
Y r- Y (A=) (AN,
ADB ADBU{z} ADB
A¥zy

which means that, for every (B, h) € I'(G) and every z ¢ B, A contains
all elements of the form:
> (Ah).

ADB
AFx
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Now,

Yarn- Y @an= Y (4n,

ADB ADBU{z3} ADB
AFz, AFzy AFzry,z2

hence, for every z;,z, ¢ B, A contains the element
> (Ah).

ADB
AFz1,22

We repeat the argument, using the fact that:

Z (Avh) - Z (A, h) = Z (Ai h)

ADB ADBu{x;3} ADB
AJzy,x2 AFxy 3 AFz) 23,23

By induction, we see that A contains all elements of the form:

Z (A, h) = (B, k),
ADB
AZz1 .22, 2N
which proves that A = KT'(G) and we are done. O

Note that the bijection between the partial representations of G and
the representations of Kpa(G) given by the composition with the map
Ap preserves the notions of equivalence and irreducibility.

Corollary 2.7. The groupoid algebra KT'(G) is isomorphic to the par-
tial group algebra K..(G).

Proof. The maps [ ] : G +— Kpar(G), given by g — [g], and A} :
G — KT'(G) are partial representations of G.

By the universal properties of the two algebras K,,;(G) and KT(G),
there exists unital K-algebra homomorphisms # : KT'(G) — Kpar(G)
and ¢ : Kpar(G) — KT(G) such that #(Ap(g)) = [g] and &([g]) =
Ap(9)-

pIt is easily checked that the composite maps # o ¢ and ¢ o 7 are
the identities on their domains, as they are the identity on a set of
generators, hence ¢ and # are isomorphisms. a
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3. ON THE STRUCTURE OF THE PARTIAL GROUP ALGEBRA

In this section we study the structure of the groupoid algebra KT'(G);
we prove that KT'(G) is the direct sum of matrix algebras over the rings
KH, where H is any subgroup of G. To this aim, we introduce the
following notation.

Given a finite group H and a positive integer m, let I'H denote
the groupoid whose elements are triplets (h,t,3), where h € H and
i,j € {1,2,...,m}. The source and the range map on I'H are defined
by s(h,4,5) = j and r(h,i,j) = i. The product is defined by (g,4,7)
(kyj, k) = (ghyi,k). The units of TH are the elements of the form
(e,8,8),i=1,...,m.

It is sometimes useful to represent a groupoid I' with an oriented
graph Er, whose vertices are the units of the groupoids, and each
element 7 € T gives an oriented edge of Er from the vertex s(7) to the
vertex r(y). A connected component of Er gives a subgroupoid of I'.

In the case of the groupoid I''l, the corresponding graph Erz has
precisely m vertices, and between any two vertices there are precisely
|H| oriented edges (in each direction) labeled by the elements of H.

We have the following simple result:

Proposition 3.1. Let T' be a groupoid such that Er is connected and
m = |I9)] is finite. Let z, be any vertez of Er, and H be the isotropy
group of z1, which is defined by: '

H={yeT:s(y)=r(v) =z}
Then,
(@)= Ty,
(b) KT ~ M, (KH).
Proof. Let z;,...", 2, be the units of I'; for all 4,7 = 1,...,m define
&; by:
Eij={v€T:s(v) ==, r(v) =z}

Since T is connected, then &;; is non empty for all i,5. Namely, if
Y1 = T Y2,---,Yk+1 = Z;j IS a sequence in r® and v,...,7% is a
sequence in I" such that s(y;) = y; and r(7;) = yi41 for all i, then the
element ¥ = 7k - Yk—1" ... M1 is in & ;.



PARTIAL REPRESENTATIONS AND PARTIAL GROUP ALGEBRAS 17

Clearly, T is the (dxs;omt) union of all the &;;’s. Fix a family of
elements % € &4, with i = 1,...,m. Then, for every element v € l"
77 ly9i=h € H and 7 can be wntten uniquely in the form y = 'y_,h'y,
w1th h € H, where s(y) = z; and r(y) = z;. On the other hand, every
element of the form y;hy;!, with h € H, belongs to &; ;. Observe that,
in particular, |£; ;| is constant equal to |H]|.

The map vy = 'y_,h'y, 1+ (h,7,1) gives the desired isomorphism
between I and ', proving part (a).

Finally, let (e; ;)i j=1,..m denote the set of matrix units of M, (K ),
i.e, €; ; is the matrix with null entries, except for the entry in the posi-
tion (4, ) which is equal to the identity of K. It is easy to check that, for
any group H, the map (h, 1, j) — h®e; ; extends by linearity to a K-
algebra isomorphism between KT'H and M,,,(KH) ~ M,,(K)®x KH,
which gives part (b) and concludes the proof. O

We remark that in Proposition 3.1 the group H can be infinite.

