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ABSTRACT. In this paper we consider the homogenization problem for a nonlo-
cal equation that involve different smooth kernels. We assume that the spacial
domain is divided into a sequence of two subdomains A, U By, and we have
three different smooth kernels, one that controls the jumps from A, to An,
a second one that controls the jumps from B, to B, and the third one that
governs the interactions between A, and Bj,. Assuming that x4, (z) — X (x)
weakly-* in L° (and then xp, (z) = (1 — X)(x) weakly-* in L°°) as n — oo
we show that there is an homogenized limit system in which the three kernels
and the limit function X appear. We deal with both Neumann and Dirichlet
boundary conditions. Moreover, we also provide a probabilistic interpretation
of our results.
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1. Introduction. Our main goal in this paper is to study the homogenization that
occurs when one deals with nonlocal problems with different non-singular kernels
in that act in different domains.

Consider a partition of the ambient space into two subdomains A, B, and consider
a nonlocal problem in which we have three different smooth kernels. One (that
we call J) that measure the probability of jumping from A to A (J(z,y) is the
probability that a particle that is at € A moves to y € A), another one (G) that
is involved in jumps from B to B and a third one (R) that gives the interactions
between A and B. When we look at the stationary problem associated with this
jump process with three different kernels, we obtain a nonlocal problem of the form

f(2) = xala) /A J () () — u(@))dy + xa(2) /B R, ) (u(y) — u(x))dy
xs(@) / R, y)(uly) — u(x))dy + xp(x) / Gl y)(uly) — ulz))dy.
A

B

Here x4 and yp denote the characteristic functions of A and B respectively.
This equation can also be written as a system,

fz) = /AJ(Z‘, y)(u(y) — u(z))dy +/ Rz, y)(uly) — u(x))dy, T €A,

B
f(z) = /A R, ) (u(y) — u(z))dy + /B Gle.y)(uly) - u(@)dy,  z€B.

Remark that the involved kernels can be of convolution type, that is, we could
have for instance, J(z,y) = J(z — y) (this special form of the kernels is often used
in applications). However, we only use in our arguments that the kernels V = J, G
and R are non-singular functions which satisfy the following hypotheses that will
be assumed from now on

V € C(RY x RM,R) is non-negative with V(z,z) > 0,
(H) V(z,y) = V(y,z) for every z,y € RV, and
V(z,y)dy = 1.
RN
Now, in this setting, we consider a sequence of partitions, A,,, By, of a bounded
fixed domain §2,
Q=A,UB,,

and assume that we have weak convergence of the characteristic functions of A,
and B, as n — oo,

Xa, (@) = X(z) weakly-* in L>°(Q), (1)
and consequently, we have
xB, () = (xa — X)(z) weakly-* in L>(Q).

We also assume that the limit verifies that 0 < X <lor X =0or X = 1.

Our main goal is to pass to the limit as n — oo in the sequence of solutions,
Uy, to the nonlocal problem associated with the partition A,, B,. We consider
both the homogeneous Neumann and Dirichlet problems. Our main results can be
summarized as follows (see Section 2 for more precise statements):
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Theorem 1.1 (Main Theorem). For any partition A,,, B,, there exists a unique
solution to our nonlocal problem. Assuming (1), there is a weak limit of u, in L?
as n — oo and this limit is characterized as being the sum of the two components of
an associated limit system for which we have uniqueness. Moreover, we show that
there is a corrector type result, that is, if we add an extra term (the corrector) to
the sequence u,, we obtain strong convergence in L?.

For this limit homogenization procedure we have an interpretation in probabilistic
terms analyzing the evolution of a particle that moves in €, see Section 2.

Now let us end with brief description of previous results and comment on the
ideas and difficulties involved in our proofs.

Nonlocal equations with smooth kernels like the ones considered here has been
widely studied and used in the literature as models in different applied scenarios,
see for example, [1, 2, 6, 8, 10, 11, 12, 13, 15, 16]. Here we have a model in which
the jumping probabilities depends on three different kernels J, G and R that act in
different parts of the domain (thus, our model problem can be seen as a coupling
between nonlocal equations in A and B). For other couplings (even considering
local equations and nonlocal ones, we refer to [5, 11, 12, 13, 14, 17, 16, 19].

Homogenization for PDEs is by now a classical subject that originated in the
study of the behaviour of the solutions to elliptic and parabolic local equations
with highly oscillatory coefficients (periodic homogenization). We refer to [3, 9, 25]
as general references for the subject. For other kinds of homogenization for pure
nonlocal problems with one kernel we refer to [22, 23, 21]. For homogenization
results for equations with a singular kernel we refer to [7, 24, 27] and references
therein. We emphasize that those references deal with homogenization in the coeffi-
cients involved in the equation. For random homogenization of an obstacle problem
we refer to [4]. For mixing local and nonlocal processes we refer to [5]. Here we deal
with an homogenization problem that is different in nature with the ones treated in
the previously mentioned references as we homogenize mixing three different jump
operators with smooth kernels.

Finally, let us describe the main ingredients that appear in the proofs. First,
we show weak convergence along subsequences of u,, xa,u, and xp, u, (these
convergences comes from a uniform bound in L?). Next, we find the system that
these limits verify. This part of the proof is delicate since we have to pass to the limit
in the weak form of the equation that involves terms like x g, (x)xa,, (¥)un(y)J (z,y)
and we only have weak convergence of xp, and xa,u,. Here we need to rely on
the continuity of J and use the fact that the product xp, (2)xa, (¥)un(y)J(z,v)
involves two different variables, z and y. Finally, we show uniqueness of the limit
by proving uniqueness of solutions to the limit system (here we use that we assumed
0<X<lorX=0orX=1).

The paper is organized as follows: in Section 2 we state our main results; in
Section 3 we provide a probabilistic interpretation to both, Neumann and Dirichlet
problems; Section 4 we deal with the Neumann case and, finally, in Section 5 we
consider the Dirichlet problem.

2. Statements of the main results.

2.1. The Neumann problem. We first deal with Neumann boundary conditions.
The domain 2 is divided in two subdomains A,,, B,, depending on a parameter n,

Q=A,UB,, A,NB, =0
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Assume that (1) holds. For each n, we consider,

f(@) = xa, (@) / 7 () (tn (y) — n (2))dy

n

Ty (@) /B R(2,1) (un (y) — tn () dy

2)
x5, (2) /A R(, ) (tn () — 4n(2))dy
x5, (@) /B G, ) (tn () — (),
for z € Q.
Associated with this nonlocal problem we have an energy
= 1 [ [ T - vy
1 X u — u\xr 2 X
s [ et - uw)aya .y

1
2 /A /B R(z,y)(uly) — u(@))*dy d
- [ f@yute) ds
Q

Existence and uniqueness of the solutions to (2) which is also a minimizer of (3)

§ W{ueL2(Q) : /Qu()} (4)

is shown in Theorem 4.2 assuming f € W. Next, we deal with the homogenization
procedure and study the limit as n — oco.

