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Linear mixed models based on skew scale mixtures of normal
distributions
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ABSTRACT
Scale mixtures of normal distributions are useful for statistical procedures
involving symmetric and heavy-tailed data. Ferreira, Lachos, and Bolfarine
(2016) defined a multivariate skewed version of these distributions that offers
much-needed flexibility by combining both skewness and heavy tails. In this
work, we develop a linear mixed model based on skew scale mixtures of nor-
mal distributions, with emphasis on the skew Student-t normal, skew–slash
and skew–contaminated normal distributions. Using the hierarchical structure
of the model, we develop maximum likelihood estimation of the model
parameters via the expectation-maximization (EM) algorithm. In addition, the
standard errors are obtained via the approximate information matrix and the
local influence analysis is explored under some perturbation schemes. To
examine the performance and the usefulness of the proposed method, we
present simulation studies and analyze a real dataset.

ARTICLE HISTORY
Received 24 April 2020
Accepted 18 September 2020

KEYWORDS
EM algorithm; Linear mixed
models; Local influence
analysis; Skew scale
mixtures of normal
distributions

1. Introduction

The scale mixtures of normal distributions (Andrews and Mallows 1974) are a group of thick–tailed
distributions that are often used for robust inference of symmetrical data. Moreover, this class
includes distributions such as the Student-t, slash and contaminated normal, among others. However,
this class is inappropriate for dataset that are skewed and present heavy-tails, such as, data on family
income (Azzalini, Capello, and Kotz 2003) or on substance concentration (Lachos and Bolfarine
2007). Thus, appropriate distributions to fit these skewed and heavy tailed data are needed.

Azzalini (1985) proposed the univariate skew-normal distribution and it was generalized to the
multivariate case by Azzalini and Dalla-Valle (1996) and Azzalini and Capitanio (1999). The
multivariate skew-normal densities extend the multivariate normal model by allowing a shape
parameter to account for skewness. The probability density function (PDF) of the generic element
of a multivariate skew-normal distribution is given by:

f ðyÞ ¼ 2/nðyjl,RÞU1ðk>R�1=2 y � lÞð Þ, y 2 R
n, (1)

where /nð:jl,RÞ stands for the PDF of the n-variate normal distribution with mean vector l and
covariate matrix R,U1ð:Þ represents the cumulative distribution function (CDF) of the standard
normal distribution. When k ¼ 0, the skew-normal distribution reduces to the normal distribu-
tion (Y � Nnðl,RÞ). An n-dimensional random vector Y with PDF as in (1) will be denoted by
SNnðl,R, kÞ: Its marginal stochastic representation is given by:
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Y¼d lþ R1=2ðdjT0j þ ðIn � dd>Þ1=2T1Þ, with d ¼ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k>k

p , (2)

where jT0j denotes the absolute value of T0, T0 � N1ð0, 1Þ and T1 � Nnð0, InÞ are independent,

“¼d ” means “distributed as” and In denotes the identity matrix of order n. From (2) it follows
that the expectation and variance of Y are given, respectively, by:

E Y½ � ¼ lþ
ffiffiffi
2
p

r
R1=2d,

Var Y½ � ¼ R� 2
p
R1=2dd>R1=2:

Linear mixed models (LMMs) have become important tools for practicing statisticians, commonly
utilized to analyze continuous repeated measures, grouped and longitudinal data, among others.
They are used in several areas, like agricultural, environmental, biomedical, economic and social
science applications (see, e.g. Diggle, Liang, and Zeger 1996). The increasing popularity of these
models is due to the flexibility they offer to model the correlation between and within samples,
frequently present in longitudinal data (Laird and Ware 1982) and grouped data (Henderson
1984), as well as the capacity to model balanced and unbalanced data.

Repeated measures data are typically generated by observing a number of subjects repeatedly
under different experimental conditions. Observations of the same subject are usually made at
different times, as in longitudinal studies. Mixed-effects models assume that the intra-subject
model relating the response variables to time is the same for all subjects, but the model parame-
ters may vary between subjects. Despite their appealing statistical properties, a standard but pos-
sibly restrictive assumption in LMMs is that the random effects and the residual components
follow a normal distribution. Hence, considerable interest has been focused on relaxing the nor-
mality (symmetry) assumption and jointly estimating the random effects and model parameters.

Some recent works have incorporated asymmetric distributions to the random effects in
LMMs. For instance, Ma, Genton, and Davidian (2004) considered a generalized flexible skew-
elliptical distribution to represent the density of the random effects and proposed complicated
algorithms for maximum likelihood (ML) and Bayesian inference using MCMC methods.
Arellano-Valle, Bolfarine, and Lachos (2005) defined a skew-normal linear mixed model which
assumes that the random effects follow a skew-normal distribution and presented an expectation-
maximization (EM)-type algorithm to perform ML estimation. Lachos, Ghosh, and Arellano-Valle
(2010) proposed the skew-normal/independent linear mixed model, based on the multivariate
scale mixtures of skew-normal (SMSN) family of distributions, where an EM-type algorithm for
ML estimation is also presented. Yu, O’Malley, and Ghosh (2014) introduced a new class of
extended multivariate skew- t distributions, which allows different degrees of freedom to accom-
modate heterogeneity in tail-heaviness across outcomes. More recently, Kahrari, Ferreira, and
Arellano-Valle (2019) introduced a flexible class of linear mixed models by assuming that the ran-
dom effects and model errors follow a multivariate skew-normal-Cauchy distribution.

In the context of asymmetric distributions, Ferreira, Bolfarine, and Lachos (2011) proposed a
new family of asymmetric univariate distributions called skew scale mixtures of normal distribu-
tions (SSMN), generated by the normal kernel (as the skewing function), using otherwise sym-
metric distributions of the class of scale mixtures of normal distributions (Andrews and Mallows
1974; Lange and Sinsheimer 1993). Ferreira, Lachos, and Bolfarine (2016) developed a multivari-
ate version of the skew scale mixtures of normal distributions, providing an EM algorithm and
the observed information matrix for multivariate responses. Following Lachos, Ghosh, and
Arellano-Valle (2010), in this article, we develop a new family of linear mixed models, where the
random effect follows a SSMN distribution and the error term follows a multivariate scale mix-
tures of normal (SMN) distribution.
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Investigation of the influence is an important step in data analysis after the parameter estima-
tion. The identification of problems caused by influential aspects may give ideas for improving
the model assumptions and/or input data to establish a better model. Local influence by minor
perturbations of a statistical model is a useful tool for sensitivity analysis (Cook 1986). For
example, Lesaffre and Verbeke (1998) developed local influence for LMMs under the normal dis-
tribution. This measure involves the first and second partial derivatives of the log-likelihood func-
tion. So, when this function involves intractable integrals, direct application of Cook’s (1986)
approach may require hard calculation. A second approach for local influence, based on condi-
tional expectation of the complete-data log-likelihood at the E-step of the EM algorithm, was
developed by Zhu and Lee (2001). For some applications using their approach, see for example,
Zeller et al. (2010), Zeller, Lachos, and Labra (2011), Ferreira and Paula (2017) and Ferreira and
Arellano-Valle (2018).

Section 2 presents the multivariate skew scale mixtures of normal distributions and their par-
ticular cases. Section 3 proposes the SSMN linear mixed models, the maximum likelihood estima-
tion using the EM algorithm (Dempster, Laird, and Rubin 1977) and a simulation study
investigate the functionality of the proposed model. In Sec. 4, we develop local influence analysis
by Zhu and Lee (2001)’s approach. Finally, Sec. 5 presents an application of the model to the
data collected as part of the famous Framingham heart study.