If a groupoid I is a (finite) disjoint union |J; I'; of subgroupoids I},
then the groupoid algebra KT is the direct sum ; KT; in particu-
lar, the groupoid algebra KT is a direct sum of algebras of the form
M, (KH) where m > 0 and H is a finite group.

If G is a finite group and I'(G) is the groupoid constructed in Sec-
tion 2, for 1 < 'k < |G|, by the k-th level of I'(G) we will mean the
subgroupoid of I'(G) consisting of pairs (A, g) with |A| = k. Similarly,
the k-th level of the graph Ep(c) is meant to be the subgraph of Er(g)
consisting of all vertices (A, €) and all edges (A4, g) with |4]| =

In the next result we give a more precise description of the algebra
KT(G), and an algorithm for its computation.

Theorem 3.2. The groupoid algebra KI'(G) is of the form:

(13) KTG)= @ cm(H)Mn(KH),
H<G
1<m<(G:H)
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where cy (H) My (K H) means the direct sum of cm(H) copies of, the
algebra M,,,(IK H). Moreover, the following recursive formula holds:

. H) - c.m(B)
(14) c,,.(H):%-(((G-H) 1)_m 3 “(%jﬁ)_)

Bl H<B<G
(B:H) | m

Proof. Let A be any subset of G containing the identity of G. In the
course of the proof, we will identify A with the vertex (A,e) of the
graph Er(g). We denote by H = 5(A) the stabilizer of A in G, given
by:

S(A)={geG:9A=A}.

In the graph Ep(g), S(A) is identified with the set of edges departing
and terminating at the vertex (4,e). Observe that, since e € A, then -
HCA. '

Since H acts on the left on A, then A is the union of right cosets of
H, say:

m
A= U Ht;, ty =e,

i=1
where
14]
|H| _
We now prove that the sub-groupoid of I'(G) corresponding to the con-
nected component of the vertex A of the graph Er(g) is (isomorphic
to) the groupoid I'Z. First of all, we prove that the connected compo-
nent of A in EIJ(G) contains precisely m vertices, given by the subsets
of G of the form A; = t;'A, i = 1,...,m. These sets are all distinct,
in fact, if £71A = t;'lA, then ¢;t;! € H and Ht; = Ht;, which im-
plies that ¢ = j. Moreover, if r € Ht; for some i, say r = ht; for
h € H, then r~14 = t7'h~1A = t;' A, which implies that the con-
nected component of A contains no other vertex but the A;’s. Observe
that the stabilizer of A, which is H, coincides with the isotropy group
of the unit (4,e) € I'(G)®. Hence, by Proposition 3.1 the algebra

m=
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My (KH) ~ KT is a direct summand of KT(G) and KI'(G) is the
direct sum of a.]gebras arising from this construction. This proves (13).

For the proof of the second part of the thesis, we fix H and m as
in the hypothesis. From the first part of the proof, it is clear that in
order to determine the number of occurrences of the algebra M,, (K H)
in (13) we need to count the number of vertices at the level k = m x |H|
of Er(g) whose stabilizer is H.

'We define b,,(H) to be the number of such vertices; moreover, we
consider the index of H in its normalizer N'(H):

6(H) = (M(H) : H) = number of subgroups of G conjugate to H.

Since the conjugation is an automorphism of G, if H and H’ are con-
jugate in G then, by symmetry, b, (H) = b (H') for all m. Observe
that two vertices in the same connected component of Er(G) have con-
jugate stabilizers; hence, the number of vertices at the level & whose
stabilizers are conjugate to H is precisely 6(H) - by, (H). The con-
nected component of each of these vertices, that gives a contribution
of one copy of M, (K H) as a direct summand of K,,,(G), contains m
vertices. Hence, the number of summands M, (KH) in Kpar(G) that
arise from this construction is L -b,,(H) - §(H). Finally, by symmetry,
the contribution of the single subgroup H is:

_ bm(H) -6(H) _ bm(H)
(15) em(H) = 1T A

Every vertex at the k-th level of Epg) which is fixed by H is a subset
of G (containing e) which is union of m right cosets of H (including
H); the number of such vertices is ((%#)~1). Some of them will have
stabilizer which is bigger than H, and this number is clearly given by

H<B<G
(B:H)|m
hence we have the following recursive formula for the coefficients b,, (H):

(16) b,,.(H):((G ) - ) Y b

H<B<G
(B:H)|m
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From (15) and (16) we obtain immediately (14), which concludes the
proof. O

In the following corollary we give a sufficient condition for two finite
groups to have isomorphic partial group algebras:

Corollary 3.3. Let Gy and Gy two finite groups having isomorphic
subgroup lattices, such that the corresponding subgroups have isomor-
phic group rings over K. Tken, Kyac(G1) is isomorphic to Kpar(Ga).

