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EXPOSITORES1• 

Severino Collier Coutinho, UFRJ, conferencista. convidado 
Aron Simis, UFB e UNICAMP, conferencista convidado 
Héctor Merklen, IME-USP 
Flávio U. Coelho, IME-USP 
Andrzej Skowronski, TorulÍ e IME-USP, conferencista convidado 
Roberto Costa, IME-USO 
Henrique Guzzo Jr., IME-USP 
Nikolaus Vonessen, UFAl, conferencista. convidado 
Zinovy Reichstein, Berkeley e UFAl, conferencista convidado. 

PROGRAMA 

9:30 - 10:10 hs. S. Collier Coutinho 
10:25 - 11:05 A. Simis 
11:10 - 11:25 H. Merklen 
11:30 - 11.45 F. Coelho 
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15:15 - 15:30 R. Costa 
15:35 - 15:50 H. Guzzo 
15:50 - 16:20 Café 
16:20 - 17:00 N. Vonessen 
17:10 - 17:50 z. Reichstein 

1 Na ordem do programa. 

3 



, 
INDICE 

S. C. Coutinho: 
GEOM ETRY AND THE llEPRESENTATION TIIEORY ar WEYL ALGEBRAS 5 · 

A. Simis: 
THE MODULE OF DER.IVATIONS OF A STANLEY-REISNER. R.ING 14 

H. Merklen: 
MODULE CATEGOR.IES WITH INFINITE RADICAL SQUAR.E ZERO 
AR.E ar FINITE TYPE 

F. U. Coelho: 

15 

ÜN TIIE MODULE CATEGORIES WITII INFINITE RADICAL CUBE ZER.O 17 

A. Skowroriski: 
COMPOSITION FACTOR.S OF INDECOMPOSABLE MODULES 21 

R. Costa: 
SHAPE IDENTITIES IN GENETIC ALGEBR.AS 25 

H. Guzzo Jr.: 
EMBEDDING NIL ALGEBRAS IN TR.AIN ALGEBRAS 33 

N. Vonessen: 
TOR.US ACTIONS ON RINGS 40 

z. Reichstein: 
ÜN TIIE NOETIIER. PR.ORLEM AND UNIVERSAL DIVISJON ALGEBR.AS 41 

-1 



GEOMETRY AND THE REPRESENTATION THEORY 
OF WEYL ALGEBRAS 

S. C. COUTINHO 

Instituto de Matemática 
Univenldade Federal do Rio de Janeiro 

1. INTR.ODUCTIO!f 

By representation theroy we underatand the atudy oí modules of a Weyl algebra, 

eapeclally modules of finite length. Typical problema include the construction of 

irreducible and indecompoaable modules and the calculation of their extension groups. 

The geometry of the title reíers to both algebraic and aymplectic geometry. To 

a module Mover the n-th complex Weyl algebra, one aasociates a variety Ch(M), 

its characteri,tic varietr,. Thia ia an algebraic subvariety of affine complex space of 

dimension 2n. 
The charac:teristic variety is involutive with respect to the symplectic structure 

of C 2". This imposes certain restrictions on Ch(M). For example, its dimension 

cannot be lesa than n. A module over the Weyl algebra whose characteristic variety 

haa dimension exactly n is called a holonomic module. Holonomic modules always 

have finite length. 
The theory of modules over the Weyl algebras - and over more general rings of dif­

ferential opera.tors - has been mostly concerned with holonomic modules. There are 

several reasons for this. The so-called regular holonomic modules are genralisa.tions 

to higher dimension of the differential equations with regular singularities. These 

were studied by L. Fucha, a.fter Riemann 's memoirs on the hypergeometric function . 

Hilbert asked for a generalisation o( Fuch's resulta in the 11st Problem. The theory 

of D-modules provides a. vast generalisation o( Hilbert'& 21st Problem in the form of 

the Riemann-Hilbert CorTespondence proved by Kashiwara and Mebkhout. 

One o( the remarka.ble facts about holonomic modules is their ubiquity. They 

come up in mathematical physics ( ,pecial functiona and Feynmann amplitudes), in 

the representation theory of algebraic groups, in the study oí singularities o( algebraic 

and a.nalytic varieties ( intersection homolog11) and in number theory ( ezponential 

,ums), to mention but a few. 
The Riemann-Hilbert Correspondence, mentioned above, provides a link between 

(regular) holonomic modules and geometry. The correspondence associates to every 

such module a complex of locally constant sheaves that lives in a derived ca.tegory. 

This is useful in the construction and classification of these modules. For example, 

through the correspondence one may prove an equivalence of categories between 

regular holonomic modules with a gien support and a category of quivers. The 

quiver is constructed from a stratification of the support. 
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Although holonomic modules have been intensely studied, modules of higher di­
mension have been almost completely ignored. Actually, until 1983 il was widely 
believed - for no good reason - that a1l irreducible modules over the Weyl algebra 
were holonomic. ln that year, J. T. Stafford constructed irreducible modules over 
the n-th Weyl algebra, for n > 2, whose characteristic varieties were hypersurfaces. 
His proof is highly computational. 

ln 1985 J. Bernstein and V. Lunts 11) and (7) used symplectic geometry to show 
that most hypersurfaces of C2n are characteristic varieties of irreducible modules over 
the Weyl algebra. Their papers suggest that a deep knowledge of the geometry o( the 
characteristic variety may be a key to many interesting results in the representation 
theory of non-holonomic modules. ln this paper we shall discuss some of these resulta 
and problems that they suggest. 

Tbe second section is a crash course on filtered and graded modules for the Weyl 
' algebra and associated characteristic varieties, (ollowed by a summary oí the resulta 

proved by Bernstein and Lunts. Section 3 contains a review or the bounds obtained 
from geometrical invariants for the Krull and Gelfand-Kirillov dimensions of mod­
ules over Weyl algebras followed by a summary of some of the results obtained by 
Bernstein and Lunts in (1, 7). ln section 4 we discuss the construction of irreducible 
objects and the calculation of extension groups for the category of modules whose 
charaderizi\ic varie\y is a generic hyperaurface. Section 5 is dedicated to some of 
the problems suggested by this way of approaching the representation theory of D­
modules. 

2. CHARACTElllSTIC VAJllETIES 
We begin by establishing some notation. Let An denote the n-th complez Weyl 

algebra. This is the subalgebra os Endc( C(z1, ... , zn]) generated by z1, ••• , Zn and 
81, .. ,, lJn, The Weyl algebra may be filtered in many difl'erent ways. We consider one 
of these, here: the Bernatein filtration. 

The Bernstein filtration, which we will denote as B = { Bi} is obtained by giving 
both the z's and the IJ's degree 1. Thus Bois a complex vector space of dimension 
2n with basis {z1, .... zn,"1, ... ,811}. Note that each B1, is a complex vector space of 
finite dimension. This is one of the reasons why it is best to work with tbis filtration. 

The associated graded ring of A,. for this filtration is isomorphic to the polynomial 
ring in n variables. The isomorphism is established using the aymbol map. Let us do 
this in more detail. The •ymbol map o/ degree k is the linear map of complex vector 
spaces defined by the canonical projection 
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Let u,(zi) = li, and u,(Di) = Jli+t1• Then the gradeei ring S11 of A11 associated 

to the Bernstein filtration ia generated by r,1, ••• , 112n• One easily checks that these 

symbola are algebraically independent. Thua S11 is a. polynomiaJ ring of 2n variables. 

Before we proceed, let us make two usefu) definiUons. First, if d E 81;/ B1.-i then 

we say that d haa degree ê. lf d haa degree k then its principal symbol .,igma(d) is 

defined to be u1;( d). 
We now extend the filtered and graded methos to A .. -modules. LeL T be a filtra­

tion of M, the graded module as,ociated to T is defined by 

grT(M) = EBt?oTt 

lf grT(M) ia a. finitely generated s .. -module, then we aay that Tis a goodfiltration. 

A finitely generated left A .. -module always admita a good filtration, wbich may be 

con&tructed as follows. If M is generated by u11 ••• , u,.., then we may coustruc a 

filtration F = {Fi} oí M by setting 

'" 
Fi. = EBi.•u; 

i•l 

The gradeei module grF(M) is generated by the images of the u's if grF, hence 

is finitely generated over S11 • 

Keeping the notation of the above paragraph, let /(M) denote lhe radical of 

the annihilator of grF(M) in s ... To calculate this ideal we have to choose a good 

filtration for M, but it turns out that /(M) is independent of the choice of good 

filtration. Thus /(M) is an invaria.nt of M - it is called the characteristic ideal of 

M. The set Z(/(M)) of zeros of /(M) in ena is an algebraic variety - it is called 

lhe characteristic variety o( M and it is denoted by Ch(M). Note that Ch(M) is 

a homogeneous subvariety oí C2". These varieties have very speciaJ properties; to 

discuss these we must recall the &Jlfflplectic structure of C1". 

The space C1" has a symplectic structure defined by the standard sl.:ew-symmetric 

/orm w = ~ d111c A d1Jn+k• Let / be the isomorphism I: (C1")• - C2
" defined by 

the form w. A variety X in C2" is said to be involutive if its tangent spaces are 

co-isotropic for w. This admits a more algebraic definition in terms of the ideal /(X) 

of the variety X. Consider first two polynomials /, g E s ... The Poisson bracl.:et oí 

/ and g is defined at p E C2" by the formula {/,g}(p) = w(Id/(p), I,lg(p)). ln this 

notation X is involutive if {/,g} E /(X) whenever /,g E /(X). \Ve also say that 

/(X) is involutive, when this háppens. 
If M is a finitely generated left A11-module, then its characteristic variety Ch( M) 

is a.n involutive subvariety oí C2". This very important result admits a purely alge­

braic proof. as shown by Gabber in (5). A well-lrnown consequence of the involutivity 
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of Ch(M) is tha.t dimCh(M) ~ n. Thus, curves in C 211 are not characteristic va.ri­
eties unless n = 1. Since the Gel/and-Kirillov dimension GKdlm(M) of M is equal 
to the dimension o( Ch(M), see (8, 8.6.18), it follows that GKdim(M) ~ n. 

It is time for an example. Let J be a left ideal of A ... Put M = An/ J. Thus M 
is a. cyclic Ân•module, hence finitely generated. Let F be the filtration of M defined 
by the generator 1 + J. Define the 11/fflbol idealof J by u(J) = Li>otr1r(J n B1r). 
Thus Anns,.grF(M) = u(J). The characterlstic Ideal l(M) Is the rãdical of u(J). 
An important special case occurs when d E A,. and J = A11 • d. Then l(An/ J) is the 
ideal of Sn genera.ted by u(d), and Ch(M) is the hypenurface of equation u(d) = O. 
Thus GKdim(An/J) = 2n - 1. 

The most important class oí A .. -modules is that of holonomic modules. A finitely 
genera.ted non-zero A,.-module is holonomic if its Gewlfand-Kirillov dimension is 
exactly n - that is, it has minimal Gelfand-Kirillov dimension. For example, if J is 
the left ideal o( An generated by 81, ...• 8.,., then A.,./ J is holonomic. ln fact, using 
the results of the previous paragraph, we ha.ve tha.t Ch(A11 / J) is the linear variety of 
equa.tions J/n+t = · · · = Y2n = O, which has dimension n. 

Holonomic modules have many nice properties. For example, submodules, quo­
tients and extensions o( holonomic modules are holonomic. Also, holonomic modules 
always have finite length. ln the theory of D-modules they are shown to be preserved 
by inverse and direct image functors. Finally, the category oi holonomic A .. -modules 
has a duality functor defined from Ext2( •, A,.). 

3. INVOLUTIVE DtMENSION 
ln the previous section we showed tha.t the Gelfand-Kirillov dimension o( an Ân· 

module ma.y be calcula.ted using its cha.racteristic va.riety. ln this section we discuss a 
bound for the Krull dimeruion in terms ofinva.riants ofinvariants of the cha.racteristic 
variety. 

First of ali recall that the (non-commutative) Krull dimension measures how 
much a. module deviates from being artinia.11. To be more exact, let M be a finitely 
genera.ted left An•module. Denote its Krull dimension by Kdim(M). If M is artinian, 
then Kdím(M) = O. The definition proceeds lnductively. Let a be a cardinal, and 
suppose that Kdím(M) 'Í- a. Then Kdim(M) = a if any descending chain Mo :::> 
M1 :> ... of submodules of M satisfies Kdim(Mi/Mi-d ~ o for only finitely many 
i ~ o. 

One may show that Kdim(A,.) = n. On the other hand. holonomic modules, 
being artinian, ha.ve Krull dimension zero. ln (2) Bjõrk suggested that for a finitely 
generated left A11•module M, one ought to have tha.t GKdim(M) = n+ dim(M). 
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Note thatthis agreea .. , : i, both oftbe above examples. However J. T. Stafford showed 

in (9] that there exist irreducible A,.-modules of Gelfand-Kirillov dimension 2n - 1, 

and these do not aatiafy the above formula. However it ia known that GKdim(M} ~ 

Kdim(M) + n, see (8, Corollary 8.5.6), for example. 

Thia inequality may be aharpened if we use an invariant of the characteristic 

va.riety, the inaolutiae dimermon. Let X be an involutive homogeneous sub\'ariety 

of C 2". lta irreducible componenta must also be homogeneoua and involutive. The 

involutive dimeruion P(X) of X is the longest chain of irreduclble involutive subvari­

etiea contained in X. If M is a finitely generated left A"•module, then tbe ínvolutíve 

dimension of M is the involutive dimenaion of Ch(M). We shall denote if by P(M). 

The next result comes from [3, Theorem 2.6). 
TTHEOR.EM 3.1. Let M be a finitelr generated left A,.-moduk. Then J\"dim(M) $ 

P(M). ' 

Tbis allows us to conclude that if P(M) = O then M must have finite length. 

Actually, a little more may be said in this case. 

PR.OPOSITION 3.2. Let J be a left ideal o/ A,.. Suppose that a(J) is a p,-ime ideal o/ 

S,. and that P(a(J)) = O. Then J is a mazimal left ideal of A,.. There/ore, A,./J is 

an irreducible left A,. -module. 
The inequality of Theorem 3.1 may be strict. ln (3, Theorem 3.2) we conslrucl an 

irreducible A2-module, whoae characteristic variety is irreduclble, and has involutive 

dimension 1. The inequality GKdim(M) ~ P(M) + n also holds, and it too may be 

strict. This directs us to the work of Bernstein and Lunts. First of ali, note that a 

hypersurface is always an involutive subva.riety. Bernstein and Lunts showed that, 

contrary to wbat one might expect, most homogeneous hypersurfacea have involutive 

dimension O. To describe their reaults in greater detail it is necessary to introduce 

some notation. 
Let S,,(k) be the vector space of homogeneous polynomials of degree k over Sn. 