2. Multivariate skew scale mixtures of normal distributions

Andrews and Mallows (1974) presented necessary and sufficient conditions under which a con-
tinuous symmetric random variable Y may be generated as the ratio Z/U where Z and U are
independent, Z has a standard normal distribution and U is a positive random variable. This
symmetric family, named scale mixtures of normal (SMN) distributions, includes distributions
such as the Student-t, slash and contaminated-normal distributions. All these distributions have
heavier tails than the normal.

We say that an n-dimensional vector Y has a SMN distribution (Lange and Sinsheimer 1993)
with location parameter l 2 R

n and a positive definite scale matrix R if its density function
assumes the form:

f0ðyÞ ¼
ð1
0
/nðl, u�1RÞdHðu, sÞ

¼ j2pRj�1=2
ð1
0
un=2 exp � 1

2
uðy � lÞ>R�1ðy � lÞ

� �
dHðu, sÞ, y 2 R

n,

(3)

where Hðu, sÞ is the CDF of a one-dimensional positive random variable U indexed by the par-
ameter vector s: For a random vector with a PDF as in (3), we use the notation Y �
SMNnðl,R;HÞ, while when l ¼ 0 and R ¼ In, we use the notation Y � SMNnðHÞ:

Its stochastic representation is given by:

Y ¼ lþ U�1=2Z,

where Z � Nnð0,RÞ and U is a positive random variable with CDF H independent of Z.

Definition 1. A random n-dimensional vector Y follows a skew scale mixtures of normal distri-
bution with location parameter l 2 R

n, a positive definite scale matrix R and skewness parameter
k 2 R

n (Ferreira, Lachos, and Bolfarine 2016), if its density function is given by:

f ðyÞ ¼ 2f0ðyÞU1 k>R�1=2ðy � lÞ
� �

, y 2 R
n, (4)

where f0ð�Þ is defined as in (3). For a random vector with a PDF as in (4), we use the nota-
tion Y � SSMNnðl,R, k;HÞ:
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Remark. Conditioned on U, we have that:

fYjU¼uðyÞ ¼ 2/nðy, l, u�1RÞU1 k>R�1=2ðy � lÞ
� �

¼ 2/nðy, l, u�1RÞU1 u�1=2k> ðu�1RÞ�1=2
h i

ðy � lÞ
� �

:

Therefore, YjU ¼ u � SNnðl, u�1R, u�1=2kÞ:
If n¼ 1, then, we have the univariate SSMN distribution developed in Ferreira, Bolfarine, and

Lachos (2011). In the next section, we describe some distributions of the SSMN class.

2.1. Examples of SSMN distributions

� The skew Student-t normal (StN) distribution with � > 0 degrees of freedom, denoted
by StNnðl,R, k; �Þ:

The use of the t-distribution as an alternative to the normal distribution has been frequently
suggested in the literature. For instance, Little (1988) and Lange, Little, and Taylor (1989) recom-
mended using the Student-t distribution for robust modeling.

Considering U � Gammað�=2, �=2Þ, the PDF of Y takes the form:

f ðyÞ ¼ 2
C �þn

2

� �
C �

2

� �
pn=2

��n=2jRj�1=2 1þ d
�

	 
�ð�þn
2 Þ
U1 k>R�1=2ðy � lÞ
� �

, y 2 R
n,

where d ¼ ðy � lÞ>R�1ðy � lÞ: In this case, UjY ¼ y � Gammaðð� þ nÞ=2, ð� þ dÞ=2Þ:
The skew Student-t normal distribution was first developed by G�omez, Venegas, and Bolfarine

(2007). In that paper, the authors showed that the StN distribution can present a much wider
asymmetry range than the one presented by the ordinary skew-normal distribution (Azzalini
1985). When � " 1, one gets the skew-normal distribution as the limiting case.

� The skew-slash (SSL) distribution, with shape parameter � > 0, denoted by SSLnðl,R, k; �Þ:
The distribution of U is Betað�, 1Þ, 0 < u < 1 and � > 0: Its PDF is given by:

f ðyÞ ¼ 2�
ð1
0
u��1/n yjl, u�1R

� �
duU1 k>R�1=2ðy � lÞ

� �
, y 2 R

n:

When � " 1, one gets the skew-normal distribution as the limiting case. For this distribution,
we have that UjY ¼ y � TGð� þ n=2, d=2, 1Þ, where TGða, b, tÞ is the right truncated gamma

distribution, with PDF f ðxja, b, tÞ ¼ ba
cða, btÞ x

a�1 exp ð�bxÞIð0, tÞðxÞ, cða, bÞ ¼ Ð b0 ua�1e�udu is the

incomplete gamma function and IAð�Þ denotes the indicator function.

� The skew-contaminated normal (SCN) distribution, denoted by SCNnðl,R, k; �, cÞ, 0 � � �
1, 0 < c � 1:

Here, U is a discrete random variable taking one of two states. The probability density func-

tion of U, given the parameter vector s ¼ ð�, cÞ>, is denoted by hðu; sÞ ¼ �Iðu¼cÞ þ ð1� �ÞIðu¼1Þ:
It, thus, follows that:

f ðyÞ ¼ 2f�/n yjl, c�1R
� �

þ ð1� �Þ/nðyjl,RÞgU1 k>R�1=2ðy � lÞ
� �

, y 2 R
n:

The conditional distribution UjY ¼ Y is also a degenerated function, given by f ðujY ¼ yÞ ¼
1

f0ðyÞ f�/nðy,l, c�1RÞIðu¼cÞ þ ð1� �Þ/nðy,l,RÞIðu¼1Þg, where f0ðyÞ ¼ �/nðy, l, c�1RÞ þ ð1� �Þ/n

ðy, l, RÞ:
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The skew-normal distribution is a particular case of the skew-contaminated normal distribu-
tion when c¼ 1.

3. The SSMN linear mixed model

The mixed linear model for continuous responses, proposed by Laird and Ware (1982), is
expressed by:

Yi ¼ x>i bþ Zibi þ �i, i ¼ 1, :::,m, (5)

where Yi : ni � 1 is a vector of responses of the m individuals, x>i : ni � p is the model matrix
corresponding to the fixed effects, b is a p� 1 vector of unknown parameters describing the
population mean, named fixed effects, Zi : ni � q is the model matrix corresponding to the vector
of random effects bi : q� 1 and �i : ni � 1 is the vector of the errors. Typically it is assumed that

the random effects bi and the residual components �i are independents with bi �iid Nqð0,BÞ and

�i �ind Nnið0,wiÞ, for i ¼ 1, :::,m: B ¼ BðaÞ and wi ¼ wiðcÞ are dispersion matrices, usually associ-
ated with inter- and intra-unit, depending on a number of unknown parameters a and c,
respectively.

