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ABSTRACT 

Wagner de Souza Borges 

Universidade de Sao Paulo 

A topic of current interest in mechanical engeneering is the · 

icliability of .mechanical systems. The reliability of these systems 
. 

is usually given by th~ probability distribution of thi system failure 

•time and, in general, ~he problem is to deter~ine relevant 

properties of system reliability from knowledge of the reliability 

of each of its components . 

. The kind of system we shall dea~ with in this paper 

consists of a bundle of n fibers connected in parallel wich are 

eniased in a ductile matrix compound, thus forming a co~posite 

sy~tem. Since cables which are both long and have many filaments 

prevail, our problem consists in determining the asymptotic behavior: 

of the failure time for a system subjected to a total constant 

load. when both the length of the cable and the number of filaments 

~ grow large simultaneously. 

Key Words: Mechanical ~ystems; Parallel Fiber Bundles; Reliability; 

tomposite Materials. 



1. INTRODUCTION 

A topic of current interest in.mechanical cngcncering is th~ 

reliability of mechanical systems. The reliability of these systems 

is usually given by the probability distribution of the system 

failure time and. in general, the pr?blem is to determine relevant 

properties of system rcljability from knowledge of the reliability 

.of each of its components. 

The kind ~f system we shall wirh in . this paper consists 

~fa bundle of n fibers connected in parallel wich are encased in 

a ductile matrix compound, thus forming a _composite system. Since 

cables which arc both long and have many filaments prevail, our 

problem consists in determining the asyrn11totic behavior of the 

failure time for a system subjected to a time varying load, when 

both the length of · the cable and the number of filaments grow ·1arge 

simultaneously. 

These composite st~uctures are assumed to behave like a ' 
. -

chain of par~llcl bundles of fibers, conn~ct~d in series, each of 

which behave according to the pure death model proposed by Coleman 

(1957). In Coleman's model, all the survivini fibers at ant instant · 

share the load equally, and in a somewhat generalized way this 

assumption was also made _ by Birnbaum anu · saunders (1958). Coleman's 

assumptions regarding the time to failure of single fibers were 

remarkably consistent with the experimental behavior of a variety 

of structural materials. 

An analysis similar to the 011c in this paper was carried 

out in a static strength model by Gilccr and Gurland (1962). 

On approach will be to use the results developed by the 



author (19!8) on the asymptotic 'tail behavior . of row sums 1n. 

iriangular arrays [c.f. section 3.1]. 

2. THE MODEL 

Consider first a bundle consisting of n filaments aligned 

in parallel which is ~~bjcctcd to a ~otal tensile load of nL, 

constantly over time. As time passes individual filaments fail 1n 

a random maner which d~pends on their load histories. Denoting 

the random points 1n time at wl1ich tho successive individual 

.fi]amcnt failures occur by 

- the number of unfailed filaments at time t ~o is given by the 

counting process 

n 
N(t) = I (n-j)l[ · )(t), . 0 "['.,"['. 1 J = J J + 

where TO ~0 and T 1 ~+~. As in Coleman (1957) we postu~ate that: 
n~ ' 

(2.1) 

(Al) each ·single filament, subjected to the known lo~d history 

1{•) has a random f~ilurc time S whose distributlon 

function is of the form 

(A2) the equal load sharing rule is in forcc,i.c •• at any time 

t .? 0, the total system lo:iu of nL is equally shared by the 

unfailed filaments. 

Termed breakdown rule, the function b(·) _in (2.1) expresses 

how load changes affect the ha~ard or ·railutc rater(•) =bot(•). 



Under these asstmiptions, the Coleman mo<lcl for the hwi<llc [c. f .Coleman 

{1957)] is in force so that the random variables Tl ,-r 2-T 1 , ••• ,Tn-:-tn-1. 

arc independent and the distribution · function of T, 1-T. is given by 
J + J 

t in n+. 

for j=0,1, .•. ,n-1. The .stochastic proces-s {N(t) :t~O} .is thus a pure 

death process with death parameters 

lJj = j•b(nL/j), j=l,2·, •... ,n. 