The aet S,,(k) hu a natural atructure of affine complex apace, induced by its vector 

space strcture. We say that a property P is ge~eric in S,.(k) if the set { P E Sn(k) : 

Pdoeanobatia/11P} is contained in a countable union of hypersurfaces of Sn(k). Tbis 

is commonly shortened to "if P E S,.(k) is generic then P holds". 

Let P E S,.(k). The hamíltonian vector field hp is defined 011 a polynomial 

/ E S,.(k) by the formula hp(J) = { P, /). We sball say that a subvariety X of C 2" is 

preserved by hp i( it is tangent to hp at every one of its smooth points. We may now 

state the main result of Bernstein and Lunts, Cf(l, Theorem 1) and (7, Theorem l). 

TeEoR.EM 3.3. Let k ~ 4 ne an integer and let P be a generic polynomial o/ Sn(k). 

// X ia a homogeneou• au6voriet11 o/ Z(P) which ia preserved 61 hp, then dim(X):::; l. 

An immediate consequence o( this theorem is the following. 

CollOLLAllV 3.4. Let k ~ 4 6e an integer and let P be a generic polynomiol of 5',.( k ). 
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The variety Z(P) is homogeneou, and ha, involulive dimension O. 
This provides us with a geometrical method to construct families of irreducible 

A11-modules of Gelfand-Kirillov dimension 2n - 1. Let d be a.n operator o( A" o( 

degrée k ~ 4. Suppose that the symbol u(d) is generic ln S11(k). 1t follows from 
Corollary 3.4 a.nd Proposition 3.2 that the module A11 / A,.· d is irreducible. 

The irreducible modules const~ucted ln thls way have another importante charac­
teristic, they have finite multiplicity. Let M be a finitely generated left An•module, 
and let F a good filtratlon of M. Lep P be a prime ideal of S 11 • The multiplicity 
mp(M) of M u,ith respect to P lf the length of the (S11 )p-module grF(M)p. The 
multiplicity thus defined is independent of tbe good filtration F. Let Ibe the set 
o( all involutive homogeneous prime ideais P of S11 such that /J(Z(P)) = O. The 
multiplicity of M is the sum of the mp(M) with M running over ali primes in I. The 
multiplicity is always ~ O, and it is additive over shor exact sequences. 

Suppose, as above, that d E A11 has degree k ~ 4 and that u(d) is generic 
in S11 (k). Then Z(u(d)) is a homogeneous irreducible involutive subvariety of C2" 

and t3(Z(u(d))) = O. Let Q be the prime ideal corresponding to Z(u(d)). Put 
M = A11 /An · d. Then the characteristic Ideal /(M) = Q. a.nd m(M) = mq(M) = 1. 
One should note at this point that the irreducible A11-module constructed by Staff'ord 
in (9) has in.finite multiplicity. 

Let M,1 be the full subcategory of finitely generated left A11-modules of finite 
multiplicity and Gelfand-Kirillov dimension d. lf d = n, then M,1 is the category 
of holonomic A11-modules. ln (1, §3.1) Bernstein and Lunts show that for any D, 
n :5 d :5 2n, the category M11 shares many o( the nice properties that make holonomic 
modules so attractive. For example, submodules, quotients and extensions of modules 
in M,1 belong to M,1. There is a duality functor if M,1 which is defined on an object 
M by turning the right module Ext"(M, A,.) into a left module in the standard way. 

lt is possible to use Theorem 3.3 to construct homogeneous involutive subvarieties 
of C 2" of involutive dimension O which are not hypersurfaces. Since the purpose of 
these constructions is to produce examples o( irreducible A,.-modules, we run into a 
problem. Notice first that if X is a homogeneous hypersurface of C 2", then Z = Z(/), 
for some homogeneous polynomial / E S11 • Thus, if d E A11 has symbol /, we have that 
the characteristic variety Ch(A11 / An • d) = X. The situation Is far more complicated 
if X is not a hypersurface. For example, suppose that the Ideal of X is generated by 
/i for 1 $ i $ m, and that di E A11 satlsfy u(di) = /i, Let J be the left ideal of A11 

generated by d1 • ... , dM, One might expect that the Ch( An/ J = X, but this need 
not be true. This suggest the following problem. 
PROBLEM 3.5. Let X be a homogeneous involutive variety o/ C 2". Is there a finitely 
generated left ,l 11 -rnoduk M such lhat Cli(M) = X f 

There are not many cases to which the answer to this problem seems to be known. 
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4. TBE CODIM ENSION ON E CASE 

ln thls section we ahall study the hypersurface case ia more detail. To make the 

problem tractable, we shall not work with the category M2,.-a but we a subcategory 

thereof. Let X be a homogeneous hypersurface in C2". Let MX be the full subcat­

egory of M2,.-1 o( ali objects M witb Ch(M) = X. This subcategcory is dosed for 

submodules, quotienta and extensiona. 

ln this section ~ ahall assume that I: 2: 4 ia an integer and that P is a generic 

polynomial in S,.(k). Set X = Z(P). ln [4, 4, §3} we prove the following result about 

tbe irreducible objects of M(X). 
TBEOREM 4.1. M(X) conatina infinitely many irreducible objects o/ m11lliplicity m, 

for every integer m 2: 1. 
Let da, d2 be elementa of A,. whoae principal aymbol is P. We bave seen in §3 

that A,./A,. · di is irreducible oí multiplidty 1 for â = 1, 2. lt Is 1how11 in (4, Theorem 

3.1) that A,./ A,. · d1 it A,./ A,. · d2. Thi• auggesta the Collowing problem. 

Pa.o&LEM 4.2. Suppose that M is an irreduci6le o6ject in M(X) o/ mulliplicity 1. Is 

there a d E A,. with ar,mbol P such that M ~ A,./ A,. · dt 
We may alao calculate lhe extenaion groupa of irreducible objects of M( X). That 

way we can construct indecomposable objecta oí length 2 ln this category. 

TBEOR.EM 4.3. Suppose that d1,d2 E A,. havê principal 1r,m6ol P,, Then: 

=O (1) Ezt1(A,./ A,. · d., A,./ A,.· d2) '# O) 
(t) 1/ d = da = d2, then E%t1( A,./ A,. • d, A,./ A,. · d) ia a vector space o/ infinite 

dimen6ion over C. 
Compare with thia the holonomic case: if M, N are holonomic modules over An 

then Extlr(M, N) is a finite dimensional vector space for every k ~ O. 

lf d E A,. has symbol P, then the extensions of A,./ A,. • d by itself admit a very 

aimple description. Foran element a E A,. put l{a) = {z E A,.: z-a E An ·d}. Thus 

these extensiona are isomorphic to modules of the form A,./ 1( a) • d, for some a E An. 
ln fact since A11 / A,. • d ia irreducible, it follows that A,./ [(a) ~ A,./ A,. · cl. Thus 

A,./A,. • d basa projective resolution of length 1. ln particular l(a) is a projective 

ideal of A,.. We may prove even more, as shown in [4, Theorem 5.2J. 

THEOR.EM 4.4. 1/ a E A,. \(C+ A,. •d), then the ideal l(a) is a non-cyclic projective 

left ideal o/ A,.. 
The proof followa the method establisbed by Stafford in (10), but it is less com­

putational, and it produces a whole family oí examples. There are many questiona 

related to the results stated in this section that one would like to know the auswer 

of. We mention three. · 
Pll.OBLEM 4.5. //Pisa generic polynamial in Sn(3), ia it true that d(Z(<7( P))) = O 
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The hypothesis k ~ 4 is necessuy for technical reasons in Theorem 3.3, so one 
ought to be able to remove lt. On the other hand, if P Is homogeneous of degree 2, 
then /J( Z( u( P))) 2: 1. 
PR.OBLEM 4.6. Constn&d an infinite /amily o/ hyperaur/ace, Y auch that P(Y) = 1. 

lt follows from Queen', Lemma {8, Theorem 9.5.5), that the endomorphism ring 
of any object in M(X) is a finite dimensional algebra over C. 
PR.OBLEM 4. 7. Which finite dimensional comple:r algebro., are endomorphí,m ring, 
o/ objects in M( X) f 

5. FINAL R.EMAR.KS 

The results of the previous sections cannot be generalized to other rings of dif• 
ferential operators. They depend on the fa.ct tha.t tbe components of the Bernstein 
filtration have finite dimension over C, a.nd this filtration has no natural generaliza­
tion. To ha.ndle general rings of differential operators ( ovtr affine, smooth, in-educible 
varieiies) one must use the filtration br order. This means givlng the z's degree O 
a.nd the ô's degree 1. 

Bernstein and Lunts have also shown in [1, §4) how this filtration can be used to 
construc irreducible A,.-modulea by geometrical methods. 
PR.OBLEM 5.2. Cana generic hrperaurface o/T•(P"(C)), contain a proper involutiue 
subvarietyr 

lt may be appropiate to end in a more speculative note. First, one may observe 
that the Weyl algebra is the algebra obtafoed by "quantization" of the algebra of 
functions ( observable,) in the symplectic variety C 2". Given a general symplective 
variety X it is often possible to quantize its algebra of functions by deformation 
theoretic methods, cf. [8]. 
PROBLEM 5.3. Is it possible to use methods described in this paper to construct irre­
ducible representationa o/ the quanfüation o/ the algebra o/ functiont1 in a aymplectic 
algebraic mani/ old f 
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The module of derivations of a Stanley-Reisner 
· ring 

Aron Simis, UFBa e UNICAMP2 

Abstract 

An explicit description is given of the module Der((k[X)/ /, k[X)/ /) of 

the derivations of the residue ring k[K)/ l where I is an ideal generated by 

monomials whose exponents are prime to the characteristic of the field k. 
(This includes the case of square free m~nomials in any characteristic and 
the case of arbitrary monomials in characteristic zero.) ln the case where 

/ is generated by square free monomials, this description is interpreted in 

terms of the corresponding abstract simplicial complex Ã. Sharp bounds 

for the depth of this module are obtained ln terms of the depths of the face 

rings of certain subcomplexes Âi related to the stars of the vertices Vi of 

Ã. The case of a Cohen-Macaulay simplicial complex À is discussed in 

sorne detail: it is shown that Der((k(â),k(ó]) is a Cohen-Macaulay module 
if and only if depth Ai 2: dim A - 1 for every vertex v;. A mea:.ure of 

triviality of the complexes Âi is introduced in terms of certain star comers 
of v;. Thus, the absence of these corners implies that Der(k(ó),k(õ.)) is 

a Cohen-Maca.ulay module. Examples of such complexes are the doubly 

Cohen-Macaulay complexes of Baclawski and complexes whose faces are 

the independent sets of vertices of a suspension graph. A curious corollary 

of tbe main structural result is ao affirmative answer in the present context 

of the conjecture of Herzog-Vasconcelos on finite projective dimension of the 

k[K)/ !-module Der(k[K)/ I, k(XJ/ /). differentials of k(ó). 

2 Joiul work willt P. BrumaLLi. 
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Module categories with inflnite radical 
square zero are of flnite type 

Héctor Merklen 1 

We ha.ve recently study a.rtin algebras A whose ca.tegories of finitely 

generated modules have a nilpotent lnfinite radical (see (2, 31}. Here we 

present a.n alterna.te proof to the following, the maio resul& of (2). This 

proof dependa hea.vely on recent resulta rela.ting the infinite radical to tame 

concealed algebras. 

Tbeorem 1 Let A 6e an artin algebra and let J 6e the Jahobaon radical o/ 

the categorJI modA o/ Jinite/11 generated A-module•. 1/ (J00
)
2 = O, then A ia 

o/ finite representation type. 

REMAR.K. The converse is obviously true beca.use if A is representation 

finite then J00 = O. 
Pa.oor. Le& us consider only finitely generated A-modules. Also, let us 
assume, as we can, that A is minimal repre.sentation- infinite, à.e., every 

proper fa.ctor algebra. is of finite representation type. 

By a well known reault of Auslander, there exista an infinite sequence oí 

proper epimorphisms between indecomposable modules as the íollowing. 

ln connection to this, we note first tha.t HomA(P, M,) ~ J 00(P, Mi) for 

ali i ~ O a.nd ali projective modules P. ln fact, if /isa non-zero A-morphism 

from a projective P to some M,, then, for each t > i there exists a lifting 

9c : P - Me such that / = /i • • • /1gc, meaning tha.t / belongs to all powers 

of J. 
Next, we claim that ( •) contai na a. faithful module, implying that we 

ca.n assume tha.t ali the M[s are faithíul. Indeed, the a.nnihilators of the 

M[s form a descending chain. lf non o{ them is zero, we would get an 

infirute sequence as ( •) where ali modules would have one and the sarne 

a.nnihilator, sa.y, /, Then, if B = A/ 1, B would have infinite non-isomorphic 

indecomposable modules, contradicting our asaumption tha.t A is minimal 

representation-infinite .. 
We show now tbat J 00(--, A) = O. For, if for some X h is a. non-zero 

map in J00
( X, A), and if, is a monomorphism A - (Mi)"', for some i a.nd 

1 Joiat work with E. N. J,fara,a, F. U. Coelho ud A. Skowronski. 
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some m, then ,h would be a non-zero element of (J00
)
2, contradiction. A 

dual argument shows that we have also J00 (DA,--)= O (where D denotes 
the usual duality of modA). 