Theorem 2.1. Let {u,} C W be a family of solutions of (2). Assume that the
limit in (1) verifies 0 < X < 1.
Then, there exists a unique (ua,up) € L?(Q) x L*(Q) with

/Q {ua(z) + up(z)}dz = 0

and
XA, Un — ua and  Xp,Un —up weakly in L*(Q).

The pair (ua,up) is characterized as being the unique solution to the following
system

X(2)f(x) = / J(,y) (X (@)ualy) — X (y)ua(z)] dy
“ (5)
+ / R, ) [X (@)us(y) — wal@)(1 - X (y)] dy,

and

(1= X(2))f(z) = /QR(wvy) [ua(y)(1 — X(2)) — up(2) X (y)] dy

(6)

+/ G, y) [up(y)(1 = X(2)) —up(x)(1 = X(y))] dy.
Q
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Notice that in this homogenization procedure there is a nonlocal system instead
of a single equation (the sum of u4 and up does not verify a single equation). This
is due to the fact that the original problem can be written as a system.

As a consequence of the fact that (us,up) is the unique solution to the (5), we
have that u4 and up also satisfy the equation

fa) = / J(z,y) X (@)ua(y) — X (g)ualz)] dy
+ [ Gl (= X@)u(e) - (1= X)) u()] dy

+LRWWH0—X@Wm@%%L%WwMM@+X@MMw—XWMM@MJ
(7)

Let us now consider the extreme cases X (z) =0 or X(z) =1 in Q. In this case,
the limit problem is given by a scalar equation defined for just one kernel. Also, we
obtain strong convergence of the solutions.

Corollary 1. Assume X(x) =0 a.e. x € Q. Then, the first component of the limit
system 1is zero,

ua(z) =0 a.e. x €9,
we have strong convergence

Up — UB strongly in L*(Q),

and the homogenized equation is given by
@) = [ Glon) (un(s) — un(e) dy.

Notice that an analogous result can be shown assuming X (z) =1 in .
Corollary 2. Assume X(z) =1 a.e. x € Q. Then
ug(z) =0 a.e. x €Q,
Up —> UA strongly in L*(9),
and the homogenized equation is given by

f(z) = /Q J(2,y) (ualy) — uala)) dy.

Both cases, X(z) =0 or X(z) = 1, can be seen as a kind of performing weakly
perforations in ) setting a prevailing situation at the limit equation, see [23].

Finally, let us give a corrector result for the solutions of the Neumann problem
(2). In order to do that, we need to assume 0 < X (z) < 1 uniformly in Q. Let

wn(z) = xa, (@ ua(z)  xp, (x)up(z)
' X(z) 1—X(x)

Then, we have the following theorem.

Theorem 2.2. Let us assume the there exist two constants cg > 0 and ¢y > 0 such
that
1= >X(x)>co>0, Vel (8)

Uy — (wn — / Wn, dx)
Q

Then

—0 asn— +oo. (9)
L2(9)
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In this result, we have the flavor of the classical corrector approach introduced
in [3].

2.2. The Dirichlet problem. Now we divide the whole RY in two disjoint sub-
domains A,,, B,, depending on a parameter n,

RN = A, UB,, A, NB, =0.

Let x4, and xp, be the characteristic functions of A,, and B, respectively. We

will assume
Xa, () = X weakly-* in L>=(RY).
Consequently,
xB, () = 1—-X weakly-* in L>°(R"Y).

We also assume that the limit is suchthat 0 < X <lor X =0or X = 1.

As before, we assume that we have three different kernels J, G and R. The kernel
J controls the jumps from A,, to A, J(z,y) is the probability that a particle that
is at x € A, moves to y € A,; G from B,, to B,, and finally R controls the jumps

from A,, to B,,.
The Dirichlet problem. For z € {2 we have

f@) = xan (@) /A 7 () (1 () — () dy

n

txa, (@) / R, ) (tn(y) — (1)) dy
o (10)
txp, (2) /A R(z,y)(un (y) — n())dy

0.(0) [ Gl uns) = ua(a))dy
and we impose that
u(xz) =0, x & Q.

Associated with this nonlocal problem we have an energy for functions in the
space

Woir = {ue L2®Y) : w=0 in RY\0Q} (11)
given by

By = 3 [ [ ) - ue)dyde
1 2
i [, [ c@pe - uw)iyds
1 2
w3 [ [ REp@o) - uw) iy de
—/f(ac)u(a?) dx.
Q

Existence and uniqueness of the solution to (10) which is obtained as the unique
minimizer of (12) in Wp;, is shown in Theorem 5.2 assuming f € L?(Q) (there is
no need to assume that the mean value of f is zero here).
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Theorem 2.3. Let {u,} be a family of solutions of (10). Assume that the limit of
X4, verifies 0 < X < 1.

Then, there exists a unique pair (ua,up) € L?(2)x L*(Q) with ua(z) = up(x)
0 for z € RN\Q and

XA, Un —Uua and XB,Un —up weakly in LQ(Q),

such that, for x € Q, us and up satisfy the following system

X(x)f(x) = /RN J(2,y) [X(2)ualy) — X(y)ua(z)] dy
(13)

- R(z,y) [X (z)up(y) —ua(z)(1 - X(y))] dy,

and

(1= X(@))f(z) = /RN R(z,y) [ua(y)(1 — X(z)) — up(x) X (y)] dy

+ /RN Gz, y) [up(y)(1 = X(2)) —up(x)(1 - X(y))] dy.
(14)

As a consequence, we have that us and up also satisfy

fla) = [ | T X(@uats) = Xw)ua(o)ldy

+ [ G- X@)usly) — (1= X()us()]dy

T ox R(z,y) {(1 — X(2))ualy) — (1 = X(y))ua(z)

X (e)un(y) = X (y)us (@) dy.

As in the Neumann problem, we obtain from the homogenization procedure a
nonlocal system instead of a single equation since the sum of w4 and up does not
verify a single one.

Also, one can notice that the homogenized systems for Neumann and Dirichlet
problems present quite similar expressions. They differ by the integration domain
in the equations and the space where the solutions belong.

Next, let us consider a particular partition to the whole RY. We assume that
X4, — 1 asn — oco. Thus, we are assuming X =1 in 2. The other case, X =0 is
analogous and is left to the reader.

Corollary 3. Suppose that
XA, —+1 asn— oo.

Then, u, — ua strongly in L*(2) and the homogenized equation is given by
fa) = [ I was) — uale))ds

We finish this section mentioning the validity of a corrector result for the Dirichlet
problem (10) under the same conditions assumed in Theorem 2.2.