Arellano-Valle, Bolfarine, and Lachos (2005) (see also Lin and Lee 2008) proposed a skew-nor-
mal linear mixed model (SN-LMM) based on multivariate skew-normal distributions (Azzalini
and Dalla-Valle 1996; Azzalini and Capitanio 1999) defined as:

Yi ¼ x>i bþ Zibi þ �i, i ¼ 1, :::,m,

bi �iid SNqð0,B, kÞ, �i �ind Nnið0,wiÞ,
(6)

where bi and �i are independent and k ¼ ðk1, :::, kqÞ> is the vector of asymmetry
of bi, i ¼ 1, :::,m:

The linear mixed model developed in this work extends the SN-LMM defined in Eq. (6), by
considering that bi follows a distribution in the SSMN class, as follows:

Yi ¼ x>i bþ Zibi þ �i,

bi
�i

 !
� SSMNniþ1

0

0

 !
,

r2b 0

0 r2eIni

 !
,

k

0

 !
;H

 !
, i ¼ 1, :::,m:

Although, we cannot find a marginal distribution for Yi, we have an attractive hierarchical rep-
resentation, which enables estimating the model parameters via the EM algorithm. Next, we prove
that, although, the terms bi and �i are not independent, they are not correlated.

The joint conditional distribution of bi, �ið ÞjUi is given by:

bi
�i

	 

Ui ¼ ui � SNniþ1

0
0

	 

, u�1

i
r2b 0
0 r2eIni

	 

, u�1=2

i
k
0

	 
	 

, i ¼ 1, :::,m:

���� (7)

Using the proposition 2.18 given in Lachos (2004) and considering the conditional distribution
in (7), with h¼ 2, C1 ¼ 1 0ð Þ 1� ni þ 1ð Þð Þ and C2 ¼ 0 Inið Þ ni � ni þ 1ð Þð Þ, we have that
C>
1 Yi ¼ bi and C>

2 Yi ¼ �i: So, bijUi and �ijUi are conditionally independent.

Let di ¼ u�1=2
iffiffiffiffiffiffiffiffiffiffiffiffiffi

1þu�1
i k2

p k
0

	 

and C ¼ 1 0ð Þ 1� ni þ 1ð Þð Þ: Then, using the proposition 2.9 given in

Lachos (2004), we have that C>Yi ¼ bi, C>RC ¼ r2b=ui, C>R1=2di ¼ krb
ui
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þu�1

i k2
p and d	 ¼ kffiffiffiffiffiffiffiffiffi

uiþk2
p ,

k	 ¼ kffiffiffi
ui

p : In this case,
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bijUi ¼ ui � SN1 0,
r2b
ui

,
kffiffiffiffi
ui

p
 !

: (8)

Therefore,

bi � SSMN1 0,r2b, k;H
� �

: (9)

Let C ¼ 0 In1ð Þ ni � ni þ 1ð Þð Þ: It follows that C>Yi ¼ �i, C>RC ¼ r2e
ui
Ini , C>R1=2d ¼ 0, d	 ¼

0, k	 ¼ 0: Hence,

�ijUi ¼ ui � Nni 0,
r2e
ui

Ini

	 

and so

�i � SMNni 0, r
2
eIni ;H

� �
: (10)

As a result, E �i½ � ¼ 0 and Cov bi, �ið Þ ¼ E bi�i½ � � E bi½ �E �i½ � ¼ EUi E bijUi½ �E �ijUi½ �½ � ¼ 0:
By the results given in Eqs. (9) and (10), the SSMN-LMM can be represented as:

Yi ¼ x>i bþ Zibi þ �i,

bi �iid SSMN1 0,r2b, k;H
� �

,

�i �ind SMNni 0, r
2
eIni ;H

� �
, i ¼ 1, :::,m:

(11)

Using the conditional distribution of bijUi ¼ ui in Eq. (8), the model can be represented hier-
archically as follows:

Yijbi, ui �indNni x
>
i bþ Zibi, u

�1
i r2eIni

� �
,

bijui �ind SN1 0, u�1
i r2b, u

�1=2
i k

� �
e

Ui �iid H sð Þ:

(12)

Lee and Nelder (2004) provide a discussion of the differences between conditional and marginal
models in models in the presence of random effects, discussing the advantages of the conditional
over marginal models and considering the first as fundamental, for which marginal predictions
can be made.

If �i � SMNq 0,R;Hð Þ, we have that E �i½ � ¼ 0: When bi � SSMN1 0, r2b, k;H
� �

, then, E bi½ � ¼

crbkEUi

U�1
iffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þU�1
i k2

p
� �

, with c ¼
ffiffi
2
p

q
(see Ferreira, Bolfarine, and Lachos 2011). So,

E Yi½ � ¼ xibþ crbkEUi

U�1
iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ U�1
i k2

q24 35Zi:

The PDF corresponding to (12) is given by:

f yið Þ ¼ 2
ðþ1

�1

ðþ1

0
/ni yijx>i bþ biZi, u

�1
i r2eIni

� �
/1 bij0, u�1

i r2b
� �

U1
kbi
rb

	 

h ui; sð Þduidbi: (13)

The model in (12) can be rewritten as

6 C. S. FERREIRA ET AL.



Yijbi, ui, ti �indNni x
>
i bþ Zibi, u

�1
i r2eIni

� �
,

bijui, ti �indN1
rbk

ui
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2=ui

q ti,
r2b

ui þ k2

0@ 1A,

Ui �iid H sð Þ and

Ti �iid TN 0, 1; 0, þ1ð Þð Þ, i ¼ 1, :::,m,

where TN l, r2; a, bð Þ� �
represents the univariate truncated-normal distribution of N1 l, r2

� �
lying

within the interval (a, b) (Johnson, Kotz, and Balakrishnan 1994). The PDF in (13) can be
expressed as:

f yið Þ ¼ 2
ðþ1

�1

ðþ1

0

ðþ1

0
/ni yijx>i bþ biZi,r

2
e=uiIni

� �
/1 bij0,r2b=ui
� �

�/1 tijkbi,r2b
� �

h ui; sð Þdtiduidbi:
(14)

If k¼ 0 and U¼ 1, the model (11) becomes the classical mixed effects model. If k 6¼ 0, but
U¼ 1, it becomes the skew-normal linear mixed model introduced by Arellano-Valle, Bolfarine,
and Lachos (2005), with bi a scalar. If bi ¼ 0, it has the features of skew scale mixtures of nor-
mal models discussed by Ferreira, Bolfarine, and Lachos (2011). The mixed model presented
here, in addition to the generalizing class of asymmetric normal mixed effects models, enables a
process of estimation through the EM algorithm with analytical expression in the M-step. In
addition, we propose an approximation to the observed Fisher information matrix as in
Lin (2010).

3.1. Maximum likelihood estimation via the EM algorithm

Finding the ML estimate of the parameter vector h by direct maximization of the log-likelihood
(14) can be a hard task because of the intractable integrals. Thus, we prefer to implement the EM
algorithm introduced by Dempster, Laird, and Rubin (1977), which has several appealing features,
such as stability of monotone convergence with each iteration increasing the likelihood, and sim-
plicity of implementation. One of the major reasons for the popularity of the EM algorithm is
that the M-step involves only complete data ML estimation, which is often computationally sim-
ple. We refer to McLachlan and Krishnan (2008) for details and many applications of the
EM algorithm.