Finally, from (1, (3.4)) or (4, (3.3)), it is easy to deduce tha.t a minimal 
representation-infinite artin algebra satisfying those properties is either tame 
concealed or wild concealed with two points. However, it is known that such 
algebra.s do not have ( J00 

)
2 = O. 
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ON THE MODULE CATEGORIES WITH 
INFINITE RADICAL CUBE ZERO 

FLÁVIO ULHOA COELHO 

1. INTRODUCTION 

This is a report of a joint work with E. Marcos, H. Merklen and A. Skowroóski. 
Let A be an artin algebra over a commutative ring R, that is, A is an R-algebra 

which is finitely generated as an R-module. AU algebraa in this note are basic, 
connected and indecomposable. By an A-module it is meant a finitely gcncrated 
left A-module. Let rad(modA) denote the Jacobson radical of modA, t.hat. is, t.he 
ideal of modA generated by ali non-invertible morphisms and by rad00

( modA) lhe 
intersection of ali powen radi(modA) of rad(modA). The study of rad00 (modA) gives 
important iníormations on the category modA, in particular, in the componcuts of 
the Auslander-Reiten quiver r A of A (see definition below). We are particularly 
interested in the case when rad00(modA) is nilpotent. We say that an algebra A is 
representation-finite if modA has only finitely many non-isomorphic indecomposable 
modules. Otherwise, A is called representation-infinite. The following result. has been 

proven in l4J. 
Theorem 1.1. // (rad'»(modA)) 2 = O, then A ú representation-finite. 

We now consider algebras A such that (rad00{modA)}3 = O. We first observe that 
tbere are representation-infinite algebras with this property. ln order to introduce 
such examples, we will first recall some notions. 

2. AUSLANDER-REITEN QUIVERS 

For a given artin algebra A, ita Auslander-Reiten quiver r A is defined as follows. 
The vertices of r A is in a one-to-one correspondence with the isomorphism dass o( 
the indecomposable modules in modA. For the definition of the arrows in r A we 
recall lhe notion of irreducible morphisms: if X and Y are modules in modA then a 
morphism /: X _. Y rs in-educible if (i) / is nota split morphism; and {ii) whenever 
f = gh, then either g is a split epimorphism or h is a split monomorphism. Suppose 
IXJ and [Y] are two vertices in r A corresponding, respectively, to indecomposable 

The author wu pardy 1upported by CNPq. 
Thill paper il bued in a•conference given in the meeliag •Teoria de Anéis" . held in June 93 at 

IME-USP. 
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modules X and Y. Now, by definition, there is ao arrow írom (X] to (Y] if and only 
if there is an irreducible morphism between X and Y. 

We would like to stress some facts on the quiver defined above. Fint, r A is locally 
finite, that is, for each vertex [X], there are at most finitely many arrows with [X] as 
a start or an end point. Moreover, there are no arrows from a vertex to itself. Finally, 
r A is a 110-called translation quiver, tbat is, there exists a bijection T: r' --+ r", where 
r' (respectively, f") is the set of vertices not corresponding to projective (respectively, 
injective) modules, such that for each z E r, there exists an arrow y --+ z if and 
only if there exists ao arrow TZ --+ 11· The quiver r A is, in general, not connected. 
For details on the above construction we reíer the reader to, for instance, (1, 6). We 
also recall the following result dueto Auslander-Reiten (2)(1.7) . . 

· Proposition 2.1. 1/ f E rad(X, Y), then f = Egi + h, where h E rail'°(modA) and, 
for each i, g; is a composite o/ irreducible morphisms. 

Corollary 2.2. Any morphism between modules belonging lo distinct component., o/ 
r A belongs to racl"'(modA). 

3. TAME CONCEALED ALCEBRAS 

Let H be a hereditary algebra. lt is known that in this case R is a fi.eld and H is 
in íact a finite dimensional algebra over R. Moreover, there exists a bilinear form on 
the Grothendieck group K0(H) oí H given by 

< M, N > = dimRHomff(M, N) - dimRExt},(M, N) 

which induces a quadratic form 9H on K0 (H) ®1 Q. lt is well-known that H is 
representation-finite ií and only if 9H is positive definite. The algebra H is said to be 
of tame type if it is not representation-finite and 9H is positive semidefinite. 

Let now H be a representation-infinite hereditary algebra and let n denote the 
rank of 1<0 ( H). Let T be a multiplicity-free preprojective tilting H-module, that is, 
Extk{T, T) = O, rad00

(-, T) = O and T is a direct sum oí n pairwise non-isomorphic 
indrcornposablt' li-modules. The algebra B = EndH( T) is called a concealed algebra 
and if li is tame hereditary then B is called tame concealed. 

Let now A denote a tame concealed algebra ( which can be, in particular a heredi­
lary algebra). The Auslander-Reiten quiver of A defined as above has 

-a component consisting of modules X such that rad"°(-,X) = O and containing 
all indecomposahle projectives, called preprojective component; 

-a component consisting o( modules X such that rad00 (X, -) = O and containing 
ali indecomposable injectives, called preinjective component; and 

-an infinite family of generalized standard pairwise orthogonal stable tubes (T,),en, 
that is, for t'ach .\ E O, T, is a. quiver of the form ZA"°/(Tm), for some m, and 
rad00 (X, Y) = O for a.li X and 1·· belonging to components in this family. 
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With this description of the components of the Auslander-Rcilen quiver of A, it is 
not difficult to see that (racf00 (modA))3 = O and since A is not repra;entat.ion-finite, 

we infer from (1.1) that (rad00 (modA))2 #- O. For details on lhe results discussed 

above we refer to l6J. 
4. MAIN RESULT 

Let A be an artin algebra and C be a component of r A· The component C is called 

regul,ir if it does not cont&in ncither projective nor injec:tive modules and it is called 

/11ithfel if it contains ali indecomposable summand1 of a faithful module. Recall that 
a module Z is faithful if annZ = O. 

i,From now on, we usume that (racf00(modA))3 = O. The maio resull in this note 
is the following. 

Theorem 4.1. Let A be an artin algebra such that (rad"'(modA))3 = O. // r -t con­
taíns a faíthful regular component, then A is tame concealed. 

For a proof of this result, we refer lhe reader to (5). However, we shall <liscuss 

quickly some intermediate steps in order to show the techniques used. By hypothesis, 

r A contains a regular component. Let then (T,.),en be the family of ali regular 

components. We shall first show that ('7;),en is & family of gcneralized standard 
pairwise orthogonal componcnts. lndeed, supposc there exista & non-zero morphism 

/ E racf00 (X, Y) with X and Y belonging to the family (T,),en and consider the 
projective cover r: PA(X) - X of X and the injective envelope t: , .• - /,,0') of 
Y. By Corollary 2.2 both r and , belong to rad00 (modA). Therefore, t/r is a non­

zero morphim in (racf00 (modA))3 , a contradiction. Using results from tilhng tl,eory 

we can also conclude that T:,. is a stable tube 
Let now r be a faithful regular component of r A· Then there exisls a module 

Z E addf anda monomorphism q: A - Z. Consider now the injective envelope 

,: Z - JA(Z) of Z. Again by Corollary 2.2 both q and , belong to rad00 (modA). 

Since ,q is a monomorphism, we conclude that rad00
(-, A) = O. Similarly, we have 

also tbat rad00 (DA, -) = O. By (3](3.4) or [71(3.3) we infer that A is concealed. 

Moreover, A is in fact tame concealed because r,. contains stable t.ubes (see [6)). 
For finite dimensional algebras ovcr algebraically dosed fields we ha.ve the following 

consequence. Recai! that an algebra A is said to be minimal representation-infinite 

if it is representation-infinite hut for each ideal /, the algebra A/ I is representation­

finite. 

Corollary 4.2. Lct A be a connected finite dimensional algebra over an algebraically 

closed field. Then A is tame concealed i/ and only if A is minimal re11resentation­

infinite and (rali"°( modA))3 = O. 

Proof. The necessity is clear. To prove Lhe sufficiency, it is enough to observe thal if 
A is a representation-infinit.e algebra as in the statement, then there exists a reg~lar 
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component r. Since A is minimal representation-infinit.e, it follows that r is faithful 
and then, by Theorem 4.1. A is tame concealed. O 
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Composition factors of indecomposable modules 

Andrzej Skowrodski 
Let A be an artin algebra. over a. commuta.tive artin ring R. We denote 

by modA the ca.tegory o( finitely generated right A-modules. by indA the 

full subcategory of modA formed by the indecomposable modules. and by 

ra.d(modA) the Jacob,on radical o( modA. tha.t is, the ideal in modA gen­

era.ted by all non-invertible morphisms in indA. Moreover, we denote by 

D : modA - modA• the ,tandard dualit11 D = HomA( -- , f). where / is 

the injective envelope of R/ra.dR in modR. 
Let Ko(A) be the Grothendieck group of A. For a. module M in modA 

we denote by [M) its image in Ko( A). Clearly, if S1, ...• Sn is a complete set 

of pa.irwise non-isomorphic simple A-modules. then (S1), •••• [Sn) is a Z-basis 

of Ko(A). Thus, (M] = [N) if and only if M and N have the sarne (simple) 

composition factors including the multiplicities. We ma.y ask 
When [M) = [N) for M and N in indA? 
When M in indA is uniquely determined up to isomorphism by [M)? 

We shall show tbat the above questiona are related with the properties 

of cycles in modA. Recall that a cycle o( length t in modA is a sequence 

· Mo - M1 - • • • - M1 = Mo o( non-zero non-isomorphisms between 

modules in indA. lf t S 2 such a cycle is said to be short. A loop in modA 

is a cycle of length 1. Finally, a cycle in modA is said to be finite if lhe 
morphisms forming this cycle do not belong lo rad00(modA). 

THEOREM 1 [l) Let X and Y be modules in modA. Suppose that P1 - P0 -

X - O is a minimal projective presentation o/ X and O - Y - lo - /1 is 

a minimal injective cop~sentation o/ \'. Then 

(i) 1 HomA(X, Y) 1- 1 Hom.4(l', r.4X) 1=1 HomA(Po, l') 1 -Hom,1(P1, l') 1 

(ii) 1 Hom.4(Y.X) I - I Hom,1{r;X,Y) l=I Hom,1(}',/0) 1-1 Hom,&(Y,/i) 1-

Then we get the íollowing fact on indecomposable modules having the 

sarne composition factors. 

THEOREM 2 [3) Let M and N be two non-isomorphic modules in indA such 

that (M) = (N). Then AI and N lie on shori cycles. 

Proof. Suppose that M does not lieon ashort cycle. Then Hom.-1(M,rAM) 

= O. lndeed. otherwise ther is a short cycle M - V - M where l' is an 
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indecomposable direct aummand o( the middle term oí an Ausla.nder-Reiten 
sequence O - rAM - E - M - O. Let P1 - Po - M - O be a. minimal 
projective presentation oí M. Then we get the equalities 

1 Hom.4(M,M) l -I Hom.4(M,r.4M) l=I HomPo,M) 1-1 Hom.4(P1,M) 1 
1 =I Hom.4(Po, N) l - 1 HomPi, N) l=I Hom.4(M, N) 1 - 1 Hom,t(N, r .4M) 1, 

because ( M) = {N). 
But I Hom.4(M,M) 1-1 Hom.4(M,r.4M) l=I Hom.4(M,M) I> O, hence 

Hom.4(M, N) '1- O. Similarly, we show that also Hom.4(N, M) '1- O. Conse­
quently, we have a short cycle M - N - M a contradiction. This shows 
that M lies on a short cycle ln modA. 

CoROLLARY 1 (3) Let M be an indecomposable A-module which does not lie 
on a short cycle in modA. Then M ia uniquel11 deterinined by its composition 
/actors. 

ln the representation theory of algebras an important role is pla.yed by 
periodic modules. Recall that a module X in indA is periodic if rf X ~ X 
for somem 2: 1. lf r.4X ~ X, the module X is said to be T..4-invariant. lt 
has been shown in (2) that if A is a tame algebra over an algebraically closed 
field then, in each dimension d, almost ali indecomposable A-modules are r.4-
invariant, and hence periodic. We are interested in the composition factors 
of periodic modules lying in stable tubes of the Auslander-Reiten quiver r A 
of A. Reca.11 that a ,table tube o/ rank r in r A is a connected component T 
of the form ZA 00 /(r_Ã), where A00 is the quiver O - 1 - 2 - • • •· Then 
the r.4-orbit in T formed by the modules having exactly one predecessor is 
ca.lled the mouth of T. For any module M om a stable tube 'T there exists 
a. unique sectionaJ path Xi - X2 - · · · - X.= M ln 'T with X1 lying on 
the mouth o( T, and s is ca.lled tbe qua8i-length o( M which we shall denote 
by ql( M ). Following (4), a stable tube T Is ca.lled generalized standard if 
rad00(X, Y) = O for any modules X and l' in T. 

We have the following íacts on generalized standard stable tubes proved 
in (5). 

PRoPOSITION 1 Let T be a stable tube in r A• The /ollowing conditions are 
equivalent. 

(i) T is generalized standard 
(ii) rad 00(.M, M) = O for any indecomposable module M in T 
(iii) rad00(X, l') = O for any indecomposable modules X, Y lying 

on the mouth o/ T. 
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LEMMA 1 Let T 6e a generaliml ,tandard atable tube in r A, and X and Y 

be ttDO module, in T. Then 

1 Hom.11(Y, TAX) 1=1 Ext~(X. Y) l=I HomA(T.4Y, X) 1. 

PI.OPOSITION 2 Lei T be a generalized standard stable tube o/ ronk r in r A 

and M be a module in T. Then 

(í) 1 HomA(M, M) l~I Ext~(M, M) 1 
(iiJ I Hom.11(M,M) l=I Ext~(M,M) I ifandonlJ1ifrdividesql(M) 

Applying the above resulta we proved in (&] the following facts on tbe 

composition facton of modules lying in generalized standard stable tubes. 

Te EOREM 3 Let T 6e a generalized standard stable tube o/ rcmk r > 1 in 

r A• Assume that M and N are non-isomorphic indecomposable moclules in 

T. Then [M} = [N) if and only iJ ql(M) = ql(N) = cr for some e~ 1. 

lt follows from PllOP. 1 that if a stable tube T consists of modules which 

don't lie on infinite short cycles, then Tis generalized standard. Tben we 

get the following results. 

CoaoLLAllY 2 Let T 6e a ,table tube o/ nznk r > l in r A consisting o/ 

modulea whicla Jon't lie on infinite short c11clea, and M be an indecomposable 

module in T. Then M is uniquel11 detemained by the composition /actors i/ 
and only i/ r does not divide ql( M). 

CollOLLAllY 3 Let T, T' be dijJerent stable tubes in r ..4 consisting o/ modules 

which don 't lie on infinite shor cycles. Let r be the rank o/ T, r' be lhe r-ank 

of T'. Assume that [M} = [M'] for some indecomposable modules M in T 

and M' in T'. Then r divides gl(M), r' divides gl(M'), and the tubes T and 

T' are orthogonal. 