Theorem 2.4. Let us assume the there exist ¢y and ¢1 > 0 such that

l—c1>X(x)>¢ >0, Voeq,
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and let us set

XB, (¥)up(z)
¥n(2) X)) ifxé

Then,

@) —0 asn— +oo.

Up — 1%

3. The stochastic model. In this section we provide the details of a probabilistic
interpretation of our original model and the obtained homogenization results.

3.1. The Neumann problem. To be in a probabilistic context we assume that

/J@wwy=L /Q%uw@=ﬂ7t/GMWMy=L Vz € Q.
Q Q Q

That these integrals are equal to one allows us to consider the kernels J, G and R
as jumping probabilities (see below). As a simple example in 1—d of a kernel that
verifies our conditions we consider a continuous and nonnegative function W with
W(0) >0, [, W(y)dy =1 and take in R/Z ~ S* the kernel J(z,y) = W(z — y).

Our results for the homogenization problem stated in Section 2 (that is, for the
limit as m — oo) also hold under these conditions.

We want to analyze the evolution of a particle that moves in Q. To describe
the movements of the particle we introduce three families {E}}, o {EZ}, oy and

{E,ﬁ}k N of independent random variables with exponential distribution of param-
eter 1/3 (we think about them as having three independents clocks). Define

Y = i Eil, Yk e N
o= ming (B

The set {Y1},cy is a family of independent random variables distributed as an
exponential of parameter 1. Fixing 79 = 0, we define recursively the random times

Tk = Th—1 + Tk, Vk € N.

We denote by Y, (t) the position of the particle at time ¢. The evolution of the
particle is described as follows. At the times {7} the particle chooses a site y € Q
according to the kernels J, R or G (that is given by the clock that rings, that is, the
random variable that realizes the minimum in min;e (1,23} {E}C}) The jumps from
a site in A, to another site in A,, are ruled by J, the jumps between A,, and B,
(or vice versa) are ruled by R, the jumps from a site in B,, to a site in B,, are ruled
by G. More precisely, if Tj, = E} the particle chooses a site y €  according to
J (Yo (Tk—1),y) and it jumps on it only if ¥;,(7x—1) € A, and y € A,, otherwise the
particle remains in its current position. If Tj, = E? the particle chooses a site y € Q
according to the kernel R (Y, (7x—1),y) and it jumps on it only if Y, (7%—1) € A, (or
in B,) and y € B, (or in A, respectively). Finally if Ty = E} the particle chooses
a site y € Q according to G (Y, (7x-1),y) and it jumps on it only if ¥;,(7x,—1) € B,
and y € B,,.



HOMOGENIZATION FOR NONLOCAL PROBLEMS 2785

The process Y,,(t) is a Markov process whose generator L,, is defined on functions

feC(A,)NC(B,) as
Lof(x) = xa, (2) / xan (0) 7 (@.9) (f (9) — f (@) dy

txp, (2) / x5, 1) G (2,9) (f () —  (2)) dy
Fxa, (@) /Q x5, ) R(2.9) (f () — f () dy
s, (@) / . &) R (2,9) (f () — £ (2)) dy.

In the next lemma we give an explicit expression of the solution of our Neumann
problem (2) in terms of the process (Y, (t)),. Given z € Q, in what follows we
denote by P® the probability measure defined on the canonical probability space of
the process starting at = at time ¢ = 0. This means that

P* (Y, (0) = 2) = 1.

Moreover we will use E? [-] to the denote the expectation respect to the probability
P*.

Lemma 3.1. Let f € W and u,, be the solution of the Neumann problem (2). Then
oo
i (7) = —/ B f (Ya(t))]dt, weq.
0

Proof. Consider the evolution problem associated with the generator L, defined

previously, with initial datum vy € W N L* (Q) and right hand side f(z) € W,

%L;(x,t):ann(Lt)—f(m), e, t>0,
vn(x,0) = vo(z), z € Q.

By Theorem 2.15 in [20] we can write

n(at) = Sub)un(a) = [ Sut = 9)f(a) ds,

where S,,(+) is the semigroup associated to the generator L,,.

Since S, (¢t)f(z) = E* [f (Y, (t))], we can interpret v, (z,t) as the expected total
amount that is collected assuming that f(x) is a running payoff and that v is the
initial payoff. That is,

¢
(2, 1) = E* [vg (Y (t))] —/ E* [f(Ya(s))] ds. (15)
0
The solution u,, of the Neumann problem (2) is given by
up(x) = tlggo Un (2, 1)

and therefore, by (15), we get that

(o) = Jim {5 ()] - [ B [f(Ya(s)] s}

t—o0
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To conclude the proof it is enough to show that

Jim E* oo (Y, (£))] = 0, (16)

independently on the initial condition vy € W N L™ (ﬁ) From now on, we use
My (ﬁ) to denote the space of probability measures on Q and, for every p €
My (ﬁ), we use puS(t) to denote the measure in M, (ﬁ) such that

/ﬁ fd(us(t) = ﬁ SWf du,  VfeC(A)NC(By).

To prove (16) we show that

e the process (Y,(t)), has a unique invariant measure given by

. dz
v (d.]?) = ‘67
o for every n € N there exists
tlgrolo 0n(t),

where §, is the Dirach measure in € centered at .

Indeed, once we show the two conditions above, by Proposition 1.8 in [20] we can
conclude that

D

where Y;,(00) is distributed according to the invariant measure v* and therefore
lim E* (v(Y,(t))) = E* (vo(Yn(0))) = /71)0(x)1/ (dr) = = /7v0(x)dx =0,
t—o0 a |Q| a

Yvg € W N L™ (ﬁ)
In the previous step we used that, by dominated convergence Theorem, we can write

Jim E” (un(Ya (1)) = B (t(Ya(20))

Limit (16) is then proved.
We prove now the first of the two conditions. By Proposition 1.8 in [20] we know
that the set of the invariant measures of the process (Y, (t)): is given by

I, = {ueMl(Q) : /ﬁLnfdu:O, erC(An)ﬂC(Bn)}.

d
The measure v*(dz) := ‘ﬁﬁ € T,, because v* is a solution of
/7Lnfdz/ =0, VYfeC(A4)NC(By). (17)
o

To conclude that v* is the unique probability measure solution of (17) we need
to show that, if v is such that (17) holds, then there exists k£ € R such that v =
kv*. Let v be a solution of (17) and consider F' : C (4,) N C (B,) — R and
G:C(A,)NC(B,) — R, the two linear operators defined as

1
Flo)= o /ﬁ o(2)dz, G(g) = /ﬁ g(e)(dr), YgeC(A)NC(By).
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Fix h € C(A,) N C(B,) such that ﬁh(x)dz = 0. There exists a unique f, €
Q
C (4,) N C (By,) solution to
Lnfn,h(x) = h(l‘)

with Lh(x)du = 0. This implies that F'(h) = 0 and also G(h) = 0, hence ker(F) C
Q

ker(G) and consequently there exists k£ € R such that G(g) = kF(g), for all g €

C(A,)NC(B,). This allows to conclude that

k
v dx = jdx.
(dz) ]