Proof. Under our hypotheses, there exists a bijection between the fam-
ily of subgroups of G; and G that preserves the order of the subgroups
and their inclusions. Hence, (14) implies that the coefficients ¢ (H)
are also preserved. The conclusion follows from (13), considering that
the corresponding subgroups have isomorphic group rings.

The corollary suggests the following problem: given two finite groups
G, and G, with isomorphic partial group algebras over K, does there
exist an isomorphism of their subgroup lattices, such that the corre-
sponding subgroups have isomorphic group algebras over K7

4. THE IsoMORPHISM PROBLEM. ABELIAN GROUPS

As it was mentioned in the Introduction, in the case of the non-
isomorphic groups Za X Z; and Z,, the corresponding partial group
algebras are also nonisomorphic. Motivated by this example, in this
section we prove that given any two finite abelian groups G1 and Go,
their partial group algebras Kpar(G1) and Kpar(G2) are isomorphic if
and only if G; and G are, provided that the characteristic of K is
zero.

We will show with a counterexample that for non commutative groups,
in general, the isomorphism problem for the partial group algebras has
a negative answer.
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Given a finite group G and a positive integer m < |G|, we define
Bm(G) by:

(17)
0, if G does not have subgroups of order m;
Bn(G) = Z (H :[H,H]), otherwise.
H<G
|H[=m

Moreover, for all m € IV, we denote by v, (G) the number of subgroups
of order m of G.
Clearly, if all the subgroups of order m of G are abelian, then

Am(G) = mym(G).

Proposition 4.1. Let K be an algebraically closed field whose char-
acteristic is zero. Let k € IN be a divisor of |G| with |G| # 2k and
such that every prime that divides |G| also divides |G|- k™. Then, the
maultiplicity of the summand Mig);-1_1(K) in the Wedderburn decom-
position of Kpar(G) is:

(18) I_G'—k (l‘k'l )ﬂm(G)

m i 61
15m<

Proof. By Corollary 2.7 and Proposition 3.2, we have an isomorphism:

(19) Kpar(G) = €D My, (KH;),
where the H;’s are (not necessarily distinct) subgroups of G.

Ifn; < 1%1 —1, then we claim that the summand M, (K H;) does not
contain a Wedderburn component isomorphic to Mjc)_ (K). Indeed,
if it did, then the algebra K H; would contain a direct summand of the
form M,(K), where

n;8= %I -1,
and s is the dimension of some irreducible K-representation of H;.
Let p > 1 be a prime dividing s; in particular, p divides Liil - 1.
Then, since the characteristic of K is zero, s divides |H;| (see e.g. [5,



22 M. DOKUCHAEYV, R. EXEL, AND P. PICCIONE

pag. 216]), and consequently it also divides |G|. By hypothesis it follows

that p must divide Lk-l This yields p = 1, which is a contradiction and

proves our claim.
Thus, the summands of (19) whose Wedderburn decomposition con-

tains Mc|_, (K) are precisely the ones given by Mp, (K H;), with n; =
k

G
18 _;. :
Observe that it must be:

ni |Hi| < |Gl;

(2-1) 1mi=161

would imply |Hi| = |G| and €l — 1 =1, which would give |G| = 2, a
contradiction with our hypothesis. ’

Now, each summand M, (KH,) in (19), with n; = Lf—l —~ 1, con-
tains exactly (H; : [H;, H;]) Wedderburn components isomorphic to
M Lfl-x(K ) (see for instance [24]). Therefore, in order. to compute the

multiplicity of the summand Mjg|_, (K) in the Wedderburn decomposi-
k
tion of Kpar(G), it suffices to determine the multiplicity of M sl (KH)

in (19) for a fized subgroup H.

To this aim, let H be a fixed subgroup of G and let A be a subset of
G containing the identity, with |A| = (17;1 — 1)|H|, and with stabilizer
S(A) D H.