THEOREM 4 Let T;, i E /, 6e n /amily of painoise dilferent stable tubes in 

r A consisting of modules which don't lie on infinite short cycles. Assume 

that each T; contains an indecomposable module M, such that (M,) = (M,) 

for ali i,j E!. Denote b11 ri the rank o/T;. Then 

·l)r;-l)Sn-2 
iEI 

where n is the rank of Ko( A). 
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As an applieation of the above results we obtaln the following theorem 
on module eategories without infinite short cycles. 

THEOREM 5 Let A be an artin algebra such that every shorl cycle in modA 
is finite. Then, for each positive integer d, ali but finitely many isomorphiam 
classes o/ indecompoaable module, o/ length d are 1' A-invariant. 

CoRoLLARY 4 Let A be an artin algebra auch that every short cycle in modA 
is finite. Then, ali but countable many components o/ r A are stable tubes o/ 
rank 1. 
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Shape identities in genetic algebras1 

R. Costa 

§ 1. Preliminariu 
There exi1& several c:1aaN o( aoaauodative algebru (Beraateia, train, 1tocha.a&ic, etc) 

whON inve1tiga&ion hu providecl a number o( 1ignifican& contributio111 to theoretical Population 

Genetia. Snch dUlel haM been definecl at diff'e~nt time1 by ■everal an&hon ud ali algebru 

belonging to the■e daue1 are generally called "genetic•. A good a.ccoun& of the known raulta 

up to 1980 can be íound in (9). ha recent yean maay anthon h&ve triecl to investigate the 

diflicuh problem oí du■ificatiOll of the■e algebru. A. a major pu1 of thi1 problem, we ahould 

conslder the que1tion oí nonauociative identities 1ati1fiecl by the■e algebru. The relation with 

Jordan algebru hu been &reateei by ■everal authon, u for inatance, in (7). Holga&e hu atudied 

lhe entropic law in genetic algebru in [4). More recently, the problem of finding identities of 

minimal degree satisfied by ali algebraa in a given class hu been studied, with the assistence of 

computers. ln thi■ paper we investigate those genetic aJgebras which 1atis(y some multilinear 

iden&ities. As a by product, a numerical invariant, the levei, ia delineei. 

§ 2. Shape identitiea 
For the 1ake of motivation, we auume that A 11 a commutative 1tocbutic algebra over lhe 

real fteld IR. Thi1 meu■ A hu a buis { ao, a 1, ..• , a.} ■ucb thal lhe con1taull of multiplication 
• 

1ij/, E R, defined by 11;11; = L 7;;1,111, ■ati■fy tbe following relations: 
/,-e, 

• 
OS 'Tijli S 1 {i,j,A: = 0,1, ... ,n) ud L1iili = 1 (i,j = 0,1, ... ,n) (1) 

"'"° 
Tbe■e algebru are dON to tbe genellc modela. We may tbink oí lhe a; u representatives 

R • 

oí the geno&ype■ of lhe population and lhe element z = })r;ca;, wilh OS a; S 1 and Lª• = 
i..O i•O 

1, u a representatlve of a di■tribulioa of genotype■• Moreover lhe product ZJ of two ■ucb 

elemenls, when expre■■ed ln lhe bui■ {11et,•1t ••• ,a.}, repre■enll lhe distribution oí frequencies 

o( genolype■ in the filial generation, obtained by random mating amoag lhe individual1 in z and 

li• See (9) for more delail■• Wilh thi■ in mind, suppose z, J, z and • are four dislributiou■ oí 

frequencie1 and consider the following tive 61ial generations, where lhe order 

z, 1,1, z, u i• preserved: 

If tbere are real numben o, /J, 1, I, ,:, not all zero, ■uch that 

(3) 

1Tlie CQIDple&e ftnioa a( ,ru. paper will appear ia Liaear Afaelwa ud ita Applica&ioa 
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•i 
lhi• will mean that lhe five di1lribution1 oí írequencies are linearly dependent: one of them1• • 

can be obtained algebralcally f'rom the remaining four. We can thlnk also of a similar problera! 

involving k distribulions .z1, ••• , .z1, and algebralc relation■ involving aU lhe possibilitie■ for the 

filial generations. We introduce more precisely this problem, ln the general setting of nonas• ,. 

sociative algebras. Suppoee .z1, ..• ,.z., ..• are nonuaoc:iative variable■ and conslder fhe free 

nonusociative a.lgebra generated by thl■ set of varlablel over ■ome fleld F o( characterlstlc O. 

For a lixed k, consider ali monomlal■ lnvolvlng z 1, ••• ,.z,, obtained by different arrangements 

of parenthese■ in lhe word z1 ••• .z1,. The number k' of these muliilinear monomiala i■ given 

by k' = i (1.":,2), whlch 11 also the dimenaion of the vector apace S1r(F) generated by these 

monomials in lhe above algebra. For instance, S4(F) la generated by lhe 5 monomials in (2). ln 

general, every element Every moaomial p = p(.z1, ••• ,.z,) E S,(F) cube dec:ompoled unique)J 

ln the form 
(4) 

for some 1 ~ 11 < k, where µ 1 and µ3 are also multilinear. The k' monomials which form a basis 

for S1r(F) can be totally ordered inductively ln lhe following way: If 

I""' 1"1(.za, •. • ,z,)µ2(Zr+h,., ,.z,) 
µ' = µí(za, ... ,z.)µ~(z,+1, ... ,z,) 

then µ. < µ.1 ií • < r. lf r = • then µ < µ.1 when p,1 < µ{. ln the cue r.., • and Pt = µ~, then 

µ < µ' when P2 < µ~. 

Given a nonassociatlve algebra A over F and S = S(.z1, ••• ,.z,) E S,(F), S ~ O, if 

S(ca1, ... , Gk) = O for aU Ili E A, then S will be called a ■hape ldentlty in A. The aet of all shape 

identities in k variable■ on A (plu■ the sero polynomial) i■ a vedor aub1pace of S1r(F). The levei 

oi A is the number of varlable■ in a shape ldentity ■ati■fled by A, wlth the ■malle■ t number of 

variables. 

;,From the general theory of nonassociative algebras, as lt appean for lnatance in (5), it ia 

well known that, given S = S(.z1, ... ,:r1r) E S1r(F), S ., O, the du■ of all algebras A over F 

1atisfying the identity S = S(aa, ..• ,111r) = O, for aU ca; E A, l■ a variety. So, by Birkhofr'1 

theorem, this class 11 closed under the operation■ of formlng direct product■, homomorphlc 

lmage■ and 1ubalgebru. la particular, lhe level ohubalgebru and that ofhomomorphlc image■ 

ia not greater than the levei of a given algebra. 

Propoaition 1 út A 6e • noncauociotive algeb,a over F and B a ,u6ca/gelnw o/ A auch tlud, for 

aome 1ubspace X o/ A, A= B(J)X cand AX = O. Then A and B ntufy the ,came homogeneoua 

pol,nomial idenlitie, o/ deg,a ~ 2. ln poriictdar, A and B ,ati,J, lhe ,ame ,Aape idenlilie, and 

hence they hcave lhe ,ame lcueL 

Proof: lt is enough to observe that lf • = 6 + .z and ca' :a li + z', where a, ca' e A, b, li E B and 

.z,z' e X, then caca'= 66'. ■ 

When a nonauociative algebra A hu a nonzero idempotent e and ■atisfie■ a shape identity 

S = S(:ra, ... ,z,) = Eo,.µ e S1r(F) then Lº• = O. lt 11 enoagh to replace (.z1, ..• ,:r1r) by 
,. ,. 

26 



(e, .... ,e)andobaerve thatµ(e, ••. ,e)= e. Wéassume,írom nowon, that S = S(za, ... ,zt) = 
Eo,.µ e S1t(F) belongs, in fad, to the hyperplane of Si.(FJ defined by Eo,. = O. Thia 
,. ~ 

• uaumption is due to lhe importante of idempotents ln genetic algebra theory. 

Propo1ition 2 For a llaric algeora (A,w) to ,atis/y a ,ha~ identity S = S(x1, .•. ,z,) it i8 

enough that S( 01, ••• , 01,) = O for ali a; 1uch lhnl w( a,) = 1. 

Proof: Is ia a conaequence of lhe multilinearity of S. Take any elements b1, ••• , b1c e A. Ir 

c.1{b;) ~ O, lhen a.= w{tl6; hu weight 1. Jf c.1(6;) = O, write 6; as a difference of two elementa of 

weight 1. ■ 

Suppose we ha.ve a family (A;,c.1;) o( baric algebras over lhe field F, ali of them satisfying 

the same ahape identlty S = S(zt, ... ,z,). Then their dired product O A; also satisfies this 
. 1 

idenlily. The subsel of íl A;, consisting of ali families (o;) such that w;(o;) is constant relative 
i 

"" to i is clearly a subalgebra of íl A; (so also satisfies S) and moreover, it has a weighl function w 
i 

'-- given by w((o,)) = w;(a;). Thia baric algebra is called the direct product of the family (A;,w;). 

• 

This is 1ummarized in lhe 

Propo1ition 3 The direct product o/ an11 /amily o/ baric algebms 1alis/11ing a shape identit11 

alao salisfie, lhis idenlilJ/. -Theorem 1 Eve,-, baric algebro (A.w) ,uch that kerw i., nilpotent o/ indez Ir: satisjie, td lea,t 

li = l (2/:12) linear-li independent ,hape idenlities in 3/r: variables . 

PPOol, For a nonauoc:iatíve algebra A. denote a= a(.r,i,,z) lhe associator oi .r,11 and z, tha.t 

is, o= a(z,11,z) = (zr)z - z(rz), ■o w(o(z,r,z)) = O when A is baric. Consider the formal 

producl ofthe k associators in lhe free nonassociative algebra F{z1, .•. ,z,., ... }: 

There are k' different arrangements of parentheses in this product, thus resulting in Ir:' 

difl'erent multilinear polynomlal, S1, ••• , S., in z 1, .•. , ZJlt, such that, when each S; is expressed 

.u a linear combination of lhe monomials in z 1, ••. , z31,, lhese variables a.ppear alwa.ys in natural 

order. So each S; (i = 1, ... ,k') is a shape polynomial in 3/r: variables, that is, S; E S»(F). 

As kerw 11 nilpotent of lndex k, we have S;(oi, ... , 031,) = O for ali Gi, ... , 031, in A and 

i = 1, ..• , k'. The linur independence of the shape polynomials S1, ••• , S., ca.n be deduced 

from the fact thal each S; is expressed as a linear combination of a. set of 2' monomials of degree 

3k in the varlables za, ... ,%31: (wilh coefficients 1 or -1) and the fact tha.t two differenl 1ha.pe 

polynomiala, say S; and S;, are expreued as linear combina.tion1 of two di1joint aets of lhese 

monomial1. Thi1 properly implies lhal S1, ... ,S,, are 

Thls lheorem ensures the existente of shape identities ( unfortunately. with a large number 

o( variables) for severa! classes of genetic a1gebras. Every special traiu algebra satislies shape 

identities, as the kernel of the weight íunction is nilpotent, by definition. Nuclear Bernstein 

algebru have a1so a nilpotenl !temei, a remarltable result of Grishkov (3]. Traiu algebras which 
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are also Jordan algebras have a nilpotent kernel, dueto a classicaJ theorem oí A.A.Albert. Hence 

they satisfy shape identities. Ali genetic algebras in Gonshor's sense also satisfy shape identities. 
Receotly, S.Walcher [8) atudied baric algebras which satisfy the equation (z2 )2 = w(z)3z. They 
have oilpoteot kern(.'ls aod ao the above theorem applies. Fioally we observe that traio algebras 

of raok 3 are apecial traio so they aatisfy shape identities. Some o~her examples cao be íouod 

io the literature. 
The question of existence oí shape identities for wider classes of genetic algebras is left 

open. • 
§ 3. Shape identities for the gametic algebru 

lt is possible to calcula.te ali ahape identities satisfied by these algebru, denoted here by 
G(n + 1,2), dueto their extremely simple algebraic structure. The product of z and 'JI ia given 
by 

2z'JI = w(z)JI + w('Jl)x 

ln particular, ií w(z) = w(11) = l then 

2xy = 'JI t X 

(5) 

(6) 

There do not exist shape identities in 3 variables, u thia would mean uaociativity for 
G(n + 1, 2). Let µ = µ(xi, ... , zi,) be a multilinear monomial in S1,(F) and take elements 
111, ••• •ª• e G(n -t l,Zl, whh w(11;) = 1. The value of µ on (111, ••• ,11•) is given by lhe 
following generalization of (6): 

" µ(a1, •.• ,a1,) = EJ1;(µ)a; (7) 
i=I 

where /J;(µ) are suitable elementa in the field F, which depend essentially on the arrangement of 

parentheses in µ. The precise description of these elements is the following. Given the monomial 

µ, we construct a (311 - 4)-uple of integers as follows: replace in µ each right tumed parenthesis 
by 1, each of the variables by O and each left turned parenthesis by -1. By 1umming up the 
coordinates of the above (3n - 4)-uple, from left to right, until we reach the i-th zero, we gel 
a non negative integer -'•· Then /J;(µ) is the multiplicative inverse in the field F of 2•;+1. ln 

" particular, /j;(µ) is never 1. lt is also clear that L);{µ) = 1, for every monomial µ e S1,(F). 
••I 

For this, it is enough to apply w to (7). 