We prove now the second condition. Since €2 is compact, the set M; (Q) endowed
with the weak topology is also compact (see Theorem 3.4 in [26]). Therefore the
family (0250 (t))e(o,00) i relatively compact in M;(Q) and, by the first condition
and Proposition 1.8 in [20], we can conclude that any sequence (6,5, (tx)),cy 18
convergent and

lim 6,5, (tx) = v*.

tr—00

This is enough to conclude that
lim 6,5,(t) = v*
t—o0
and therefore our second condition holds. O

From Lemma 3.1 we have that the solution u, to the Neumann problem (2) can
be seen as

() = — /OOO B [f (Ya(t)]dt, =z €T

Now, our result, Theorem 2.1, says that the limit as n — oo of wu,, is given by
the sum of the components of the pair (u4,up) € L*(Q) x L*() that is a solution
to the limit system (5)—(6). Therefore, we have obtained the limit as n — oo of the
expected value of f along the trajectories of the process Y, starting at =z,

-/ TR f (v (1)) d,

as

o0
lim up(z) = lim _/ E® [ (Vo ()] dt = ua(z) + up(z), =z
n—oo n—roo 0

3.1.1. The Dirichlet problem. Concerning the Dirichlet problem, the movement of
the particle obeys the same rules as before, but now the particle is allowed to jump
outside €2, and, as soon as this happens, the particle is killed and disappears from
the system. In this new model we denote by Z,(t) the position of the particle in
Q and we suppose (as we did before, but this time in the whole RY) that we have
probability kernels in our equations, that is,

/ J(x,y)dy =1, / R(z,y)dy =1, / G(z,y)dy =1, vz € Q.
RN RN RN

As a well known example of a kernel that verifies our hypothesis in 1—d we mention
the Gaussian kernel with mean 0 and variance 1,

J(J,‘,y) =

1 _(z—y)?
2

Jen*
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The process (Z,(t)),~, is a Markov process whose generator L,, is defined on
functions f € C (A,,) N C (B,,) such that suppf C Q as

Lnf@) = X,y @) [ X, )9 @) (7 0) = £ (@) dy
Xy @ [ X, )G ) ()~ £ ) dy

e (18)

Xy @) [ X, ) RG) () = F ) dy

Xy @) [ X 0 RG) ()= F )

The probability that the particle situated in a site € €2 is killed in one jump is
given by

Gn(2) =X (4,00} (@) </Q Xa, (y)J (z,y) dy + /ﬁ xB, (y) R(z,y) dy)

(19)
+X{p,na} (@) (/Q Xa, () R (z,y) dy + /ﬁ xs, () G (z,y) dy) :
In what follows, to simplify the exposition, we suppose that
gy = inf g,(z) >0, (20)
e

and we comment in Remark 1 how to deal with the general case in which the particle
has a uniformly positive probability of being killed in less than a finite number of
jumps.

In the next lemma we give the probabilistic interpretation of the solution to the
Dirichlet problem (10) in terms of the process (Z,(t)),.

Lemma 3.2. Let f € L>=(Q) and u,, be the solution of (10). Let
Sy, := inf {t >0:2Z,(t) ¢ ﬁ}

be the first time at which the process jumps outside Q. Then,

P? (s, < 00) =1, z€Q, (21)
and
up(x) = —E* [/ F(Z,(1)) dt} ) z €. (22)
0
Proof. We prove (21) by showing the stronger property
E? [sp] < 00. (23)
Observe that
B [5,] = / P (5, > 1) dt = / / V1 (dy) dt, (24)
0 o Ja

where v (dy) is the probability measure on RY such that

P*(Z,(t) € 4) = /A vP(dy),
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for every measurable A C RY. By Lemma A.5.1 in [18], the probability measure
v} (dy) satisfies

G st = [ Lot @, >0

/ﬁc g9(y)vi (dy) =0, t>0, (25)
[ 905 (@) = g(a),

RN

for every g € C(A,) N C(B,) such that suppg C Q. Recall the expression of L,
given in (18) and take g(z) = xg(x) in (25). We obtain that

% ﬁytn (dy) = /RN { ~ X{a,n0} ¥) </§ XA,

4,

—~

2)J (y,2)dz
o, (IRW2)dz)  (20)

c

_XB, (2) G (y,2) dz) }Z/t"(dy)

T

~ X{p,na} () (/ Xa, (2) R(y,2)dz +
Q
In the previous step we used that since supp ¢ C Q and J, R and G are symmetric

/RN X{pra} () (/RN xe (2)V(y,2) (9(2) =9 (y)) dZ> dvy'(dy)
= [ [0 )6V (0:2) (0.2) = () d o )
- oo ([ xe@viaa:) ap

Q 2

=— /RN X{pna} (¥)9(y) (/Q Xz (%) V(%ZW) dvi’ (dy),

for every V € {J,R,G} and D, E € {A,,, By, }.
Recall the definition of ¢, (-) and ¢!* given in (19) and (20) respectively, by (26)
we can write that

% /ﬁ vy (dy) = / —an(y)1}' (dy) < =g, /ﬁVt" (dy)-

Q
Therefore

1nft

/*Vf (dy) < e /ﬁ”ff (dy) = e~

Q
By (24) and (27) we get that

B (s) < [ et =
0
This concludes the proof of (23).

We prove now (22). If f € L>(Q) also u,, € L>(Q). Therefore, by Lemma A.5.1
of [18] we know that

(27)

1

qinf '
n

-

My, () = tn (Zn (£)) — un (Zn (0)) — / Lutn (Zn (5)) ds (28)

[}
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is a martingale with respect to the natural filtration generated by the process. Once
we prove that (M, (t A sp)),~, is uniformly integrable, that is

lim sup/
K—004e(0,00) J{| My, (tA80)|> K}

by the Doob’s Optional Stopping Theorem (see [28]) we obtain that E® [M,, (s,)] =
E? [M,, (0)] = 0 and consequently

B | [ Lo (20 60 5] =B (2, (50)] - (o)

= —up(x).

| M, (t A $p)| dP* =0, (29)

(30)

Since w, is the solution of (10), by (30), we get (22). Therefore to conclude it
remains just to show (29). By (28) we get that

My (tA sn)| < 2Jun|| o + 88n [|tn | o » vt > 0. (31)
Therefore, for every t > 0 and K > 0, it holds the following inclusion of events

K —2|un||

{|Mp(t A sy)| > K} C {sn > W . (32)

To simplify the notation we set

K —2|Jun| }
Ay k= {sn > 2 4
8 [un o
From (31) and (32) we get that
sup / | My, (t A $p)| AP
te[0,00) J{| M, (tAs,)|>K}
sup [ (2 unle + 850 unllc) 4P* - (33)
tE[O 00) J{| My (tAsn)|>K}