The hbovc model~ whith describes the behavior along time 

of a parallel element system subjected to a constant load,under ihe 

equ.il loaJ sharing assumption, .provides us a representation for the 

-failuie time Sn of the bundle a~ a sum 

Sn = ·Y + y 2 + • -. • + y n,l n, n,n 

of . independent raniiom variables; More specifically, Y . is the 
n • J 

sojourn time of {N(~):tsO} in state j so that 

(2.2) P{Y .sy} = 1 - exp{-jb(nL/j)y}. 
Ild 

for j=0_.1, ••. ,n-1. lfo shall Jcnotc the <listribut ion fwiction in (2.2) by F .• 
n,J 

At this point we can turn our attention to the mechanical 

syste~s of interest as describctl in section 1. Recall that these 

consist of cables of filaments aligned in parallel wich arc encased 

in a matrix compound. An important model for these systems is to 

consider such c.:ablcs as a chain of short bundles t·onncctcd in 

series. each of then having length a. This idea w:is intro<lucccl by 

Rosen (196-t) as an 3dapt ion to a model of Gi.iccr and Gurland (1962). 
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The section length 8 is taken to be the inefectivc length, which 

is defined as the length surrounding~ break 

over which a fiber is ineffective in arrying load. We will also 

:postulate that the ineffective length remains const~nt over time, 
. 

which may not suit viscous ma tr ix comp·ound s. Fur thermo re, when load·ed. 

eac~ section will be assumed to operate like a bundle of n filaments 

placed in parallel, independently of each other. Kith the assumptions 

. (Al) and (AZ) in force. 

Introduce now a sµbscript i to indicate the i-th blundle. 

·in the chain and let S . denote its failure time, for i=l,2,.· .. ,k. · n,1 

The . subscript n indicat ~s the number of filaments in the blundle. 

Under the assumptions of our mo~e_l the composite structure failure 

time T k is given by n, .. 
= min{S .1 ,s 2 , ... ,Sn k} n, n, , 

where S 1 .s 2 , •••• s k· are indcpendtnt random variables such that n, n, n, 

P{S .st}= F
0
(t), n, l t in fil 

f . - ·1 ? k or 1- •-• ••• , • where F 1*·. ,,..p • · n, n,n 

3. THE ASYMPTOTICS 

In our analysis we will be conicrncd Kith the power law 

breakdown rule. in which b(·) is a po\licr. We add then the following 



· assumption: 

(A3) 

The restriction top ~1 is not-severe in practice for some material 

types as shown in Phoenix (1976) who' gives the following estimates 

for p: 

Standard Type 

Kevlar/Epoxy 

p 

42 

Graphite Fiber/Epoxy 78 

S-Glass/Epoxy 30 

Beryllium Wire/Epoxy ~6 

In the sequel we shall refer to . _(Al) - (A3) as the assumption A. 

As we mentioned earlycr we shall allow k =k(n) to depend 

-on~. _and abbreviate T =T k(). We also assume that k(n) grows n n, n 

without bounds .with n. Our ~et bp now consists of a given tr~angulai 

array 

S = {S . ;lsi~k(n) ,n2:l} n, 1 

-
such that for each n ~l the random variables S 1 .~ .•• s k() in the n. n. n 

n-th row are independent · and identically distributed but the common 

distribution within each row changes as the row changes. We arc 

particularly interested in th~ asymptotic behavior of the row-rninimun 

as n gets large. 

T = n min 
l~isk(n) 

s . 
n. l 

Extreme value theory in triangular arrays was invctigated 

by Locvc (1956), who extended some of the €?:irlyer rcsul ts of Gnc<lcnko 



.. 

(i946) and Smirnov (1952) in classical Extreme Value Theory. 

From theorem 1 in Lo;ve (1956, p. ), the problem of 

examining the existence of re~l constants an >O and bn• and a non­

degenerate distribution function G such that 

(3.0.1) 

.reduces to that of examining the limit behavior of 

(3.0.2) k(n)P{S 1$a x+b} = k(n)r (a x+b) 
n, - n n n n n 

as n -+-ClO. More explicitly. (3.0~1) holds if and only if, as n -+ 00 , 

·c3.o _.3) k(n)F (a x+b ) ·-- V(x) 
n n n 

-for every x which is a continuity . point of V, where V: :m.---.- JR is 

tne non-negative monotone increasing function de.fined by the equation 

.X in 1R. 

Limit behavior of sequences as (3.0.2) wai first discussed by 

Ivchcnko (1973) in a simpler set up. and their extention to a 

gen?ral setting, so as to include the case at hand,have been derived 

by the author (1978). In particular the ~allowing results hold. 

3.1 - Auxiliary Limit Results 

Let W ={W ·.:l~j~n,n~l} be a given family of distribution 
n, J . 

functions :inJ let 

wn = \{ * ••• *\'I n,l n,n 

Assume .further that the Cramer-Petrov conditions hold, i.e.: 



n 
CE (W . ) = 

! n .J 0 and I Var(W .) = 
j =1 n • J 

1 for all n arid j; 

(3.1.2) There exist positjve real numbers {c .: lsjsn, n~l}, 
n • J 

A and B such that 

L .(h) = logfexp{~y}W .(dy) is analytic in 
n,J n,J 

. 1/2 lh I s Bn 

IL .(h) I sc . for lhl 5Bn112 and 
n,J n,J 

I n 3/2 
lirn sup · l c . = A<<X>. 

n-+co n j = 1 n , J . 
[In (3.1.2) log denotes the prin~ipal value of the logarithm]. 