We construct a matrix B,. over the field F, of type l:' x k, where the i•th row ia the sequence 

(/11(µ), ... ,/11;(11)) and where µ is the i-th monomial, in the ordering described in § 2, of the set 
of all monomials in k variables. Then B1, B1 , B3 and B4 are given by: 

B1 = (1) (by convention) 

B2 = ( 1/2 I/2 ) 

B = ( 1/4 1/4 1/2) 
3 

1/2 1/4 1/4 
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1/8 1/8 1/4 1/2 

1/4 1/8 1/8 1/2 

B4 = 1/4 1/4 1/4 1/4 

1/2 1/8 1/8 1/4 

1/2 1/4 1/8 1/8 

ln order to describe B1, in block íonn, as auggested by B4 , we introduce some ad hoc notation. 

lf X i• any r x • matrix over F, and p 11 a non negative integer, then XP is the following matrix 

of type pr x a : 

where we have p copies of X. Then Xt will denote the matrix obtained from XP by the following 

permutation of rows : collect in XP ali the 

p copies o( the first row of X, which appear in rows 1, r+l. 2r+l, ... of 

XP and consider them as the first p row1 of Xf. R.epeat the sarne procedure with the 

p copies of the second row o( X, which appear in rows 2, r+2, 2r+2, ... of XP, considering 

them aa J'OWS p+l, ... , 2p oí xr and so on, with the rema.ining rows oí X. The fa<:t that H.ch 

monomial µ in the variables :ri, ••• , %1, can be uniquely expressed as a product of two monomial1 

1J1(:r1, ••• ,zr)1J2(z,+1, • .• ,%1,), for aome r, will produce the following block form for 2B1,: 

B1~1 ( B1 llk-t)' 

Bl~2 ( B2 )jt-21' 

2B1, = 
Bf~3 (B3)1t-JJ' 

B<•-21' ( B )ª' 
2 •-2 1 

B1•-tJ' (Bt-i>f 

The prooí of the foUowing lemma (omiued here) uses induction on Ir and the block form of 

B,,,. 

Lemma 1 : 1/ 1c ~ ,I lhe rarJ: o/2Bt (arul hence thaf o/ B1,.) ia k. 

Theorem 2 The ,ubapace oJ ali elementa S = Eo,.µ E S1,(F) which vanish 011 G(n + 1,2) ,. 
ha, dimenaion li - k, when k ~ 4. ln par1inlar, lhere ia, up to a ,calar factor, ju,t one ,hape 

identit, in four variabk, in G(n + 1, 2), name/g 

S = -2µ1 + 1J2 + 21,3 + #J4 - 2µs 
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where µ1, • .. ,µ 6 are given b11 (2). A, a con,equenct, the lt:vel of G(n + 1,2) i, l, for everJI 

n ~ 1. 

Proof: Suppose S = Lo,.µ E S1.,(F) is a shape identity for G(n + 1,2). Tben for arbitrary .. 
elementa a 1 , ••• , at of weight 1 in G( n + 1, 2 ), we have 

O= S(a 1, ••• , at) = E,. cr,.11(01, •.• ,ad = E,. cr,. Et.1 /J;(11)a; = 
= Et.1 E,. o,.,d,(µ)a,. This implies tbat E,. o,./J;(µ) = O , i = 1, •.. , k. By our lemma, this 

1y1tem of Ã: linear equations in k' 
unknowns o,. has rank k, so k' - k of the total number of unknown1 will be free, proving 

the 1tatement. When k = 4, k' = 5 so we are left with just one identity, up to a scalar factor; 

a direct calculation, omitted here, shows that S = -2µ1 + µ2 + 2µ3 + µ4 - 2µ, vanishes in 

G(n + 1,2) for every n. ■ 

The following corollary covers lhe case of independent toei. 

Corollary The direct producl of any /amily o/ gametic algdras for ,imple Mendelian inheritance 

ai one locu, satisfie, the shape idenlily (9). 

Proof: Apply Proposition 3. ■ 

§ 4. Duplication 

The concept of duplicate algebra waa introduced by J.M.H. Etherington in order to obtain 

an algebraic model for zygotes once the corresponding model for gametes is known. See (2) and 

[9). 
Let (A,w) be a commutative baric algebra and Aº its commutative duplicate. As in (6), 

we consider the exact sequence 

O - N(A) - Aº ...!.... A2 
- O 

where µ is the unique homomorphism sending a generator z.JI of Aº to ZJI e A2 • Jf 71: A2 - Aº 

ia a. linear mapping 11uch that µ o '1 = id .. 2, )et 1y: A2 x A2 - Aº be defined by ',?(z, 11) = 
'1(z)71(11)- 71(z11)- Then every element of Aº can be repreaented by a.n ordered pair (z, 11) where 

z E A2 and y E N(A) and the product in Aº can be represented by 

(9) 

This means Aº is a semi-direct product oí A2 and N(A), denoted A2 Xa.d N(A). 

Tbeorem 3 Lei (A,iJ) be a commutati11e baric algebro and auppo,e A2 .ati,fie• a pol11nomial 

identit11/ = /(z1, ... ,zt) = O. ThenA 0 ,atisfie, thepol11nomialidentill//' = /(z1, ••. ,z1,)z1r+1 = 
O. ln particular, if A2 aatisfies a sha~ identil11 S = S(z1, •.. ,z1,), then AD ,atisfie• lhe ,hape 

identity S' = S(:r1, ... ,zt)Zt+1, and ,o the lnel o/ Aº i, J plu, the levei o/ A2. 
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Proof: We give the proof for the particular case of 1hape identities but obviously the sarne 
argumeot worka for arbitrary polynomial identities. Ir µ = µ(z 1, ..• ,z1r) is a rnonomial of 
S1r(F), aad µ = µ1(z1, ••• ,z.)1•2(Z.+1t ... , .r1r), then for z; = (z;,y.) e A2 x •. d N(A), we have 
tbe following equality, which generalizes ( 10): 

If S = :Eo,.µ E S1r(F), then 

" 

wbere z 11 a rather complicated elernent in N(A) depending 011 the coefficients o,. and of the 
factorizations of µ. But if S is an identity in A2 , we have 

and so S(z1, ••• ,z1r)Z1t+1 = O, for every :k-+-1 e Aº because Aºf\"(A) = O. • 
Corollary 1 The zygotic and copular algebras for simple Menddian inlierita11ce at one locus 

vtith an arbitrary number o/ allele1 satis/11 respectittely t/1e 1ha11e identities in 5 and 6 variable, 

Proof: lt ia enough to apply twice the Theorem 3. ■ 

CoroJlary 2 The dirrct product o/ a family o/ zygolic (rep. copular) algebras for simple Mendelian 
inheritance ai one locus with an arbitrary n1m16er o/ alleles satisfi.ts the shal'e ii/enlily 
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Embedding nil algebras in traio algebras1 

Henrique Guzzo Jr. 

Dedicated to tbe memory of Philip llolgate 

§ 1. Preliminaries 

ln (1), Abraham gave the first example of a commutative traio algebra wl1ich is not special 

triangular. A second example wasgiven later by Holgate (5). Basically Abraham used an example 

(dueto Suttles (7)) of a commutative nil algebra A of nil index 4 whicb is nol nílpotent, to which 

he added a unity (resp. an idempotent e such that ea = Ja) thus obtaining a traiu algebra 

of rank 5 (resp. of rank 4) which is not special triangular. We intend in this note to explore 

further this idea, in the more general context of non commutative algebras of arbitrary right nil 

índex n and possibly inlinite dimensional. We prove, in particular, that every right nil algebra 

of nil índex n can be embedded as the kernel of a right traio algebra of rank n or n + 1. We 

should observe that every commutative nilpotent algebra A of dimension n can be embedded 

trivially in many ways in a special triangular, hence train, algebra. ln fact, from the sequence 

A 2 A2 2 ... 2 Al-l 2 A" = O we obtain by the usual lifting process a basis ci, .•. ,cn such 

that for i < j, c;c; is a linear combination of c;+t, ... , Cn, Tben we add an idempotent co such 

that eoAi Ç A; for all i = 1, ... , k. This contruction can be done also for non commutative nil 

algebras, thus yelding right or left traio algebras. 

We will omit henceforth the word "right". The case of left nil algebras is treated similarly. 

For basic facts about genetic algebra theory, the reader can consult (8) or (4). 
Let li be the set of natural numbers and F a field. We define recursively two functions 

from 1N x IV x F to F, denoted by (n, j; r) and (n, j; r), by: 

i) For n < ;, (n, j; r) = O; for n 2: j, (11, O; r) = 1 and 

-((" - 1) . (n - 1) . ) (n,j;r)=(-IP j r'+ j-l rJ-t ifj2:;l. 

ii) For n < j, (n, j; r) = O; for n 2: j, (n, O; r) = r 1-6o .. and 

ft-j 

(n, j; r) = E (n - 1 - i. j - l; r) ri if j 2: 1, 
i=O 

where I;; ia Kronecker'1 symbol. Observe that for r = 1, ( n, j; 1) = ( -1 )' (;) · 

These functions satisfy the following identities, which are proved either by induction or 

either directly from the definition: 

For all n, j e JN and r e F, we bave the equalities: 

1nia paper will appear 1■ Proceedinp of th., Edi■b■rgh Mathl!matical Society 
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a) (n,n;r) = l; 

b) (n,n-l;r)=nr 

e) (11,j;r)=(n-l,j;r)-(11-l,j-l;r)r 

d) (n,j; r) = (11 - l,j; r]r + [11 - l,j - 1; r) 

Is a similar way wc prove that: 

e) "i:,(n,j;r) = (-1)"("; 1)r" 
J=O 

n 

f) L(n,j;r) = O 
j=O 
n-j 

g) L(n - i,j; r)(n - 1, i; r) = O 
i=O 
n 

h) L(-l)i- 1(2r- l)i-1(n,i;r) = 1 
ia:J 

(n ~ 1); 

(n ~ 2, j ~ 1); 

( li ~ 1, j ~ 1 ). 

(O$ k $ n - 1); 

(n ~ l); 

(0 $ j $ n - 2); 

(n ~ 1). 

Recall that a baric algebra over the fiel d F is an ordered pair (A,"") where A is any algebra 

over F and w: A - F is a nonzero homomorfism. The set N = {:r E A : w(:r) = O} is a two 
sided Ideal of A, of codimension 1. lf e is any element oí A such that ..,(e)= l, we have a direct 

sum decomposition A= FcEB N. dueto the equality a= w(a)c+ (a -w(a)c), for ali a E A. If 
A has an idempoteut e such that w(e) = l (this happens for most of the relevant examples in 

the theory of genetic algebras) then A = Fe EB N so for ali 6 E A, 6 = w( 6 )e+ a, where a E N. 

For 6 e A let b", the ( right) principal power of 6, be defined by 61 = 6, l,"+1 = 6"6 for k ~ 1. 

When there are elements 1'1, ... , 1'n-l E F such that 

(1) 

A will be callcd a principal traiu algebra. The rank of (A,w) is the degree of the equation (1) 

of minimal degree satisfied by (,l,..;). Our next proposition will enable us to treat the problem 

stated in the preliminaries. We remark that when (A,w) satisfies 6n + 11w(6)6n-l + ... + 
1'n-1w(6)R-16 = o then necessarily 1 + 1'I + ... + 1'n-1 = o. For this, apply w to this identity, 

with w(b) = 1. 

Proposit ion 1 Suppose we are given a 6aric algel,ra ( A, w) with a central idempotent e o/ u,eight 

I such that ea = ra (= ae), for some /i:red r E F, for ali a E N = kerw. Then for a given 

b = w( b )e + a anel /or given elemenls ')'o = 1, ')'1, ••• , 1'n-l E F, we have 

Proof (sketch): We proceed by induction, tbe case n = 2 being trivial. Then 
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[( .. _, ) .. ( .. -; ) l 
= ~ 1i w(b)"e + L E(n - i,j; r)1; w(l,)"-iai (w(b)t' +a)+ 7,.w(b)"(w(b)t + o). 

••O J=l t..O 

The rest of the proof ia obtained by combining lhe properties of tbe íunction (n, j; r] stated 

&bove. We omit the details, which are not interesting in their own. ■ 

The following lemma ie well known: 

Lemma Let A bt! a right nil algebro of nil indtz .s 2: 2. lf a e A and a•-• ; O, then 

a, a2, ••• , a•-1 are linearl11 independent. 

§ 2. The case 2r :/- 1 

Theorem 1 Lei (A,w) bt! a baric algebro, e E A a central idempotent of weight J such that 

ea = ra ( = ae) for ali a E kerw. Suppose that kerw is a right nil algebra of nil irulez a 2: 2. 

Then for every b E A, we have b•+• + 11w(b)b' + ... + 1,w(b)'b = O where "Yi = (a, i; r) for 

i = O, 1, .•. , a. Moreover, no other similar relation inoolving the powers b, b2 •••• , b• will hold 

and hence the ronk o/ A is a + l. 

Proof: From Propo,ition 1, for ali 6 E A, b = w(b)e + a, a E kerw, we have 

. . . 
because 1 + 11 + ... + 1, = L ( a, i; r) = O by equation f) above. But i n the above aum, 

i-0 
a•= aa+l = O so that 

4From equation g), we have 

•+J-j •+J-i 
E (a+ 1 - i,j;r)1; = E (a+ 1- i,j;r)(a,i;r) = O for 1 ~ j ~ .•- l. 
i=O i.O 

Thla shows that (A,w) ia a train algebra of rank $a+ 1. We show that l! + 1 ie a minimal 

degree. Suppose, to the contruy, that for some t $ a + 1 and constant1 01, .•• , 01-1 in F we 

have 61 + o 1w(6)61- 1 + ... + o 1_ 1w(6)1- 16 = O for ali 6 e A. ln particular, when w(b) = O, we 

have 61 = O and soa $ t. We ue left with two possibilities: f = a or 1 = .s + 1. Suppose we have 

t = ,. Choose a E kerw with a•-1 ~ O so that a,a2 , ... ,a•- 1 are linearly indcpendent. Apply 



•-1 (,-; ) 
= L }:(.s - i,j; r)o; ai u a• = O. 

,=1 , .. o 

We have now a triangular system of linear equations in the unlmowns o;: 

•-i 
}:Is - i,j;r]n, = O, 1 :S j :S .s- 1. 
i=O 

tiona ::l;:lit(c f ;~ ;;:~;:;1

- b;);~ ~ (~)~ :: :~ r~o;l)P: O~:e:::r:g :~e t~::::~:~.g w:q::: 
j=I i=O 

l: {E(-l)'-1(2r - 1 p- 1(a - i,j;r]) o;+ Ê(-1)1- 1(2r - 1)'-1(a,j; r] = O. 
i=l j•l J=I 

By equation h ), we have 

and by equation a), we bave [s, .s; r] = 1 and ao 2r = 1, a contradiction. We must have then 

t = .s + 1, which proves that the rank of A is s + 1. ■ 

Corollary 1 (Abraham (11) Suppose (A,w) is a baric alge/Jra with a unitJI element IA and 
kerw is nil o/ nil inde:&., 2: 2. Then ( A,w) is a tl"Clin algebl"CI o/ l"Clnk., + 1, aatia/1ing the cquation 

(z - w(z)I,t)' z = O. 