< 2funll P* (Aus) + 8l [ sadP.
n, K

By (23) we can conclude that the limit of the right hand side of (33) converges to
0 as K — oo. Therefore (29) is proved. O

As for the Neumann case, we have that our homogenization result for u,, given
in Theorem 2.3 (the limit as n — oo of u, is given by the sum of the components
of the pair (ua,up) € L?(Q) x L*(Q) that solves (13)—(14)) implies the limit of the
expected value of f along the trajectories of the process Z,, until the particle jumps

off Q (and gets killed),
& | [ 1 zan .
0
is given by

lim wu,(xz) = lim —E” [/ f(Zn(t))dt] =uy(x) +up(z), x € .
n—oo n—oo 0
Remark 1. First, let us see that the particle has a uniformly positive probability
of being killed in less than a finite number of jumps. To this end recall that we
assumed hypothesis (H) and then we have that there exists ¢ > 0 and ¢ > 0 such
that
V(z,y) >c>0, Vy € Bs(x)
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for any of the three kernels, V = J,G or R, and for every = € Q.
Now, we observe that for x in a narrow strip around 02,

rely = {x € Q : dist(x,00) < 5/2},

we have that the probability of jumping outside Q in one jump is strictly positive
(uniformly in the strip). With a similar argument, we get that the probability of
reaching T'; in one jump starting from a point in Iy = {z € Q : dist(z,T1) <
0/2} is also strictly positive (uniformly) and therefore the probability of exiting the
domain in two jumps starting from x € I'y is uniformly positive (we have a positive
probability of reaching I'y in the first jump and a positive probability of exiting
from there in the next jump). Repeating this argument we find a finite number of
strips T; = {2 € Q : dist(2,I';_1) < 6/2}, j = 1,..., K, such that Q = U T;
(recall that we assumed that Q is bounded), with a uniform positive probability
of reaching I';_; starting at a point in I'; in one jump. Hence, we have that the
probability of reaching R™ \ Q in less than K + 1 jumps starting at any point in
is uniformly bounded below.

The property that the particle jumps outside Q with a uniform positive probabil-
ity in a finite number of jumps can be also obtained when, for example, J = 0 (there
are no jumps from A, to A,), but assuming that R and G have a large support.
For example, we have that

P(jumping from Q to RV \ Q in one jump)

> min {/ / R(z,y) dydx;/ / R(z,y) dydx} >0,
B,nQ J A, NQ° An,nQ J B,NQ°

is strictly positive in Q when the support of R is large. Similar bounds can be
obtained for the exiting probability in two jumps, passing first from A4, N Q to
B,, N Q using R and then from B, NQ to RY \ , using R or G, etc.

Now, when we have that the probability of exiting the domain in K + 1 jumps is
strictly bounded below by a positive constant we can use our previous reasoning to
obtain that the stopping times are finite almost surely. Let us consider the process
W, (t) bound from Z,(¢) in the following way: for W, (¢) we stay at the location
until the previous process Z,(t) jumps K + 1 times and at this time we move the
position of the particle to the position of Z,,(tx+1) or we kill the particle if according
to the process Z,(t) we jumped outside of  in the first K + 1 jumps (notice that
W, makes only one jump while Z,, makes K + 1 jumps in the same time interval).
Call 5,, the stopping time associated with W, (¢), that is, the first time at which
W, (t) jumps outside Q. We trivially have

Sn > Sp

(since when the process Z, (t) jumps outside Q the process W, (t) also jumps outside
but at a later time (it has to wait K + 1 rings of the clock to move)).

This process W, (t) is also a jump process in RY (with a generator En that can
be obtained iterating L,, K + 1 times) that has a uniform positive probability of
exiting the domain © in only one jump (notice that we have proved that Z,(t) has
a positive uniform probability of exiting in less than K + 1 jumps). Therefore, our
previous arguments can be applied to this setting (we have a jump process with a
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uniformly positive probability of exiting in one jump) and we obtain that
E* [sn] < E* [5n] < 00,

proving that
P? (s, < o00) =1, z € Q.

From this point, the proof of the desired statement,

S

() = —E { " F(Za() dt} . zeq,

0

runs exactly as before.

4. The Neumann problem. In this section we present the proofs of the results
concerning to the Neumann problem (2). First, we need to establish an auxiliary
result that helps us to prove existence and uniqueness of solutions to (2) as well
as to obtain a uniform bound (uniform in terms of being independent of n) for the
solutions.

Now, let us consider the generalized eigenvalue for the Neumann problem (2).
Let us introduce

O(A, B, V)w ::/A/BV(x,y)(w(y)fw(x))zdydx

which is set for any open bounded sets A and B ¢ RN, V € C(RV,R) and w €

L2(RN).
We consider the following quantity
1 P(An, An, 29(Ay, By, (B, By,
(@) = L it ( J)u+29( / R)u+ &( Gu (34)
2 uEW, u0 ullZ2 ()

where W = {u € L*(Q) : [, u(x)dz = 0} is the space of the measurable functions
in L2(Q) with null average set in (4). We have the following:

Lemma 4.1. Let {\,(Q)} be the family of values given by (34). Then, there exists
a positive constant ¢ such that

A () >¢, Vn2>1.

Proof. Let
min{J(z,y), G(z,y), R(z,y)} = K(z,y). (35)
We have that
K(z,y) >c >0 for |z —y| <o (36)
for some positive constant ¢y. Notice that it follows from assumption (H). In fact,
we have that J, G and R are continuous in RY and strictly positive in {(z,z) €
QxQ : x€ Q). Hence, for each 2 € Q, there exist positive constants d, and c,
such that K (z,y) > ¢, > 0 for all y € B;s_(x). The inequality (36) follows from the

compactness of §.
Let us show that there exists a constant ¢ > 0 (independent of n) such that

An() > c¢>0.
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Indeed, using that [, u,(z)dz = 0, it follows from [1, Proposition 3.4] that

/ / (z,y)(un(y) — un(z dydx—l—/ / R(x,y) (un(y) — un(x))*dydz
/ / G(z,y) (un(y) — un(z))*dydx

> / / K (2, ) (tn () — un (2))2dydz
" /A n /B K)o (0) — )
by [ K@) - ) dyde
3 ] [ EG ) - ) dyds

> 9 [ i) — ) Paydo

> cllunllF2 0

\%

for some constant ¢ > 0, independent of n, where x|,_,<s is the characteristic
function of the set O(x) = {y € RN : |z —y| < 4}. O

Remark 2. Notice that we need R # 0 in order to get A, (2) > 0. In fact, if R = 0,
then

o reA,
_ ) A4
— T € by
| Bn|

is a function such that

/Qun(x) dx =0,

as R =0 and u,, is constant in A,, and in B,, we also have

;/An /An J(z,y)(un(y) — up(z dydx+/ / R(z,y)(un(y) — un(z))*dydx
= /B n /B G ) ) = 0 (0) Py =0

1t L2(0) # 0.