It has also been shown by the author (1978) that if Ke let 

!hi <Bnl/Z, 

and 

th6re exist positive constants B* and C* such that for all n the in-

verse function oft . denoted by l • is defined and analytic in the 
. n · n 

circle l tl sC*, satisfying the jncquality 

It (t) I sB* for l t l sc•. n . 

uniformily inn. Furthermore, if we let T~(y) denote the solution of 

the equation 



(3.1.3) 

. + -
the function T (•) is two valued in the interval (O,L AL), where 

+C* - n n n 

L! = J~ in(_t)dt. Denoting by Tn,O(y) and -rn,l (y) the non-positive 

and non-negative br~pchc~. respectjvely, we also have that 

(3.1.4) 

and 

where M* > 0 is a constant independent of n, and gn (z) -+ 0 as z -+ O 

un.iformily in n. Finally, as n -+ 00 we have that 

(3.1.S) 

an-d 

k (n) W (3· 
0

) . n n, 
z 

-+ e 

k(n)[l-W (: 1)]-+ e-z 
· n n, 

provided that {k(n); n~l} is a sequence of positive integers such 

that k(n) -+ 00 , log k(n) =o(n) as n -► 00 , where 

and 

,=- -1/2 1 
zn,l = ..-n Tn.l + _ (2 log k(n)) (z - 2 log 4n) 

for any fixed real numbc·r z. and 

i=0,1. 



. 
· For defini tes s we define -r · • (y) · = 0 for y ~ M*. 

n,1 

3.2. Limiting Distribution -of T . n 

The limit behavior of the failure time T of the composite 
n 

structure. will now. follow from these results provided we can find 
. . 

real constants a > O and a . such that the family · 
. n nd 

W ={W .: lsjsn, n~l} of distribution functions defined by 
D.J 

(3.2.1) W • (x) = F . ( cx x+ B . } • 
n,J n.J n n,J 

X in R, 

satisfies cond.itions (3.1.1) . and (3.1.2). Obse.rve that if this is 

possible, we have that 

where .. 
(3.2.2) an - yo • n n 

and b . n 

x in IR, 

n 
= onan + l B . ' 

j=l n,J 

and fl·om (3.1.S) and the equivalence between (3.0.1) and (3.0.3) we 

have that 

• 

where 

x in IR, 

and real constants yn, ~n• an and bn can be obtained from (3.1.6) 

and 3. 2. 2) . 

We now proceed to establish the validity of conditions 

(3.1.1) and (3.1.2). 

. . / 



Lemma 1 - Under assumption (A3) the ~amily W = {W . ; lsj sn, n~l} n, J 
of distribution functions, defined by (3.2.1) satisfies the Cramer-
Petrov conditions provided that: 

. ~n = [ . f Y ~ r ( Fn. . )] 1 / 2 ·• . a . = E ( F . ) • . J=l ,J n.J n,J 

Proof: It is immediate that condition (3.1.1) holds. To p1·ovc that 
condition (3.1.2) holds, observe th3t for each n and J, F . is an 

n • J 
c~poncntial distribution function with parhmetcr 

so that 

and 

. Jexp{hy}~ .(dy) = n,J 

xn,j = jb(nL/j), 

- 7 11/ 2 A .. 
n J. --_ ' 

' ~ 

for Re(ha- 1) < A .. Now, since n n, J 

we can · find o > 0 such that 

-1 = A • n ,J . 

nl/2o. ~ o 
n for all n, 

and hence Icxp{hy}W .(dy) is n,J .1.nalytic in the circle !h i < Lpon 112 • 

Finally, in the circ.lc lhl < Lpon112 



. . 
! 

lfcxp{hy}W .(dy) -11 
J Il.J 

so that 

IJ~~p{hy}Wn.j(dy)~l l <l 

for l"hJ . <Bn112 , where B=Lpomin{l/4,log2}. It follows from the last 

incqual i ty that £or al 1 n· and j 

is analytic and uniformly bounded in the circle fh! <Bn112 from 

which condition (3.l.2j follows. 

From lemma 1 Ke . can apply the results in section 3.1 to 

the family W ={W .: lsjsn. n~l} defined by (3.2.1) to obtain the 
n, J 

limit ·behavior in distribution of the failure time T of the composite 
. n . 

structure, which can be summari:ed in the following theorem. 