Proof: Our Lheorem, with e= l.-t a.nd r = 1, says that (A,w) is a train algebra of rank .s + 1 

and the coefficients '}'; of its train equation are given by: 

. ·((·•-1) ("-1)) ·(") 7;=(s,1;l)=(-l)' j· + i-l =(-1)' i, for O$ i $ .s. 

Then for every b E A, O= b'+I + 11w(b)b' + ... + 1.w(b)'b = 

= (b•+ (;)(-w(b))b•- 1 + ... + (.,~
1
)(-w(b)J'-1 +(-w(b))'l.4)/,= 

= (I, - w(b)l,i)' b. ■ 

Given any algebra N over lhe field F and a linear mapping r: N - N, we can obtain 

a baric algebra with a central idempotent of weight 1 in the following way (see [2] for details): 

take A = Fe E9 N and the product and a weight function w given by 

(o, a)(/1, /,) = (o/1, ai,+ r(ob + ,Ba)); w(o, a)= o, 

where o, /j E F; a, 1, E N. Then (1, O) = e aa.tisfies lhe above conditions. If N i1 nil of nil index 

.s and Tis the homothety lir:a - ra, where 2r ~ 1, r E F. then the resulting baric algebra 

utisfies the equation of Tbeorcm 1. We denote this algebra by [N, h,). 
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Corollary 2 Suppo3e M and N are two nil algebnu o/ nil índice• m and n respectiuc:ly, m, n ~ 

2. Suppo3e r,• E F M1.tia/'11 2r;. 1 and 2• ;. 1. Then (Af,h.] and (N,h.) are i•omorphic (aa 

l>aric algebras) if and only i/ AI and N nre i11omorphic and r = s. 

Proof: Suppose (M,hr] and (N,h.] are isomorphic, let e;, be an isomorphism. By (2. Prop.l 

and Corollary) there exist an isomorphism 9: M - N ande E !ti such that ~(o,o) =(o.ar+ 

S(a)), c2 + 2ac = e and the diagram 

AI ....!... N 

"· l l",♦ L· 
AI ' N 

is commutative. But c:2 + 2ac = e implies e" = (1 - 2a)"-1c and soe = O. From lhe diagram, 

for ali a e M, rS(a) = aB(a) with means necessarily r = a. 

The proof of the converse is trivial. 

1 
§ 3. The case r = 2 

• 

We assume now the characteristic of F is not 2. The following theorem is a generalization 

of Abraham's example in [1]. 

Theorem 1' Suppoae (A,w) ia a bane algdra, e E A ia a centml idempotent o/ weight l ,uch 

that ea = jo ( = ae). Suppoae lhat N = kerw ia nil o/ nil indez., 2: 2. Thtn for et•erJI b e A, w 

have 6• + ')'1W(6)6•-1 + ... + 1a-1w(6)•-•t, = O u•here l'i = (., - 1, i; i) for i = O, 1, •.. , ., - 1. 

Moreouc:r, no odaer aimilar relation invollling tlae pouier• b, ... , b•- 1 will hold and ao the rank o/ 

A ua. 

Prooí: For b = w(b)e + a, b e A anda e kerw. we have, as in the proof of Theorem 1, 

b" + 71w(b)b"-1 + ... + '7a-iw(b)"-1b = Ê (E(a -i,j;J)l';) w(b)•-iai as o•= O. 
j:I i:O 

,From equation f), 

•-j •-i 
E!•- i,j;J)1; = E!"- i,i:U<• - l,i;}) = º· 1 ~ j ~ "-2. 
i-0 i•O 

When; = • -1, we have, 

1 

EI• - i,, - 1; IJ(• - 1, i; IJ = (,,, - 1; j](a - 1, O;!)+(~ - 1, • - 1; U(-' - 1, l; O = 
icO 

a (("-2)1 (6-2)) = 2 + ( - l) ] 2 + o = o. 
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Thi• proves tbat 61 + 71w(6)b1
-

1 + ... + 1,-iw(b)1
-

16 = O for ali b E A. No other 1imilar 

relation, involving only b'-1 , ••• , b can hold because this would imply that ali elements 6 of 

weight O would satisfy b•-1 = O, a contradiction to the nil índex of kerw. ■ 

It is obvious that if N is uil algebra of nil índex a, then IN,h½] satisfies the equation of 

Theoreml'. 

We can easily prove lhe following: 

Corollary Suppose M and N are F-alge6roa. Then [M,h1] and [N,h½] are iaomorphic (aa 

bane algebroa) i/ and only i/ M and N are iaomorphic. 

§ 4. Complementa 

ln this paragraph, we collect some properties of the algebras (M, hr), For any baric algebra 

(A,w), the ideal generated by ali the elemenls z2 - w(z)z, z E A is called the Etherington's 

ideal of A. For severa! classes of baric algebras, we can describe more explicitly this ideal, see, 

for instance, (7, Lemma 9.19) for Bernstein algebras. 

Proposition 2 For a given algebra M ouer F, the Etherington'a ideal o/ (M,hr) i, M when 

r ,;. 1 and ia the ideal generated 611 the ,quare• o/ element, o/ M, when r = } . 

Proof: For 6 = "-'(b)e + a (notations as above), we have 62 - w(6)6 = a2 + w(6)(2r - l)a. When 

r = } , we have the desired result. When r #- } , we have b2 - w( b )6 - a2 = w( 6 )(2r - 1 )a 10 

a belongs to the above ideal, that is, M is contained in the Etherington's ideal. The converse 

inclusion is obvious. ■ 

ln [2], the authors have introduced the concept of decomposable baric algebra. lt means 

that N = kerw can be decomposed as a direct sum of two nonzero two sided ideais of the baric 

algebra, contained in N. ln our case, we have obviously the following result. 

Propo~ition 3 (.M,h,) u decomposa6le i/ and onl11 if M ia decomposa6le aa a direct sum M = 
M1 EB M2 u,here M, are non:ero tu,o ,ided ideaü o/ M. 

Remark: Suppose (A,w) is a baric algebra ha.ving a central idempotent e of weight l 1ucb 

tba.t ea = ra (= ae) for ali a E kerw, for some 2r ,t. l, r E F. Suppose moreover tha.t kerw 

ia nil of nil índex ! ~ 2. Let e' be another idempotent of weigbt 1, say e' = e+ e, e e kerw. 

Then ,: + e = e' = e'2 = e + 2cc + c2 = e + 2rc + c2 , 10 c2 = ( 1 - 2r )e. From this we have 

t!' = (1 - 2r)k-lc for k ~ 2. By tbe nil property, O= e' = {l - 2r)•-1c 10 e= O, and A basa 

unique idempotent of weight 1. 

ln the case r = j, we may have many idempotente; moreover, for anotber idempotent e', it 
may happen that e'a t- ja. For an example, go back to Abraham'• example in (1) and (5]. lt is 

eaay to &ee that e0 = c0 + c1 is an idempotent of weight 1 and eoc3 = }c3 + c4. 
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Torus Actions on llings1 

Nikolaus Vonessen 

Let R be an algebra over a fixed algebraically closed base field, and denote 
by Aut(R) its group of algebra automorphisms. The rank o( Aut(R) is the 
dimension o( the largest torus it contains, i.e., the dimension oí tbe largest 
torus which acts íaithfully on R. ln analogy to rcsults from algebraic and 
difl'erential geometry, we prove bounds on the rank of Aut{R) for certain 
'free' algebras R, e.g., (non-)commutative polynomial algebras and algebras 
of generic matrices. ln these cases, if R is generated by m 'indeterminates', 
then the rank of Aut(R) is !5: m. If the actions of the tori are additionally 
assumed to be rational, we obtain bounds for some )arger classes of algebras, 
e.g., prime Pl-algebras. 

1Joint work with Zinovy R.eichstein. 
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On the Noether Problem and Universal Division Algebras 

Zinovy Reichsteinl 

Abatract We discuss a connection between two longsta.nding open problema in 

algebra: the Noether Conjecture and the Crossed Product Problem. We introduce 

both problema and explain in wha.t wa.y they are related. The results presented ln 

Section 4 are based on joint work with Nikola.us Vonessen [RV2). 

1 Quotients 

ln this section we discuss some preliminary notiona and resulta used in the íormu­

la.tion of the Noether Problem. For a. more detailed discussion of this material we 

refer the rea.der to (DC) or [Sp). 
A complex algebraic group G is called reductive if every representation of G (finite 

or infinite-dimensional) decomposes a.s a. direct sum of irreducible representationa. 

Every finite group is reductive by Maschke'a theorem. On the other hand, the 

group of ali non-singula.r upper-tria.ngula.r n x n-ma.trices is not reductive beca.use 

its natural representation on C 11 ia not isomorphic to a direct sum of irreducible 

represen tations. 
Examplesofinfinite reductive groups are e•, GL11(C ), SL11 (C ), On(C ), PGLn(C ); 

see (W, Ch. VIII, sect. 11]. The group PGLn will be of specia.J interest to us in the 

sequei. Recall that it is defined as the quotient of GL11 by lhe subgroup of acala.r 

matrices; it can a.Jso be viewed as the a.utomorphism grouP. of the n - 1-~imensiona.J 

projective space P 0 - 1(C ). 
;.From now on we will only consider reductive complex a.lgebraic groups G. Sup­

poae we are given a. finite-dimensional complex representation r : G - GL( V). We 

can vlew elements of G as coordinate changes in V. lf we want to describe elements 

oi V modulo these coordinate cha.nges, we ha.ve to construct some sort of a. quotient 

ofV by G. 
The space of orbits with the natural topology is likely to be highly irregular. For 

example, consider the natural action of C • on V = C. This action ha.s two orbits, 

and the resulting two point orbit spa.ce is not Hausdorff. For this rea.son one usua.Jly 

considers the ca.tegorica.J quotient V/ /G iustea.d of the orbit space. The categorica.J 

quotient is an algebraic va.riety which parameterises the closed orbits for the action. 

lt is constructed as follows. 
Recai) that a. function / on V is ca.Jled G-invariant (or simply invariant if the 

reference to the representa.tion is clea.r from the context) if /(z) = /(gx) for every 

g E G. Here gz denotes tbe result of applying the linear transformatiou r(g) to the 

vector z e V. The ring of aJI polynomiaJ G-invariant functions on V is denoted by 

C[V]ª. 
1 Putially 1■pported by a■ NSF postdoctoral Mlowsbip. 
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Theorem 1.1 (Hilbert, [DC, Ch. 3], (Sp, 2.41) C(VJª is finitely generated a., a 
C-algebra. 

This result is sometimes called "Hilbert'& Main Theorem" partly because it 
answered a longstanding conjecture, partly because oC Hilbert's pioneering use oC 
non-constructive argumenta in its proof, and partly because both the Hilbert Basis 
Theorem and the Nullstellensatz first appeared as its byproducts. Hilbert's original 
prooC was given only Cor G = SL11 • His argumenta were extended to ali reductive 
groups by Weyl [W, Ch. VIII, sect. 14] and, in a more general setting, by Nagata 
[Na). 

The categorical quotient VI/G is defined as the spectrum of C[V)ª. Hilbert'& 
theorem asserta that it is an affine variety. lt comes equipped with the quotient 
map li': V - V/IG which is dual to the natural inclusion ofrings C(V]ª ._ C[V]. 
Arguing as in the proof of Hilbert's theorem one can show that li' is surjective and 
that it separates the closed G-orbits in V. This is the most one can expect oC a 
quotient map in the category of algebraic varieties. 

ln more concrete terms, let / 1 , ••• , / N be a set of generators for C (V]ª or, in 
classical terminology, a set of of .. hasic invariants". The quotient map ir : V - cN 
is then given by sending z E V to (/i(z), .. ,,/N(z)). The categorical quotient V//G 
is the image of this map. Up to isomorphism it is independent oC the choice oC basic 
inva.ria.ntll, or cour11e, the,embeddlng oC Y/IG in cN (Uld, indeed, N itllelC) dOCII 

depend oC the choice oC basic invariants. ln Cact, the complexity of this embedding 
depends on lhe algebraic relations among /i, ... , ÍN• The simplest case is the one 
where /i, ... , / N are algehraically independent. ln other words, the ring C [V]ª is 
isomorphic to a polynomial ring over C or, equivalently, VI/G is isomorphic to an 
affine space. Here is a prototypical example Cor this situation: 

Example 1.2 The symmetric group G = S11 acts on V = C" by permuting the 
coordinates. ln this case C (V]ª is called the ring oC symmetric polynomials. The 
elementary symmetric polynomials a1, ••• , .,,. form an algebraically independent set 
oC basic invariants. The quotient map in this case is given by 

1r: V= C" - e" = VI/G 
z - (a1(z), ... ,a,.(z)). 

The cases where V //G is isomorphic to an affine space has been thoroughly inves­
tigated; see [KPV], (Sch). Unfortunately, such actions are rather rare. 

Example 1.3 Consider the representation of G = Z/2'/l. on V = C 2 given by 
sending the non-trivial element of G to -/2x2 , The polynomials u = z2 , v = 12 , and 
w = xy form a system of basic invariants for this action. The categorical quotient is 
then isomorphic to the quadric surface uv = w2 in C3• Since this surface is singular 
at the origin, it cannot be isomorphic to an affine space. 
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2 The Noether Problem 

A closer look at Example 1.3 shows that the situation can be remedied if we allow 

rational invariants rather than just polynomial ones. lndeed, in this case z/11 and 
12 are algebraically independent basic invarianta. Can this be dane in general? 

More precisely, we are aaking whether or not the fraction field of C [ V)ª 11 a purely 

transcendental extension oí C or, equivalently, whether or not V 1/G is a rational 

variety. Thi1 question is known as the Noether Problem. Emmy Noether conjectured 

in 1913 that VI/G is, indeed, rational for any representation of any finite group G; 

see (7). 
ln the next seventy years a great deal oí work was done on the Nocther conjecture 

over the rationals; see (Sw). The first counterexample to the Noether conjecture in 

the form we stated it (i.e. for a finite group acting on a complex vector space) waa 

con1tructed by David Saltman in 1984; see (Sa). ln the case of conn<?cted groups the 

question remains open to this day. 

2.1 (Noether Conjecture, strong form) Let G be a connected reductive compkz 

algebraic group. Then for any finite-dimeruional repre8t:ntation r : G - GLn(V) 

the quotient variety V/ /G ia rational. 