However, J or G could be zero as long as the support of R is large enough.
For example, assume that J = 0 and that the support of R is such that for every
x € A, there exists y € B, such that R(z,y) > ¢ > 0 with ¢ independent of n. This
condition holds for example when R is strictly positive in Q x Q.

Now, given a function u, we can consider w, = u, — ¢ with ¢ € R a constant
such that an w, = 0. Take a point x € A,,, a point y € B, such that R(x,y) > 0
and a small radius r such that R(z’,y’) > ¢/2 > 0 for every 2’ € B,(x) N A, and

but
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every y' € B.(y) N By,. Then we have

/ (2P’ < C / / R(@,y )lwn(y) — wnla')Pdy/da’
B, (z)NA, B, (z)NA,, JB,.(y)NB,

e [ e Py
B, (z)NB,

Using a covering argument we get
[ ten@Par <c [ [ R@ @) wa@Pdyda+C [ wa)Pdy
Ap A, /B, B,

Now, since [, wy, =0, from [1, Proposition 3.4] we have that

/ wa(y/) 2y’ < C / / G,y wn(y) — wala')2dy'da’.
B, B, JB,

Hence we arrive to

/ fw? = / fwn (a) P’ + / hwa(y/) Py’
Q A, B

n

<c [ [ RG.wwaa) - w)Pdyi
A, J By
+C’/ / G2, y)|wn(2') — wn(y')|*dy dz’.
B, J B,

In terms of u,, using that fQ u, = 0, we have that

/|un\2:min/ [y, — c|? S/ |w,, |
Q c€R Jo Q

<c [ [ Rl - )P
ATL B’Vl
e / / G,y (') — un (o) Py
B, J B,

This inequality implies that A, (Q2) > 0.

We prefer to state our results under the assumption (H) for simplicity.

On the other hand, if we have J = 0 but the support of R is small in the sense
that there is an open subset D,, C A, such that R(x,y) = 0 for every « € D,,, and
every y € By, then it holds that A, (£2) = 0. To prove this, just consider u, = xp,,,
the characteristic function of D,,, and observe that

/|un|2=|Dn|7éo,
Q
but
/ / R, oY un(a') — wn(y') 2y da?
A, JB,
+ / / G’ ) un(a’) — un(y) Py da’ = 0.
B, JB,

As a consequence of Lemma 4.1, we obtain existence and uniqueness of the
solutions of the Neumann problem (2).
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Theorem 4.2. Let W C L?*(2) be the closed subspace given by (4) and assume
conditions (H) under the non-singular kernels J, R and G. Then, for each f € W,
there exists a unique u € W satisfying equation (2) and being the minimizer of the
functional (3).

Proof. Let a: W x W — R be the following bilinear form

alu,v) = /A (@) /A I 9)(uty) — (o)
+ /A @) /B R, )(u(3) ~ )y

(37)
+ /B o(z) /A R, y)(uly) — u(z))dydz

n n

" / o(@) | Gla,y)(uly) - ulz))dydz.

n By

It is not difficult to see that a is continuous, symmetric and coercive by Lemma
4.1. Thus, it follows from Lax-Milgram Theorem that there is a unique u € W
satisfying

a(u,v) = /Qf(:z:)v(x) de, YveW

and each f € W given. Also, we have that the function u is the minimizer of the

energy (3).
Finally, we conclude that u is the unique solution of (2) since L*(Q) = W @ [1]

a

nd
/A" /A ety e s /A /B R(z,y)(u(y) — u(x))dydz
[ ] R - )y
+ /Bn 5. J(z,y)(uly) — u(z))dyde — /Q f(x)dz = 0.

O

4.1. Proof of Theorem 2.1. Now, we are ready to prove our homogenization
result.

Proof of Theorem 2.1. Uniform bounds.
It follows from (2) that

[ er@an= [ @ [ I o) —ul)dyds

n A,
[,
+ /B o) /A R, ) (tn () — 11n(2))dyde

n n

+ /B'n QD(:L') \/B” G(ma y) (un (y) — Up, (m))dydx

for all ¢ € L?(Q) and n > 1.
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Thus, if we take ¢ = u,, in (38), we get from Lemma 4.1 that there exists ¢ > 0
independent of n such that

1
il ey > 5 [ [ Iw9) ) = (o)
[ R ) — )Py
A’VL B"L
1
3 [ [ G i) wala) Py
> C||Un||2L2(Q)7
and then,
1
lunllz2(0) < E”fHLZ(Q) (39)

which means that [|u,[/z2(q) is uniformly bounded by a positive constant indepen-
dent of n.

Limit of equation (38) as n — oc.

Since the solutions u,, are uniformly bounded, it follows from (39) that x4, un
and B, U, are also uniformly bounded. Thus, there are u, ug € L*() such that,
up to subsequences,

XA, Un —ug and  xp,un — up (40)

weakly in L?(Q). Also, observe that

/XA,L(y)V(w,y)dy%/X(y)V(%y)dy
Q Q

and
/ x5 () V(& 9)dy — / (1— X)(y) V(z, y)dy
Q Q

for all z € R™ where V' can be any one of the kernels J, R or GG, and then, we have
by the Dominated Convergence Theorem that

/XAn(y)V(‘—y)dy%/X(y)V(-—y)dy
Q Q
(41)

and
/ x5, (1) V(- — y)dy - / (1- X)) V(- - y)dy
Q Q

strongly in L?(Q) as n — oo.
To pass to the limit equation in (38), let us rewrite it as

/Q of(r)dr = /Q XA, p(T) /Q XA, J (2, y)un (y)dyds
- / XA, P(T)un () / XA, J(z,y)dydzs
Q Q
+ /Q XA, () /Q X8, B(x, y)un(y)dyds

- / X, (@)un () / x5, R(z,y)dydz
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+ / XB,¢(x) / xXa, Rz, y)un (y)dydx
Q
x5, () un(2) / o, R(z,y)dyde
Q

B, () /Q XB, G (2, y)un(y)dydz

+
:o\o\:a\
>~

XB, P (T)un(z) /Q xB, G(x,y)dydz.

