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Abstract

The KPZ fixed point is a 2d random field, conjectured to be the universal limiting fluctuation field
for the height function of models in the KPZ universality class. Similarly, the periodic KPZ fixed
point is a conjectured universal field for spatially periodic models. For both fields, their multi-point
distributions in the space-time domain have been computed recently. We show that for the case of the
narrow-wedge initial condition, these multi-point distributions can be expressed in terms of so-called
integrable operators. We then consider a class of operators that include the ones arising from the KPZ
and the periodic KPZ fixed points, and find that they are related to various matrix integrable differential
equations such as coupled matrix mKdV equations, coupled matrix NLS equations with complex time,
and matrix KP-IT equations. When applied to the KPZ fixed points, our results extend previously
known differential equations for one-point distributions and equal-time, multi-position distributions to
multi-time, multi-position setup.
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is a 1+1 dimensional random field that is conjectured to be the universal limit for the height fluctuations
of the random growth models belonging to the KPZ universality class. Many remarkable properties of the
KPZ fixed point were obtained over the last two decades, and several models are proved to converge to it in
various senses. The field itself was constructed relatively recently by Matetski, Quastel and Remenik [24].
Another construction was also obtained by Dauvergne, Ortmann and Virdg [11]. In this paper we focus on
the multi-point distribution functions and study their connections to deterministic (integrable) differential
equations. Such connections may depend on the initial condition of the KPZ fixed point. We consider the
most well-studied initial condition, the narrow wedge initial condition given by H(vy,7 =0) =0 for vy =0
and H(v,7 = 0) = —oo for v # 0. In this case, the 1: 2 : 3 invariance property,

(" H(e2y, 7). £ (H(v. 7)),

7T

holds for all € > 0.
Many differential equations are known for the one-time distributions and the equal-time, multi-position
distributions. Some of them (for the narrow-wedge initial condition) are the following.

e The one-point distribution reduces to the GUE Tracy-Widom distribution Fgyg. For each fixed ~, 7,

h ~?
P (H(y.7) < ) = Faue (-7 + 17 ) (1)

where Fgug is the GUE Tracy-Widom distribution. It satisfies [29]

d? 9
nglog Four(§) = —u(§)”,
where u solve the Painlevé II equation
u” = u? + 2u® (1.2)

with the boundary condition u(§) ~ Ai(§) as & — +o0.

e The equal-time, multi-position distribution is a scaled and shifted version of the Airys process' intro-
duced by Prahofer and Spohn [25]. In 2005, two differential equations were obtained for the multi-point
distribution of the Airys process.

— Tracy and Widom [31] found a system of matrix ordinary differential equations (ODEs) with
respect to a combination of the height variables.

— On the other hand, Adler and van Moerbeke [3] obtained a nonlinear third order partial differential
equation (PDE) for the case of the 2-point distribution with respect to the (shifted and scaled)
height and spatial variables. Their result was extended to multi-point distribution by Wang [32].

In these two results, the time variable was kept as a constant and did not appear in the equations.

e Quastel and Remenik [26] also considered the equal-time, multi-point distribution, but included the
time 7 as an evolution variable instead of a fixed parameter. Thus, they regarded the equal-time
m-~point multi-position distribution as a function on 2m + 1 variables. They derived a matrix version
of the second Kadomtsev-Petviashvili (KP-II) equation with respect to these 2m + 1 variables. If
we specialize their result to the m = 1 case, it implies that (1.1), viewed as a function of three scalar
variables h, vy, 7, is related to the scalar KP-II equation. Remarkably, the result of Quastel and Remenik
applies to general initial conditions far beyond the narrow wedge initial condition.

1The Airys process is often regarded as an evolution. The time in the Airys process corresponds to the position of the KPZ
fixed point.



One of the goals of this paper is to extent the above results to multi-time, multi-position distributions
of the KPZ fixed point with the narrow-wedge initial condition. Fix a positive integer m and consider the
function of 3m variables

FEPD (h, v, 1) =P (ﬂ{"H(%‘,Ti) < hz}) ; (1.3)

i=1
where 7 = (71, -+, 7)T € R, v = (71, ,Ym)T € R™, and h = (hy,--- ,h,,)T € R™ represent time,
position, and height, respectively. We prove that this function is related to the following differential equations.

1. As a function of v and h, we obtain a system of coupled m x m matrix nonlinear Schrédinger (NLS)
equations with complex time ivy.

2. As a function of 7 and h, we obtain a system of coupled matrix modified Korteweg-de Vries (mKdV)
equations.

3. As a function of all 3m variables, we obtain matrix Kadomtsev-Petviashvili (KP) equations that gen-
eralizes the matrix KP-II equation obtained by Quastel and Remenik [26] for the case 71 = -+ = 7.
We also show a connection to the multi-component KP hierarchy.

4. As a function of h, we obtain a matrix ODE system that generalizes the matrix ODE system of Tracy
and Widom [31] for the Airys process.

For the case m = 2, we also derive several PDEs with the aid of symbolic computations. If we take the
special case 71 = 79, then a combination of two of them becomes the PDE of Adler and van Moerbeke [3]
for the Airys process.

We also study a periodic version of the KPZ fixed point. If we consider random growth models in the
KPZ universality class on a periodic domain (instead of the infinite line) and take a large time, large period
limit in a certain critical way, then a new (1+1) dimensional random field emerges. This field, which we call
the periodic KPZ fixed point, is expected to interpolate between the Brownian motion and the KPZ fixed
point [5,7]. This interpolation property was proved for the one-point distribution in [8]. Even though the
periodic KPZ fixed point is not yet constructed as a field, its multi-point distributions were obtained recently
as limiting distributions for the totally asymmetric simple exclusion process on a ring [7]. It was shown in
[8] that the one-point distribution of the periodic KPZ fixed point with the narrow step initial condition is
related to a coupled NLS (with complex time), a coupled mKdV, and a KP-II equation. In this paper, we
extend this result to the multi-point distributions and show that they are related to the same equations as
the KPZ fixed point mentioned in 1-3 above. However, the Tracy-Widom type ODE system is not expected
to hold for the periodic KPZ fixed point. In particular, the one-point distribution is not the Tracy-Widom
distribution; it depends non-trivially on the time.

The multi-time, multi-position distributions of both the KPZ fixed point and the periodic KPZ fixed point
have been computed explicitly and are expressible in terms of integrals of Fredholm determinants [7,19,23].
We will show that the Fredholm determinants for both fields are equal to the Fredholm determinants of
so-called IIKS integrable operators [12,15]. These integrable operators have a certain common structure
which we call cubic integrable. We derive the differential equations 1-3, and also 4 in some cases, for general
cubic integrable operators. Such cubic integrable operators can be either defined on contours, which is the
case of the KPZ fixed point, or on discrete sets in the complex plane, which is the case of the periodic fixed
point.

IIKS integrable operators have a special algebraic structure that associates them to Riemann-Hilbert
problems in a canonical way. In turn, Riemann-Hilbert problems are deeply integrated in the theory of
integrable differential equations, providing inverse transform methods for the latter [1,13,16]. In particular,
if a Riemann-Hilbert problem depends on parameters and the jump/residue matrix for the Riemann-Hilbert



problem has a certain decomposition structure, then one can derive linear matrix differential equations,
called Lax equations, for its solution. The compatibility of a pair of Lax equations often yields nonlinear
differential equations in those parameters.

For the case of cubic integrable operators, we find Lax equations for each of the parameters, h,~y,7. The
compatibility between the Lax equations in the variables h and ~ yields the coupled NLS equation mentioned
in 1 above, the compatibility between 7 and h yields the coupled mKdV mentioned in 2, and the compatibility
between the equations on the three variables yield the KP-II equation and multi-component KP hierarchy
from 3. If we impose an additional property on the cubic integrable operators, that we call strong cubic
integrability, we obtain an additional Lax equation with respect to the so-called spectral variable. This

additional equation allows us to obtain the equation in 4. We will see that the cubic integrable operator for
the KPZ fixed point is strongly cubic integrable hence the equation 4 holds.

In the next section we introduce the cubic integrable operators formally, and state our main results. See
Subsection 2.4 for the organization of the rest of the paper.
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2 Statement of Main Results

In the first subsection, we define cubic integrable operators and state various differential equations associated
to them. In the next subsection we introduce the Fredholm determinants of cubic integrable operators. The
following subsection then discusses how the multi-time, multi-position distributions of the KPZ and the
periodic KPZ fixed points are related to cubic integrable operators. We finish this section with a roadmap
of the organization of the rest of the paper.

2.1 Cubic integrable operators and differential equations

Let © C C be either a finite union of disjoint simple contours or a discrete set without accumulations points.
If it is a union of contours, we further assume that each contour is either closed or extends to infinity, so in
particular none of these contours have finite endpoints. Let

1 be the counting measure if € is discrete and dp = dz if £ consists of contours, (2.1)



so that

L2, 1) = 2(82) if Q is discrete,
’ L2(Q,dz) if Q is a union of contours.
Fix an integer m > 1 and consider 3m parameters
t=(t1,...,tm) € R™, y=(y1,---,ym) € R™, X=(X1,...,%n) € R™.

In the (periodic) KPZ fixed point, they will correspond to time, spatial location, and height variables. Define
the cubic exponential functions

m;(2) = exp (t;2° +y;2° +x;2) , zeC, (2.3)
and introduce the (m + 1) x (m + 1) diagonal matrix-valued function
A(z) = A(z|x,y,t) == diag (m1(2), m2(2),...,my,(2),1). (2.4)
Let, fori e {1.--- ;m+ 1},
E; be the (m + 1) x (m + 1) matrix whose (¢,¢) entry is 1 and all other entries are 0. (2.5)

An integral operator H : L2(2, u) — L2(2, i) is called integrable in the sense of Its, Izergin, Korepin and
Slavnov (or, shortly, an ITKS operator, or an integrable operator) if its kernel is of the form?

f(u)"g(v)

H(u,v) =

for some vector-valued functions f and g (see [12,15]). The operators of relevance to us possess an additional
structure on the vector functions f and g.

for u # v and H(u,u) =0 for u,v € Q, (2.6)

Definition 2.1 (Cubic integrable operator). A bounded integral operator H : L2(€, 1) — L?(€2, ) is called
cubic integrable if it is integrable in the sense of (2.6) and the vector functions are of the form

fu) = flulxy,t) == c(WBulxy, (),  gu) =gulxy,t) = —<Alulxy, ) 'V(u)  (27)

b
c(u)
for u € Q, where A is as in (2.4), with the following additional structures:

e U and V are (m + 1)-dimensional column vector functions which do not depend on x,y,t and satisfy
U(u)"E;V(u) =0 for every u € Qand i€ {1,--- ,m+1}; (2.8)
e c is a non-vanishing scalar function on Q (which may depend on x,y, t);

o fge L?(Q, 1) N L®(Q, ).

If, in addition, the set 2 is a union of disjoint contours and the vectors U, V are constants on each connected
component of (2, then we say that H is a strongly cubic integrable operator.

If we change the scalar c, the operator is a conjugate of the original operator H. Since we will be mostly
interested in properties of the operators that are invariant under such conjugations, such as the Fredholm
determinant and the trace, the scalar ¢ does not play a major role in our results. However, including it
in the definition as a free parameter is useful, as it provides an extra layer of flexibility that we explore in
examples, to prove that H is not only bounded but also a trace class operator.

The term cubic comes from the cubic dependence of the kernel of H on the parameters x,y, t through the
factor A in (2.7).

For a cubic integrable operator, we define the following matrix function.

2The condition H(u,u) = 0 is not strictly necessarily. We included it here to simplify technical details in the theory, especially
when  is a discrete set. This simplification is enough for our purposes regarding the (periodic) KPZ fixed points.



Definition 2.2. Let H be a cubic integrable operator on L?(2, 1) and assume that 1—H is invertible. Define
the (m + 1) x (m + 1) matrix

1 = b1 (x,y,1) = /Q (1= H) "1 9)()g(s)Tdps) (2.9)

where recall (2.1) for p.

The subscript 1 is used in (2.9) since ®; is the first element of a sequence of matrix functions; see (4.5)
below. Observe that the integral (2.9) is unchanged even if we change the scalar ¢ in the definition of f, g to
a different scalar.

A non-empty set S C {1,--- ,m} induces a permutation 7 on {1, -- ,m+1} that fixes the element m+ 1;
this permutation is given by 7 (i) = k; for 1 < i < m and w(m + 1) = m + 1, where k; < --- < k5| are
elements of S and kjsj41 < --- < ky, are elements of {1,---,m} \' S. For a non-empty set S C {1,---,m},
let M5 = (57,(1)7]-)2;111 denote the (m + 1) x (m + 1) permutation matrix for 7. Note that the (m+1,m + 1)
entry of the matrix NS is 1.

Definition 2.3. Let ®; be the matrix in (2.9). For a non-empty set S C {1,--- ,m}, introduce matrix-valued
functions q, p, r,s through the formula

NS, (NS)7 = (q p) : (2.10)

r s

with g and s being of sizes |S| x |S| and (m + 1 — |S|) x (m + 1 — |S|), respectively. Also, introduce the
differential operators

Oh=07 =Y Oy, Oy=0=)Y 0, and =0 => 0Oy (2.11)

kes kes kesS

The matrices q, p, r,s depend on the permutation S, but we do not display this dependence explicitly to
simplify the notations. We note that the functions q, p,r,s are complex-valued matrices. The following are
basic relations between them.

Lemma 2.4. Under the notations of Definition 2.2,

Tr(q) + Tr(s) = 0, o.q = —pr, Oys = rp.

We now state three main theorems on differential equations. The first theorem concerns the pair p and
r, which are matrices of sizes |S| x (m + 1 —1S|) and (m + 1 — |S]|) x |S|, respectively.

Theorem 2.5 (Coupled matrix NLS with complex time and mKdV). Let H be a cubic integrable operator
and assume that 1 — H is invertible for the parameters (x,y,t) in an open set of R®™. Then, the following
results hold.

(a) As functions of x and 'y, the matrices p and r satisfy a system of coupled matriz nonlinear Schrédinger
(NLS) equations with complex time y — 1y,

d,p = 02p + 2prp, dyr = —02r — 2rpr. (2.12)

(b) As functions of t and x, the matrices p and r satisfy a system of coupled matriz modified Korteweg-de
Vries (mKdV) equations

op = 02p + 3(dp)rp + 3pr(dsp), Oer = 031 + 3(0yr)pr + 3rp(Oxr). (2.13)



These equations were obtained for the (periodic) KPZ fixed point when m = 1 in [8]. The coupled NLS
equations with complex time with m = 1 also appeared in the recent work [21] on the weak noise theory of
the KPZ equation.

The next differential equations involve all 3m variables t, y and x.

Theorem 2.6 (Matrix KP). Let H be a cubic integrable operator and assume that 1 —H is invertible for the
parameters (x,y,t) in an open set of R®™. Then, the following result holds.

(a) The |S| x |S| matrices u = pr and q satisfy the matriz KP-II equation®

—40eu + 0} u + 68 (u®) — 3079 + 6[u, &yq] = 0, Deq = —u. (2.14)

(b) The (m+1—|S|) x (m+1—|S|) matrices v :=rp and s satisfy the matriz KP-II equation

—40v + O3V + 60, (v?) + 3835 +6[v,dys] =0, Oks = v. (2.15)
If we insert u = —0q, (2.14) becomes a fourth order differential equation for the matrix q only. If we
take S = {1,--- ,m} and set t; = - - - = t,,,, Equation (2.14) becomes the matrix KP-II equation obtained in

[26] for the KPZ fixed point; see Section 3 below for further discussion on this end.
We also obtain a connection to the so-called multi-component KP hierarchy in Proposition 4.5 below.