Let y ¼ y>1 , :::, y>m
� �>

, b ¼ b1, :::, bmð Þ>, u ¼ u1, :::, umð Þ> and t ¼ t1, :::, tmð Þ>: Then, treating u,

b and t as missing data, it follows that the complete log-likelihood function associated with yc ¼
y> , u> , b> , t>
� �>

is given by

‘c hjyc
� � / �N

2
log r2e �

1
2r2e

Xm
i¼1

ui yi � x>i b� biZi

� �>
yi � x>i b� biZi

� �
�m logr2b �

1
2r2b

Xm
i¼1

uib
2
i �

1
2r2b

Xm
i¼1

t2i � 2ktibi þ k2b2i
� �

,

where N ¼Pm
i¼1 ni:

It follows that the expectancy with respect to t, u and b, conditional on y of the complete log-
likelihood function (E-step), is given by:
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Q hjĥk
� �

¼ E ‘c hjyc
� �jy, ĥ kð Þh i

¼ � 1
2r2e

Xm
i¼1

û kð Þ
i yi � x>i b
� �>

yi � x>i b
� �� 2cub kð Þ

i Z>
i yi � x>i b
� �þ cub2 kð Þ

i Z>
i Zi

� �
�N

2
logr2e �m log r2b �

1
2r2b

Xm
i¼1

cub2 kð Þ
i þ bt2 kð Þ

i � 2kbtb kð Þ
i þ k2b̂

2 kð Þ

i

� �
,

(15)

where dtduebf kð Þ
i ¼ E Td

i U
e
i b

f
i jyi, h kð Þ

h i
, d, e, f > 0:

The M-step maximizes Q hjĥ kð Þ
� �

with respect to h, obtaining a new estimate ĥ
kþ1ð Þ

: The EM
algorithm of the model is described below:

E-step: Given h ¼ ĥ
kð Þ
, calculate for i ¼ 1, :::, n, û kð Þ

i , cub kð Þ
i , cub2 kð Þ

i , bb2 kð Þ
i , btb kð Þ

i and bt2 kð Þ
i

using (A5)–(A10) (Appendix A).

M-step: Update ĥ
kþ1ð Þ

maximizing Q hjĥ kð Þ
� �

about h, obtaining the following analytic expres-
sions

b̂
kþ1ð Þ ¼ X>D U	 kð Þ� �

X
� ��1

X> D U	 kð Þ� �
Y�D Ub	

kð Þ� �
Z

� �
,

k̂
kþ1ð Þ ¼

Xm

i¼1
btb kð Þ

iXm

i¼1
bb2 kð Þ

i

,

br2e kþ1ð Þ ¼ 1
N

Xm
i¼1

û kð Þ
i yi � x>i b

kð Þ
� �>

yi � x>i b
kð Þ

� �
� 2cub kð Þ

i Z>
i yi � x>i b

kð Þ
� �

þ cub2 kð Þ
i Z>

i Zi

	 

and

br2b kþ1ð Þ
¼ 1

2m

Xm
i¼1

cub2 kð Þ
i þ bt2 kð Þ

i � 2k kð Þ btb kð Þ
i þ k kð Þ2 bb2 kð Þ

i

� �
,

(16)

where X ¼ x>1 , :::, x>m
� �>

of dimension N� p, Z ¼ Z>
1 , :::,Z>

m

� �>
dimension N � 1,

Û
	 kð Þ

¼ û kð Þ
1 1>n1 , :::, û

kð Þ
m 1>nm

h i>
, cUb	 kð Þ

¼ cub kð Þ
1 1>n1 , :::,

cub kð Þ
m 1>nm

h i>
and 1k is a ones vector of

length k, k> 0. As recommended by Lange, Little, and Taylor (1989), Lucas (1997) and Berkane,
Kano, and Bentler (1994), who pointed out difficulties in estimating s due to problems of
unbounded and local maxima in the likelihood function, we consider the value of s to be known.
In the application, we use the Akaike information criterion (AIC) (Akaike 1974) to select an
appropriate value of the parameter s:

The iterations of the above algorithms are repeated until a suitable convergence rule is satis-

fied, e.g. jjh kþ1ð Þ � h kð Þjj or j‘ h kþ1ð Þ� �
� ‘ h kð Þ� �

j is sufficiently small, say 10�6: A set of reasonable

initial values can be obtained by computing b̂
0ð Þ
, where r̂2 0ð Þ

e and r̂2 0ð Þ
b are the estimates of the

normal linear mixed model. The estimate k̂
0ð Þ
can be the skewness of Y� Xb̂

0ð Þ
:

3.1.1. Simulation study
The objective of this study is to investigate the functionality of the proposed model and to check
the standard errors provided by the approximation of the observed Fisher information matrix
(see Appendix B). Similarly to Arellano-Valle, Bolfarine, and Lachos (2005), we formulate the fol-
lowing SSMN-LMM model:
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Yij ¼ b0 þ b1tij þ b2wi þ bi þ eij,

bi � SSMN1 0,r2b, k;H
� �

,

eij � SMNni 0ni ,r
2
eIni ;H

� �
, i ¼ 1, :::,m,

(17)

where tij ¼ j� 3, j ¼ 1, :::, 5, wi ¼ 1 for i ¼ 1, :::,m=2 and 0 elsewhere and m¼ 200, 500 and
1000. The true values of the parameters are: b0 ¼ �1, b1 ¼ 2, b2 ¼ 1, r2e ¼ 0:25, r2b ¼ 0:5,
k¼ 3. For StN and SSL we use �¼ 3 and for SCN, � ¼ 0:3 and c ¼ 0:8 (which are considered
fixed in the simulation study). We simulate 500 random samples of each SSMN-LMM. In each
replication, we obtain the parameter estimates based on EM algorithm and the standard error
estimate, that is, the mean square root of the diagonal elements of the inverse of the approxi-
mated observed information matrix (Appendix B). With 500 estimates of the parameters and the
empirical standard errors, we present in the Table 1 the mean of the parameter estimates (Mean),
the empirical standard errors (ESE) measured by the average values of the standard error esti-
mates and the Monte Carlo standard deviation of the parameters (SD). This table shows that the
bias related to all parameters tends to zero and the estimation method of the standard errors

Table 1. Mean, empirical standard error (ESE) and the standard deviation (SD) for estimates based on 500 samples from
SSMN-LMM.

SN model

Parameter
m¼ 200 m¼ 500 m¼ 1000

(True value) Mean SD ESE Mean SD ESE Mean SD ESE

b0(–1) –0.972 0.131 0.494 –0.995 0.052 0.054 –0.999 0.038 0.037
b1(2) 2.000 0.011 0.011 2.000 0.007 0.007 2.000 0.005 0.005
b2(1) 0.996 0.070 0.070 1.002 0.043 0.044 1.001 0.030 0.031
r2e (0.25) 0.249 0.013 0.013 0.250 0.008 0.008 0.250 0.006 0.006
r2b(0.5) 0.486 0.107 0.129 0.498 0.058 0.063 0.499 0.043 0.044
k(3) 3.379 1.548 3.518 3.131 0.836 1.004 3.099 0.605 0.657

StN model (�¼ 3)

Parameter m¼ 200 m¼ 500 m¼ 1000

(True value) Mean SD ESE Mean SD ESE Mean SD ESE

b0(–1) –0.978 0.089 0.092 –0.993 0.053 0.055 –0.995 0.035 0.039
b1(2) 2.001 0.012 0.013 2.000 0.008 0.008 2.000 0.006 0.006
b2(1) 0.997 0.074 0.078 1.000 0.048 0.048 0.999 0.034 0.034
r2e (0.25) 0.250 0.023 0.021 0.252 0.016 0.013 0.251 0.011 0.010
r2b(0.5) 0.484 0.099 0.109 0.498 0.065 0.069 0.499 0.049 0.048
k(3) 3.054 1.093 1.896 3.056 0.688 0.994 2.946 0.478 0.646

SSL model (�¼ 3)