Theorem l - Under assumption A, 

provided that log k (n) = o (n) , where, for each n ~ 1 

and 

Tn,O = -rn.o(½[log k(n) -½ . log . log k(n) ]) . 



- .. .., 

[Recall from Section 3.1 that we agree to define -rn(y) =O for y :?M*J, 

Under the assumptions of Lemma 1, 

Ln,j(h) = logJexp{hyiwn,j(dy) 

. . -1 ' -1 -1 
c log[cxp{-han Bn,j}(l-han Bn,j) J 

lh l <LPi 1/2 
I . 4 n , 

where c5 > 0 is any p'ositive real constant such that n112an ::-: c5 for all 

n, so that the function t (h) defined in section 3.1 is given by 
n . 

t (h) 
n 

n-1 
= n-1/2 l nl/2h/a 8-1.(a B-l __ nl/Zh) 

j=O n n,J n n,J 

n-l -i . -1 1/2 
= [ h/a B .(a B .-n h), 

j =O n n , J n n , J . 

and its inverse 1n(t) can be found by solvJng for h the equation 

IT 8
-1 . 

8
-1 _ l/2h1 ta . \a . n ., = 

n . n,J n n,J 
1 

However, this task may get very complicated and solving . 

1 log k(n) - 2 log log k(n) 

for .-rn,O may get. even more complex. However, this difficulty in the 

computation of the normalizing constants a and b can be reduced 
n n 

. provided we make some adjustments on the rate of convergence of 

k(n). It is also shown hy the author (1978, proof of knnn;i 3.2.3) tmt 

2 . 
Osy<S • 

where 

• 



°" k -1 . r b s . . 
'Yn (s) = k~l n,k~· Is I < s. 

· I -i I I I with bn,l =l. Furthermore, Y·n (s) $C** on the circle s <Sand 

the positiyc constants Sand C** do not depend on n. 

Lemma 2 - If for some n:i 2:l (log k(n)
0

) (m+_Z)/Z =o(n) as. 

00 

lim ✓n log k ( n ) l lbn kl ( ✓2yn)k/k~ = 0 
n➔00 k=m+ 1 ' · 

. where y 
. n 

1 1 = n[ 1 o g k ( n) - z 1 o g 1 o g k ( n) J • 

Proof: 

From Cauchy's estimates, . 

for ·all n and k. Hence, for any £ >-0 

00 

✓ n log k(n) l lbn kl (~k/k~ ~ 
k=m+l ' 

k 
s IC** l /n log k(n) I [log ·k(n)(l-log log ~(n)/2 log k(n))J2 

k=m+l nS · 

k+2 

s lC** I r logk, ~n)--Z- ~ 
k=m n · S 

00 

· slC** I I (IE/S)k 
k=m 

for al] sufficiently large n, since by our assumptions 

k+2 m+2 m s k 
( k ( ) ) -Y-/ k/ 2 . . ) rn 2 k ( ) / 2 . 2 log n . - n = [(log kln) /n] [log · n n] S£ 

fork= m + s, s ~O and all sufficiently large n. 

then 



.. 

Now. for m ~ 1 let 

0 

T[mJ = m (--ny;;) k 
. n~O l b 

k.=.l n, k k! otherwise 

where 1 k(n) 
1 log log k(n)J. y =-(log -I n n 

' 
Theorem 2 Under assumption A 

where 

and 

· ? (n-1 · , 1/2 · · 
b = (n11 -LP) -l L (l-j ,'n) 20- 2}1 · -/!110] + a ~ lug 4-rr + (nLP) -l 
n . ·-o . n, n - . .. J- . . . -

. m+2 ,-
provided that (log k(n) - = o(n) as n -+ 00 , 

n-1 . _
1 I (1-j/n)P 

j=O -

Proof: Since our assumption implies ·that log · k(n) =o(n) as -n-i,. 00 , 

we have that 

where ·an and bn arc defined as 1n Theorem 1. Consequcntcly in 

order that 

it is necessary and sufficient [c.f. feller (1966) p. 253) that 
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and 

The first condition as immediately satisfied since a =a . To 
n n 

check the second, observe that for all sufficiently large n 

01) 

~ ✓ 2 n 1 o g k ( n J l I b k I ( /Zy) k / k ~ 
k=m+l n, n 

where rn =¼[log k(n) - ~ log · 1og k(n) J, since 

00 

T n , 0 = l b k ( -/2y) k / k ~ · for · a 11 s u ff i c i c n t 1 y 1 a r g c n . 