For the next result, define (m + 1) x (m + 1) matrices
Mt = diag(th"' 7tm70)7 My = dlag(}’b uym70)7 MX = diag(x1,~-- Jxm70)7 (216)
and the differential operator
0=ty (2.17)
k=1
We take S = {1,---,m} in Definition 2.9 so that MS is the identity matrix, and q, p, r, and s are matrices
of sizes m x m, m x 1, 1 x m, and 1 x 1, respectively.

Theorem 2.7 (ODE system). Let H be a strongly cubic integrable operator and assume that 1—H is invertible
for the parameters (x,y,t) in an open set. Then, &1 in (2.9) satisfies

30°®; = 2[0P1, My] + [[®1, M], 30®; — 2[®1, M,] — M,]. (2.18)

Furthermore, the additional relation
Os = rtp (2.19)

also holds, where t is the matriz defined in (2.20) below.

If we write the block form (2.18) (recall that M° = | in this case) and use (2.19), then we find the following
matrix ODE system for q, p,r. Introduce the m x m matrices

t = diag(ty, ..., tm), y = diag(y1, ..., Ym)s x = diag(X1, . . ., Xm)- (2.20)
Corollary 2.8. Under the same conditions of Theorem 2.7, q,p,r satisfy the matriz ODE system

30%q — 2[da,y] — 3[[a,t], dq] + 3tpdr + 3(Ip)rt + 2[[a, t], [a,y]] — 2tpry + 2yprt + [[q,t],x] =0,
30%p + 2ydp — 3(0q)tp — 3[q, t}Op + 3tprtp — 2(yqt — tqy)p + xtp = 0, (2.21)
30%r — 20ry — 3rtdq + 30r|q, t] + 3rtprt — 2r(yqt — tqy) + rtx = 0.

3The usual KP-II equation is Oy (Otw + 6wz w + Dpzaw) +30yyw = 0 for a scalar function w. When m = 1, the z-derivative
of Equation (2.14) becomes this equation if we set w(t,y, z) = 2u(—4t,y, x).



In the particular case when ty = --+ = t,, =: t, they satisfy the reduced ODE system

axq +pr=0,
3t02p + 2y0«p + 6tprp — 2[y,qlp + xp = 0, (2.22)
3t02r — 2(0,r)y + 6trpr — 2rly, q] + rx = 0.

where O, =Y " | Oy, .

As we discuss in Subsection 3.3 below, the system (2.22) is equivalent to the ODE system found by Tracy
and Widom for the Airy, process [30].

We also derive a scalar PDE of Adler-van Moerbeke [3] when m = 2 for strongly cubic integrable
operators (see Subsection 3.4 and Section 8), and find a connection with the multi-component KP hierarchy
(see Subsection 4.5).

2.2  Fredholm determinants of cubic integrable operators

When the operator H is trace class, the Fredholm determinant of H is related to the matrix ®; in (2.9), and
thus to the differential equations of the last subsection.

Definition 2.9 (Cubic admissible determinant). For a (strongly) cubic integrable operator H that is trace
class, we call its Fredholm determinant

D(x,y,t) := det(l — H)
a (strongly) cubic admissible determinant.
Recall the definition (2.5) of E;.

Proposition 2.10. Let H be a cubic integrable operator. Let D(x,y,t) = det(1 — H) be the associated cubic
admissible determinant and ®1 be the matriz from (2.9). Then,

Oy, log D (x,y,t) = — Tr (d1E;), 1e{l,---,m}.

Recalling Definition 2.2 and Lemma 2.4, this result implies that
O dog® = —Tr(q) = Tr(s) and 92log® = Tr(pr) = Tr(rp),

where 0y = ) 0, is as in (2.11). Thus, for example, we find from Theorem 2.6 that if we take S =
kes
{1,---,m}, then s = 9,log ® and v = 9?2 log ® satisfy the matrix KP-II equation (2.15), see Subsection 3.4.1.

In (4.7) and Proposition 4.7 below, we also find the derivatives of log® with respect to y and t.

2.3 The (periodic) KPZ fixed point and cubic integrable operators

We are now discuss how the multi-point distributions of the KPZ and the periodic KPZ fixed points with
the narrow wedge initial condition are related to cubic admissible determinants.

Johansson and Rahman [19] and also independently Liu [23] obtained explicit formulas for the multi-
point distributions of the KPZ fixed point. These results were preceded by two-time distribution formulas

by Johansson [17,18]. The formula of Liu is the following. Let v = (71, ,7m) be position parameters,
7= (11, ,Tm) time parameters, and h = (hy,--- ,h;,,) height parameters. Arrange the time parameters
so that m; < --- < 7, and arrange the location parameters further so that v; < ;11 whenever 7, = 7;41.



Then, [23, Theorem 2.20 and Definition 2.23] states that the multi-point distribution in (1.3) for the KPZ
fixed point with the narrow wedge initial condition is given by

m—1

dé
(KPZ) _ KPZ) i
O R = R LIRS o (223)

Here, the integrals are over disjoint circles centered at the origin and of radii smaller than 1, and the
term DEPZ) (h, ~, 7 |¢) is a Fredholm determinant that depends on the parameters h,y and 7, and also on
¢:=1(C1,  ,Cn-1). We will recall its precise definition in Subsection 6.1.

In [7], the authors computed the so-called relaxation time limit of the multi-point distributions of the
periodic totally asymmetric simple exclusion process, extending their earlier work [6] on the one-point distri-
bution. The limit obtained in [7, Theorem 2.1, Definition 2.5] is expected to be the multi-point distribution
of the conjectured periodic KPZ fixed point. Due to the spatial periodicity, we may assume that the location
variables satisfy v = (y1,--+ ,7m)? € [0,1)™. As before, arrange the parameters so that 7 < --- < 7,,,. If
Tj = Tj+1, we assume that h; < h; ;. Then, for the step initial condition, it was shown that

F0 7 &

(2.24)

e (ODP) (h 7 4] ¢) H

where the integration contours are circles about the origin satisfying 0 < (1| < - -+ < |[{;n] < 1, the function
@Per)(¢) is simple and explicit, and D P (h, 7,~ | ¢) is again a Fredholm determinant. We discuss the precise
formula in Subsection 6.2.

One main difference between DEP?%) and @) is that the operator for the former acts on an L? space
of contours while the one for the latter acts on an £ space of a discrete set. The underlying operators, as
originally obtained, share some similarities but the formulas are somewhat involved. It turns out that we
can recast them to cubic admissible determinants, as we state as our next result.

Theorem 2.11.

(i) (KPZ fized point) For each ¢ = (1, ,Cm—1) € C™L satisfying 0 < |C1|,- -+, [¢m_1] < 1, the function
(x,y,t) = DEPZ) (h ~ 7(() is a strongly cubic admissible determinant with the identification

t; = —Ti/?), Yi = Yi, X; = hl (225)

(KPZ)

Furthermore, the associated matric = & satisfies the symmetry relation

Lo (x,y, )L™ = 0T (x, —y, 1)7 (2.26)
where L := diag(Ly, -+ ,Lm, 1) with Ly = —(1 — (1) and for j > 2,

oy =) =G) - (1=G)

(2.27)

(it) (Periodic KPZ fized point) For each ¢ = (1, ,Cm) € C™ satisfying 0 < |[G1] < -++ < |[Cm| < 1, the
function (x,y,t) — D®) (h, v, 7| () is a cubic admissible determinant with the identification

t=-7/3,  yi=7%/2, x;=h; (2.28)

We will describe the cubic integrable operators explicitly in Section 6. This theorem implies that Propo-
sition 2.10, Lemma 2.4, Theorem 2.5, and Theorem 2.6 apply to (the cubic integrable operators HEPZ) and
H®er) for) ®EPZ) and ©®er), The operator HEP?) also satisfies Theorem 2.7 since it is strongly admissible.
These differential equation results assume that the Fredholm determinant is non-zero. Since the Fredholm



determinant for the (periodic) KPZ fixed point is analytic in the parameters, this condition holds in an open
set of the space of parameters. For the case of the equal-time distributions of the KPZ fixed point, Quastel
and Remenik [26] obtained the same matrix KP-II equation as in Theorem 2.6 although the quantities that
solve the equation are different than ours*. When m = 1, Theorems 2.5, 2.6 and 2.6 for the periodic KPZ
fixed point and the KPZ fixed point were obtained in [8]°.

The equal-time slice of the KPZ fixed point is a simple change of the Airys process. However, due to the
integrals in the formula (2.23), the function ®XP%) is not directly related to the multi-point distribution of
the Airys process. Nonetheless, a different Fredholm determinant formula for the Airy, process is known
and it can also be turned into the cubic admissible determinant formalism. Thus, the matrix NLS system
with complex time in Theorem 2.5 will hold for the Airys process. This discussion will be carried out in a
separate paper.

For the periodic KPZ fixed point, when m = 1 it was shown in [8, Theorem 1.2] that

-1 0 (per) -1 0\ _ ,(per) . T
(O l)d)l (x,y,t)(O 1>¢1 (x,—y,t)".

However, it is not clear if a symmetry relation holds for m > 1.

Proposition 2.10 relates log derivatives of ®¥P%) and ®®e) with &, which, in turn, satisfies differential
equations. Integrating the log derivatives, we obtain the next formula.

Proposition 2.12. Set

a:=(1,2,---,m). (2.29)
Let © denote either DEPZ) or D) Assume that the parameters (x,y,t) € R3™ satisfy D (x + £a,y,t) # 0
for every € > 0. Then,

D(x,y,t) = exp [— / D Tr(ai(x +&a,y, 1)) dgl = exp [ / D Tr(si(x + &a,y, 1) dé (2.30)
0 =1 0 =1
where q; and s; denote the matrices q and s in (2.10) with the choice of the index set S =S; :={1,...,i} for
eachi=1,--- ,m.

2.4 Organization of the rest of the paper

In Section 3 we discuss a few special cases of the differential equations and compare with previous works in the
literature. The proofs of the differential equations are given in Section 4 using a connection between integrable
operators and Riemann-Hilbert problems, applied to cubic integrable operators. In Section 5, we introduce
operators of a certain structure, which is not restricted to but does arise in the multi-point distributions for
the KPZ and periodic KPZ fixed points. We then show that the corresponding Fredholm determinants can
be recast as cubic admissible determinants. A special case of this result recasts Theorem 2.11 for the KPZ
and periodic KPZ fixed points, and Section 6 is devoted to this application. The remaining two sections
are short. Section 7 is about simple asymptotic properties of cubic integrable operators and a proof of
Proposition 2.12. In Section 8, we discuss scalar PDEs that extend a work of Adler and van Moerbeke,
which we first state in Subsection 3.4.

3 Discussions on the differential equations and comparison with
existing works

We compare the differential equations in Section 2.1 with various results in the literature.

4The paper also obtained the result for general initial conditions.
5Tn the paper [8], the roles of r and p are switched.

10



3.1 The case m = 1: self-similar solutions

When m = 1, the equations (2.12), (2.13), (2.14) and (2.22) become equations for scalar-valued functions.
We show that they admit self-similar solutions constructed out of Painlevé II transcendents.
Suppose that w(&) is a single-variable function that satisfies the Painlevé II equation (1.2)

w” = Ew + 2wP.

Then, it is straightforward to check that for any non-zero constant «, the functions

o« 1 2 B 1 1 2
p(t,y,x) = (30173 exp (3th T oY > w(§), rty,x) = T a(=3018 exp (Sth ~ oY ) w()

with
X y?
+
(=3t)1/3  (=3t)4/3
satisfy the NLS system with complex time (2.12) and the mKdV system (2.13). They also satisfy the
Tracy-Widom ODE system (2.22). It is also straightforward to check that the function

q(t’Y7X) = _(_3t)_1/3Q(£) and U(t,y,X) = (_St)_2/3w(§)2

solve the scalar KP equation (2.14) (observe that the commutator drops out [u, d,q] = 0, since the functions
are scalar-valued). The functions s(t,y,x) = —q(t,y,x) and v(t,y,x) = u(t,y,x) also solve the equation (2.15).
Thus, these equations have solutions constructed out of a Painlevé II transcendent. .

For the KPZ fixed point, we can check that the functions p,r,q,s for m = 1 are indeed given by above
forms with w chosen to be the Hastings-McLeod solution to the Painlevé II equation. However, the functions
for the periodic KPZ fixed point are not expected to be given by the above forms associated to the Painlevé
II equation due to the fact that the space for the operator is discrete, which then implies that the relevant
Riemann-Hilbert problem is of discrete type instead of of continuous type (see Section 4), the solutions are

&=

associated to solitons, and no self-similarity can be recast.

3.2 The case of equal times: reduction of KP-II

If we take S = {1,--- ,m}, set 7, = --- = 7,,, = —t/3, and change the notations y;, x;,u,q to z;,r;,q, —Q,
then (2.14) becomes

120,q + 82q + 60,(¢*) + 302Q + 6[¢,0,Q] =0,  9,Q =g,

where 9, = 1", 0;, and 8, = Y i~ O;,. This is the same matrix KP equation obtained in [26, (1.6)] by
Quastel and Remenik. However, the functions ¢, @ considered in [26] are different from what we considered in
this paper. Namely, the functions in [26] are directly related to the multi-point distributions g(KPZ)(h Y, T)
while in this paper, the functions are related to ®®F%)(h,~, 7 |¢) which is a part of the formula (2.23) for
the multi-point distribution. It is puzzling that they satisfy the same KP-II equation. If we compare the
result of [26] and Equation (2.30) with formula (2.23) in mind, we obtain the identity

Tr(g(h, v, 1)) = 2 log [@m;m_l}f.-.fexp /OOOZTr (si(x+§a,y,t))d§] 1:[ OEICC)Q‘] (3.1)

between a single solution ¢ to the KP equation on the left-hand side and a superposition on the right-hand
side of families of solutions s; = SEKPZ) to different KP-II equations corresponding to different permutations
S=S;,={1,...,i}. It is unclear whether this identity holds because the KP-II solutions related to the KPZ
fixed point are very special, or if such an identity holds for a broad class of solutions. We note that g on the

left-hand side is a real solution while s; are complex-valued solutions.
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3.3 The case of equal times: matrix ODE system

Tracy and Widom obtained in [30] a matrix ODE system for the Airys process, which is a simple transfor-
mation of the equal-time slice of the KPZ fixed point. We show here that the ODE system (2.22) for the
equal-time case of the cubic integrable operator is the same as the matrix ODE system of Tracy and Widom.

The ODE system (2.22) involves matrix functions p, r,q, and derivatives with respect to the variables xy.