Taking in account (40), (41) in equation (42), as n — oo, leads us to

/anf(x)dx: /Xx m/J:EyuA( )dydx
/ z)ua(z /X J(z,y)dydzx
/X /QR z,y)up(y)dydz

/ o(@)ua(x) / (1 - X (1) R(z, y)dydz
Q

Q

+/Q(1—X(x (z /Rx y)ua(y)dydz

/ x)up(z /X R(z,y)dydx

+/Q(1—X(33 o(x /QG z,y)up(y)dydz
- [ e@un) [ (= X)GG.y)ydo

(43)

Now, we rewrite each integral of the right hand side of (43) as

/Q X (2)p(2) /Q Tz, y)ualy)dydz — / Dua( / X (y)J(z, y)dydz

(44)
:/w(fv)/ J(z,y) (X (@)ualy) — X(y)ua(z)) dydz,
Q Q

/Q (1 - X(@))p(x) / G, y)us (y)dyda — / o(@)up(x) / (1 - X(1))G(z,y)dyde
- / o(x) / G, ) [(1 - X(2))up(y) — (1 - X(y))up ()] dyd,

(45)

/Q X(2)p(x) / R, y)up(y)dydz — / o (@)ua(z) / (1— X (9)) Rz, y)dydz

+/Q(1—X(x))gp(x)/QR(x,y)uA(y)dydx—/ x)up(x /X R(z,y)dydz
— [ o) [ R [X@us) - 0 - X@)ua@
Q Q
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+(1 = X(@)ualy) — X (9)us(x)|dyde
= [ ¢ [ B[ - X@)uats) = (1= X)ua) (46)
+X (@)us(y) - X(y)up(@)]dyda.
Putting together (43), (44), (45) and (46), we obtain
f@p@is = [ pla) [ I (X@ual) - X(o)ua(z) dyds
Q Q Q
+ [ o) [ R [(1= X@)uats) ~ (1 = X@)uato) "
+X (@)un(y) - X(y)up(@)|dydz

+/Q<P(fv)/QG($7y) (1= X(z))up(y) — (1 = X(y))up(z)] dydz

which gives us the homogenized equation (7).
Limit for test functions x4, ¢.
Now let us consider (42) taking test functions as x4, ¢. Then, we have

/Q xa,of (@)dz = /Q o, o(@) /Q o, (@, ) () dyde
- /Q X 92 n(2) /Q xa, J (@, y)dydz
+ /Q xa.0(@) /Q x R(@,y)un (y)dyde

—/QXA"(‘O@C)””(JU)/QXB,LR(x,y)dydg;

for any ¢ € L*(Q).
Passing to the limit the above equation leads us to

| Xef@ie = [ Xpta) [ Japuats)yda
- [ e@uata) | X sy
+ [ Xpla) [ Rlapus(dyds

~ [ e@uate) [ (1= X)) R gy
Q

Q
Hence, due to (44) and (46), we get that

/ Xof(x)dz = / o) / J(,9) (X (@)ua(y) — X (v)uae)) dydz
Q Q Q

T / () / Rz, y) (X (2)un(y) — ua(e)(1 - X(y))] dyd,
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which proves limit equation (5).
Limit for test functions xp_¢.
Finally we consider (42) taking test functions x g, ¢. We have

/Q XB, pf(z)dr = /Q XB, () /Q XA, B(z,y)un(y)dydz
- [ xmp@unta) [ xa,Ble)dyda
Q Q
+ /Q xB, ¢(z) /Q X8, G (2, y)un(y)dydx
- / XB, P(T)un(z) / xB,G(z,y)dydx.
Q Q

Hence, we can argue as in 4.1 to get

0= x@yes@a = [

p(x) / R(z,y) [ualy)(1 = X (x)) — up(z) X (y)] dydz
Q

Q
+/930(96)/§2G(337y) [up(y)(1 — X(z)) —up(z)(l — X(y))] dydz

for all p € L?(Q).

Finally, we prove that the solutions to the system (5)—(6) are unique. For this
purpose, let (ua,up), (va,vp) € L?(Q) x L?(2) with Jofua +uplde = [{va +
vp }dx = 0 be two solutions of this system.

Set wqg =ua —v4 and wg = up — vp. Then, from (5) and (6) one has

0= / J (@)X (@)waly) — X (y)wa()dy
“ (48)
+ /Q R, )X ()wp(y) — (1 - X (y))wa(@)ldy

and

- / Rz, y)[(1 - X(2))wa(y) — X(y)ws(2)ldy
L (49)
+ /Q Gl y)[(1 - X (@))ws(y) — (1 — X(y))ws())dy.

Recall that we assumed that 0 < X < 1, then
{z€Q: X(2) =0} and {zeQ: X(2) =1}

have measure zero.
Now, define the test functions
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Considering (48), we have

wA

o) | [ e Xan+ [ B - Xy

:/QJ(.Q?,y)’LUA(y)dy+/§2R<x’y)w3(y>dy

Now, for § > 0 small enough, using the kernel given by (35), it follows from (36)
that

/ J (2, y) X (y)dy + / R(z,y)(1 - X(y))dy
Q Q

> / K(x,y)dy > / K(z,y)dy > colBs(x)| > 0
Q B (z)

where Bj(x) is the ball of radius J centered at x. Thus,
w A -1
o) = | [ S Xy + [ R - X))
Q Q
< ([ nwatmin+ [ Ramestidn).

and we conclude that wy € L?(1Q).

Using analogous arguments, from (49) we obtain that wp € L?(Q).
Multiplying (48) and (49) by w4 and wp respectively, and integrating in Q, we

get
0= [ (5) @ [ Twanx@x) [(52) o) - (5) @] duda

+/Q (%)@ / Rz, y)[X (@)ws(y) = (1 = X(y)wa(w)ldydz

and

We can rewrite the above equations as
1 WA wA

0= =5 [ Ienx@xm ()0 - (5) @] s

1-X(y) o
# [ R [uateunt) - 55 ko) ds

and
_ X(@)
0= [ Rl [oatoun) - 1oy )] avas

1 G(z,y)(1 - X (2))(1 - X(y))

2 QxQ 2
() - (222 0] e
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Finally, we sum the previous equalities to obtain

wA

0=5 [ Jenx@xm[() 6 - (5) @] dua

* szxszR(x7y)<1 ~ X)) X(@) [(1133)() (y) — (%) (x)rdyda:

v3 [ G- x@0-xm) |(12%) 0 - (72%) <x>]2dydx-

QxQ

This implies that

w A - ﬂ _ wp _ wp

Hence we can conclude that there exists a constant ¢ such that

w A wp
X(ac) 1_X(J:) c a.e. T €

Since
0= / (wa +wp)dx = / (X +(1-X))dz=c|Q
Q Q
we obtain that ¢ = 0, and then, ws = wp = 0 in 2 finishing the proof. O

Remark 3. Notice that we used that 0 < X < 1 only to prove the uniqueness of
the limit (u4,up). Without assuming 0 < X < 1 we still can pass to the limit
along subsequences.