Parameter m¼ 200 m¼ 500 m¼ 1000

(True value) Mean SD ESE Mean SD ESE Mean SD ESE

b0(–1) –0.976 0.103 0.101 –0.992 0.055 0.059 –0.996 0.038 0.041
b1(2) 2.000 0.014 0.013 2.000 0.008 0.008 2.000 0.006 0.006
b2(1) 0.997 0.080 0.081 1.001 0.048 0.050 1.001 0.034 0.035
r2e (0.25) 0.249 0.014 0.015 0.250 0.009 0.009 0.250 0.006 0.006
r2b(0.5) 0.487 0.101 0.104 0.493 0.059 0.063 0.495 0.041 0.044
k(3) 3.186 1.240 2.342 3.124 0.813 1.183 3.036 0.563 0.737

SCN model (� ¼ 0:3 and c ¼ 0:8)

Parameter m¼ 200 m¼ 500 m¼ 1000

(True value) Mean SD ESE Mean SD ESE Mean SD ESE

b0(–1) –0.977 0.118 0.115 –0.995 0.051 0.055 –0.999 0.035 0.037
b1(2) 1.999 0.011 0.012 2.000 0.008 0.007 2.000 0.005 0.006
b2(1) 1.004 0.074 0.072 1.005 0.044 0.045 0.999 0.033 0.032
r2e (0.25) 0.249 0.013 0.013 0.250 0.008 0.008 0.250 0.006 0.006
r2b(0.5) 0.486 0.094 0.105 0.492 0.057 0.061 0.499 0.039 0.043
k(3) 3.267 1.305 2.156 3.131 0.844 1.045 3.102 0.582 0.670
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provides relatively close results when the sample size increases in all SSMN-LMM models. So, it
seems that the ML estimates using the EM-type algorithm present good large sample properties
and calculations of the observed information matrix are correct and reliable.

Also, for each parameter estimate of the random sample, we construct the density estimates of
the random effects of the SSMN-LMM. Figure 1 shows the density estimates over the 500 datasets
with length m¼ 200, m¼ 500 and m¼ 1000, the Monte Carlo average of this density estimates
and the true densities, for SN, StN, SSL and SCN models. It seems that the additional flexibility
afforded by the SSMN representation is sufficient to capture quite accurately the true underlying
features of the random effects.

4. Local influence analysis

We use the approach of Zhu and Lee (2001) in the incomplete data context. Consider a perturbation
vector x varying in an open region X 2 R

q: Let ‘cðh,xjycÞ, h 2 R
p be the complete-data log-likeli-

hood of the perturbed model. We assume there is a x0 such that ‘cðh,x0jycÞ ¼ ‘cðhjycÞ for all h:

Let ĥx be the maximizer of the function Qðh,xjĥÞ ¼ E½‘cðh,xjycÞjy, ĥ�: Then, the influence graph is

defined as aðxÞ ¼ ðx> , fQðxÞÞ>, where fQðxÞ is the Q-displacement function defined as:

fQ xð Þ ¼ 2 Q ĥjĥ
� �

� Q ĥxjĥ
� �h i

:

Figure 1. Simulation results based on 500 datasets. True density (solid line), density with mean of the estimated parameters
(dashed line) and estimated densities of 500 random samples (grey lines). Random samples with m¼ 200 (left panel), m¼ 500
(center panel) and m¼ 1000 (right panel): (a) skew-normal; (b) skew Student-t normal; (c) skew-contaminated normal.
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The normal curvature CfQ , d, of a xð Þ at x0 in the direction of a unit vector d, which is used to
summarize the local behavior of the Q-displacement function, is given by

CfQ , d hð Þ ¼ �2d> €Qx0
d ¼ 2d>D>

x0
�€Q ĥjĥ
� �n o�1

Dx0d
>

where €Q ĥjĥ
� �

¼ @2Q hjĥ
� �

=@h@h>jh¼ĥ and Dx ¼ @2Q h,xjĥ
� �

=@h@x>jh¼ĥx
: The expression

�€Qx0
¼ D>

x0
�€Q ĥjĥ
� �n o�1

Dx0 is used to detect influential observations.

We use the spectral decomposition of the €Qxo
to construct the measure M m0ð Þ and its graph-

ics. We have that

�2€Qxo
¼
Xn
k¼1

kkeke
>
k ,

where k1, e1ð Þ, :::, kn, enð Þ are the eigenvalue-eigenvector pairs of the matrix �2€Qxo
, with k1 


::: 
 kq > kqþ1 ¼ ::: ¼ kn ¼ 0 and e1, :::, en are elements of the associated orthonormal basis. As
in Zhu and Lee (2001), we use all eigenvectors corresponding to nonzero eigenvalues to detect
influential observations. Let �kk ¼ kk= k1 þ :::þ kq

� �
, e2k ¼ e2k1, :::, e

2
kn

� �
and

M 0ð Þ ¼
Xq
k¼1

�kke
2
k:

Following Lee and Xu (2004), we use 1=nþ c	SM 0ð Þ as a benchmark to regard the lth case as
influential, where c	 is an arbitrary constant (depending on the real application) and SM(0) is the
standard deviation of fM 0ð Þl, l ¼ 1, :::, ng:

4.1. The Hessian matrix

The matrix €Qh ĥ
� �

has elements given by:

@2Q hjĥ
� �

@b@b>
¼ � 1

r2e
X>D Û

	ð ÞX,

@2Q hjĥ
� �

@b@r2e
¼ � 1

r4e
X> D Û

	ð Þ Y� Xbð Þ �D cUb	� �
Z

h i
,

@2Q hjĥ
� �

@r2e@r
2
e

¼ N
2r4e

� 1
r6e

QU bð Þ � 2 Y� Xbð Þ>D cUb	� �
Zþ Z>D dUb2	� �

Z

h i
,

@2Q hjĥ
� �

@r2b@r
2
b

¼ m
r4b

� 1
r6b

dUb2 þ bt2 � 2kbtb þ k2 bb2h i>
1m,

@2Q hjĥ
� �

@r2b@k
¼ 1

r4b
k bb2 � btbh i>

1m,
@2Q hjĥ

� �
@k@k

¼ � 1
r2b

bb2>1m,
@2Q hjĥ

� �
@b@r2b

¼
@2Q hjĥ

� �
@b@k

¼ 0 : p� 1 and

@2Q hjĥ
� �

@r2e@r
2
b

¼
@2Q hjĥ

� �
@r2e@k

¼ 0,
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where QUðbÞ ¼ ðY� XbÞ>DðÛ	ÞðY� XbÞ, bt2 ¼ ½bt21, :::, bt2m�>, Û
	 ¼ ½û11>n1 , :::, ûm1>nm �>, cUb	 ¼

½cub11>n1 , :::,cubm1>nm �>, dUb2	 ¼ ½cub211>n1 , :::, cub2m1>nm �>, D is a diagonal matrix and 1m : m� 1 is a
column vector of 1’s.

4.2. Perturbation schemes

In this section, we consider six different perturbation schemes for SSMN-LMM.