If S(A) # H, take a prime p that divides (S(A) : H). Since [S(A)|
divides |A], then p must divide l%l — 1. But p divides |G|, hence @
by our hypothesis. Again, this implies that p = 1, which shows that
S(A) =

Consequently, every set A which is the union of Lgl— 1 distinct cosets
of H (including H) has stabilizer H. The total number of such sets

s i l) so the multiplicity of Mg l(K H) in
[3

for, the equality

is easily computed as (
(19) with fixed H is:

-2

lGlL—k((G‘%H—); 1).
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It follows that the number of algebras M Ial_y (K) contributed into the
Wedderburn decomposition of Kpar(G) by

D M _ (KH)
H<G
IHI-_=m

is given by:

G|

r (37 e
G

Since the inequality (Lf-l - 1) m < |G| is equivalent to m < IkE?]E’ the
result follows. O

Corollary 4.2. Let G and H be finite abelian groups with |G| = |H| =
p"-a > 4 (pta) for some prime p and some integer a. Suppose that
K is an algebraically closed field whose characteristic is zero such that
Kpar(G) = Kpar(H). Then, 7,i(G) = 7,i(H) for all 5 € IN such that
2j<n.

Proof. We prove more in general that if k € IV is a divisor of |G | such
that the following two conditions are satisfied:

(1) every prime that divides |G| divides also LCF"l;
(2) either |G| > &% or G is a p-group and |G| > k2,
then 7, (G) = Ym (H) for all m < k. Under our hypotheses, the number
k = p’ satisfies (1) and (2) above. For the sake of shortness, in the
course of this proof, an integer number k satisfying (1) will be called a
small divisor of |G |.
We proceed by induction on k; the case k = 1 is clearly trivial.
Let k > 1 be fixed.
Observe first that the inequality m < ]%IGJ& holds if and only if
m < k. Indeed,
|G| & k?

GI-% =" *lel-®
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so m < k obviously implies m < Gl Now, if G is a p-group and
|G| > k2, then |G| > 2k, and consequently ]—G-I'-‘;; < 1. Thus,

Gl ( )
—_—= — | < 2k.
m<er— -\t er-r) %

Since both m and k are powers of p, it follows that m < k.

Now, if G is any group with |G| > k2, then LG,‘J > k+ 1, which gives
@knj,; < 1. It follows
|G| k k?

- -

and m < k, as claimed.

Let now m < k be fixed; observe that, by condition (2) above, since
|G| > 4 we have |G| > 2k. Thus, using Proposition 4.1, we have that
the multiplicity of M lg_l_l(K) in the Wedderburn decomposition of

k

K;ar(G) is:

. i fel _
2@

m | 1G]

By the uniqueness of the Wedderburn decomposition, the number in
(20) is invariant by K-algebra isomorphisms. Since the coefficient of
7k(G) in the formula (20) is non zero, to conclude the proof it suffices
to show that ¥,,(G) = ym (H) for all m < .

If m < k is a small divisor of |G |, then, by our induction hypothesis,
it follows v (G) = Ym (H).

Suppose now that m < k is not a small divisor of |G|, and let
P1,D2,--- »Ps be all the prime divisors of |G| that do not divide lg-l
We prove that in this case there exists m < k a small divisor of |G|
such that ym (G) = 14 (G)-

Since G is abelian, every subgroup of G of order m is a product of
the form P, x P; X --- X P, X Q, where P; is the (unique) Sylow p;-
subgroup of G and Q is some subgroup of G such that none of the pi’s
divide |Q|. Set . = |Q|.
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" It is easily seen that ¥4 (G) = 7 (G) and that 7 is a small divisor
of |G|. '

It follows that v (G) = 1 (G) = 1w (H) = Ym(H), and we are
done. O

- We present one more preliminary result:

Lemma 4.3. Let P and Q be abelian p-groups, p prime, with |P| =

|Q[ = p™ for some integer n. Suppose that v,i(P) = 1,i(Q) for all j
such that 2§ < n. Then, P~ Q.

Proof. Let P = (g1) X (g2} X+ - {(gs) and @ = (k1) x (h2) > x...x (k)
be the cyclic factor decompositions of P and @, and set:

U(P)={geP:g” =1}.

Clearly, Y(P) = Y& (% (P)) for all k > 0.

We can obviously assume n > 2, since the case n=11is tnvxa.l The
equality 7p(P) = 7,(Q) implies tha.t 2, (P) ~ ©2;(Q) and, in particular,
t=r.

Now, suppose by contradiction that P % Q. For sufficiently large &
we have Qi (P) = P and (Q) = Q, so we can choose the minimal j
such that Q;(P)  9;(Q). Clearly, j > 2, because 24 (P) ~ 24(Q).