We rename t to 7% sothatt; =--- =t,, =: fé. The ODE system contains t and y; as parameters. Change

the variables x to & by
_ Xk YI%
Sk o= t1/3 T /3

Set £ == diag(&1,- -+ ,&m) = 75X + sy’ where y == diag(y1,...,ym) and x := diag(x1, ..., Xy ), and also
E:= (&, &m), O = Z;nzl Of;. Define P, R, Q from p, r, g by setting

2

- 1
oy =it e (o + gy’ e

1 9
_ ..—1/3 3
r(t,y,x) =it / R(§) exp (‘txY - 3?)’ ) )
1 2 1 2
qt,y,x) = —it™ /3 exp (txy + 3t2y3) Q(&) exp (—txy — 3t2y3> ,

Then, with y := t=2/3y, the system (2.22) becomes
9:Q=—[y.Q — PR, 7P =¢P+2PRP+2[y,QIP, 0;R=RE+2RPR+2R[y,Q]. (3.2)

Equations (1)—(3) of [30]° form an ODE system for three m x m matrices r, ¢, §. For the m-dimensional
vector e := (1,---,1)T consider the m x m, m x 1, and 1 x m matrices r,ge, and e’§. Then, equations
(1)—(3) of [30] changed for these functions are precisely (3.2) with the identification

Q=r, P = ge, R=eTg and e =t 2y =V

3.4 Differential equations related to the Adler and van Moerbeke PDE

For the equal-time, 2-position distributions of the KPZ fixed point (i.e. the Airys process), Adler and van
Moerbeke also obtained a PDE [3]. We discuss how this PDE arises from our analysis.

3.4.1 A scalar PDE for cubic admissible determinants
Assume that the cubic integrable operator H is trace class and consider the log determinant
M :=log®D(x,y,t) = logdet(l — H).

The KP-II equation in Theorem 2.6, which is for matrix functions p,r, q,s, yields a scalar partial differential
equation for M in the following way. Choose the set S = {1,...,m} so that s and v = rp become scalar
functions. Then, the commutator in (2.15) disappears, and from Proposition 2.10 and Lemma 2.4, we find
that ,M =s and 92M = v. Thus, the equation (2.15) becomes

O(—40,0:M + Of M + 6((07M)?) + 39; M) = 0.

If M decays fast enough as x; — oo, which is the case for the (periodic) KPZ fixed points, integrating the
above equation we obtain a fourth order nonlinear differential equation for M,
—40,0:M + Of M + 6((92 M)?) + 30; M = 0. (3.3)

6The published version of the system from [30] has a typo which was later fixed in the ArXiv version (ArXiv:0302033v4, see
Equations (1)—(3) and the last two displayed equations in page 3 therein). Our discussion here uses the latest Arxiv version.
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3.4.2 Invariance of strongly cubic admissible determinants

Let 2 be a union of contours, and suppose that H is a strongly cubic integrable operator that is trace class
with parameters x,y,t. Let ' be a scaled and translated contour of € given by

O = (-3t)50 - —2
( 1) (—3t1)2/3

Using the fact that the functions U,V are constants on each connected component of §2 (since H is strongly
cubic integrable), it is straightforward to check that

(_311)§ H((—?jcl)é u— ;ltll (?;)év - ??litll x,y,t) =H(u,v|z,y,t), u,v € (3.4)
for the parameters x = (1, -+ ,Zm), ¥y = (Y1, ,Ym), t = (t1,- -+ ,t;m) given by
1 2 2 1 1
T = (_3t1)%xi + (_3}2)% Yi — (_3:11)%“ t, Yi = (_3t1)§}’i - (_3:11)%“% t; = ?tlti (3.5)
fori=1,---,m. Note that for i =1,
y1 =0, t = —é-

The left-hand side of (3.4) is a change of variables of the kernel H(u,v |x,y,t), u,v € €, and hence its
Fredholm determinant is equal to det(1 — H(x,y,t))z2(q). On the other hand, the Fredholm determinant
of the right-hand side of (3.4), det(1 — H(z,y,1))2(qr), is equal to det(1 — H(z,y,t))12(q) by the Cauchy’s
theorem using the fact that restrictions of H(u,v|x,y,t) for u and v on connected components of Q' extends
to entire functions in u and v. Thus, we find a relationship

M = det(1 — H(x,y,t)) = det(1 — H(z,y,1)).

Under the change of variables given by (3.5), the equation (3.3) evaluated at t; = —1/3 and y; = 0 becomes
the following equation in z,y, t:

12) (1= £)0,0, M — szy,aa M — 4Zt_2 (2:t? + 3y?) 0,05, M — 40, M + O2M + 6(92M)?
=2

=2 =1

+3) > (1-t) )&h&hM—l—lZZZyzt Y1 = 1;)0y, 05, M (3.6)

j=2i=2 j=21i=1

+12 Z iyt 't 18%8LM+6215 19, M = 0.
t,j=1 i=1

Note that if t; = —1/3 and y; = 0, then (x,y,t) = (z,y,t). Thus, we find that M (x,y,t) with t; = —1/3
and y; = 0 satisfies the differential equation (3.6) with respect to the original variables (x,y,t).

3.4.3 Scalar PDEs for the two-time and one-time cases - Adler and van Moerbeke PDE

Let H be a strongly cubic integrable operator that is trace class, and consider the case when m = 2 and
t; = —1/3 and y; = 0. Then, M = det(1 — H) satisfies the equation (3.6) with m = 2 with respect to the
variables (x,y,t). Motivated by the work of [3] on the Airys process, introduce the change of variables

t E+W E-W ¢
th = —— _ — < = . 3.7
2 = 3’ X1 5 s X2 B P Y2 =Y ( )
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Then (3.6) with m = 2 becomes

24(1 — t)t?0p0, M + 16t°0p M + 96t (03, M)* + 3(1 — t)*t°0; M + 4yt(3 — 7t)0p0, M
+ 12yt(t — 1)0,0w M — 4(2Et* 4 3y*) 0% M — SWt?0r0w M + 12y*03, M + 2t(3 — t)0g M (3.8)
+6t(t — 1)0w M = 0.

In the further special case when t = 1 so that t; = to, the above equation becomes simpler. If we consider
10E(3.8), then we arrive at

(—40% + 2W 30w + (3y° + 2B)03, — 3y*0p0yy, — 0% + 4y030,) M — 4805 M O3, M = 0.

This PDE is the same as the one derived by Quastel and Remenik [26, Theorem 2.5] for the 2-point distri-
bution of the KPZ fixed point with equal time’, except for a flipped sign in the term 9%.

In Section 8, we derive the equation (3.8) in a different way using arguments on the underlying Lax pairs,
supported by symbolic calculations in linear algebra. As we also indicate therein, such arguments allow us
to obtain three additional PDEs. One of them is

3(t — )05 M — 8(t + 1080w M + 6(t — 1)0504 M + (1 — )03, M + 12W 0% M + S8EQpdw M
— AW O3y M + 3t(1 — t)0; M — 8ydw 0, M — 40w M + 18(t — 1)(05M)* + 24(t — 1)(9pdw M)*  (3.9)
+6(1 —)(03M)* +12(t — 1)04M % M — 48(t + 1)04 MOgdw M = 0.

If we set ¢t = 1 in this equation, the equation again simplifies, and 80w (3.8) + 50r(3.9) becomes

This is the same PDE obtained by Adler and van Moerbeke [3, Corollary 1.3] for the 2-point distribution of
the Airys process. Thus, Equation (3.9) is a non-equal time extension of the Adler-van Moerbeke PDE. We
note that the equation (3.10) was also re-derived in [9] using a Riemann-Hilbert approach, and the Adler-van
Moerbeke PDE was extended to general m > 2 (single time, multi-point) in [32].

As we just discussed, the multi-time multi-location differential equations we obtained reduce in the
one-time multi-location case to several different equations obtained previously. We stress that although
the differential equations admit such reductions, the solutions themselves are not directly comparable: all
the previous works we mentioned obtain equations for the (log derivatives of the) distributions themselves,
whereas in our case the solutions to the equations enter into the distribution through the integration in
the (-variables in (2.23) (recall for instance the discussion on (3.1)). It is interesting that the underlying
equations are nevertheless the same.

4 Derivation of differential equations

In this section we prove the results stated in Subsection 2.1 and 2.2. In order to derive differential equations,
we use a known connection between ITIKS integrable operators and Riemann-Hilbert problems (RHPs), and
then exploit the structure of the Riemann-Hilbert problem for the case of cubic integrable operators. We
follow the general methodology, often called the dressing method, which derives so-called Lax equations
from a Riemann-Hilbert problem when the jump/residue matrix does not depend on parameters. The Lax
equations are then combined appropriately to derive our claimed differential equations.

"The correspondence of terms between [26, Theorem 2.5] and here is ¢ = 9, M, ¥ = M, r = x, and the variables y coincide.
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4.1 A review of integrable operators and RHP

An operator H of the form (2.6) for general vectors f and g is called an (IIKS) integrable operator, after its
introduction by Its, Izergin, Korepin and Slavnov in [15]. Their general theory is discussed in [12,15] for
integrable operators acting on continuous contours and [10] for those on discrete sets. In this subsection we
review some of their properties that we will use.

Let Q be a union of contours or a discrete set as described in Subsection 2.1, and let g and L2(€, 1) be
as in (2.1) and (2.2).

Let f and g be (m + 1)-dimensional column vector-valued functions (not necessarily of the form in
Definition 2.1) in L2(£2, u) N L% (£, ) satisfying

f(u)"g(v)

f(u)Tg(U) =0, u €, and set H(u7v) =
u—v

, u,v € €.

Observe that for f and g of the form in Definition 2.1, the assumption (2.8) implies this orthogonality.
Assume that 1 — H is invertible. With I, being the identity matrix of size k, define (m + 1)-dimensional
column vectors

Fi=(1-H)™'f, G:=(1-H""g, (4.1)
and the (m + 1) x (m + 1) matrix-valued function
F T
®(2) = It —/ %du(u), zeC\ Q. (4.2)
0 _

An important property of integrable operators is that @ is the unique solution to the following Riemann-
Hilbert problem (RHP).

RHP (a): ¢:C\ Q — Cm+t)x0m+1) i analytic.
RHP (b): In the case when Q is a union of contours, ¢ satisfies the jump condition
Sy (u) =d_(u)d(u), ue, where  J(u) = |y — 2mif(u)g(u)?. (4.3)

In the case when €2 is a discrete set, the matrix ¢ has simple poles at the points u € €2, and its residues
satisfy
Res®(z) = lim ®(2)R(u)  with  R(u) = flu)g(u)’. (4.4)

The convergence of the limit is a part of the condition.

RHP (c): @ has an asymptotic series

> q>77.
®(2) ~ g1 + Z pry (4.5)

n=1

as z — oo uniformly away from €.

It can be shown that det ®(z) = 1 for all z and

u U,T
¢(Z)_1:Im+1+/ w

dp(u), z€C\ Q. (4.6)
Q u—2

Note that (4.2) and (4.6) imply that ®(2) ~ L1 + 02, 22 and &(2) " ~ Ly + 3000, & as 2 - o0
where

o, = /Q U (w)g(w) T du(u),  (O7Y), = — /Q u"HW)G(w) du(u),  n=1,2,-. (4.7)

The notation ¢4 is consistent with Definition 2.2.
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4.2 Lax equations

The discussion in the last subsection is valid for general integrable operators. For the rest of Section 4, we
further assume that H is a cubic integrable operator as introduced in Definition 2.1.

From (2.7), f = cAU and g = ¢ !A~V for vector functions U and V that do not depend on x,y,t.
Hence, the jump matrix and the residue matrix for the RHP in (4.3) and (4.4) take the form

J(u) = Au)Jo(u)A(u) ™! and R(u) = A(u)Ro(u)A(u) ™, (4.8)

where the matrices Jo(u) = i1 — 2miU(u)V(u)” and Rg(u) = U(u)V(u)” do not depend on x,y,t. We
follow the standard dressing method of deriving Lax equations for RHPs when the jump or residue matrix
is a conjugation of a parameter-independent matrix. We think of J and R as dressed-up versions of the
matrices Jog and Ry which are constant in the parameters.

Recall that E; denotes the (m + 1) x (m + 1) matrix whose (i,¢)-entry is 1 and all other entries are 0.
The linear ODEs (4.10) below are called Lax equations for &.

Lemma 4.1 (Lax equations). Let ®(z) be the solution, which is given by (4.2), of the Riemann-Hilbert
problem associated to the cubic integrable operator H. Then, the matriz

V(z) := ®(2)A(z) (4.9)
satisfies

O,V (z) =DV (2)W(2), 8, W(z) =DY(2)V(z),  &,W(z) =D (2)¥(z), (4.10)

forie{l,--- ,m}, where
Dgi)(z) =zE; + Cgi), D;i)(z) = 2%E; + zcgi) + Cg), D:(,f)(z) =2%E; + z2C§” + ngi) + C;(;),
with
=0, E],  CY = [0y,E) - CPy, Y= [0, E] — CPy — Py (4.11)
Proof. From (4.8), the jump/residue condition for the new matrix becomes

Wy (u)=WV_(u)do(u) or IZ{:elsL\ll(z) = lim V(z)Ro(u).

zZ—Uu

Since Jo(u) and Rp(u) do not depend on x,y, t, we find that a partial derivative OW with respect any one of
the parameters satisfies the same jump/residue condition as W itself. Hence, (OW(2))W(2)~! is continuous
across €2, and thus it is an entire matrix function. From the definition (4.9),

OV = (09)0~ ! + d(0A)A oL, (4.12)
Also, from the formula of A in (2.4),

O, A(2) = zE; A(z), 0y, A(2) = 2°E; A(2), O, A(2) = 22E;A(2).

i

Hence, using the fact that ® ~ l,,41 as z — oo, Liouville’s Theorem implies that the matrix functions
(O V(2))V(2)71, (8,,V(2))W(2)~!, and (0, W(z))W(z) ! are polynomials in z of degrees 1, 2, and 3, respec-
tively. Inserting (4.5) into (4.12), we obtain the coefficients of these polynomials in terms of ¢, ®5 and 3,
and find (4.10). O
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4.3 NLS and mKdV: proof of Lemma 2.4 and Theorem 2.5

Recall that in Definition 2.2 S C {1,...,m} is a given set, and the associated differential operators o, 0,
and 0, are given in (2.11) such as 9, = ) ;.5 0y, Set

E=E =) E. (4.13)
i€S
We first derive the following differential equations for ®1, ®o, @3 (recall (4.7)).

Proposition 4.2. The matriz ®1 satisfies the differential equations

83¢1 + [ayq)la E] + [axq)la [(Dlv E]] = Oa
8X8yd>1 + [(’“)tfbh E} + [6y<1>1, [‘Dh EH =0, (414)
20, — DDy — 0,01, 0,01] = 0.

Furthermore, the three matrices ®1, Po, 3 are related by

0Py = — [P, E] + [®, E]®y,

(4.15)
8y¢1 = —[q)g, E] + [(Dl, E]CDQ — (6)(4)1)4)1.

Proof. The matrix V(z) := ®(2)A(z) of (4.9) satisfies the Lax equations (4.10). Summing over ¢ € S,

oV (z) = (zE+ C1)V¥(z),
OV (z) = (2°E+ 2C;y + Co)W(2), (4.16)
OV (2) = (2°E + 22Cy + 2Cy + C3)V(2),
with
Cy = [®y, E], Cy = [®g,E] — C1 0y, C3 = [®3,E] — C1 Py — Co®;. (4.17)
Inserting W(z) = ®(z)A(z), these equations become equations for ®(z). We then insert the asymptotic series

(4.5) and consider the coefficients of @(z~*). Collecting the coefficients, we obtain a sequence of equations
relating the matrices ®,,. In particular, the O(271) terms of the first two equations of (4.16) become

0d1 = —[q)g, E] + C1dq, 6yd>1 = —[¢3, E] + Ci105 + Cod;. (4.18)
Using these relations, we find that the three matrices in (4.17) can all be expressed in terms of ®; as
Cy = [®4,E], Cy = —0,P, C3=—-0,9;. (4.19)

Inserting the formulas of C; and Cy into (4.18), we obtain (4.15).