4.2.1. Case weights perturbation

Let x ¼ x1, :::,xmð Þ> a vector m� 1 with x0 ¼ 1, :::, 1ð Þ>: Then, the perturbed Q-function is
given by

Q h,xjĥ
� �

¼
Xm
i¼1

xiQi hjĥ
� �

,

where Qi hjĥ
� �

is as in (15). In this case, the matrix Dx0 ¼ @2Q h,xjĥð Þ
@h@x>

���
x¼x0,

¼ D>
b ,D>

r2e
,D>

r2b
,D>

k

� �>
has elements given by

Db ¼ 1
r2e

X> D Y� Xbð ÞD	 Û
	ð Þ �D Zð ÞD	 cUb	� �h i

,

Dr2e ¼
1
2r4e

Y� Xbð Þ>D Y� Xbð ÞD	 Û
	ð Þ þ Z>D Zð ÞD	 dUb2	� �h

�2Z>D Y� Xbð ÞD	 cUb	� �i
� 1
2r2e

n1 n2 ::: nm½ �,

Dr2b
¼ � 1

r2b
1>m þ 1

2r4b

dUb2> þ bt2 � 2kbtb þ k2 bb2h i>
and

Dk ¼ 1
r2b

btb � k bb2h i>
,

where

D	 â	ð Þ ¼
â11n1 0n1 � � � 0n1
0n2 â21n2 � � � 0n2
..
. ..

. . .
. ..

.

0nm 0nm � � � âm1nm

0BBB@
1CCCA

is a matrix of order N�m, 0ni and 1ni are vectors of zeros and ones, respectively, of length ni.

4.2.2. Perturbation on the scale parameter r2e
This perturbation scheme is introduced in the form r2exi ¼ r2e=xi, xi > 0, i ¼ 1, :::,m: So, the

perturbed Q-function is given by

Q h,xjĥ
� �

¼ � 1
2

Xm
i¼1

ni log
r2e
xi

� 1
2r2e

Xm
i¼1

xi Û iQi bð Þ � 2cUbiZ>
i yi � x>i b
� �þ dUb2 iZ>

i Zi

� �
�m logr2b �

1
2r2b

Xm
i¼1

cub2 i � 1
2r2b

Xm
i¼1

bt2 i � 2kbtbi þ k2 bb2 i� �
:
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The vector of non-perturbation is x0 ¼ 1, :::, 1ð Þ> and the matrix Dx0 has elements

Db ¼ 1
r2e

X> D Y� Xbð ÞD	 Û
	ð Þ �D Zð ÞD	 cUb	� �h i

,

Dr2e ¼
1
2r4e

Y� Xbð Þ>D Y� Xbð ÞD	 Û
	ð Þ þ Z>D Zð ÞD	 dUb2	� �h

�2Z>D Y� Xbð ÞD	 cUb	� �i
,

Dr2b
¼ Dk ¼ 0m,

with 0m is a vector of zeros of length m.

4.2.3. Perturbation on the scale parameter r2b
This scheme is obtained perturbing the parameter r2bxi ¼ r2b=xi, xi > 0, i ¼ 1, :::,m: The per-

turbed Q function has the form

Q h,xjĥ
� �

¼ �N
2
logr2e �

1
2r2e

Xm
i¼1

Û iQi bð Þ � 2cUbiZ>
i yi � x>i b
� �þ dUb2 iZ>

i Zi

� �
�
Xm
i¼1

log
r2b
xi

� 1
2r2b

Xm
i¼1

xi
dUb2 i � 1

2r2b

Xm
i¼1

xi
bt2 i � 2kbtbi þ k2 bb2 i� �

:

Under this perturbation, the vector x0 ¼ 1, :::, 1ð Þ> and the matrix Dx0 has elements

Db ¼ 0m, p and Dr2e ¼ 0m,

Dr2b
¼ 1

2r4b

dUb2 þ bt2 � 2kbtb þ k2 bb2h i>
and Dk ¼ 1

r2b
btb � k bb2h i>

,

where 0m, p is a matrix of zeros of order m� p:

4.2.4. Perturbation on the asymmetric parameter k
This perturbation scheme is introduced considering kxi ¼ xik: Letting x ¼ x1, :::,xnð Þ> and

x0 ¼ 1, :::, 1ð Þ>, the perturbed Q-function is

Q h,xjĥ
� �

¼ �N
2
logr2e �

1
2r2e

Xm
i¼1

Û iQi bð Þ � 2cUbiZ>
i yi � x>i b
� �þ dUb2 iZ>

i Zi

� �
�m logr2b �

1
2r2b

Xm
i¼1

dUb2 i � 1
2r2b

Xm
i¼1

bt2 i � 2kxi
btbi þ k2x2

i
bb2 i� �

:

The matrix Dx0 has elements

Db ¼ 0m, p and Dr2e ¼ 0m,

Dr2b
¼ k

r4b
k bb2 � btbh i>

and Dk ¼ 1
r2b

btb � 2k bb2h i>
:

4.2.5. Explanatory variable perturbation
The interest here is to perturb a particular explanatory variable allowing, for example, to detect
ill-conditioning in the matrix X (Belsley 1991). With this condition, the perturbation scheme of
variable Xv has the representation:
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x>ivxi ¼ x>i þ SvxiAni , p, v 2 f1, :::, pg,
where Sv is the standard deviation of the variable Xv and Ani , p is a matrix of zeros of order ni �
p, with the vth column of 1s. In this case, x0 ¼ 0m and the perturbed Q-function is given by:

Q h,xjĥ
� �

¼ � 1
2r2e

Xm
i¼1

Û i Qi bð Þ � 2xiSvbv1
>
ni yi � x>i b
� �þ nix

2
i S

2
vb

2
v

� �h
�2cUbiZ>

i yi � x>i b� Svxibv1ni
� �þ dUb2 iZ>

i Zi

i
� N

2
log r2e �m log r2b �

1
2r2b

Xm
i¼1

cub2 i � 1
2r2b

Xm
i¼1

bt2 i � 2kbtbi þ k2 bb2 i� �
:

It follows that the matrix Dx0 is given by:

Db ¼ Sv
r2e

A>
v1D Y� Xbð ÞD	 Û

	ð Þ � bvX
>D	 Û

	ð Þ � A>
v1D

	 Zð ÞD	 cUb	� �h i
,

Dr2e ¼
Svbv
r4e

� Y� Xbð Þ>D	 Û
	ð Þ þ Z>D	 cUb	� �h i

and

Dr2b
¼ Dk ¼ 0m:

4.2.6. Response variable perturbation
The perturbation of the response variable Y is in the form yixi ¼ yi þ Syxi1ni , where Sy is the

standard deviation of the vector of the observed values Y. In this case, x0 ¼ 0m and

Q h,xjĥ
� �

¼ � 1
2r2e

Xm
i¼1

Û i Qi bð Þ þ 2xiSy1
>
ni yi � x>i b
� �þ nix

2
i S

2
y

� �h
�2cUbiZ>

i yi � x>i bþ Syxi1ni
� �

þ dUb2 iZ>
i Zi

i
� N

2
log r2e �m log r2b �

1
2r2b

Xm
i¼1

cub2 i � 1
2r2b

Xm
i¼1

bt2 i � 2kbtbi þ k2 bb2 i� �
:

It follows that the matrix Dx0 has elements

Db ¼ Sy
r2e

X>D	 Û
	ð Þ,

Dr2e ¼
Sy
r4e

Y� Xbð Þ>D	 Û
	ð Þ � Z>D	 cUb	� �h i

and

Dr2b
¼ Dk ¼ 0m:

5. Application

The mixed models developed in this article are applied to a conjoint longitudinal dataset collected as
part of the famed Framingham heart study, analyzed previously by Lachos et al. (2007). The conjoint
dataset includes the levels of blood cholesterol over time according to age and sex of m¼ 200 individ-
uals selected randomly. Thus, we can formulate the following SSMN-LMM model:

Yij ¼ b0 þ b1sexi þ b2agei þ b3tij þ bi þ eij,

bi � SSMN1 0,r2b, k;H
� �

,

eij � SMNni 0ni , r
2
eIni ;H

� �
, i ¼ 1, :::, 200,

(18)
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where Yij is the level of cholesterol (mg/DL) divided by 100 at the jth sampling time for subject i
and tij is (time � 5)/10, with time measured in years from baseline; agei is age at baseline; and
sexi is the gender indicator (0¼ female, 1¼male). The number of repetitions j of each individual
varies from 1 to 6. The histogram of the dependent variable is presented in Figure 2, which indi-
cates large skewness (sample skewness of 0.69). Table 2 presents the descriptive statistics for the
levels of cholesterol and age of the individuals.