For technical reasons it is oíten convenient to replace the notion of rationality by 

the slightly weaker notion of stable rationality. (The fact that the two are distinct 

is a relatively recent theorem; see (BCSS).) Let X and l' be complex algebraic 

varieties and let C(X) and C(Y) be their fields of rational functions. Then X and 
Y are called stabl11 6iraCionalifC(X)(t1, ... ,tca) ia iaomorphic to C(l')(.,1, ... ,.,&) 

for some a, b 2:: O. Here t1, ... , tca, "•, •.• , .,, are indetermiaates. A variety X Is called 

stabl11 rationalifit is stably birational to an affine space, i.e. ifC(X)(t1, ... ,t0 ) is 

a purely transcendental extension of C for some a 2: O. If a = O thc11 X is rational. 

Most of the positive results on the Noether Conjecture make use oí the following 

important theorem. Recall that a representation G - GL( V) is called genericall11 

free if for z in general position gx = x implies g = 1. 

Theorem 2.2 (Bogomolov Transversality Theorem (BKI) Let G be II reductive com­

plez algebraic group and let r 1 : G - GL(V) and r 2 : G - GL(W) be genericall11 

free finite-dimemional representatioru. Then the quotienta V //G ,md W//G are 

atably birational. 

2.3 (Noether Conjecture, weak form) Let G be a connected recl11ctive complez 

algebraic group. Then for any generically /ree finite-dimen.•ional ,.,,,,,.esentation r : 

G - GL,.( V) the quotient variety l ."//G iio stably mtionnl. 

lncorporating the assumptions of Dogomolov's tbeorcm iuto t lu.• Noether Con­

jecture weakens it a little bit. While this weaker íorm of the Noethcr Conjecture is 

still open, it is much more manageble than the stro11g form because it depends only 
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on the group G and not on the representation r. lndeed, it is enough to lrnd oue 
generaically free representation of G for which the ring o( invariants can be easily 
computed. If the quotient V //G is rational in this case then it is stably rational for 
every generically free representation of G. llere is an example of this approach. 

Theorem 2.4 Conjecture 1.3 holds for 
(a) G = GLn, 
(6) G = SL,.. 

Proof. (a) Let V be the vector space of ali complex n X n-matricea and let r : 
GLn - GL(V) be given by left multiplication, i.e. Cor g E GLn and M E V 
we have g(M) = gM. This representation is generically Cree because gM = M 
implies g = 1 whenever M is non-singular. ln fact, the non-singular matrices forma 
single orbit which is dense in V. Hence, this action has no non-constant invariants, 
V//GLn is a point and, hence. is rational. Thus W//GL,. is stably rational for every 
generic representation of GLn, 

(b) Consider the restriction of thc representation r of part (a) to SL,.. lt is 
easy to see that the determinant function on V forms a one-element system of basic 
invariants. This the quotient variety for Lhis action is C. Now apply Bogomolov's 
theorem as in part (a). D 

The ab.;ve argument 
0

is so simple that one wonders if it can be carried out for 

other groups G. This has, indeed, been done for some groups; see [B). However, 
there are other groups which elude this kind of analysis; Conjecture 2.3 is still open 
for them. The most interesting ones among them are the groups PGL,.. ln this 

case the Noether Conjecture reduces to the classical rationality problem for matrix 
invariants. lndeed, let V be the vector space o( m-tuples of complex n x n-matrices. 
Consider the representation of PGL;. on V given by simultaneous conjugation. That 
is, for g E PGL,. and z = (X1, ••• ,Xm) we have 

g(z) = (gXig- 1, •• , ,gXmg-1). 

For m ~ 2 this representation is easily seen to be generically free. The quotient 
Qm,,. = V //PGL,. is a beautiful variety whose structure is rather poorly understood; 
see (LP), (RI), (R2), (R.3). For example, it is known that the ring of invariants 

C(VJPGL. is generated by elements of the form 

(1) 

where 1 S i 1, ... , ÍN S m and N ranges over the positive integers; see (Si), [Pr2). 
However, the rclations among these generators are unknown. 

We are interested i11 the following question. 

2.5 {Noether Conjecture íor PGLnl Qm,n is (stably) mtional. 

We summarise the lmown rationality results for Q.,.,n below. 
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Theorem 2.8 Ld Q,.," 6e fhe t10ridJ o/ m-tuplea of n x n-matrice.9 modulo the 
aimulta~oua conjugalion odion of PGL,.. Auume m, n ~ 2. Then 

(a) (Procesi (Prl)) Q,.+a.,. ia 6irational to Q'"•" X <:"1
• /n parlu:ular, for a fized 

n the voridiu Q,.,,. are ali alablJ birational to eacla other. 
(6) (Procesi (Prl]) Q,,.,,. ia rational for n = 2. 
(e) (Formanek (Fl), (F2]) Q,,.,,. ia rational for n = 3, 4. 
(d) (Beuenrodt-LeBruyn (BL]) Q .... i, atablJ/ rationalfor n = 5, 7. 
(e) (Schofield [Se), Kataylo (Ka)) //ra1 anti n2 are relatively prime then Qm,,.1,.2 

ia ata6ly birational lo Q,.,.1 X Q .. ,.2 • 

Combining pad (e) witb tbe previous parta we see tha.t Q'"•" is sta.bly ra.tiona.l 
for any n which divides 420. For other valua of n the Conjecture 2.5 rema.ins open. 

3 The Crossed Product Problem 

ln this section we discuss some well-known facts about division algebras a.nd crossed 
produets, including the Cr011sed Product Problem. A more detailed and systematic 
expoaition of this theory can be found in (Pi) or [Ro). 

Let D be a. division a.lgebra which is finite-dimensiona.l over its center K. Ir L 
is the a.lgebra.ic closure of K then 

(2) 

The integer n is called the degree of D. ln particular, dim1dD) = n2• A subfield L 
oC D is mozimal (i.e. is not contained in any other subfield of D) if it contains I( 

and dim«(L) = n. Using lhe isomorphism (2) one defines lhe (reduced) trace and 
determina.nt of a.n element z E D. This definition is intrinsic, i.e. independent of 
the choice of the isomorphism (2). Moreover, tr(z),det(z) E /{; see (Pi, 16.1). ln 
other words, a division algebra is closed under tr and del. 

Deftnition 3.1 A diuúion algebra D ia called a crossed product i/ il conlain., a 
mozimal •ubMld L which i.9 Goloia ollf!r the center K o/ D. 

The structure of such a division algebra can be described in a. particularly simple 
way. lndeed, let g e G = Galf. L, /{). By the Skolem-Noether theorem there exista 
a non-zero element z1 E D such that g(l) = z-1z;1 for every l E L. The elements 
z1 are easily seen to.forro a basis for D as a left L-vector space a.s g ranges over G. 
Moreover, since conjugation by z,,. and conjugation by z,z,. coincide on L, these 
two elements dilTer by a. factor of l(g, h) e L. Comparing z,,.,, to z,z,.z1, one can 
now check tha.t the resulting cochain {l(g,h)} e C 2(G,L•) is, in fact, a cocycle. 
The element of H 2(G, L•) it defines is independent of the ambiguity involved in the 
choice of z,. The structure of D is then completely determined by this cohomology 
cla.ss. 
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The question of whether or not every division algebra of a given degree is a 
crossed product can he reduced to studying division algebras of a particular type 
which we now íntroduce. 

Let X1, ... , X'" be m generic n X n matrices. This means that X, = (zW) 

where zW are mn2 commuting indeterminates. Here m, n ~ 2. We ca.n think of 
X1, ... ,Xm aa elements of the matrix ring M11(R) where Ris the polynomial ring 

C[zWJ. The C-subalgebra of M11(R) generated by these m elements is called the 
algebra o/ m generic n x n-matnces. We will denote it by Gm,n• By a theorem of 
Amitsur G,,.,11 is a domain and has a division the division algebra o( íractions; see 
(Pi, Ch. 20). We will denote this algebra by Dm,n and its center by Km,n• The 
algebras D,,.,,. are called universal division algebraa. Note that in order to invert 
z E G,,.,,. we only need to invert det( z ). This is a direct consequence of the Cayley­
Hamilton Theorem. Thus Dm,n is contalned ín M,.(K) where /, is the fraction field 
o( tbe poly11omial ring R. ln particular, the degree of Dm,n is n. 

Universal division algebras are important because they carry "generic" infor­
mation about ali division algebras of the sarne degree. Given a division algebra of 
degree n, we can use (2) to embed it in a matrix algebra and then "specialize" Dm,,. 
to it. ln particular, if Dm,n is a crossed product then every division algebra is a 
crossed product. ln view of this the íollowing question is of fundamental importance 
in the struct~re theory of ~ivision algebras. 

3.2 (The Crossed Product Problcm) Which uniVf!rsal division algebraa D,,.,n are 
crossed products? 

We summaríze the known results in the íollowing tbeorem. 

Theorem 3.3 Let D,,.,11 be the universal division algebra o/ m-tuples o/ n x n• 
matrices. Here m, n :2: 2. Then 

(a) The answer to the the Crossed Product Problem 3.1 is independent o/ m. 
(b) (Wedderburn-Albert [Ro, Thm. 3.2.29)) Dm,n is a crossed product for n = 

2,3,4,6, 12. 
(e) (Albert (Ro, Thm 3.1.40)) //n1 cmd ni are relativt:ly prime and Dm,ni, Dm,na 

are crossed proclucts then so is D,,.,n 1n2 • 

(d) (Amitsur [A] or (Ro. 3.3.121), D,n,n is not a crossed product i/ n is divisible 
611 a cube. 

To tbe best of my knowledge, Problem 3.2 remains open for ali other values of 
n. lt is of particular interest in the case where n ~ 5 is a prime. 

4 Rational Division Algebras 

Looking at the statemcnts of Thcorcms 2.6 and 3.3 it is easy to notice a certain 
degree of similarity. Lieven LeBruyn (IB) recently askcd if his Theorem 2.6(d) has 
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any bearing on the uossed product problem for D,..,5 and D,,.,7• One can also ask 
whether or not Amitsur's Theorem 3.3(d) hu any bearing on the (stable) rationality 
of Q,..," when n is divisible by a cube. Answering these questions depends on 

establishing a formal connection between Problems 2.5 and 3.2. ln (RV2) Nikolaus 

Vonessen and I attempted to link the two problema by introducing lhe notion oí 
rationality for division algebras. 

Our starting point are the following theorems oí Procesi and Oemazure. 

Theorem 4.1 (Proceai (Prl)) The /unction field o/ Q,..," is uomorphic to Km,n, 
the center o/ the universal diwion algebra Dm,n• 

To see how these two fields are related, recai) that as we observed in the beginning 
of Section 3, every division algebra is closed under tr. That is, for any z e Dm,n, we 
have tr(z) E !(,..," where tr(z) is viewed as an n x n-scalar matrix. Taking z to he 

a monomial in the generic matrices Xt, ... , X,.. we see that the invariants ( 1) are 

all contained in li..'m,n• Since they generate the coordinate ring of Q,..,,., we see that 

the function field of Qm,n is, in fact, contained in K ,..,,. . Procesi's theorem asserts 
that the two are, indeed, equal. 

Theorem 4,2 (Demazure (D, p, 521, Cor. li) Let X be an irreducible algebraic 

variet11 o/ dimeruion d. Then X is rational i/ and onl11 i/ it admita a /aith/ul rational 
action o/ a d-dimensional torus T,1 = (e•)". 

If X is rational, i.e. K(X) = C(z1, •• • ,z.i) then the desired action ofTc1 is given 
by t(zi) = tiZi for any t = (t1, ... ,tc1) E Tc1. The theorem asserts that the converse 
is al110 irue. 

Theorems 4.1 and 4.2 suggest the following question. Suppose the Noether 
Conjecture holds, i.e. Q,..,n is rational. Then it admits an action of T, which, in 

turn, induces a faithful T,-action on its function field K,,. ,,.. Here ,l = dim(Q,,.,nJ = 
( m - 1 )n2 + 1. By Procesi's theorem /,,,.," is the center of the universal division 
algebra Drn,n• Can we extend our torus action from the center to all oí Dn,.n'! If so, 
what does it say about the division algebra structure of D,,.,,.? 

Before we attempt to answer these questions, we first have to make them precise. 
The technical difficulty is that we have not specified what kind of a Tc1-action on 
D,..,,. we allow. The action on /(,,.,,. we started out with is algebraic in the sense 
that it comes írom an algebraic (rational) T,1-action on Qm,n• (lf this condition is 
not imposed, unexpected complications can arise; see (RVl, Ex. 4.11). We now 

define ao analogou1 notion for torus actions on division algebras. 
Let D be a division algebra. We shaJI assume that D is finíte-dimensional over 

its center /, and that K is a finitely generated field extension oí C. Let T = 
T,1 = (C.)" be a torus. Recall that a T-action on D is a group homomorphism 

ti>: T - Autc ( D). We say that this actíon is /11ithful if (fJ is injective. An element 

z of D is called homogeneou, ií it is an eigenvector for every t E T, i.e. there exists 
a character \'.: T - e• such that t(z) = t(t)z íor every t E T. 
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Deftnition 4,3 (a) An action t/): T - Autc(D) ú calltd algebraic i/ the homo­
geneou., dementa generate D a., a diuiaion algebra. 

· (b) D ia called rational i/ it admita a /aith/ul algebroic T,-action where d ia the 
tran.,cendence degree o/ the center o/ D over C . 

lt is easy to see that ií D is, in fact, commutative then th.is notion oí rationality 
coincides with the usual one. That is, a field is rational ln the sense oí Definition 
4.3(b) ií and only ií it is a purely transcendental extension oí C. 

We can now state the main results of (RV2). 

Theorem 4,4 1/ D i, a rotional diviaion algebro then tlae center o/ D i, a nitional 
field (i.e. a purel,, tronacendental e.rtenaion o/ C ). 

Theorem 4.5 A mtional diviaion algebm i• an abelian cro•ud product. 

lt is thus natural to pose the íollowing question which has a bearing on both the 
Noelher Problem 2.5 and the Crossed Product Problem 3.2. 

4.6 ( Rationality Problem for Universal Division Algebras) Which universal diui-
1ion algebms Dm,n are ratíonalf 

The only positive resulta we have been able to obtain are u followa. 

Theorem 4.7 (a) D.,.,,. i, rational for n = 2. 
(b) // D.,.,,. i, rational then ,o i, D.,.+1,11 • 

(e) Dm.n i., always unirational, i.e. is contained in a rational diviaion algebra o/ 
degree n. 