To obtain the differential equations (4.14), we look at the so-called zero curvature equations for each pair
of equations from (4.16). These conditions are obtained inserting (4.16) in the identities 9,0,V = 0,0, V,
0OV = 00V, and 0,0,V = 0,0,V. These three equations become

8y(z2C1 + 2Cy + Cg) — 8t(zC1 + Cg) + 22[C3, E] + Z[C37 Cl] + [Cd, CQ] =0,

6x(z2C1 + 2Co + Cg) —0:Cq + 22[C27 E} + Z[C3, E] + Z[Cg, Cl] + [Cg, Cl] =0,

6X(ZC1 + C2) - 3ycl + Z[CQ, E] + [CQ’ Cl] = O
These equations hold for all z. Considering the coefficients of 2%, we obtain 8 identities. The 2 identities
from the last equation follow from the remaining equations. We also observe from (4.19) that 0,Cy = 0,Cs.

Using this, we see that the identity from the coefficients of z of the first equation and the identity from the
constant terms of the second equation are equivalent. Thus, we are left with 5 identities. Two of them are
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0xCyi + [Co, E] = 0 and 9,C; + [C3,E] = 0, but these follow from (4.19). Summarizing, the zero curvature
conditions yield 3 new identities, which are

0Coy — 8yC1 + [C27 Cl] =0, 0xCs — 0,Cy + [Cg, Cﬂ =0, 8yC3 — 0,Cy + [Cg, C2] =0. (420)

Inserting (4.19), these equations become (4.14). O

We now show how the last result implies Lemma 2.4 and Theorem 2.5. Let M° be the (m + 1) x (m + 1)
permutation matrix as introduced before Definition 2.2 and |; the identity matrix of size j. Note that

ME(N®)T = diag(ls), 0, - ,0)
with E as in (4.13).

Corollary 4.3. Decompose M3 (M3)T as the sum of diagonal and off-diagonal block matrices,

s S\T _ (a0 (0 p
womr-iio L=(19), 0= (0 ?).

where we used the notations of (2.10). Define the (m + 1) x (m + 1) diagonal matrix

V = diag(lis, —lm+1-s|)-

Then,
oL =—-V0?, oL = 0(0,0) — (840)0,

4.21
8,0 = V(920 + 20%), 8,0 = 920 + 3(6,0)0% + 302(,0). (4.21)

In terms of the matrices q,p,r,s from (2.10), the first two equations becomne
a><q = —pr, Oks = rp, ayq = p(axr) - (axp)ra 6yS = r(axp) - (&(r)p,

the third equation becomes the coupled matriz NLS equation with complex time (2.12), and the fourth equation
becomes the coupled matrix mKdV equations (2.13). Finally, the additional relation

Ta(s) = — Tr(q)
also holds.

Proof. For each n = 1,2, 3, write in diagonal/off-diagonal block form,

s S\T _ _ (% O _ (0 =
Mo, (M) =L, + 0,, Ln<0 *), On( 0>.

*
In particular, Ly = L and O; = O. In the calculations that come, we make use of the identities
nse, (M%7, MeN%)?)=0,V=-VvV0o,, L,V=VL,,  VZ=l,1,

which are straightforward to check.
Conjugate the equations (4.14) and (4.15) by M° and consider the diagonal and off-diagonal blocks. The
diagonal blocks of the first equation of (4.15) give the identity

oLy, = —VOi. (4.22)

This is the first equation in (4.21).
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The off-diagonal blocks of the first equation of (4.15) and the diagonal blocks of the second equation
yield
0401 = VO3 — VO L4, oyL1 = —VO105 — (0xL1)L1 — (8401)0s.

Using V2 = |,,, 41, the first equation implies Oy = V8,0 + O;L;. Inserting this into the second equation and
also using (4.22), we find dyL; = 01(0401) — (9x01)0O;. This is the second equation in (4.21).
The off-diagonal blocks of the first equation in (4.14) give us

—V6y01 + 8301 — [8X|-1,Vol] =0.

Inserting (4.22) and multiplying V on the left, we find 9,0; = V820, + 2VO?, which is the third equation in
(4.21).
The off-diagonal blocks of the second equation of (4.14) imply

~V,0; + 88,01 — [9,L1,VO;] = 0.

We remove 9,L; and 9,0, using the second and the third equations in (4.21), and find 9,07 = 9207 +
3(0,01)0% + 30%(0,01). This is the fourth equation in (4.21).

The equations for q, p,r,s follow by inserting the formulas of L and O.

Finally, since 1 = det ®(z) = det(ly1 + Y pey %’f) as z — 00, we have Tr ®; = 0, implying the identity
Tr(q) + Tr(s) = 0. O

Thus, we proved Lemma 2.4 and Theorem 2.5.

4.4 The matrix KP equation: proof of Theorem 2.6

We derive the matrix KP equation from the equations (4.21).

Proof of Theorem 2.6. We keep using the matrices O,L,V from Corollary 4.3, which satisfy OV = —VO,
LV = VL, and V2 = I,,, ;1. Let u = pr and v = rp. Denote

- 9)-( 0
We first derive four equations for U, O, and L. The first claimed equation follows from the definition of U,
93U = (920)0 + 0(020) + 3(920)(9,0) + 3(9,0)(920). (4.23)
To obtain the second equation, we use the second equation of (4.21) to get
8y2L = (0,0)(00) + 0(9,0,0) — (9,0,0)0 — (640)(9,0).
Using the third equation of (4.21), this implies our second equation,
—V8y2L = (020)0 + 0(820) — (820)(8,0) — (8,0)(920) + 40(6,V))O. (4.24)

Next, we multiply the fourth equation of (4.21) by O to the right, and separately to the left, and add both
equations. The result is our third equation,

U = (820)0 4 0(920) + 30,(U?). (4.25)
Finally, for the fourth and last one, we compute [U, d,L] with the second equation of (4.21), obtaining

—[U, ,L] + 8, (U?) = 20(0,U)0. (4.26)
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We combine the above four equations to eliminate O and obtain an equation of U and L as follows:
Multiplying the equation (4.24) by 3 and adding it to the equation (4.23), and then subtracting the equation
(4.25) multiplied by 4 and also the equation (4.26) multiplied by 6, we obtain

AU — 3VOZL — 40:U + 6[U, &, L] + 69, (U?) = 0.

If we insert U = (§9) and L = (2?2), we obtain the first equations in (2.14) and (2.15). The second equations
of them follow from 9L = —VU, which is the first equation of (4.21). Thus the result is proved. O

4.5 Multi-component KP hierarchy

In this subsection, we show that the three Lax equations (4.10) with respect to the parameters are related to
multi-component KP hierarchy theory. This will give us another proof of Theorem 2.6. The article [20] gives
a thorough exposition on the multi-component KP hierarchy theory, see also [28]. For the scalar KP hierarchy
theory, a helpful overview is found in [14]. Multi-component KP hierarchy theory are already known to be
connected with models related to the Airys process and random matrix theory, see [2,4] and references
therein. We can also notice that cubic admissible determinant is multi-component KP tau function, but we
don’t use this fact in this paper.

The cubic integrable operator H contains 3m parameters X1, -+ ,Xm, Y1, »Ym,t1, - ,tm. We relabel
them as
xgi) = X, a:g) =Y xéi) =t;, 1e{l,...,m}.
Recall the matrices ®, for k > 1 from (4.7). Fix n € {1,--- ,m} and write in block form®
®), = (qk pk) , (4.27)
Ik Sk

where qj is a matrix of size n x n. For k > 1, let Egk) be the k£ x k matrix with 1 in the j-th diagonal entry

and zero in the other entries.
(1) (n)

Now define the formal n x n matrix-valued pseudo-differential operators on the variables z;"/, -+ ,z; 7,
n o0

0:=3 0,» and  P:=l+Y qd ", (4.28)
j=1 k=1

and for j € {1,--- ,n} and ¢ € {1,2,3} also introduce
BY == (PE{Y9'P1),. (4.29)

We stress that this convention for 9 is only valid for this subsection. The subindex + in (4.29) means that
we take the part of the term between brackets that contains only non-negative powers of d, and the inverse
P~! is in the sense of pseudo-differential operators, so that

Pl =1, — 07" + (a7 — 92)07° + (—qf — 41(9q1) + 192 + 9291 —q3)0 " + -+ .

8We can also consider M3®;(MN%)T similar to (2.10). Then the discussions below still hold if we define the parameters zéi),
i=1,---,|S|, £=1,2,3 appropriately. For the convenience of presentation, we state results only when IS = {1,--- ,n} here.
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From the definition, we have?
BY = E"0 + [ar,E}"),
BY) = /0" + [a1. E;"10 + a2, £} — [ar. £} Jar — 267" (91)
BY) = EM & + (a1, EM™10 + ([a2, EM™] — [a1, EJar — 3E™ (9a1))d (4.30)
+[as, ES"1 + [a1, E)ad — [a1, E{V]az — [a2, ESVay
— 36 (9qs) — 3 (8%a1) — 2[ar. EV)(9a1) + 3ES (9a1)as.

These are particular combinations of qi,q2,q3 and their derivatives.
There are several equivalent formulations for multi-component KP hierarchy. Remark 4.4 of [20] gives a
good summary of their relations. Here, we prove the following version.

Proposition 4.4 (Sato equations for multi-component KP hierarchy). Fiz 1 < n < m. The n X n matriz-
valued pseudo-differential operators P and Béj) from (4.28) and (4.30) satisfy the following equations, known
as the Sato equations'® for the n-component KP hierarchy:

pRO BYP —PEM™a’  forie{l,---,n} and ¢ € {1,2,3}. (4.31)
£

Proof. Recall the Lax equations (4.10). Inserting W = ®A into (4.10) and collecting coefficients of O(z~*)
we obtain the identities

0,00k = —[®pp1, BTV 4 Py,
0,00k = —[®r2, EMI] 4+ Py + Py, (4.32)
amé”(b’“ = —[Psy3, EZ(-nH)] + Cgi)¢k+2 + Cg)d)k—&-l + Cgi)d’k,

for k€ {1,2,---} and i € {1,--- ,n}, where ng‘) are given by (4.11). Using the formula of ng') and inserting
the block form (4.27), the first equation of (4.32) yields

0,00k = —lar+1, E" ] + a1, E Jax — E[pur (4.33)
and
9Pk = EXprrr + a1, EM lpr — Episy,
8151-) e = —Tgt+1 Ez(-") +r Egn)qk,
9, wsk =1 E i
Summing over i = 1,--- ,n and noting Egn) 4+ 4 E,(ln) = l,, we find
dqr = —p1rk (4.34)
and
OPk = Pk+1 — P1Sk; Org = —rg41 + riqg, Js, = r1p.

9To compute it, note, for example, that 93ud =2 = ud+3(0u)+3(0%u)0~ +(93u)0~2 and 0~ 1ud? = ud— (Ou)+(0%u)0~1 —
-+ from the product rule of derivatives, and thus, (93u0~1)+ = ud? + 3(0u)d and (0~ 1ud?)+ = ud — (Qu) for any function wu.

10This equation is the special case when o = 0 in equation (113) of [20]. The full Sato equations involve pseudo-differential
operators parametrized by a € Z"~!. The multi-component KP hierarchy may also involve infinitely many parameters xél),
i€{1,---,n}, £€ {1,2,---}. Here we have the special case when ¢ € {1,2,3}.
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Using these four equations we can also compute higher derivatives of qg:
9%Ar = —pari + P1SiTk + P1lk+1 — P1r1dk,
&%qr = 2p15111qx + P1r1Grr1 + P1r2dr — 2Pp2ridr — P1r1didr — 2P1S1 ki1 (4.35)
+ P1Sark + P2SiTk — P1SiTk — P1fkt2 + 2P2Mkt1 — P3lk + 2P1r1P1rk.

In addition, the top left blocks of the second and third equation of (4.32) are

axéi)qk = —[ak+2, Egn)] + [a1, Ez('n)]qurl - Egn)PlrkJrl + [qg2, EZ(‘H)]%

(4.36)
- El(-n)Pzrk — [au, Egn)]m% + EE")pmqk — [au, EZ('")]PNk + EE")plslrk
and
O dp = — g™ g™ —_ g™ g™
MOEL [Qk+3,E; ]+ [a1, B3 Jak+2 — B pirte + [a2, E; ]k
- EE")pzrkH - [Qb EE”)]qlqu + EE")plrlqu - [CI17 Egn)]Pll’kH
+E™pisire + (a3, EJar — EVpari — [a1, NV ]gaar + Eprraap, (4.37)

— a1, E]pary + EM pisory — EMpisiniag + [a1, E Jpisirs + Epariay,
— [92, EE")]plrk - Egn)mnqu + a1, EE”)]pmqk + (a1, E(n)}qwﬂk + EE”)pzslrk

),Q2]CI1% + (a1, E( )}%Qk

Using (4.34), and (4.35), the right-hand side of (4.33), (4.36), and (4.37) can be expressed using only q;’s.
We obtain

—E"pistre — Epiripirg + [EV

39651‘)% = —[qr+1, EE")] +[q1, E,(n)]Qk + E§")0qk, (4.38)

9,0 Ak = ~[dr+2, EC] + a1, ESJakss — [a1, EXJavar + [a2, ECJan

(4.39)
+ [a1, E™)0qx + E™0%qk + 2E™ dqr 1 — 26 (991 ),

and

9,0k = —[Ak+3, EV] + a1, BV Jakre + a2, EX Jagrs — (a1, ECJaiqe
— [a1, Eaza + [as, EMax — [a2, E lauax + [ql, Elatax
+3E™ dqi 10 + 3EM 0qp i1 + EVO3qr + 2[a1, EM)0as 41 (4.40)
+ lan, E")0%ax + [az, E{")0ax — 3E{" ><aq1>qk+1 — 30" (9a1) (9ax) — 3E" (9a2)a
3EL" (0%a1)ak — a1, B )a10ax — 2[a1, EX1(9a1)ax + 3EL (9a1)asq.
Now consider again (4.31). In its the left-hand side, we use the definition P := 1, + > 7 | qx0~* and take

oP
the derivative, — We then insert the formulas (4.38), (4.39), and (4.40). For the right-hand side, we

Oox
insert the definition of P and the formula (4.30). A tedious computation shows that the two sides are equal,
and concluding the result. O

Sato equations imply the following equations.

Corollary 4.5 (Zakharov-Shabat equations for multi-component KP hierarchy). Fiz 1 <n <m. ThenXxn

matriz-valued pseudo-differential operators ng) from (4.30) satisfy the following equations, known as the
Zakharov-Shabat equations for the n-component KP hierarchy:

By 9By
oz ox”

= [Bg{)a Bél)L i,J € {L T ,TL}, K, te {17 2, 3} (441)
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Proof. Proposition 4.4 of [20] proved that if P and By) satisfy the Sato equations (4.31), then Bgi) satisfy

(4.41).