k=l n, n 

In particular. if (log k(n)) 3 ·= o(n) _the normal i:ing · 

constants an and bn assume -their simplest form since in this case 

T(l] = - ✓~[log k(n)-log log k{n)J/n. 
n, O 

4. FURTHER RE~l,\RK.:5 

Under Assumption A, . the failure time Sn of a system 

comprised of n fibers aligned in parallel and subjected to a 

constant load of nL is such that . 

n 
( 4. 1) p { s st } = r C • ( I - e X p { - ), . t } ) • 

n j=l n,J n,J 

[c.f. Feller (1966) p. 40) wheie 

). . 
Il,J 

= jb(nL/j) and C .. = 
n,; 

). . 
II n, 1 

• • A • A . 
1.;, J n, 1 - n • J 

It is rather inconvenient., however, to use formulo (4.1) in 



practical calculations, specially when· n is not small, so that the 

availability of approximate expressions would be desirable. The 

same is true for the distribution function of the time to failure 

T of composite material~, when modeled as a chain of k independent 
n,k 

parallel n-clement systems connected in ~eries, in which case 

Since 
1 

n~ 

n 
IT )._ . > 0 

j=l n,J 

a fact that holds even under more general assumptions concerning the 

distribution function of the time to failure of a single fiber as 

shown .by Harlow, Smith and Taylor (1977). It follo\\'S from the 

classical results of"Gnedenko (1946) that for fixed n, 

for t~O. so that for large k we have the following approximation 

formula: 

The limiting result (4.2), as we can sec, is the result 

of the approxmation formula 

(4. 3) P { Sn st} = ~ ( ~ ). . ) t n 
n. j=l n,J 

for small positive values of · t, whi~h riumcrical results have shown 



unsuitable from the appllcation standpoint, since the deviation 

from its true value increase as n increases, for each fixed value 

oft. A search for better app~oximati6ns l~d us to consider the 

development of asymptotic results allowing both n and kin (4.2) 

to grow sim~ltaneousl~~ithout bounds,. In doing so, we have been able 

to combine both the fact that under assu~ption ~ S is asymptotically 
n 

normal and the fact that¢, the normal distribution function, is 

in the m1n1mum domain of attraction of A1 . 

The asymptotic normality of Sn~ provides automatically 

another appro~mation formu~a for its distribution function, namely, 

P { s ~ t } "" <:> c ct-µ ) 1 a J 
n - n n 

whereµ =E(S) and cr 2 =VarES ). In Figure 4.1 we depict the result 
n n · n n · 

of this approximation by plotting 

and observe that, contrary to what happened ~ith the approximation 

formula (4.3), the deviations decrease for each fixed value oft, 

as _n increases. These deviations cnn be made .even smaller if we 

make use of estimates of the Cramer-Petrov trpe for the probabilitcs 

of large deviations for the sum S . Following Book (1976) it is 
n 

possible to show that there exists a positive constant T >0 s~ch 

that in the interval O sx STn
112 

P {S ~µ -a x) 
n n n 



( 4. 5) P{S >u +ax} 
n n n 

with 1£1 1-!t21 st where£ is a constant [see also Statulevicius 

(1966 lcmm~ l)J. We recall that ln(•) is an absolutely convergent 

power spcc'ics in a nei-ghborhood · of the origin, uniformly in n, 

whose coefficients can be defined in terms of the semi-invariants 

of th~ distribution of [Sn-µn]/an. More explicitly, we have 

).ri (t) = 
r3n 

6r3/2 
2n 

for sufficiently small t, where 

Figure 4.1 
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n· 
r. =!. lr k"' J,n n k=l n, ,J 

. j~l, 

and y k . for. j ?:l is the j-th semi-invariant of the distribution n' ,J 
of (Yn k-E{Y k))/cr. , n, n 

In view of these estimates,· the following approximation for 

the distribution function of Sn 1s available: 

( 4. 6) 

In Figure ,.2. we plot _ 

log P{s <t} vs log ~(tn) + r t. 3/o'n112r3/ 2 
n- · ~ 3n n 2n 

. . . 

t>µ • n 

for . some values oft, and comparing with the normal app!oximation .. 
previously graphed in ·Figure (4.1) . we can see the improvement provide, 

bi ._the correction. The approximation (4.6) seems to be very 

satisfactory from the engineering applications standpoint, and 

numerical results show that the inclusion of more terms in the 

power series expansion 0£ An(·) does not substantially improve the 

approximation. It is our feeling, however, that this can be achieved 

provided that estimates for i 1 and 1 2 in (4.4) and (4.5) be developed. 



.. 

Figure 4.2 
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