Table 3 presents the estimates of the parameters of the Normal-LMM and SSMN-LMM,
together with the standard errors of the estimates. We use the AIC to choose the best values for
� and c. Notice that the estimates of regression coefficients are similar in all models, but the scale
and asymmetry parameters are slightly different, since the skew-normal model has a higher level
of asymmetry than the others. Note also that in all models, only the regression coefficients of the
sex variable are not significant. The AIC value, based on the likelihood function, indicates that
the data are best fitted utilizing the skew contaminated-normal mixed model, although, the skew
Student-t normal mixed model presents a close value.

With the aim to compare the SSMN-LMM with a competitor, we fitted the in Eq. (18) using
the scale mixtures of skew-normal (SMSN) distributions (Branco and Dey 2001), using the pack-
age “skewlmm” (Schumacher, Matos, and Lachos 2020). This class of distributions incorporates
asymmetry and heavy tails but presenting different coefficients of asymmetry and kurtosis than
SSMN. The particular cases of this class are the “skew-t,” “skew-slash” and “skew contaminated-
normal” distributions. Besides, both SSMN and SMSN belong to a broad and flexible class of
distributions obtained by both scale and shape mixtures of skew-normal distributions (Arellano-
Valle, Ferreira, and Genton 2018). According to Table 4, we obtained similar log-likelihoods and
AIC values of the competitors SMSN, in particular StN and SCN, but the SSMN model was
slightly better than SMSN.

5.1. Diagnostic analysis

The previous results indicate that the SSMN-LMM models fit that dataset better, with the SNC
distribution significantly better. Thus, now we realize diagnostic analysis for the SNC-LMM
model in the perturbations schemes discussed in Sec. 4.

The graphs of diagnostics (M(0)) are shown in the Figure 3, with cutoff points in the form

M 0ð ÞÞ þ c	SD M 0ð Þð Þ, with c	 equals 2 or 3, where SD �ð Þ is the standard deviation.
Individual 39 exerts a large influence on the case weight and in the scale parameter r2b pertur-

bations, still exerting influence on the perturbation in the parameter of scale r2e : This individual,

Figure 2. Histogram of the cholesterol (Framingham data).
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a woman, has low cholesterol levels (mean of 1.5) and advanced age of 59 years in relation to
the others.

The perturbation analysis in the parameter of asymmetry k indicates several points possibly
exerting influence (2, 7, 26,131, 160, 172 and 174). These individuals have high levels of choles-
terol, without specific characterization of age and sex. These individuals possibly affect, in add-
ition to the estimation of the k, the estimated mean and variance of the model.

The perturbation analysis in the response variable and in the explanatory variable age present
individuals 43 (male) and 156 (female) as influential. They are characterized by having advanced
age, 62 and 57 years, respectively.

6. Conclusions

The article presented a new class of linear mixed models, through of the class of asymmetric scale
of mixtures of normal distributions developed by Ferreira, Bolfarine, and Lachos (2011) and
Ferreira, Lachos, and Bolfarine (2016). An EM algorithm was developed, which presented analytic
expressions for the estimators at the M-step. The approximated observed information matrix was
computed by the product of the score vector based on the Q-function. Diagnostic analysis was
developed using the approach of Zhu and Lee (2001). A simulation study was developed to evalu-
ate the performance of the maximum likelihood estimators, the accuracy of the standard errors
and the estimates of the random effects. Moreover, we showed that the skew contaminated-nor-
mal and skew Student-t models generate better results than the normal and skew-normal ones, in
the context of linear mixed models for the Framingham cholesterol dataset. Finally, the local
influence analysis was applied to the best model (SCN-LMM).

Table 2. Framingham cholesterol data: Descriptive statistics for the levels of cholesterol and age of the individuals.

Minimum Mean Maximum Standard deviation

Level of cholesterol (mg/DL)/100 1.29 2.34 4.30 0.46
Age (years) 31.0 42.47 62.0 7.89

Table 3. Estimates of the parameters of the SSMN-LMM models for cholesterol data. Estimates of the asymptotic standard
errors are given in parentheses.

Models

Parameters Normal SN SSL StN SCN

b0 1.715(0.152) 1.476(0.134) 1.511(0.132) 1.526(0.130) 1.518(0.131)
b1 –0.013(0.055) –0.026(0.049) –0.024(0.048) –0.031(0.047) –0.029(0.048)
b2 0.015(0.004) 0.011(0.003) 0.011(0.003) 0.011(0.003) 0.012(0.003)
b3 0.283(0.020) 0.282(0.020) 0.279(0.019) 0.271(0.019) 0.274(0.019)
r2e 0.049(0.002) 0.049(0.001) 0.026(0.001) 0.036(0.001) 0.029(0.001)
r2b 0.141(0.015) 0.317(0.044) 0.137(0.020) 0.186(0.021) 0.134(0.015)
k – 2.892(0.297) 1.515(0.131) 1.730(0.129) 1.302(0.106)

� – – 3 7 0.3
c – – – – 0.3

‘ðĥ) – 186.081 –167.632 –154.129 –141.606 –140.344
AIC 384.162 349.264 324.258 299.212 298.688

Table 4. Log-likelihoods and AIC values of the SMSN-LMM.

Distribution Skew-slash Skew-t Skew contaminated-normal

‘ðĥ) –145.237 –142.693 –140.369
AIC 306.474 301.386 298.738
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Of course, further extensions of the current work are possible. For example, the proposed
method can be naturally extended by considering a multidimensional random effect. Other exten-
sions include a Bayesian treatment via Markov chain Monte Carlo (MCMC) sampling methods in
the context of SSMN-LMM.

Figure 3. Diagnostic analysis to cholesterol data: (a) Case-weight perturbation, (b) Perturbation on the asymmetric parameter k,
(c) Perturbation on the scale parameter r2e , (d) Perturbation on the scale parameter r2b , (e) Perturbation on the response variable
and (f) Perturbation on the explanatory variable age.
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Appendix A

Elements of the E-step of the EM algorithm

We have that:

f ui, bi, tijyi, h
� � ¼ f bijyi, ui, ti, h

� �
f tijyi, ui, h
� �

f uijyi, h
� �

:

Hence, cubi ¼ EUi UiEti Ebi bijyi, ui, ti
� 
jyi, ui� 
jyi, h� 


:

From Eq. (14), we have that:

f yijh
� � ¼ ðþ1

�1

ðþ1

0

ðþ1

0
f yijbi, ui, h
� �

f bijui, hð Þf tijbi, hð Þf ui, hð Þdtiduidbi:

From lemma 2.2 of Lachos (2004), since k uð Þ ¼ 1=u, we have that:

f yijbi, ui, h
� �

f bijui, hð Þ ¼ /ni yijx>i bþ biZi,r2e=uiIni
� �

/1 bij0, r2b=ui
� �

¼ /ni yijx>i b, u�1
i r2e Ini þ r2bZiZ>

i

� 
� �
/1 bijKir�2

e uiZ>
i yi � x>i b
� �

,Ki

� �
¼ f yijui, h
� �

f bijyi, ui, h
� �

,
(A1)

where Ki ¼ u�1
i r�2

b þ r�2
e Z>

i Zi

� ��1
: Thus, the joint density can be expressed as

f yi, ui, bi, tijh
� � ¼ f yijui, h

� �
f bijyi, ui, h
� �

f tijbi, hð Þf ui, hð Þ: Using the same Lemma, we have that

f bijyi, ui, h
� �

f tijbi, hð Þ ¼ /1 bijK	
i r

�2
e Z>

i yi � x>i b
� �

,Ki

� �
/1 tijkbi,r2b
� �

I ti > 0ð Þ
¼ /1 bijgi þ kr�2

b di ti � kgið Þ, di
� �

/1 tijkgi, r2b þ k2Ki

� �
I ti > 0ð Þ

¼ f bijyi, ui, ti, h
� �

f tijyi, ui, h
� �

,

where gi ¼ K	
i r

�2
e Z>

i yi � x>i b
� �

, K	
i ¼ r�2

b þ r�2
e Z>

i Zi

� ��1
and di ¼ K�1

i þ k2r�2
b

� ��1
: So, we have the following

relation:

f ui, bi, tijyi, h
� � ¼ /ni yijx>i b, u�1

i r2e Ini þ r2bZiZ
>
i

� 
� �
� /1 bijgi þ kr�2

b di ti � kgið Þ, di
� �

/1 tijkgi,r2b þ k2Ki

� �
I ti > 0ð Þ: (A2)

Let Zi ¼ kgiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
b
þk2Ki

p : Since Tijyi, ui, h � TN kgi,r
2
b þ k2Ki, 0, þ1ð Þ,�

then, we have that

E Tijyi, ui, h
� 
 ¼ kgi þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q
WU Zið Þ and (A3)

E T2
i jyi, ui, h

� 
 ¼ k2g2i þ r2b þ k2Ki þ kgi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q
WU Zið Þ: (A4)

From (A2), we have that bijyi, ui, ti, h � N1 gi þ k
rb2
di ti � kgið Þ, di

� �
, and then, the necessary useful quantities for

the implementation of the EM algorithm are given in the following equations:

cubi ¼ giÛ i þ k
r2b

EUi Uidi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q
WU Zið Þ yi, h

�� 

,

�
(A5)

cub2 i ¼ g2i Û i þ k2

r2b
EUi Uid

2
i jyi, h

� �þ 2kgi
r2b

EUi Uidi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q
WU Zið Þ yi, h

�� 
�
þEUi Uidijyi, h

� 
þ k4K	
i

r4b
EUi d2i jyi, h
� �

� k3gi
r4b

EUi Uid
2
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q
WU Zið Þ yi, h

�� 

,

� (A6)

bb2 i ¼ g2i þ
k2

r2b
EUi d2i jyi, h
� �þ 2kgi

r2b
EUi di

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q
WU Zið Þ yi, h

�� 
�
þEUi dijyi, h

� 
þ k4

r4b
EUi Kid

2
i jyi, h

� �� k3gi
r4b

EUi d2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q
WU Zið Þ yi, h

�� 

,

� (A7)

18 C. S. FERREIRA ET AL.



btbi ¼ kg2i þ kEUi dijyi, h
� �þ k3

r2b
EUi Kidijyi, h
� �

þgiEUi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q
WU Zið Þ yi, h

�� 

,

� (A8)

t̂ i ¼ kgi þ EUi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q
WU Zið Þ yi, h

�� 

and

�
(A9)

bt2 i ¼ k2g2i þ r2b þ k2EUi Kijyi, h
� �þ kgiEUi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q
WU Zið Þ yi, h

�� 

:

�
(A10)

Calculation of EUi g Uið Þjyi, h
� 


, where g is an integrable real function, as presented in Eqs. (A5)–(A10).
From Eq. (A1), we have that

f yijh
� � ¼ 2

ðþ1

0

ðþ1

�1
/ni yijx>i b, u�1

i r2e Ini þ r2bZiZ
>
i

� 
� �
/ bijr�2

e K	
i Z

>
i yi � x>i b
� �

,Ki

� �
� U

kbi
rb

	 

h ui; sð Þdbidui

¼ 2
ðþ1

0
/ni yijx>i b, u�1

i r2eIni þ r2bZiZ
>
i

� 
� �
Ebi jyi , ui U

kbi
rb

	 
� �
h ui; sð Þdui:

(A11)

By lemma 1 given in Arellano-Valle, Bolfarine, and Lachos (2005), for l ¼ r�2
e K	

i Z
>
i yi � x>i b
� � ¼ gi, R ¼ Ki,

a¼ 0, B ¼ k=rb, g¼ 0 and X¼ 1, we have that:

Ebi U
kbi
rb

	 
���yi, ui, h� �
¼ U

kgiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q0@ 1A:

Therefore,

f yijh
� � ¼ 2

ðþ1

0
/ni yijx>i b, u�1

i r2eIni þ r2bZiZ
>
i

� 
� �
U

kgiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q0@ 1Ah ui; sð Þdui: (A12)

The conditional expectation EUi g Uið Þjyi, h
� 


can be rewritten as:

EUi jyi g Uið Þ� 
 ¼ ð g uið Þf uijyi, h
� �

dui ¼
Ð
g uið Þf yijui, h

� �
h ui; sð ÞduiÐ

f yijui, h
� �

h ui; sð Þdui :

According to (A12), f yijui, h
� �

is given by

f yijui, h
� � ¼ 2/ni yijx>i b, u�1

i r2eIni þ r2bZiZ
>
i

� 
� �
U

kgiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q0@ 1A,

that is, Yijui, h � SNni li,Ri, kið Þ, with li ¼ x>i b, Ri ¼ u�1
i r2eIni þ r2bZiZ>

i

� 

and

ki ¼ ku�1=2
i K	

i

r2e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2b þ k2Ki

q r2eIni þ r2bZiZ
>
i

� 
1=2
Zi:

So, the expected values above are obtained via numerical integration based on the conditional distribution of Uijyi:

Appendix B

Approximated information matrix

The PDF of yi in (13) involves an integral, which makes it hard to compute the expected information matrix
(I hð Þ). Thus, we consider the same strategy used by Lin (2010) by obtaining an approximation to I hð Þ through the
following expression:
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Ie ĥjy
� �

¼
Xn
i¼1

ŝ iŝ
>
i (B1)

where si ¼ E
@‘c hjyi, hð Þ

@h

h i
is the individual score vector, h ¼ b> ,r2e , r

2
b , k

� �>
: The elements of si ¼

si bð Þ> , si r2e
� �

, si r2b
� �

, si kð Þ
� �>

are given by,

� si bð Þ ¼ 1
2r2e

x>i ûi yi � x>i b
� ��cubiZi

h i
� si r

2
e

� � ¼ 1
2r2e

�ni þ ûi yi � x>i b
� �>

yi � x>i b
� �� 2cubiZ>

i yi � x>i b
� �þ cub2 iZ>

i Zi

h i
� si r

2
b

� � ¼ 1
2r2b

cub2 i þ bt2 i � 2kbtbi þ k2 bb2 i � 2
h i

� si kð Þ ¼ 1
2r2b

btbi � kbb2 ih i
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