O

Sato equations also give another proof of the matrix KP equation (2.14). The proof of the next result
shows that Zakharov-Shabat equations (4.41) yield the matrix KP equation modulo an “integration constant”

0: see (4.45) below. We can then show that § = 0 using one of Sato equations.

Corollary 4.6. Set
u:= —0q where q :=d3.

Then, the matriz KP equation (2.14) holds:

—40wu + 93u 4 60, (u?) — 383q + 6[u, dyq] = 0.

Proof. We use the notations x(li) = Xy, :vg) =i, :cg) =t;, and

o = zn:ati, 0, =Y o, axzzn:axi = 9.
=1 3 =1

Set B := Y7, B for £ € {1,2,3}. From (4.30), we find that
Bl = 6, BQ = 82 — 2(8(}1), Bg = 63 — 3(8q1)8 — 3((9QQ) — 3(82(]1) + 3(6q1)q1.

Setting
a = —(0q2) + (0q1)q1

and using u := —0kq1, these expressions become

Bi=9, By=0>+2u B3=02%+3ud+3(0u+a).

Consider the ¢/ = 3 and ¢ = 2 case of the equations (4.41). Taking the sum over i,j = 1,---

becomes
0:B2 — 0yB3 = [B3, Ba].

Inserting (4.42) and considering the terms of ' and 9° we obtain two equations, namely
yu = 02u + 20,

and
20pu — 39,0xu + 92u — 6udu = 30, — 302 + 6[0,u + a, ul.

Since u := —0xq, (4.43) implies that there is a function 6 such that
1
o= —3 (Ou+0yq1 +6) and 00 = 0.

Inserting it into (4.44), we obtain

—40wu + 93u 4 60, (u?) — 3(85q + 0,0) + 6[u,0yq + 6] = 0.

(4.43)

(4.44)

(4.45)

Now, the case of £ = 2 of Sato equations (4.31) is precisely (4.39). The sum of this equation over i implies

that —(9q2) + (0q1)q1 = —3 (6ku + dyq1). This shows that 6 = 0 in (4.45), completing the proof.
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4.6 Matrix ODE system a la Tracy and Widom: proof of Theorem 2.7 and
Corollary 2.8

In this section, we assume that H is a strongly cubic integrable operator as in Definition 2.1. Thus, Q2 is a
finite union of simple contours without endpoints and, furthermore, the matrix Jo in (4.8) is constant on each
connected component of 2. The last property allows us to derive an additional Lax equation for the derivative
with respect to the variable z, which is often called the spectral variable. Because this equation will have
coefficients which are polynomial in z, the corresponding Lax pairs are usually associated to isomonodromic
deformations [13], but we will not explore this fact explicitly.

Proof of Theorem 2.7. Recall that

m

0= t;0,
j=1

was defined in (2.17). Taking a weighted sum of the first equation of (4.10), we find that
3\|l(z) = (ZMt + Dl)\ll(z) with Dl = [(Dl, Mt]

where recall M, := diag(ty, - ,tm,0) from (2.16). Inserting V(z) = ®(2)A(z), using the asymptotic series
(4.5), and comparing the terms of O(z71), we obtain

0P = =[P, M| + [1, M{]D;. (4.46)

The lower-right block of this identity is exactly (2.19).
On the other hand, consider the differentiation 9, with respect to the variable z. We have

0.0 = (32°t; + 22y, + %) E; A = (32°M + 22M, + M)A, (4.47)

j=1

Since Jy is independent of z on each connected component of the contour, 9,V satisfies the same jump
condition as W, and hence, (9,W)V~1! is an entire function. Considering the large z asymptotic formula
again, we obtain

9.V (z) = (32°M, + 2(3D1 + 2M,) + (3D2 + 2D3 + M,))¥(2) (4.48)

with Dy := [®1, M] as before, and
Dy = [®g, My] — [®1, M{]P; = —0P;, Dg3:= [, M,],

where we used (4.46) for the last equality.
Thus, V is a common solution to the 9 and 9, differential equations, and the compatibility of these two
equations, namely 00,¥ = 0,0V, implies the zero curvature equation

Z(3[Mt, D2] + Q[Mt, C3] =+ Z[Dl, My] — 38D1) + (3[D1, DQ] + 2[D1, Dg] =+ [Dl7 Mx] — 38D2 — 28D3) =0.

Using the formulas for D;, Dy and D3 and the cyclicity of the commutator, we obtain that the coefficient of
z is trivially identically zero. The constant term, on the other hand, is non-trivial and gives the equation

3[D1, DQ] -|— 2[D1, Dg] -|— [Dl, MX} — 38D2 — 28D3 = 0
Inserting the formula of Dy, Dy, D3, we obtain (2.18). O

Proof of Corollary 2.8. The equation (2.21) follows by inserting ®; = (‘ﬁ Fs’) into (2.18) after removing Os
using (2.19). If t; = -+ = t,,, = t, the m x m upper left corner of (4.46) yields d,q = —pr. This was also
already proved in Lemma 2.4. Using this equation, the bottom two equations of (2.21) become the bottom
two equations of (2.22). O
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4.7 Deformation formulas for cubic admissible determinants: proof of Propo-
sition 2.10

Assume that H is cubic integrable and 1 — H is invertible, and consider the Fredholm determinant ® =
det(1 — H). We compute the derivatives of log® with respect to the variables x;,y;, t;.

Proof of Proposition 2.10. Recall that E; is the (m + 1) x (m + 1) matrix whose (4,4) entry is 1 and all
other entries are 0. From (2.3) and (2.4), we have A(z) = diag (m1(2), m2(2),...,my(2),1) with m;(z) =
et ?* i 5% Thuys,

O, A(z) = zE; A(2).

Hence, the vector functions f and g satisfy

0u1(2) = () + (D) Bugle) = —sEigls) —a(lg(z)  where af) = 2L
Thus, for z # w,
2))Tg(w )10, g(w
O, H(z,w) = (9,f(2))"g(w) +(z)_ %.8(w) = f(2)TEig(w) + a(2)H(z, w) — H(z, w)a(w). (4.49)

zZ—w

For z = w, since H(z, z) = 0 by definition, we have d,,H(z,z) = 0. On the other hand, noting that A is a
diagonal matrix, the condition (2.8) implies that f(2)TE;g(z) = 0. Thus, the right-hand side of (4.49) is zero
when z = w. Therefore, the equation (4.49) is valid for all z,w € .

For vector functions v and v, let u ® v be the integral operator given by the kernel u(z)Tv(w). Let a
be the operator of multiplication by «(z). Then, the equation (4.49) can be written in the operator form
O H =1 ® (E;g) + [H, o] with [-, -] being the commutator of operators. Thus,

Oy logdet(l —H) = — Tr((1 — H)'0,H) = — Tr((1 — H) " @ (Eig)) + Tr((1 — H)"'[H, a]). (4.50)
Since (1 —H)7'H = H(1 — H)~!, we use cyclicity of the trace and obtain
Tr((1 — H)"'[H,qa]) = Tr((1 — H)"'Ha)) — Tr(aH(1 = H)™') = 0. (4.51)

Therefore, using (4.1),

O, logdet(l —H) = —Tr(F® E;g) = /

[ P Eg(:)an(z) = / Tr [F)g(=)"E] du(z),  (4.52)

Q

where the last equality follows from the identity vTw = Tr(vTw) = Tr(vw?) which is valid for any two
column vectors v, w. The proof is now complete recalling the definition of ¢, in (4.7). O

In a similar spirit, we also obtain deformation formulas with respect to the other parameters. This result
will be used in Section 8.

Proposition 4.7. Under the same conditions as Proposition 2.10,

9y, logdet(1 — H) = Tr [(®F — 20,)E;]

4.53
Bk, log det(1 — H) = Tr [(—®F + 20,5 + &0, — 303)E,] (453)

where ®1, o, and ®3 are defined in (4.7).
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Proof. Since 9,,A(z) = 2%E;A(z) and 0, A(z) = 23E;A(2), we find that

. f(z) = 2°Eif(2) + B(2)f (2), dy.8(z) = —2°Eig(2) — B(2)g(2),
e, f(2) = 2°Eif (2) +7(2)f(2), :,8(2) = —2°Eig(2) —1(2)8(2),
_ Oy;c(2) _ Oyce(2)

where §(z) := =) and y(z) = ) As in the proof of Proposition 2.10, we find that

8y, H(z,w) = (z +w)f(2) Eig(w) + B(2)H(z, w) — H(z, w)B(w),
O H(z,w) = (22 + 2w + w?)f(2)" Eig(w) + 7(2)H(z,w) — H(z, w)y(w),

for z £ w. As in the last proposition, this identity also extends to z = w because both sides are equal to 0
in this case. Let M, be the multiplication by z, (M,f)(z) = 2f(z). In operator forms, the equations become

Oy,H=M,Ef ® g+ f® M,E;g+ [3,H],
O, H = M2Ef ® g + M,f @ M,E;g + f ® M2E;g + [, H].
Calculating as in (4.50)—(4.51), we find
9y, logdet(1 — H) = — Tr((1 — H)"'M,E;f ® g) — Tr((1 — H)~'f ® M,E;g),
O, logdet(1 —H) = —Tr((1 — H)7'M2E;f ® g) — Tr((1 — H)"'M,f ® M,E;g) — Tr((1 — H)~'f ® M2E;g).

We now relate each such term with the matrices ®,, from (4.7). First, proceeding similarly to (4.52),

Tr((1 - H)"'f ® MI'E;g) = Tr(F ® MI'E;g) = /QTr [2"F(2)g(2)"E;] dp(z) = Tr [®,,41E;]

for all n > 1. The identity Tr(Ku ® v) = Tr(u ® (KTv)) is true for any vectors v and v and trace class
operator K. Using this identity and (4.1) and (4.7), we find

Tr((1 - H)"'MPEf @ g) = Tr(MPE;f @ (1 — HT)"lg) = /Qﬂ [2"Eif(2)G(2)"] du(2)

=Tr |:EZ/ an(Z)G(Z)Td/.L(Z):| =-"Tr [Ei((bil)”_kl] .
Q
Finally, note that
Mz, (1= H)7' = (1 = H)7 1 = H,MJ(1 = H) ™" = (1= H) M H M J(1 = H) ™
=(1-HHegl-H'=1-H o (1-H)'g=FaG.
This identity implies that (1 — H)"'M, = M,(1 — H)~! — F® G, and thus acting on f, we find
(1—H) M T = M,FT —FT (/ G(z)f(z)sz> =M, FT +FT (o~ 1T,
Q
Hence,

Tr((1 - H)"'M,f ® M,E;g) = /Q(ZF(Z)T +F(2)T (@1 T)2Eig(2)d2

= / Tr [(2F(2) + (7 1)1F(2)) 28(2)TE;] dz = Tr [®3E; + (©71)192E;] .
Q
Combining the above calculations, we obtain

8yi IOg det(l — H) =Tr [((¢—1)2 — ¢)2)Ez] , 8ti 1ogdet(1 — H) =Tr [(((D_l)?, — 2¢3 — (cb_l)lq)g)Ei] .

Since ¢(z)~|+%+% %+~~~ as z — 00, we see that
$ o2 -0 O3 — b Py — Dy OF
o) =1 - Ty TR SIS BT oY),
z z z
which determines (¢71); for j = 1,2,3 in terms of ®;, P, ®3, and we conclude (4.53). O
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5 A class of Fredholm determinants

The formulas (2.23) and (2.24) of the multi-point distributions for the KPZ and the periodic KPZ fixed points
involve certain Fredholm determinants. The multi-point distributions of other models such as continuous-
time and discrete-time totally asymmetric simple exclusion processes (TASEPs) on the line and the ring
also have similar Fredholm determinants [7,22,23]. The operators for these determinants all have a common
structure. In this section, we consider a class of operators with this common structure and show that
their Fredholm determinants are equal to the Fredholm determinants of integrable operators with more
transparent structure. The main result is Theorem 5.3. In the special case of the KPZ and the periodic KPZ
fixed point, the new integrable operators will be cubic integrable, and we prove this statement in Section
6. In a subsequent paper, we will consider the application of Theorem 2.11 to other models in the KPZ
universality class, and derive differential equations for them.

5.1 A class of operators

We introduce a class of operators which arise in the study of the multi-point distributions of various models
in the KPZ universality class.

Fix a positive integer m. Suppose that Q; 1, -+, Q1 ,m, D21, -+, Q2 are 2m pairwise disjoint subsets of
C. We assume that they are either all finite unions of contours or all discrete sets. Set

Ql = Ql,l y---u Ql,m and QQ = QQJ J---u QZ,m7 (51)

and
{u is the counting measure if €, j are discrete,

dp = dz if Qg are contours.

Let A1(2), -+ ,An(z) and By(2), - ,Bn(2) be functions of z € Q; U Qa, and define the m x m diagonal
matrices

A(z) = diag (Aj(z));":1 and  B(z) = diag (Bj(z));":l. (5.2)
Finally, suppose that m1(z),- -, m;,(z) are non-vanishing functions of z € Q1 U Qg, and set
. . mi(z) ms(z) ms(2)
M(z) =d M., m,oi=d , , , N E 5.3
€)= g = (2 225 05 0 >

Definition 5.1. With the notions (5.1)—(5.3), define integral operators
Ky: L2(Qo,dp) — L2(Q,dp)  and Ko : L2, dp) — L3(Qs, dp)

by their kernels

Ry ) = (5:0) + 8,5+ (1)) OAB) ey 0, e ay,,
and M ip 5
R2(U7”) = (6;(4) + 6:(j — (—=1)") i) " _l(:) j(v), ifueQy;, vey,

fori,je{l,---,m}.

The m-point distributions of several models of ‘the KPZ universality class are expressible in terms of
the Fredholm determinant det(1 — K;Ks) for some Kj, Ky of the above form. The main differences among
the models are the function m;. For the KPZ and the periodic KPZ fixed points, m; are cubic exponential
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functions %%’ %= 2 a5 in (2.3); see Section 6 for details. For other models, the cubic exponential functions
are changed to

eti#2% (2 +1)™  for continuous-time (periodic) TASEP,

(1 +pz)ti=Fizki(z £ 1)™  for discrete-time (periodic) TASEP,

Zkiembiztai/z for (periodic) PNG model,
where a;, b;, ki, n;,t; and p are parameters of the models. These results are found in [7, Section 3.4] and
[23, Section 2.1.1] for the continuous-time TASEP, in [22, Sections 2.5 and 2.6] for the discrete-time TASEP
[22, Sections 2.5 and 2.6], and in work in progress Ey Tejaswi Tripathi for the PNG model.

In the next subsection, we show that det(1 —K;Ks) is equal to the Fredholm determinant of an integrable
operator with a more convenient structure.

5.2 A reformulation of a class of Fredholm determinants

Set
Q=0 UQ,.