Combining Theorem 4.5 with Amitsur's Tbeorem 3.3(d), we see that D,,.,,. is 
not rationaJ when n is divisible by a cube. ln fact, we can prove a stronger non­
ratiouality result. 

Theorem 4.8 1/ n i, diuisible by a square theJJ the univer,al diviaion algebra D.,.,,. 
ü not mtional. 

Theorem 4.8 implies, in particular, that converse statements to Theorems 4.4 
and 4.5 are false. lndeed, we know that A'2,4 is rational (Theorem 2.6(c)) and D2,4 
is a crossed product (Theorem 3.3(b)). On the other hand D2,,1 is not a rational 
division a.lgebra. 

The situation is somewhat different in the case oí universal divisiou a.lgebras 
whose degree 11 is square-íree. 

Theorem 4.9 Suppoae n ia a product o/ diatinct primes. Then tl,e unii,er,al divi­
sion algebr·a Dm.n ia- a cro.,sed protluct i/ and only i/ it contain• a rational division 
subolgebm o/ degree n. 
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Thua Cor aquare-Cree n the relationahip between the croaed product problem 
and the rationality problem Cor universal division algebraa can be summarized as 
follows: 

D,..,,. ia rational 

JJ. 

==> 
Km," ia (stably) rational 
(Noether Problem 2.5) 

Dm," containa a rational division 
aubalgebra oC PI-degree n 

D.,.,,. is a crossed product 
(Crossed Product Problem 3.2) 

(3) 
Can the implicationa in diagram (3) be reversed? A positive answer to this 

queation would, in particular, imply that Dm,s and Dm,7 are crossed products thus 
solving the Croued Product Problem for n = 5 and n = 7. 

References 

(A) 
(DL) 

[B) 

(BK) 

(BCSS) 

(D) 

(DC) 

(Fl) 

(F2) 

(Ka) 

[KPV) 

(IB) 

(LP) 

(Na) 

S. A. AmiLaur, On central divísion a/gebru, larael J. MaLh. 12 (1972), 408-420. 
C. Bessenrodt and L. le Bruyn, Sta6le Rahonalit, o/ Certain PGln Qi,ollent.s, 
lnvent. Math. 104 (1991), 179-199. 
F. A. Bogomolov, Stdle ,..,ionalit, o/ quotient ,pace,for ,ampl, conneded groap,, 
Mat. Sbornik, 130(172) (1986), no. 1, 3-17. English Translation: Math. USSR 
Sboroik, 58(1987), no. 1. 
F. A. Bogomolov, P. I. KaLaylo, Rationalit1 o/ ,ome 9.atient varitfies, Mat. 
Sbornik 126(168) (1985), no. 4, 584-589. Engliah Translation: Math USSR Sb. 
54 (1986). 
A. Beauville, J. L. Colliot-Thelene, J. J. Sansuc, P. SwinnerLon-Dyer, Varitte, 
sta6leme1at rationnelle, 110n rationnelle,, Ann. of Math. 121 (1985), no. 2, 283-
318. 
M. Demuure, Sou-gro■pts algi6ri9ue, de rang mar1m11m d■ groupt dt Crtmo1111, 
Ano. Scient. Éc. Norm. Sup., 4' série, tome 3 ( 1970), 507-588. 
J. A. Dieudonne, J. B. Carrell,. /,1vanant Theor,, Old ond New, Academic Press, 
New York - Loodon, 1971. 
E. Formanek, TAe ce■ter o/ tAe nng o/ 3 x 3 generic matncu, Lin. Mult. Alg, 7 
(1979), 203-212. 
E. Formanek, TAe c:enter o/ t/ae ring o/ 4 x 4 generic malric:u, J. Algebra, 62 
(1980), 304-319. 
P. 1. Katsylo, Stdle rationalilJ o/ fields o/ in1,aria,at., o/ lintar repruentation, o/ 
t/ae gro•p• PGLe 11d PGL1'J, Mat. Zametki 48 (1990), 49-52 (Russian). 
V. Kac, V. Popov, E. Vinberg, Sir lts groi,pe, algl6nqaes do,11 l'algi6re du 111-

varia,at, ut lilre, Comptes Rendus de l'Acad. Sei. 283A, 875 ( 1!)76). 
L. le Bruyn. Ct1ders o/ gntnc di11is1011 olgdra,, f/u ratio,1alit1 pro6le111 196.S-
1990, Israel J. Math. 76 (1991), 9í-111. 
L. Le Bruyn, C. Procesi, Etale local strvcl■n: o/ malnr 111v11ria11ts a11d co11com1-
tant,, io "Algebraic Groups Utrecht 86," Lecture Notes in Mathematics, Vol. 1271, 
Springer-Verlag, Berlin Heidelberg New York, 1986. 
M. Nagata, /nvana■ta o/• gro■p in a■ •ffine ring, J. Math. Kyoto Univ. 3 ( 1964), 
379-382. 

49 



(No) E. Noether, R•tío­
••lc FHllioacaiõrper, Jahre1berichL der Deutachen MaLhematiker-Vereinigung 
22 (1913), 316-319. 

(Pi) R. S. Pierce, Auociafüie algdru, Springer, New York, 1982. 
(Prl) C. Procm, Noa-comm•tatit1e •ffine m11, Atti Acc. Nu. Lincei, S. VIII, v. VIII, 

fo. 6 (19&7), 23~255. 
[Pr2) C. Procesi, Tle invari•nt l6eor, o/n x n-m•lrice,, Advances in Math., 19 (1976), 

306-381. 
(RI) Z. Reichatein, A fHclorial irderJlref•tioa o/ t6e rinf o/ matm: i1111ari1nt1, Journal 

of Algebra. 138, no. 2 (1991), 43M62. 
[R2) z. Reich1tein, 0n A•lomorpAi,m, o/ matrú i.variaau, Traonc:tione AMS, to 

appear. 
(R3) z. Reichstein, 011 A •lomorpli,m, o/ matrú innrianfl ia,ace, /rom tAe trace rinf, 

Linear Algebra and lta Application1, to appear. 
(RVl) Z. Reichatein and N. Voneaen, Toru •clio111 011 ring,, preprint. 
[RV2) Z. Reich1tein and N. Voneuen, Rational Dit1i1io11 Algdra,, preprint. 
(Ro) L. H. Rowen, Polr■omial idcnliliu i11 rinf IAeor,, Academic Preu, New York, 

1980. 
(SaJ D. J. Saltman, NodAer'1 Pro61em ot1tr a/gdr•ic•llr clo,ei fie/d,, lnvenL. Math. 

77 ( 1984), 71-84. 
(Se) A. H. Schofield, Matm: int111rianl1 o/ composite ,iu, J. Algebra, 147 (1992) no. 

2, 34!>-349. 
(Sch) . G. Schwau, .Rcpn:acnC.lio11, o/ ,implc l.ic 1ro■p1 lllitA rc1•l•r ri•f• o/ inaieria1u1, 

lnvent. Math . .C9, 167 (1978). 
(Si) K. S. Sibirsltii, Algdraic lllt111ri11tu o/• Sei o/ Matricu, Sib. Mat. Zhumal, 9(1) 

(1968), 152-164 (Ruaian). 
Englisb Trao1lation: Sib. Math. Journal, 9 (1968), 115-124 

(Sp) T. A. Springer, /nt1ariarat TAeor,, Ledure Notes in Mathematic1, Vol. 585, 
Springer-Verlag, Berlin, New York, 1977. 

(Sw) R. G. Swan, Nod6er'• Pro6/em i• Galoi, T6eor,, io Emmr NodAerin Br,• M11wr, 
edited by 8. Srinivuan and J. Sally, Springer-Verlag, 1983. 

(W) H. Weyl, Tlae claHica/ gro■p,, tlatir i111111ri11nt, ••' representation,, Princeton 
University Presa, 1939. 

ae 
Department of Mathematics, UC Berkeley, Berkeley, CA 94720 
e-mail •dtlreu: reichlteGmaLh.berkeley.edu 

50 



92-•1 . 
92-t2 

92-•3 

92-•◄ 

92-es 

92-t6 

92-t7 

92-98 

92-e9 

92-H 

92-11 

92-12 

92-13 

92-14 

92-15 

92-16 

92-17 

92-18 

92-19 

92-2• 

92-21 

TRABALHOS DO DEPARTAMENTO DE HATEHATICA 

T!TULOS PUBLICADOS 

COELHO, S.P. The auto11orph Is■ gro•JP of a structural 
■atrlM algebra. 33p • 

COELHO, S.P. & POLCINO HILIES, C. Oroup rlng11 who11« 
torslon u.nlt11 for11 a 11ubgroup. 7p. 

ARAGONA, J. S011e res•Jl ts for the operator on 
generallzed dlfferential forms. 9p. 

JESPERS, E. & POLCINO HILIES, F .C. Group r lng11 of 
s011e p-group11. 17p. 

JESPERS. E., LEAL o. & POLCINO HILIES. e. Unlts of 
Integral Group R lngs of Some Hetac!:fcl lc 
Oroup11. llp. 

COELHO, S.P., Auto11orphls11 Gro•JPS 
Algebras of Triangular Hatrices. 

SCHUCHHAN, V., Abnor ■al solutlons of 
Equatlons, I. l6p. 

of Certaln 
9p. 
the Evol•Jt lon 

SCHUCHHAN, V., Abnormal •olut lon• of the Evolut lon 
Equatlons, II. l3p. 

COELHO, S.P., Auto11orphi1111 Gro1.1ps of 
Structural HatrlM Rlngs. 23p. 

Certaln 

BAUTISTA, R. & COELHO, F .U. On the e><l stence of 
■adules whlch are nelther preproJect lve nor 
prclnJcctlvc• ■ l4p. 

MERKLEN, H.A., Equlvalence •adulo preproJectlv•• 
for algebras whlch are a quotlent of a 
heredltar~. llp. 

BARROS, L.G.X. de, Isomorphlsms of Rat lonal Loop 
Algebras. 18P. 

BARROS, L.G.X. de, On se■ lslmple Alternat lve Loop 
A19Rbras. 21P. 

HERKLEN, H.A., Equlvalfnclas Estáveis e Apllca~ões 
17 p. 

LINTZ , R .o., The th«Ol"!:f of -generators and so■e 
q1Jestlons ln anal~sis. 26p. 

CARRARA ZANETIC, V.L. S•Jb11er•lon• Haps of Constant 
Rank Sub■erslons wlth Folds and I ■■er•lons. 
6p. 

BRITO, F.G.B. & EARP, R.S. On the Structure of 
certaln Welngarten Surfaces wlth Boundar!:f a 
Clrcle. 8p. 

COSTA, R. & GUZZO JR.,H. Indecomposable barlc 
algebras, II. lêp. 

GUZZO JR., H. A generalizatlon of Abraham's example 
7p. 

JURIAANS, O.S. Torslon Units in Integral Group Rlngs 
of Hetabelian Groups. 6p. 

COSTA, R. Shape ldent 1 • 1 -- ln genetlc algebras. 12p. 

t 



92-22 

92-23 

93-et 

93-82 

93-83 

93-84 

93-8:S 
93-16 

93-17 

93-18 

93-99 

93-lt 

93-p 

93-12 

93-13 

93-1 .. 

93-13 

COSTA, R. & VEGA R.8. Shape ldentltles ln genetlc 
algebras II. 1lp. 

FALBEL, E. A Note on Confor■al Geo■etr~. 6p. 

COELHO, F.U. A note on prelnJective partlal tlltln1 
modul••• 7p. 

ASSEM, I. & COELHO, F .U. Coaplet e •11 ces and 
hoaolat leal propert I•• of t llted algebr••• 

llP ■ 
ASSEH, I. & COELHO, F.U. Gluelnas of tllted al1ebras 

2tp. 
COELHO, F .u. Po•tproJect lve part lt I on• and 

Auslander-Relten qulvers. 26p. 
NERKLEN, H.A. Web Modules and appllcatlon•• 14p. 
OUZZO JR.,H. Th• Pelrce decoaposltlon for soae 

coaautatlvc traln al1ebr•• of rank n.12p. 
PERESI, L.A. Nlnimal Pol~nomial Identltles of Barlc 

Alsiabras. Up. 
FALBEL E., VERDERESI J.A. & VELOSO J•"• The 

Eq•.1.ivalence Probl•11 ln Sub-R l•••nn lan 
Gea■etr~. 14p. 

BARROS, L.G.X. & POLCINO HILIES, C. Modular Loop 
AlgRbras of R.A. Loops. 13p. 

COELHO.F.U., MARCOS E.N., MERKLEN H.A. & SKOWRONSKI 
Nodule Categorle• ~lth Inflnite Radical Square 
Zero are of Finita T~P•• 7p. 

COELHO S.P. & POLCINO MILIES, C. Auto■orph I••• of 
Gr01.1.p Algebras of Dlhedral Groups. 8p. 

JURIAANS. o.s. Torslon unlts ln Integral 1roup 
rlngs. l1 p. 

FERRERO, N., GIANBRUNO, A. & PDLCIND HILIES, C. A 
Note on Oerivatlons of Gro1.1.p Rln1• ■ 9p. 

FERNANDES, J.C. & FRANCHI, B. EKistence of the Green 
funct lon for a cl••• of degenerate parabol lc 
eq1.1at Ians, 29p. 

ENCONTRO DE ALGEBRA - INE-USP/INECC - UNICANP. 41p. 

. 2 



93-16 

93-17 

FALBEL, E. & VELOSO, J.H. A Paral lcl I•• for 
Con for11a 1 Sub-A l •11ann I an B•o11ct r ~. 21P. 

•TEORIA DOS ANEIS• - Encontro IHE. USP. - IHECC­
UNICAl1P - R•al I zado no lt1E-USP e■ 18 d• Junho d• 
1993 - s•P· 

• 

NOTA: 0• titulo• publicados dos Relatórios Técnicos dos ano• 
d• 1988 a 1991 ••tio i dlsposl;lo no Depart•••nto d• 
Hat•1d.t I ca do IHE-USP. C Idade Un I vers I t ár Ia • Ar111ando 
de Saltas Oliveira• Rua do Hatlo, ltle - Butantl 
Caixa Postal - 2e.~70 CAg. Iguat«ml> 
CEP: e1~98 - Slo Paulo - Brasil 

3 