Let ny (respectively, m;) the number of the g;’s (respectively, of the
h’s) whose order is equal to p*. Since 92;(P) % 2;(Q), the numbers
nj—; and m;_; must be different, say n;_; > m;_;. Moreover, by
the minimality of 7, it must be n; = m; for all { < j — 2, because
Q;-1(P) = Q;-1(Q). Therefore, Q;(Q) can be obtained from 2;(P) by
replacing some direct cyclic factors of order pi~! with cyclic factors of
order p’. But, obviously, such a replacement increases the total number
of subgroups of order p/, from which it follows v;(Q;(P)) < 7;(2;(Q)),
and, consequently, 7;(P) < 7;(Q). Then, by our hypothesis, we must
ha.ve 27 > n.

On the other hand, @ has at least one element h; whose order is
greater or equal to p’, because nj_1 < mj—y and ¢t = r. If Q has
only one such h;, then n;_y —mj;_y =1, nj = nj4; = ... =0, and
therefore @ can be obtained from P by replacing a direct cyclic factor
of order p’~! with a cyclic factor of order greater or equal to p’. But
this means that |P| < |@|, which is impossible. Hence, Q contains at
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least two elements h; with order greater or equal to p/, which implies
that p® = |Q] > p¥, and 2j < n, a contradiction. O

We are now ready to prove our main result:

Theorem 4.4. Let G and H be two finite abelian groups and K be
a field with characteristic zero such that the partial group elgebras
Kpar(G) and Kpar(H) are isomorphic. Then, G and H are isomor-
phic groups.

Proof. We can assume that K is algebraically closed. Namely, if L is
any algebraically closed field that contains K, then the isomorphism
Kpar(G) =~ Kpar(H) implies the isomorphism

Lpar(G) = L @k Kpar(G) = L @k Kpar(H) = Lpac(H).

As we observed in Remark 2.5, if Kpar(G) =~ KW(H), then G and
H have the same cardinality.

The case |G| = 4 is treated separately. The partial group algebra
Kpar(Z4) of the cyclic group of order 4 and Kpar(Z2 X Z3) of the Klein
4-group are isomorphic to 7 K @ M3(K) & M3(K) and 11 K @ M3(K)
respectively (see Section 5). Hence, we have Kpar(Z4) # Kpar(Zz X Z5).
These are the only (abelian) groups of order 4, and so we may now
assume that |G| > 4.

From Corollary 4.2, it follows that v,,(G) = 7, (H) for all prime
number p and all integer j such that p?/ divides |G|. Let G = P; X
P, X --- x P; where P; is the Sylow p;-subgroup of G. Then H =
Q1 X Q2 X ++- X Qq, where Q; is the Sylow p;-subgroup of H; clearly
|Qil = |P;| foralli=1,...,¢t.

Fix a p; = p and set P = P, Q = Q;. Since 7,i(G) = 7,(P) and
Ypsi (H) = 7,i (@), Lemma 4.3 implies that P ~ Q.

As p = p; is arbitrary, we finally obtain G ~ H. 0

The notion of partial K-representation and partial group K-algebra can
be obviously extended to the case of an integral domain K. Since the
proofs of Theorem 2.6, Corollary 2.7, Proposition 3.1 and Theorem 3.2
do not involve inverses of the coefficients in K, these facts remain true
for integral domains. Moreover, we have the following:

" Corollary 4.5. Let G and H be two finite abelian groups and K be an
integral domain with characteristic zero. If the partial group algebras
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Kpar(G) and Ko (H) are isomorphic, then G and H. are isomorphic
groups.

Proof. It suffices to observe that if Kpar(G) o Kpar(H), then Lyar(G) =~
Lpar(H), where L is the field of fractions of K, Hence, the conclusion
follows from Theorem 4.4. O

Remark 4.6. Theorem 4.4 does not hold for non commutative groups.
To see this, we present the following example.
Let G and G; be the groups:

G1 = (a,b,c| al=p"=cP =1, ab=ba, clac=d? ¢ lbc= b%)
=(a,b,c|al =bM = =1, ab=ba, c7lac=ad, c"lbc = b%).

Then, G1 and G are nonisomorphic groups of order 605 with isomor-
phic partial group algebras over an algebraically closed field K of char-
acteristic zero. Indeed, according to a result of [21], these two groups
have isomorphic subgroup lattices, and the corresponding subgroups
have the same orders. It is easily seen that, in fact, the corresponding
proper subgroups are isomorphic and, in particular, they have isomor-
phic group algebras. Using the fact that both G; and G2 have exactly
five non equivalent one dimensional K-representations, an elementary
dimension counting argument for the remaining irreducible representa-
tions shows that KG; ~ KG3 ~ 5 K @ 24 Ms(K). By Corollary 3.3,
the partial group algebras over K of G; and G2 are isomorphic.