We introduce m x m diagonal matrices of indicator functions
. m
X, = diag (ng‘j)jzl for £ = 1,2,

which, due to the pairwise disjointness of the sets €2; 1, satisfy

Xo(z)ee! Xy (2) = Xo(2)60.00 (5.4)
for £,¢' = 1,2. Define the 2 x 2 matrix
1 1
0= (5 9)
and introduce the m x m matrices
diag(U,--- ,U), m even, diag(1,U,--- ,U,1), m even,
—— —_———
m/2 (m—2)/2
/\1 = and /\2 = (55)
diag(U,---,U,1), m odd, diag(1,U,---,U), m odd.
——— ———
(m—1)/2 (m—1)/2

Furthermore, define an m x m matrix, an (m + 1) x (2m) projection matrix, and a column vector given by
Eqp = diag(1,0,---,0), P=(lny1 0), e=(1,1,---, )T eR™, (5.6)

respectively. Recall the mxm diagonal matrices A(z) and B(z) from (5.2), and define the (m+1)-dimensional
column vector-valued functions of z € €,

o /\1 /\2 — E11 A(z)Xl(z)e o /\1 /\2 — E11 B(Z)XQ(Z)G
U(z) =P ( 0 En, ) <A(z)X2(z)e - VE=PLy e ) Bexiee) s O
Finally, introduce the (m + 1) x (m + 1) diagonal matrix-valued function
A(z) = diag(ml(z)amZ(z)v--~7mm(z)a1)7 z €4,

where m;(z) are the functions in (5.3).
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Definition 5.2. Let c(z) be a non-vanishing scalar function of z € Q. Define the (m + 1)-dimensional
column vector-valued functions

f(2) = (F1(2), ... fms1(2))" = c(2)A(2)U(2),

1 B (5.8)
g(2) = (81(2), -, 8m11(2)" = —=A(2)7'V(z)
c(2)
for z € Q, and the integral operator H : L(Q, u) — L?(£2, u) by its kernel
f T
H(u,v) = (z)_glfv) for u,v € Q with uw #v, and H(u,u):=0, ueN. (5.9)

The following result is the main outcome of this section.

Theorem 5.3. Let RlAavld Rg be operators in Definition 5.1, and H in Definition 5.2. If the Fredholm
determinant of det(1 — K1Kz) is well defined as a series expansion and H is a trace class operator, then

det(1 — K1Ky) = det(1 — H). (5.10)

Furthermore,
fi(2)gi(z) =0 foreveryz€ Q andi e {1,--- ,m+1}. (5.11)

The proof of Theorem 5.3 is given in Section 5.3.

The scalar function c(z) in (5.8) is arbitrary, and changing it does not affect the series expansion of
det(1 — H). However, in Section 6, we choose it appropriately in applications so that H becomes a trace class
operator.

The main difference of H from K; and Kj is that the matrix A(z) does not involve the ratios of m;(z)
unlike M(z). Thus, the above identity “uncouples” m;(z)s in the kernel formula. This is useful when we
derive differential equations as in Section 4.

The formulation (5.8) is useful in deriving differential equations. However, for other purposes, namely
in proving that the operator is trace class and in obtaining asymptotic formulas, we find that alternative
representations of f and g are more suitable, and we state them next.

Lemma 5.4. Define the m X m matriz

1/2 1/2 1/2

z) :=di mi (2 1/2 ml(z) mg(Z) m3(z) m5(2)1/2 .
S( ) =d ag ( 1( ) ’ mg(z)l/Q’ m2<z)1/27 m4(Z)1/2’ m4(2>1/2, >’ c Q’ (512)

for some fized branch of the square-root. Choose the conjugating constant as

c(2) = T (X1 () + Xa(2)) diag (\/mll(z)7 \/ml(zl)mz(z) . mmliz)mm(z)>e. (5.13)
Then the functions f and g in (5.8) can be written as
=p (5 e (TN amse ) () 51
0 =p (5 e, ™) N mstin) () |
Before proving the lemma, we first introduce the m x m diagonal matrices
M, (z) == diag(m1(2), m1(2), m3(2), m3(z), ms(z), - -), (5.15)

Me(z) = diag(1, ma(2), m2(z), m4(2), ma(2), ),

which we will also use later in this section.
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Proof of Lemma 5.4. Define the m x m matrix A = diag (m1, ma,...,m.,). Note that

A()F'P = (A(x)* 0) =P (A(?il |m0_1> —p (5(?ﬂ Ii) .

It is straightforward to check that
A(2)F'Ay = MMy (2),  A()F(Ay — Eqp) = (Ay — E1p)Me(2)*,

and Ej; = E;1Me(2) = E;1Me(2) 1. Applying these identities to (5.8), we find that

)s
Xi(z)e
Xa(z)e ) (=),

(i ) G
(5.16)
g(z) = P </\1 Ny — E11> ( o(2)” 1B(,z) 2(2)6) i
0 Eix M. (z)""B(2)X1(2)e/ c(2)
In terms of (5.15), the conjugating constant chosen in (5.13) can be written as
c(2) = eT (X1 (2) + Xa(2)) Mo (2) /2 M, (2) "/ 2,
and, due to the indicator functions, it satisfies
% =" (X1(2) + Xa(2)) Mo (2) M (2) 2.
Now using (5.4), we find that
Xo(2)ec(z) = Xe(2)ee? (X1 (2) + Xa(2))Mo(2) /2 Me(2) 7?6 = Xo(2)Mo(2) /2 M (2) "/ e,
X(g(z)ec(l—z) = Xy(2)ee” (X1(2) + X2(2)) Mo (2) /2 Me(2)'/%e = X, (2)Mo(2)'/* M (2)"/%e
for £ = 1,2. Thus, using S(2) = My (2)"/>M,(2)~'/2, we find, for example,
M, (2)A(2)X1(2)ec(z) = A(2)X1(2)Mq(2)/2Mc(2) "1/%e = A(2)S(2)X1(2)e.
The other three vectors in (5.16) are computed in a similar way. O

5.3 Proof of Theorem 5.3

In this Subsection we prove 5.3. Replacing the kernels in Definition 5.1 by

XQl( )K (u v)XQz( ) and XQ2(U)R2(U,U)XQl(

)
for u,v € €, we can extend K; and Ky to operators from L2 (2, 1) to L3(Q, 1). We use the same notation Ky
and Ko to denote the extended operators. The Fredholm determinant det(1l — K;K3) is unchanged by this
modification.

Lemma 5.5. For each £ = 1,2, the kernel of Rz can be written as

o~ 3 TA
Ke(u,v) = M, u, v € €,
U —v
with the m x 1 column vectors
31(z) = MA(2)M(2)X1(2)e, Bl(z) = A1B(2)X3(2)e,
2 (u) = AAW)M(2) " Xy (u)e, ba(2) = AsB(2)X1(2)e.
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Proof. Set xq,, = X ns, = 0 for £ =1,2 and By = B,;, 11 = 0. Due to indicator functions, the kernels in
Definition 5.1 can be written as

(u - U Z X, k )Ak( ) (Bk(v)xﬂz,k (U) + Bk+1(U)XQZ,k+1 (U))
k Odd
+ Z X4 k )Ak( ) (Bk(v)XQz,k (’U) + kal(v)Xsz—l(v))
k cvcn
and
(u—wv) Z X2, ( (u) " Ak (1) (Br(v)x0, 4 (v) + Br-1(v)xay ,_, (v))
k Odd
+ Z XQs k ) 1Ak( ) (Bk(v)XQl,k (U) + Bk+1(v)XQ1,k+1(v)) .
k even

It is direct to check that for any column vectors a = (ay, ..., T eR™and 8= (B1,...,08m)T €R™,

m

QNS =" ar(Br + Brr) +

NGERES

ar(Be + Br-1)

k=1 k=1
k odd k even
and . .
"N AB =D an(Br+ Be-1) + D ak(Be + Brra),
k=1 k=1
k odd k even
where we set 3p = Bm+1 = 0. The result then follows. O

For the next lemma, recall the matrices M, and M, defined in (5.15). Also introduce m x m diagonal
matrices

Dl(z) = dlag(ml(z)7 17 mB(Z)a 17 m5(Z), e )7 DQ(Z) = dlag(la m2(z)a 17 m4(z), 13 e )

Lemma 5.6. Define the m x 1 vector-valued functions

a1(2) == AMA(2)Mo(2)X1(2)e = D1(2)A1A(2)X1(2)e,

as(z) := NoA(2)Me(2) X2 (2)e = Da(2)A2A(2)Xa(2)e, (5.17)
b1(z) = MB(2)Mq(2) ' Xa(2)e = D1(2) "' A1B(2)X2(2)e,

ba(2) = AeB(2)Me(2) ' X1 (2)e = Da(2) "t A2B(2) X1 (2)e,

for z € Q. Then, there is a non-vanishing scalar function € on  such that for each £ = 1,2,

30(z) =2(2)ar(z) and Bg(z):Al—)bg(z).

0)
—~
N
~—
Il

eT(Me(z)71X1 (2) + Mo (2) " Xa(2))e.
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Due to the indicator functions, we find that

i:eT 2)X1(z 2)Xa(2))e
=6 (Me(2)X1(2) + Mo (2)X2(2))e.

1 1\ fa 0\ (a 0\ /1 1
0 0/\0 a/ \O x/\0 O
holds for any complex numbers a and *. Using this identity, we find that

MMy (2)T! = D1 (2)* A1, AgMe(2)™ = Da(2)F Ay

Observe that

Since the matrices A, B, M,, M, and X, are all diagonal, they commute. Since M = M,M_ !, we find, using
(5.4), that

~ 1 _
31(2)% = A A(u)M,(2)Me(2) 1Xl(u)eeT(Me(z)Xl(z) + M, (2)Xa(2))e
=MNA(2)My(2)X1(2)e = D1 (2)A1A(2) X1 (2)e = a1(2).
The results for the other vector functions by, as and by follow similarly. O

For the next result, observe that (5.17) and (5.4) imply that
bi(2)ai(2)” = ba(2)az(2)” = 0. (5.18)

Lemma 5.7. Let aj,ag, by, by be the vectors defined in (5.17). Let c(z) be an arbitrary non-vanishing scalar
function on Q. For { = 1,2, define the operator Ky : L2(Q, ) — L2(, p) by its kernel

c(u)ar(u)be(v) o
Ke(u,v) := p—— <(v) for u,v € Q with u # v, and Ke(u,u) =0, ue.

If the series definition of det(1 — Rle) 1s well-defined and K1 and Kg are trace class operators, then
det(1 — KyKy) = det(1 — Ky — Ky).

Proof. Lemma 5.5 and 5.6 show that for each ¢ = 1,2,

Rg(u, v) = %K@(u,v)ggzs.

Hence, from the series definition of Fredholm determinants, det(1 — leg) = det(1 — K1Ka3).
Equation (5.18) implies that K? = 0 for £ = 1,2, and thus

1—KiKo = (1+Kyp)(1 =Ky — Ko)(14Ka).

Now for £ = 1,2, we have Tr K, = 0 because K;(u,u) = 0, and TrK} = 0 for all n > 2 since K = 0. Thus,
the Plemelj-Smithies formula for Fredholm determinants, which is valid for trace class operators, implies
that det(1 + Ky) = 1. Therefore, det(1 — K;Ks) = det(1 — K; — Ky), and we obtain the result. O

We are ready to prove Theorem 5.3. Introduce the (2m) x (2m) permutation matrix

M:= (ﬂ* ﬂ‘) where Ty = diag(1,0,1,0,---), MN_:=diag(0,1,0,1,---).
- +

The diagonal matrices My are of size m x m. Recall the matrices A; and Ag from (5.5) and the matrix
Eq1 = diag(1,0,---,0) from (5.6). It is easy to check that

Ar 0\ (A A—En
”(0 A2>_<0 . ) (5.19)
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Proof of Theorem 5.3. Let K; and Kg be the operators in Lemma 5.7. We first show that

K; + Ky = H.
We need to show that 1
T o T
c(w)a(u) o(v) 5 = (1) 8(0).

where we denote a(z) = (a;(2),a2(2))T and b(z) := (b;(2),ba(2))T. Since PTP = diag(l,n, E11), we find from

(5.19) that
(5 2)-wols M)y 1)
Hence, from the first formulas of by and by in (5.17), PTPMb(2) = Mb(z). Using N7 = lg,,, we find
a(u)'b(v) = a(u) "N Nb(v) = a(u)"NTPTPMb(v) = (PMa(u))” PMNb(v).
We now insert the second formulas of a; and as in (5.17) to compute PMa(u). The relations
MNiDi(z) =A(z)My, MN_Dy(z)=MN_, MNiDy(z) =Ny and MN_Dy(z) = A(z)N_

are straightforward, and yield

Thus, using (5.19) again, we obtain

PMa(z) = A(2)PN <£;:Ej§§;82> = A(2)P (Al . E“> (A(Z)Xl(z)e) = A1),

A similar computation yields

s -t () o0 (3 o ) (BESET) -
Hence, K1 + KQ =H.
Since

xa (WH(u, v)xa, (v) = Ki(u,v),  xa,(W)H(u, v)xa, (v) = Ka(u,v),

if we assume that H is a trace class operator, then K; and Ky are trace class operators. Thus, Lemma 5.7
applies and we obtain o
det(1l — K;Kg) = det(1 — Ky — Ky) = det(1 — H),

and this proves (5.10).

Finally, we check that f;(2)gi(z) = 0 for ¢ € {1,--- ,m + 1}, as claimed in (5.11). Since E; is the
(m+1) x (m+1) diagonal matrix which has 1 on the i-th diagonal entry and the other entries are all zero, we
have f;(2)gi(2) = (f(2)TE;ig(2))s. Inserting the formula (5.8) of f and g and noting that A(2)E;A(2)~! = E;,
we find that f(2)TE;g(2) is equal to, with certain diagonal matrices «, 3, determined from PTE;P,

( X1 (Z)/\’{Oé/hXQ(Z) Xl(z)/\{a(l\g - E11>X1 (Z) )
XQ(Z)(/\%1 — E11)OZA1X2(Z) XQ(Z)(/\g — Ell)a(/\z — E11)X1(z) + Xg(z)EﬂﬁEHXl(z)

multiplied by the row vector ((A(z)e)”, (A(z)e)T) on the left and by the column vector (B(z)e, B(z)e)T on
the right. It is direct to check that ATa(Ay — E11) = 0 and (AL — Eq1)a(Ag — Eq1) = 0 for every diagonal
matrix «. Thus, the off-diagonal blocks are zero. On the other hand, due to the characteristic functions, the
diagonal blocks are also zero. Thus, f;(2)Tg;(2) = 0. O
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5.4 A lemma on trace class operators

In order to apply Theorem 5.3, we need to check that H is a trace class operator. We will use the following
lemma in the next section. We use |v| to denote the usual Euclidean norm of a vector v.

Lemma 5.8. Let H be the operator in Definition 5.2. Suppose that each set Qy can be split into a finite
union of disjoint subsets

Ny
Q= U Yo j (5.20)
j=1

satisfying the following property: For every pair of indices (j1,72) with jo € {1,..., N¢}, £ € {1,2}, there is
a simple contour Cj, j, such that (a) it is either closed or extends to infinity, (b) it separates L1 ;, and 2o j,
in the sense that they are in different regions of C\ Cj, j,, and (c) the estimates

// |2|d slldpw)] < o //

hold for £ =1,2. Then, H is a trace class operator.
Furthermore, there is a union C' of contours that is disjoint from Q0 such that H can be written as H = T3 T,
for Hilbert-Schmidt operators Ty : L*(Q, u) — L?(C,dz), Ty : L3(C,dz) — L?(Q, p) with Hilbert-Schmidt

1Tz < (// |d ldp(u >|)1/2 and || Tallz < (//

The decomposition H = T, T; will be used only in Lemma 7.1.

lslldp(] <00 (3.21)

| 2

J1 J2 Jl J2

1/2
IdSHdu( >|) |

Proof. We express the kernel H in the form

= Z X, (WH(w, v)xs, 5, (V) + Z X 5, (WH(w, v)xs, 5, (v).
J1,72 J1,J2
In this decomposition terms of the form xs, (u)H(u, v)xs, p (v), £ € {1,2}, do not appear due to the
e .5

structure of the kernel and the indicator functions in (5.7) and (5.9). To show that H is trace class, it is
enough to prove that each term in the sum defines a trace class operator. We only show it for the terms in
the first sum since for the terms in the second sum the proof is analogous.

For uw € ¥ ;, and v € ¥y j,, the separation assumption and the Cauchy integral formula imply that

1+l ds
u—v  2mi Oy (8= U)(s —v)

where the sign of the term +1 depends on the relative location of ¥, ;, to Cj, j,. Thus,

. f(u)? .
£ WO, 0, g
C

27 (s—u)(s—w)

This is the kernel of the product of two operators, one from L?(, du) to L2(C}, j,,dz) and the other in the
opposite way. Assumption (5.21) implies that these two operators are Hilbert-Schmidt, and thus H is a trace
class operator.

Furthermore, taking the C' to be the union of Cj, ;,, we find the decomposition H = T>Ty, with Ty, To
being Hilbert-Schmidt operators with the claimed Hilbert-Schmidt norm bounds. O

x5, (WH(u, v)xs, 5, (v) =

J1:92

We note that from the formula (5.14) and the definition of €, the condition (5.21) is satisfied if

34



(i) A,B e L>(Q,du), and

(ii) for every 1,0y € {1,2} with £; # {5, and every j1, ja,

ds||d
/ / m]+1 Vmyi(w) | [ds||dp(u)l < oo when £ — jg, is even, (5.22)
o, ) |s — ul?
ko Jek 11 Jj2
and
dsl|d
/ / V/m;(u) | [ds| u(2)\ <o when £ — jg, is odd. (5.23)
Qe 2Jey, Cij1.ia mJ""l ) |8 B u|

6 Cubic integrable operators for the KPZ and the periodic KPZ
fixed points

We state the Fredholm determinants (2.23) and (2.24) obtained in [23] and [7] explicitly, and then apply
Theorem 5.3 of the last section to express them in terms of new Fredholm determinants which we show to be
cubic admissible determinants. We also prove a symmetry for the case of the KPZ fixed point, thus proving
Theorem 2.11.

6.1 KPZ fixed point - proof of Theorem 2.11 (i)
The paper [23, Definition 2.23] showed that the function in (2.23) is given by
CD(KPZ)(h,’y7 71¢) == det(1 — RgKPZ)RgKPZ))

where the Fredholm determinant is defined through an absolutely convergent series definition and the op-
erators K(KPZ) and KéKPZ) are of the form in Definition 5.1 which we now describe. The above formula is
valid for the parameters satisfying

0<m <--- <7y where 7 < yiqq if 7 = 741, (6.1)
which we can always assume by re-labeling the parameters. Note that the complex numbers (q,--- ,(n-1
are fixed complex numbers of different moduli satisfying 0 < |(;| < 1 for all 4.

Let an Lyt ,I‘;L, Iy, FQL, e ,1";“_ be pairwise disjoint contours that are horizontal translates of each
other in the left half of the complex plane extending from oce!?t to ooe'?2 for some angles 61 € (77/6, 57 /4)
and 6y € (37/4,57/6) and are arranged as indicated in Figure 1. In addition, let F;’R,n- ,F;R, iR,
Poroooo oI, g be the reflections of the above contours about the imaginary axis: see Figure 1.

Set

Di=Tf Ul and Tip:=T Ul  i=2...,m.

In terms of the notations in Definition 5.1, define

Q(KPZ) o Fj7|_, lf] is Odd, Q(KPZ) o Fj,R7 lfj is Odd7
La LR, if j is even, 2.3 L, if j is even,
and also Q") = Ujey Q(KPZ) for ¢ = 1,2. Note that Q5% is equal to —Q " if we reverse the

orientation. The Hilbert spaces are L2 (QEKPZ), dz) for £ =1,2.
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1_‘31 2LF1|—F2L 3,L F;R FQerRFQRP;R

Figure 1: Plots of contours when m = 3. The contours are oriented from the
bottom to the top.

For each j =1,--- ,m, let!!

Q(KPZ)(Z) — _(1 - Cj)XQl,j (Z) + (1 - Q%)XQQ,J' (Z)’ lf] is odd )
J —( o )Xo, (2) + (1= ¢)xa,, (), if jis even,
with the convention that ¢y = oo, ¢, = 0, and'?

1

(KPZ) 2’ 2ely
1 .
P; () = A=) z € I‘j LU I‘] Ry J>1,
—¢e .
727&(1191,1)’ zelj Ul j>1

Define the m x m diagonal matrix functions AKF% and BKF%) in (5.2) with the functions
KPZ KPZ KPZ KPZ
ASPA(2)i=1 and BIN"P(2) = QI (2)PINPA) (). (6.2)

Finally, set
3 2
m;KPZ)(z) = etz iz iz Ghere t; = _7-1,/37 Vi =Y Xi= h;, (63)

and define MXP?%) a5 (5.3). Here, 7, > 0, v; € R, h; € R are the time, position, and height variable of the
KPZ fixed point, respectively. This notation is consistent with (2.25).
The operators KgKPZ) and KéKPZ)

matrices.

are given by the form in Definition 5.1 with the above functions and

We now apply Theorem 5.3 to the above operators. Let HEP?%) be the operator in Definition 5.2 with the
specific choice of the conjugating constant c(z) given by (5.13). The operator acts on L?(QKP?%) dz) where
QKPZ) — Q(lKPZ) U QéKPZ). From the formula of the kernel, in particular due to the formula (6.3) of mg-KPZ)

we see that HKP?Z) is a cubic integrable operator. Furthermore, since A§KPZ) and BEKPZ) do not depend on
the parameters t,y, x, it is indeed strongly cubic integrable.

Corollary 6.1. The operator HEP?) s trace class on L*(QEP?) dz) and

DEPD (h,~,7[¢) = det(1 — HEP?),

1n [23, Definition 2.25], the formulas Q1(j) and Q2(j) are used. Here, we use the function Q;KPZ)( ) =—Q20j)xa, ;(2) +
Q1()xg, ; (2).
2The factor P;KPZ) is not present in the kernels in [23, Equation (5) and Definition 2.4]. This is because the L? space is

(KPZ)

weighted. Here we use L2(dz) space instead and include Pj as a part of the kernel.
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Proof. Tt only remains to check that H¥F%) is trace class. We omit the superscript (KPZ) to lighten the
notations. We use Lemma 5.8. Decompose {2, so that each ¥, ; is one of the connected contours of ); see
Figure 1. If ¥y j, and ¥ j, are in different half planes (such as I'1 | and I'; ¢), we take the separating contour
to be Cj, j, = iR. On the other hand, if 3, ; and ¥, ;, are in the same half plane, then we take Cj, ;, to
be a translation of them that sits between them. To check condition (c), it is enough to check (i) and (ii)
in the discussion after Lemma 5.8. Since A and B are constants on each connected component, they are in
L>(€) and (i) holds. For (ii), due to the conditions (6.1) on the parameters, we see that

miJrl(Z) _ e%(ti_ti+1)23+%(Yi_Y'i+1)22+%(Xi_XH»l)Z

m;(2)
decays super-exponentially fast as |z| — oo for z in the sectors arg(z) € (7/6,7/4) U (7r/4,117/6), and
similarly, its reciprocal decays super-exponentially fast in the sectors arg(z) € (3w/4,57/6) U (77/6,57/4).

From the geometry of the contours and this exponential decay, we find that the decay condition (i) is
satisfied, and we obtain the result. O

From the above result and the next lemma, Theorem 2.11 (i) is proved.
Lemma 6.2. The symmetry (2.26) holds true.

Proof. For simplicity, we omit the superscript (KPZ) in the notations. From (4.5) and (4.7), we have

&1 = lim, 00 2(®(2) — I). Thus, a symmetry of ®; follows from a symmetry of ®(z), the solution of the

Riemann-Hilbert problem in Subsection 4.1. This further follows from a symmetry of the jump matrix.
From (4.3) and (5.8), the jump matrix is

J(2) = g1 — 27if (2)g(2)T = ly1 — 2mA(2)U(2)V(2)TA(2) 7! (6.4)

where the (m + 1)-dimensional vector functions U and V are given in (5.7) with A and B given in (6.2).
Since A = |, we have

U(z)V(2)T =P (’Bl As E—HEH) (B(z)g’(z(z) B(Z)(’)(l(zr)) </:)1 Ao E—HEH)TPT.

It is tedious but straightforward from the definition (6.2), also noting that Xo(—z) = X;(2), to check that

1— 1
_T?Bj(z)ml,j(z“) if j is odd,
Bi(—2an, () =4 o)
1 1J Bj(2)xa,,(2) if j is even,
Gi—1
forj=1,---,mand z € Q.
For arbitrary non-zero constants Ly, - , L,, it is straightforward to check that

diag(Ly, - , L) T\ = AL

o

diag(Ly, -+, L) (A2 — Eqy) = (Ay — Eqp)LEY,

with m x m matrices L, := diag(L1, L1, L3, L3,---) and L, := diag(1, Lo, Lo, L4, L4, ---). Thus, with the
(m+1) x (m+ 1) matrix
L:= dlag (L17"' vLma]-)v

we find, noting EHLei = Eq1, that

T
T -1 _ /\1 /\2 — E11 0 LOLe_lB(Z)Xl(Z) /\1 /\2 — E11 T
LU()V(2) "L~ =P ( 0 E, Lo1LB(2) X2 () 0 0 E, P
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Now for L; given in (2.27), we have

1 1

_ . Ly Lz L3 ) . =g 1-¢ 1-g
LoL; ! = dia (L =diag | —(1 = 1), — Lo ,— s,

g 1 L2 LQ L4 g ( Cl) 1_4-2 l_é 1_4—4

Thus, from (6.5) we find that
Ly 'LeB(—2)Xa(—2) = B(2)X1(2), LoLo 'B(—2)X;(—2) = B(2)Xa(2)

and hence,
LU(—2)V(=2)TL™! = (U(2)V(2)])T.

Noting that m;(—z|x, —y,t)”" = m;(z|x,y,t), we have A(—z|x,—y,t)"! = A(z|x,y,t). Thus, the jump

matrix (6.4) satisfies
(LI(—z % —y, L) = J(z[x.y, ).

A symmetry of the jump matrix implies a symmetry of the solution of the RHP, in our case here it reads
(Lo(=z]x =y, L) " = b(z]xy,b).

Finally, this implies the symmetry (2.26) for ;. O

6.2 Periodic KPZ fixed point - proof of Theorem 2.11 (ii)
For the periodic KPZ fixed point, [7, Section 2.2.3] show that the formula in (2.24) is given by
Q(per)(h,'y, 7]¢) = det(1 — Rgper)Réper)),

)

the Fredholm determinant was shown to be convergent and the above formula is valid for the parameters
satisfying

’Képer)

for operators R(lper and of the form in Definition 5.1 which we now describe. The series formula of

O<nn<---<71, and h¢<hi+1 ifTi:TH_l. (66)
The fixed constants (i, -+, (,, are arbitrary complex numbers satisfying 0 < |(1| < -+ < |(m| < 1.
2
For each i = 1,--- ,m, consider the roots of the equation e~* /2 = ¢;, which are called Bethe roots, and

define the discrete sets
SiL:={seC| e /2= ¢, Res < 0}, Sir:={seC| e /2 =¢;, Res > 0}.

Note that S; | = —S;r, and
Si,R C Pi,R and Si,L C 73“_,

where

Pir={s€C| |e’32/2| =G|, Res > 0} = {s € C|(Res)? — (Ims)® = —2log |(;]|, Res >0} (6.7)

and P; | := —P; r are hyperbolas. Thus, the sets S; r extend to co along angles 77/4 and 7/4 and the sets
Si.L extend to co with angles 5m/4 and 3w/4. See Figure 2. In terms of the notation of (5.1), define the
discrete sets
Q(pcr) o Si,L, if 4 is Odd7 Q(pcr) . Si7R7 if 7 is Odd7
i = 24
’ SiR, if 7 is even, ’ SilL, if 7 is even,
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D4

Figure 2: The nodes are S;|,S;r and the solid curves are the hyperbolas
PiL,Pir for i = 1,2,3 for certain choices of (,(2,(3. The black-filled nodes

represent Qﬁpef’ while the gray-filled nodes represent Qgper).

and .
Qéper) — U Qg)ier)

i=1

for £ = 1,2. Note that Q" = —Q{P) The Hilbert spaces are £2(QP*") for £ = 1,2 with the counting
measure.
Fori=1,--- ,m, set
er Ci*(fl)i (per) Ci+(71)i
Q(pi)3:1_77 PZ =1 2=
b Gi > Gi

with the convention that (y = (41 = 0. Define

ico 1 1-¢ w?/2
exp ( - / Og(Ce)dw) for Re(z) < 0,

Vi(2) e
iZ = . 2
1001 1— iw/2
eXp(—/. Og(wii)dw> for Re(z) >0

The function V;(z) does not depend on the parameters, it is analytic and non-vanishing on C \ iR, and
satisfies V;(—z) = V;(z) and V;(z) — 1 as z — co. Now, setting Vo = V,,,41 = 1, define

A(per)(z) — 1 % {VjJrl(Z) for z € S;,
J

zVJ(Z) ijl(Z) fOI' z € Sj,R7

and

(per) (per (per) Vj+1(2) for z € Sj’L,
B +
P z) = (QF s, (2) + A xsa (2)) {vj_1<z> o

for j =1,...,m, and define the matrices A = AP and B = B(PeY) by (5.2). Observe that Agper), B;-per) are
bounded on QPer),
Finally, define the functions

méper) (z) = etiz3+yi22+xiz where t; = 7'1/3 Yi = ’}/1/2 x; = hy,

and define the matrix M) (2) as (5.3). Recall that 7; > 0, v; € [0,1), h; € R correspond to the time,
position, and height variables, and which is consistent with (2.28). With these formulas, we define the

operators Rgper) and Rgper) by the formula of Definition 5.1.

39



Let Q) .= QP U QP and define the operator H®e) on Ez(Qéper)) as Definition 5.2 with the specific

choice of the conjugating constant c(z) given by (5.13). Then, from the formula of mg-per), we find that H(®er)
is a cubic integrable operator. The next result proves Theorem 2.11 (ii).