5. SOME EXAMPLES

We conclude the paper with the explicit calculation of some examples
of groupoid algebras KT'(G) in a few cases.

Following the procedure described in Section 3, the idea for calcu-
lating KT'(G) is to look at the stabilizer of each vertex at each level
of the graph Er(g). If H is a subgroup of G and m < (G : H) is a
positive integer, n(H,m) will denote the number of vertices of Er(g)
at level k = m x |H| whose stabilizer is H. Then, the direct summand
of KT'(G) corresponding to these vertices is:

(21) i%'—"—)-Mm (KH).
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Observe that, for all finite groups G, it is n({e},1) = n(G,1) = 1;
in particular, KT'(G) contains a copy of K and a copy of the group
algebra KG as direct summands.

In the following, it is useful to keep in mind that the total number

of vertices at level £ in Ep(g) is:

' G| -1
2 '
Ezample 5.1. Let p be a prime number and G = Z,, the cyclic group
of order p. In this case, G has no nontrivial subgroup, hence all the

vertices of E(g) at level k < p have trivial stabilizer. From (21) and
(22) we obtain easily:

p-1 -y
(23) KT(Z,) =D % (: g i) Mi(K) ® KZ,.
k=1

Ezample 5.2. Let p be a prime number and G = Z, x Z,, be the direct
product of two cyclic groups of order p. The group G has precisely
p+ 1 non trivial subgroups, denoted by Hj,...,Hpyy, with H; ~ Z,
for all . i

If k is not a multiple of p, then every vertex at level k in Ep(g) has
trivial stabilizer. Thus, the direct summand of KT'(G) corresponding to
such a level is the sum of 7%(’;:-—11) copies of the matrix algebra My (K).

Let’s fix k = mp forsome m = 1,2,...,p—~1. For each i, the number
n(H;, m) is given by the number of subsets of G that can be obtained as
union of m distinct (right) cosets of H; including the coset H;. Hence,
it is easily computed:

(24) A iy e ((G ’ ’f_")l‘ 1) E (P‘ 1).

m m—1

The remaining vertices at level mp have trivial stabilizer, and their
number is given by:

(25)
n({e}, mp)= (’TS;: i) -iln(H.-, m)= ('1:;:11) ~(p+1) (:1:11)

=1



PARTIAL REPRESENTATIONS AND PARTIAL GROUP ALGEBRAS 29

Finally, we obtain:

|

KT(Z,xZ,) ~ :ﬁ%(’“ B 1) (K) @
(26) :.:1 £ :; ! ( ? __11) Mn(KZ,) ®
() -een (2] s
OK(Z, x Z,).

In particular, for p = 2, if K is algebraically closed and char(K) # 2,
formula (26) gives:

@7) KT(Z3 x Z3) ~ 11 K & M3(K).

Ezample 5.3. Let p and g be distinct prime numbers and let G be the
product group Z, X Z,; ~ Z,,. The group G has precisely two non
trivial subgroups, isomorphic to the cyclic groups Z, and Z,, which
are both maximal. Arguing as in the previous example, one computes
easily the groupoid algebra KT'(Z, x Z,) as: -

(29)

KT(Z, x Z) = ,;5—?; ,, (g LA
SBI;(:; I)M'"‘sz)@ (22 Mnikz o
m-ll m L 1) = (o) [ pmire

g [(323) - (22|t 620 x 20,

m=1
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In particular, if p = 2, ¢ = 3, K is algebraically closed and char(K) #
2,3, formula (28) gives:

(20) KT (Zo) ~ 12K @4 My(K) ® 3 Ma(K) © 2 My(K) & M5(K).

Ezample 5.4. Let p be a prime number and G = Z,» be the cyclic
group of order p?. In this case, G has only one non trivial subgroup
H ~ Z, If kis not a multiple of p, then all vertices at level k in
Er(c) have trivial stabilizer. If k = mp for some m =1, 2,...,p—1,
the number n(H, mp) is given by the number of subsets of G that are
union of m distinct (right) cosets of H, including the coset H. Hence, it
is n(H, mp) = (""1) all the other vertices at level mp, whose number

is (,’1’1;:1‘) - (,’,’:’11) have trivial stabilizer. Therefore, we have:

KT(Z,) =~ péi(”: I)M(K)@ ( 11) Mo (KZ,) ®

ka

w5 (0)] weweren

In particular, for p = 2, if K is algebraically closed and char(K) # 2,
formula (30) gives:

(31) KT(Z) ~ TK & My(K) & M3(K).