Corollary 6.3. The operator H®P) above is trace class on (> (Qéper)) and
P (h,~, 7] ¢) = det(1 — HP),

Proof. Tt is enough to show that H(®®") is trace class. We omit the superscript (per). We use Lemma 5.8
and the discussion that follows. We already observed that A and B are bounded on §.
We take the decomposition (5.20) of € using ¥, ; = Q%?r) for ¥ = 1,2 and j = 1,--- ,m. If the sets

Qg{);r) and Qg?;;) are in different half planes, then we take Cj, j, = iR for the separating contour, and this

case is easy, and we skip the detail. If the sets ng’;r) and Qéf’;;) are in the same half plane, then from the
definition of the sets, we see that ji # jo. Thus, |(;, | # |¢;,|. We take the separating contour as

Cirigs = {5 € ClIe™ /2 = (1G] + 162.1)/2}

It is enough to check that (5.22) and (5.23) in the discussion after Lemma 5.8 are satisfied. The hyperbola
C;, ;, does not intersect the hyperbolas {s € C||e™*"/2| = |¢;,|} and {s € C||e="/2| = |¢,|} (see (6.7)) and
all three hyperbolas have the same asymptotes. From the geometry we can check that

/ [ds| . (6.8)
C; s — ul

J1.32

is finite and grows at most like a polynomial as u — oo on QEpff) or Qgpf;). We have

m;+1(2) — e3(t—tip) 2+ 5 (v —yi+1) 2+ 5 (x —x11)z (6.9)
m; (2)

Note for z € QP we have e~ /2 = ¢; for some i, and thus,

|e%(h‘—>’j+1)22| = |¢;|yitrY

does not depend on z. Therefore, since the set Q(P°") has asymptotes to angles 7/4, 37 /4, 57 /4, 7n /4, the
conditions on (6.6) on parameters imply that (6.9) decays to zero exponentially fast on the set nggr) if it

is on the right half plane. Similarly, the reciprocal of (6.9) decays exponentially on Qélfjer) if it is on the left
Vmjt(u) or VY m; (u)

Vm; (w) Vmia(w)
we find that (5.22) and (5.23) are satisfied, and we obtain the result. O

half plane. Due to exponential decay of and the at most polynomial growth of (6.8),

7 Large height limits and the proof of Proposition 2.12

It is interesting to consider the asymptotic properties of the solutions to the differential equations in Subsec-
tion 2.1 as some of the parameters tend to infinity. In this paper, we only consider one simple case and leave
other cases for a future work. The next result shows the asymptotic behavior of the Fredholm determinant
and ®; for the (periodic) KPZ fixed points as the height parameters x; = h; tend to positive infinity in a
certain way. Since the result for both the KPZ and periodic KPZ fixed points are the same, we use the
variables x,y, t instead of the physical variables h,~, 7: see (2.25) and (2.28) for the correspondence.
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Lemma 7.1. Let either ® = DKPZ) gnd ¢, = ¢§KPZ), or® =9P) and & = CDEPer). Fix parameters
x,y,t. Let by,--- , by, > 0 be constants and

a::(al,ag,...,am), al:bl‘i"i’bl

Set
X5:2X+£a:(xl+£ala"'axm+€am)7 €ER

Then, there exist constants ¢ > 0 and & > 0, independent of X,y,t, for which the inequalities

D(xe,y,t) — 1] < e “  and - max [(®1(xg,y, )] < e
ij=1,,m

hold true for all £ > &p.

Proof. We omit the superscripts (KPZ) and (per). We also indicate the variable z and the parameter &,
but omit other parameters. In this proof, we use the alternative formula (5.14) of the vectors f and g. This
formula involves S(2)X;(z) and S(z)~!Xz(2), which we first consider.

From the definition in (2.3), m;(z|x¢) = m;(z|x)e$?* holds. Thus, the matrix S in (5.12) satisfies

S(z|x¢) =S(z|x)R(z]€) with R(z|&) = diag(et?1?, 75027 efbsz ..., (7.1)
Using the identity (5.4) for indicator functions and noting that R and X, are diagonal matrices, we find that
Xi(2)ee” (X1(2)R(2]€) + Xz(2)R(2 | ) e = Xi(2)R(z | E)e = R(z | ) X1 (2)e,

T -1 -1 -1 (7:2)
Xa(z)ee” (X1(2)R(z |§) + X2 (2)R(2[§) 7 )e = Xa(2)R(2[§) e = R(z[£§)™ Xa(z)e.
The equations (7.1) and (7.2) imply that
S(z|x¢)X1(2)e = S(z|x)X1(2)ep(z &) and S(z|xe) ' Xa(z)e = S(z|x) " Xa(2)ep (2] £),
where
$(2]€) =" (X1(2)R(2]€) + Xa(2)R(2 | )" ')e
is a scalar function. Since A and B do not depend on x, the formula (5.14) implies that
f(z]xe) = f(z|x)o(z]¢) and g(z]x¢) = g(z[x)¢(z]¢). (7.3)

Now, ¢(z|€) is a sum of eibifzxgm. (z) for £ =1,2 and j = 1,--- ,m with the certain choice of the sign
+. Being careful with the sign and noting that € ; is in either of the two halves of the complex plane, we
find that

lo(z] &) < efbgchzh b:=min{by, -+ ,bn}, (7.4)

for every z € Q and every £ > 0. Since the sets in €2 are away from the imaginary axis by a positive distance,
say d, (see Figure 1 and 2) , this implies that |¢(z | £)| < e for every z € Q and every & > 0.
Let Ty = Ti(x¢) and Ta = Ta(x¢) be the Hilbert-Schmidt operators from Lemma 5.8. From (7.3)—(7.4)
we find
IHxe) ]l < [Hxe) 11 < e[ T1(3) |2l T2 ()2

where the norms are the operator norm, the trace class norm, and the Hilbert-Schmidt norm, respectively.
The norms || T1(x)||2 and ||Ta(x)||2 are finite and independent of £&. Thus, from the inequality || det(1 — H) —
11 < [|H|l1e" M for trace class operators (see [27, Theorem 3.4]), the claim on ® = det(1 — H) then
follows. On the other hand, from (2.9) and (7.3)—(7.4), we find

omax (@(xe))i sl < e (L = Hx) T IIFC DOz llg( 1)l 20,0 -

and the result for ¢ follows. O
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Thus, in particular, the matrix functions q, p, r, s for the (periodic) KPZ fixed points, which solve various
differential equations, decay exponentially to zero as & — co. Using the above lemma, we prove Proposi-
tion 2.12.

Proof of Proposition 2.12. Let ® be a cubic admissible determinant and q; the matrix-valued function in
(2.10) corresponding to the choice of subset S = {1,2,--- ,i}. Then, from Proposition 2.10,

(8X1 +"'+8Xi)10g© = _Tr(qi)'

Thus, for setting x¢ :=x+ {a with a = (1,--- ,m) as in (2.29) and £ € R, we have

m m

d—glogi) = ko, logD(xe) =D (B + -+ Oy,) log D(xe) ZTrql Xe). (7.5)
k=1 =1

By Lemma 2.4, the above term is also equal to i Tr(s;(x¢)). Now, when D is either DXP2) or DPer)
the last lemma shows that ©(x¢) — 1 and Trq;(x¢) — 0 exponentially fast as & — oo. Thus, integrating
(7.5) we obtain Proposition 2.12. O

8 Adler and van Moerbeke PDE and a non-equal time extension

Let H be a strongly cubic integrable operator which is also trace class. Assume that 1 — H is invertible. Set
M =logdet(1l — H) for the case when m = 2 and with the change of variables given in (3.7),

t E+W E-W 2
to — —— - — = -4 8.1
2 33 Y2 Y, X1 2 ) X2 2 t ( )
with t; = —% and y; = 0. Then, M is a function of 4 variables, ¢, F, W, and y. We now discuss how we can

obtain partial differential equations (3.8) and (3.9) for M. As we discussed in Subsection 3.4, the special
cases of these equations when ¢ = 1 yield the equal-time differential equations for the Airys process obtained
by Adler and van Moerbeke [3] and Quastel and Remenik [26].

In the derivation of the differential equations for cubic integrable operators, we used Lax equations
obtained from a Riemann-Hilbert problem. For the NLS, mKdV, and KP derivations, we used the Lax
equations with respect to the parameters t,x,y, which in terms of (8.1) become Lax equations with respect
to t, E,W, and y. For the derivation of Tracy-Widom type ODE, we also considered the Lax equation
with respect to the spectral variable z for the case of strongly cubic integrable operators, and used the
compatibility of z-Lax equation and x-Lax equation. In this section, we use the compatibility of the z-Lax
equation with each of the t¢-, y-, F-, and W-Lax equations.

We start with an analysis of the z-Lax equation. The solution ®(z) of the RHP in Subsection 4.1 has
the asymptotic series ®(z) ~ | + % + % +--- as z — 0o. The asymptotic series can be written uniquely as

0 ¢§€o) 0 q>](Cd)
z) ~ H—;ZT exp ;Z—k (8.2)

for diagonal matrices CD,(fd) and off-diagonal matrices ¢,(:). Considering the O(z71) and O(272) terms, we see
that

o o) | 1
01 =017 + 01" and &y =0 + {70 + oy 4 J (0172, (8.3)

Consider the Lax equation (4.48) with respect to the spectral parameter z, where recall (2.4) that
V(z) := ®(2)A(z). We can write it as

. V(2) = (22Q2 + 2Q1 + Qo)V¥(z) (8.4)
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where, thanks to (8.3), the coefficient matrices are
Q:=3M,, Qi =2M, +3[”, M, Qo= M, +2[0, M+ 30, M] - 3[{”, Mo,

and where we also recall (2.16) for the definition of My, My, and M. Inserting W(z) = ®(z)A(z), the equation
becomes, using (4.47),

0,9(2) = (2°Q2 + 2Q1 + Qo)P(2) — P(2)(32*M, + 22M, + M,).

We insert the asymptotic series (8.2) and for each k = 1,2,--- collect the coefficients of 2=* to obtain an

equation for CDZ(.O) and Cbl(.d). It is useful to note that Cbl(.d), M¢, My, and My are diagonal matrices and commute.
We find, after inserting the formula of Qq, Q1, Q2, that for £ > 1,

3[04, M) + 2[0(7) 1, My] — 3[0f M%), — 3]0, Moy + [0, Mx]

o o o o o d o (85)
— 2[6f,M,] =3[0, MO )bl — (k — 1) = (k — 1)d” +Z 1o o,

Note that all matrices are of size 3 x 3 since m = 2. These equations are recursive equations. Note that
¢(0)2 is the matrix of the highest index for the off-diagonal matrices and ! )1 is the matrix of the highest
index for the diagonal matrices. It turns out that the recursion determines all matrices if we know <D§0) and

some entries of ®{”.

Lemma 8.1. Suppose that a1, ,a19, are 10 functions of t, E,W.,y. Let

0 a1 as 0 ar
Cbgo) = ag O as , (Dgo) = as 0 Co ,
a4 Qg 0 ag aio 0
where c1, co are functions of a1, -+ ,a19 given by
asag tajag  tasar  2yajas asaszag  G1Gg Aoy
€= — —tajas + + - +aras + - - :
Gy Gy Gy a4 Gy Gy Gy (8 6)
a1a4as5 aiag  asay  asaip | 2yaiaz | 2yas  asaz | a1ag | G207
Cy = + asasz — — — + + — .
ag ag ag ag ta6 t t (th aﬁt

Then, ¢£LO), n > 3, and CDsLd), n > 1, are determined uniquely from the recursion (8.5). Furthermore, all
entries of d>£{’) and cb%‘” are Laurent polynomials of a1, - ,a19.

Proof. Since M, is a diagonal matrix, the commutator of any matrix W with M is of the form

0
W, M,] = | * (8.7)

* O *
O % ¥

and each * is a constant multiple of the entry of W at the same spot.
Consider the case k = 1 of (8.5). The right-hand side of the equation is zero, so it becomes an equation
of 4350), Cbéo) and CDgO) only,

3057, M +2[05, My] —3[0(”, M o5 —3[05 Mo i” + [0, M] — (2[0(”, My] - 3[0{”, Mo () d(”) = 0.

Since <Dg0) appears only in the term [d)éo), M;], the diagonal entries of this (matrix) equation yield 3 scalar
equations involving only the entries of Cbgo) and ¢go). Two of them are (8.6) and they imply the third equation.
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Now if we consider the off-diagonal entries of the equation, from (8.7) we see that all 6 off-diagonal entries

of CDE))O) are Laurent polynomials of a1, --- ,a19. Thus, CD:())O), which is an off-diagonal matrix, is determined.
We now prove the lemma using an induction on k. For k > 2, suppose that <I>(10),-~~ ,CD,(:_gl, and
¢§d), cee CD,(;% are known and their entries are Laurent polynomials of a1, -+ ,a1g. It is enough to show that

we can determine CDI(;ZZ
of the quantities of the hypothesis. These two matrices appear in the equation (8.5) only in 3[d>,(;22, My]

and (k — 1)d>,(€d_)1, Thus, considering the diagonal entries of the equation, we can solve ¢,(€(22 in terms of the

5 and d)éc?l from the induction hypothesis, and their entries are Laurent polynomials

terms of the induction hypothesis, and the off-diagonal entries of the equation allows us to solve [d)](;ﬁQ, My,

and thus CD,(QQ from (8.7), in terms of the induction hypothesis. From the solution, we find that they are
polynomials of the terms of the induction hypothesis, and thus the lemma is proved. O

Consider the Lax equations (4.16) with respect to t, y, and x. With the choice (8.1) of the parameters,
they become four equations,

1 1 1 1
gV (z) = (22E1 + §ZE2 + §C1,1 + 2C1,2> V(z),

1 1 1 1
3W\Il(z) == <22,’E1 - §ZE2 + §C1,1 — 2C1,2> \U(Z),

2 2
8y\ll(z) = <Z2E2 + ZCLQ — ZTyEQ + C272 — ZJCLQ) \U(Z),

1, 1, 1 y? 1 y?
at\U(Z) = (—3Z Es — gz CLQ — §ZC272 + Z§E2 — §C372 + t—2C1,2 \U(Z),
where C; 1 and C; 2 are C; in (4.17) with E replaced by E; and Eg, respectively. For each equation, consider
the compatibility condition with the z-Lax equation (8.4). If we consider the entries of these 4 equations

(called zero-curvature equations; cf. the derivation of (4.20)) yield 40 equations of the form
Opa; = P{(a). dwa; =P (a), 0ya;=P"(a), ;=P (a),

for j = 1,---10, where Pj(k) (a) are Laurent polynomials. On the other hand, from Proposition 2.10 and
Proposition 4.7, the partial derivatives of M = logdet(1 — H) are polynomials of ®; and ®5, and hence, by
Lemma 8.1, they and their higher partial derivatives are Laurent polynomials of aq,- -+, a1g-

Motivated by the formula of the PDE of Adler and van Moerbeke, and of Quastel and Remenik, we
consider the 27 partial derivatives

Ox, M, Ox,0x.M, Ox,0x.0x, M, Ox,0x,0x,0x;M, 0Ox,0x, M0x,, 0x, M,
OyM, 9,0x,M, O;M, OM, 0,0x,M

with the indices a,b,c, - being either 1 and 2, and X; = E, Xy = W. These are Laurent polynomials of
ai,- -+ a1 involving 163 Laurent monomials. We then asked if there are linear relations between these 27
Laurent polynomials. We regarded each of 163 Laurent monomials as independent vectors and considered
the vector space of Laurent polynomials spanned by them. Symbolic computations using Maple showed that
the above 27 Laurent polynomials are not linearly independent and furthermore, the rank of their coefficient
matrix is 23. As a result we obtain 4 linear relations of these Laurent polynomials. Two of them are (3.8)
and (3.9). The other two are more complicated and we do not present them here.
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