We remark that, from(27) and (31), we have:
KT(Zz x Z3) % KT(Z4)

if K is algebraically closed and char(K) # 2.

Ezample 5.5. We now consider the non abelian group G = S3, the
symmetric group on three elements. The group S3 has three subgroups
of order two and one subgroup of order three. Thus, at level k = 2
we have three vertices in Fr(s,) with stabilizer isomorphic to Z,, and
the other two vertices have trivial stabilizer. At level k£ = 3 there is
one vertex with stabilizer isomorphic to Z3 and the other nine ver-
tices have trivial stabilizer. At level k = 4 there are six vertices with
stabilizer isomorphic to Zs and the other four vertices have trivial sta-
bilizer. Finally, all the five vertices at level £ = 5 have trivial stabilizer.
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Summarizing, we have:
®3KZ,d KZ3& 3 M(KZ3) ® KSs.

If K is algebraically closed and char(K) # 2,3, then KS3 ~ 2K @
M;(K), and:

(33) KI(S3)~12K @8 My(K) & 3 M3(K) @ My(K) @ M5(K).

It is interesting to consider weaker questions than the isomorphism
problem, namely, to determine which properties of G can be deduced
from the structure of the partial group algebra K a-(G). For instance,
it is not clear how to check the commutativity of G. Observe that,
from (29) and (33) we have that the commutative group Zg has partial
group algebra whose center has dimension equal to 22, while the center
of the partial group algebra of the noncommutative group S3 has bigger
dimension, equal to 25.

(32)

REFERENCES

[1] L. G. Brown, R. G. Douglas, P. A. Fillmore, Ertensions of C*-Algebras and
K -Homology, Ann. Math. 105 (1977), 265-324.

[2] J. Cuntz, Simple C*-Algebras Generated by Isometries, Commun, Math. Phys.
57 (1977), 173-185. .

(3] J. Cuntz, K -theory for Certain C*-Algebras, Ann. Math. 113 (1981), 181-197.

{4] 1. Cuntz, W. Krieger, A Class of C*-Algebras and Topological Markov Chains,
Inventiones Math. 56 (1980), 251-268.

[5] C. W. Curtis, 1. Reiner, Methods of Representation Theory, vol. 1, J. Wiley,
New York, 1981.

[6] E. C. Dade, Deux Groupes Finis Distinct Ayant la Méme Algébre de Group sur
Tout Corps, Math. Z. 119 (1971), 345-348.

[7] R. G. Douglas, Banach Algebras Techniques in the Theory of Toeplitz Operators,
Conf. Board of Math. Sc., Regional Conf. Ser. in Math. no. 15, Am. Math. Soc.,
Providence, RI, 1973.

[8] R. G. Douglas, On the C*- Algebra of a One- Parameter Semigroup of Isometries,
Acta Math. 128 (1972), 143-151.

[9] R. Exel, Partial Actions of Groups and Actions of Semigroups, Proc. Am. Math.
Soc. 126 no. 12 (1998), 3481-3494.

[10] R. Exel, Amenability for Fell Bundles, J. Reine Angew. Math, 492 (1997),
41-73.

[11] R. Exel, Partial Representations and Amenable Fell Bundles over Free Groups,
preprint 1997, to appear in Pacific J. Math.






98-01

98-02

98-03
98-04

98-05

98-06

98-07

98-08

98-09

98-10

98-11

98-12

98-13

98-14

98-15

98-16

98-17

98-18

98-19

TRABALHOS DO DEPARTAMENTO DE MATEMATICA
TITULOS PUBLICADOS

ASSEM, 1. and COELHO, F.U. On postprojective partitions for torsion
pairs induced by tilting modules. 16p.

HUGEL, L.A. and COELHO, F.U. On the Auslander-Reiten-quiver of a
Py-hereditary artin algebra. 27p.

BENAVIDES, R. and COSTA, R. Some remarks on genetic algebras. 11p.

COSTA, R, IKEMOTO, L.S. and SUAZO, A. On the multiplication
algebra of a Bernstein algebra, 11p.

GONCALVES, D. L. Fixed pomt free homotopies and Wecken
homotopies. 4p.

POLCINO MILIES, C. and SEHGAL, S. K. Central Units of Integral
Group Rings. 9p.

BOVDI, V. and DOKUCHAEV, M., Group algebras whose involuntary
units commute. 15p.

FALBEL, E. and GORODSKI, C. Some Remarks on the Spectrum of

- Sub-Riemannian Symmetric Spaces. 16p.

FUTORNY, V.M., GRISHKOV, ANN. and MELVILLE, D.J. Imaginary
Verma Modules for Quantum Affine Lie Algebras. 24p.

BARBANTI, L. Simply regulated functions and semivariation in
uniformly convex spaces. 5p.

BARBANTI, L. Exponential Solution for Infinite Dimensional Volterra-
Stieltjes Linear Integral Equation of Type (K). 10p.

BARBANTI, L. Linear Stieltjes Equation with Generalized Riemann
Integral and Existence of Regulated Solutions. 10p.

GIULIANL, M.L.M. and POLCINO MILIES, C. Linear Moufang Loops.
15p.

COSTA, E. A. A note on a theorem of Lawson and Simons on compact
submanifolds of spheres. 8p.

GIANNONI, F., MASIELLO, A. and PICCIONE, P. Convexity and the
Finiteness of the Number of Geodesics. Applications to the
Gravitational Lensing Effect. 26p.

PICCIONE, P. A Variational Characterization of Geodesics in Static
Lorentzian Manifolds. Existence of Geodesics in Manifolds
with Convex Boundary. 39p.

POLCINO MILIES, C. The Torsion Product Property in Alternative
Algebras I1. 7p.

BASSO, 1., COSTA, R. Invariance of p-Subspaces in Algebras Satisfying
the Identity x’=A(x)x%. 12p.

GORODSK], C. Delaunay-type surfaces in the 2x2 real unimodular group.
12p.



98-20

98-21
98-22

98-23
98-24
98-25
98-26

98-27

98-28
98-29
98-30

98-31
98-32

98-33
99-01
99-02

99-03

99-04
99-05

99-06

99-07

JURIAANS, S.0. and PERES], L.A. Polynomial Identities of RA2 Loop
. Algebras. 12p.

GREEN, E.L. and MARCOS, EN. Self-Dual Hopf Algebras. 10p.

COSTA, R. and PICANCO, J. Invariance of Dimension of p-Subspaces in
Bernstein Algebras. 18p.

COELHO, F.U. and LIU, S.X. Generalized path algebras. 14p.

CATALAN, A. and COSTA, R. E-ideals in train algebras. 13p.

COELHO, F.U. and LANZILOTTA, M.A. Algebras with small
homological dimensions. 15p.

COSTA, R. and LELIS, M.L. Recurrent linear forms in Bemstein
algebras. 29p.

GIANNONI, F., PERLICK, V., PICCIONE, P. and VERDERESI, J.A.
Time minimizing trajectories in lorentzian geometry. The
general-relativistic brachistochrone problem. 28p.

BARDZELL, M.J., LOCATELL A.C. and MARCOS, E.N. On the
hochschild cohomology of truncated cycle algebras. 24p.

ALMEIDA, D. M. Sub-Riemannian Symmetric Spaces in Dimension 4.
16p. !

COELHO, F. U, MARTINS, M. L. R, DE LA PENA, J. A. Projective

' dimensions for one point extension algebras. 7p.

BOVDI, V. On a filtered multiplicative basis of group algebras. 10p.

BOVDL V., ROSA, A. L. On the order of the unitary subgroup of modular
group algebra. 8p.

JURIAANS, O. S. and POLCINO MILIES, C. Units of integral group
rings of Frobenius groups. 9p.

FERNANDES, 1.D., GROISMAN, J. and MELO, S.T. Harnack inequality
for a glass of degenerate elliptc operators. 19p.

GIULIANI, O. F. and PERES], A.L., Minimal identities of algebras of
rank 3. 9p.

FARKAS, D. R, GEISS, C., GREEN, EL. MARCOS, EN.
Diagonalizable Derivations of Finite-Dimensional Algebras
I 25p.

FARKAS, D. R, GEISS, EL., MARCOS, EN. Diagonalizable
Derivations of Finite-Dimensional Algebras I1. 13p.

LOBAOQ, T. P. and MILIES, C. P. The normalizer property for integral
group rings of Frobenius groups. 7p.

PICCIONE, P. and TAUSK, D.V. A note on the Morse index theorem for
geodesics between submanifolds in semi-Riemannian
geometry. 15p.

DOKUCHAEV, M,, EXEL, R. and PICCIONE, P. Partial representations
and partial group algebras. 32p.

Nota: Os titulos publicados nos Relatérios Técnicos dos anos de 1980 a 1997 estfio 4 disposigio
no Departamento de Matemética do IME-USP.

Cidade Universitaria *Armando de Salles Oliveira”

Rua do Matio, 1010 - Cidade Universitiria

Caixa Postal 66281 - CEP 05315-970