4.2. Proof of Corollaries 1 and 2. Now we consider the extreme cases X (z) =0
or X(z) =1 proving Corollaries 1 and 2.

Proof of Corollary 1. Suppose X (z) = 0. From the limit equation (5), we get that
uA(as)/ R(z,y)dy =0, ae. z€.
Q

Hence, as fQ R(z,y)dy is a strictly positive function, we have that
ua(z) =0a.e. x €9, (50)

which leads us to the limit equation

/Q f(@)p(x)dr = / o(x) / G ) (up(y) — up()) dyde (51)

where up € W is the unique solution of (51).

Now, let us show that u,, — up strongly in L?(Q). Due to Lemma 4.1, we have
that there exists ¢ > 0, independent of n such that the bilinear form « introduced
in (37) satisfies

cllun — uBH%2(9) < a(up, —up,un —up) < altn, uy) — 2a(un,up) + alup, ug).

(52)
Also, since u,, satisfies (2), we know that

a(un,un):/fundx — /f(uA+uB)dx:/fuB as n — 0o,
Q Q Q
(53)
and  a(un,ug)= [ fupdr Vn.

Q
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On the other side, we can pass to the limit in a(up,up) as in (43) obtaining

n—oQ

tim a(upup) = | Xahup(a) [ I X @) un(s) — up(e)dyds
+ [ X@un(e) [ Reas)( = X)) ()~ un(e))dydo
+ [ = X@)us(@) [ Rl X ) us) = us()dyds (54)
+ [ (1= X@)unte) [ 61~ X)) waly) - un(o))dyda

= [us@) [ Getust) ~ un(@)dyde = [ funda

since X (z) =0 for all z € Q and up satisfies (51).
Thus, it follows from (50), (52), (53) and (54) that

0<c lim ||u, — uB||2L2(Q) < / fupdx — 2/ fupdz —I—/ fupdx =0
proving the corollary. O

Finally we observe that the proof of Corollary 2 is quite similar to the one of
Corollary 1 and then is left to the reader.

4.3. Proof of Theorem 2.2. Here we give a proof for Theorem 2.2 which sets a
corrector family to the solutions of the Neumann problem (2).

Proof of Theorem 2.2. Let a be the bilinear for given by (37). First we notice that
Wy, — fQ wy, € W. Hence, as a is a coercive form by Lemma 4.1, we know that there
exists ¢ > 0 such that

2

un—<wn—/wndx> Sa(un—wn—i—/wn,un—wn—i—/wn)
Q L2(Q) Q Q
S a(un — Wnp, Up — wn) + 2Cl (un - wnv/ Wn) + a (/ wna/ wn)
Q Q Q

S a(un — Wn, Un — wn)

c

since fQ wy, is constant. In this way, we will conclude the proof, if we show that
a(Up, — Wy, Uy —wy) = 0,  asn — 0.
Recall that

XA, UA XB,UB

_ XA,UA  XB,UB
a(Up — Wiy Uy, — Wp) = @ | Uy — —

X 1-x "7 X 1-X
_ B XA”UA) B XB,UB (XA,,LUA XA,,LUA)
a(tn,un) — 2a (un, X 2a (un, IX) +a X ' X (55)
XA, UA XB,UB XB,UB XB,UB
2 n n n n .
+a< X ’1—X)+a<1—X’1—X>

We will pass to the limit in each term of the right hand side of the previous
expression. The first three terms are easy to compute. As n — 400, since u,
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satisfies (2), we get

a(unvun):/ﬂfundx — Af(uA+uB)dxv

a(un, XA)"(uA) = / fXA)"(uA dr — /quA dr, and (56)
a <un, ﬁB_”Z?> = fﬁB_; der — A fupdz.
Next, we observe that
) / e
o, e / <“ o < )i

n

Recall that x4, () =0 in B, and then, we obtain

a(XAnuA XAnuA)
X X

= [t [ e (M) - M0 g

n

2
XA, %A /
— —=(z R(z,y) dydx.

Thus,
. XA, UA XA,U
Jim o (4572, 2452)
:/QUYA(I)/QJ(LZJ) (X(#)ualy) — X(y)ua(z)) dydx (57)

- [ 5@ [ Rl - X@)ua) dyd

We can argue in analogous way to obtain that

. XB,YB XB,UB\ _ up
lim a<1_X, 1_X> | 125 @) [ R Xuno) dyds

) [ Glar) (1= X(@)unts) (1 = X(1)up(o)) dyda.
(58)
Next, we see that

a XAHUA XB,UB
X '1-X

- [ ) [ R (325200 - 322 ) dys



2804 M. CAPANNA, J. C. NAKASATO, M. C. PEREIRA AND J. D. ROSSI

XA, YA A XB,UB, \ XB,UB
+/ / Rwy)(l_X(y) 1_X(SC)>dyda:
:/ XA"UA / Rz XB,L B( ) dydz

since xa, (z)xB, (¢ ) =0in Q. Then,

. XA, YA XB,UB'\
lim a< i 1—X> —/QuA(x)/QR(x,y)uB(y)dydx. (59)

n—oo

Therefore, we can conclude from (55), (56), (57), (58) and (59) that

lim a(w XA, UA XB UB ” _ XA,UuA  XB,UB
fares " X o X 1-X
u
/ fuada + / A / J(@,9) (X (@)ualy) — X (y)ua(z)) dyds

+ [ 2@ [ R (X@up) - (1= X@)ua) dyds

—/ fupdz
Q
up

z) / G, ) (1 — X(@))up(y) — (1 — X(9))up(x)) dydz

z) / Rz, 5)(1 — X(2))ualy) — X (y)up() dydz
=0

since u4 and up satisfy (5) and (6) respectively, and X satisfies (8). Consequently,
we obtain (9) from Lemma 4.1. O

5. The Dirichlet problem. In this section we discuss the proofs of the results
concerned to the Dirichlet problem (10). As for the Neumann case, we start by the
analysis of an eigenvalue problem that is needed to obtain existence and uniqueness
of solutions.

Now, let us consider the generalized eigenvalue for the Dirichlet problem (10)
which is necessary to show uniform estimates. We introduce

(A, B,V)w = /A /B V(e 9)(w(y) — w(z))dydz

which is set for any open bounded sets A and B ¢ RY, V € C(RY,R) and w €

L2(RN).
We consider the following quantity
1 D(A,, A, J 20(A,,B,, R ®(B,,B,,G
A(Q) == inf ( Ju+ 22( - Ju+ & 60
2y € Whpir Hu||L2(Q)
u#0

where Wp;, is set in (11). We have the following:

Lemma 5.1. Let {\,(Q)} be the family of values given by (60). Then, there exists
a positive constant ¢ such that

A () >¢c, Vn>1
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Proof. We can argue as in the proof of Lemma 4.1 obtaining the result as a conse-
quence of [1, Proposition 2.3]. O

Now, we can see the existence and uniqueness of the solutions to the Dirichlet
problem (10).

Theorem 5.2. Let Wp;, C L2(RY) be the closed subspace defined in (11) and
suppose that the condition (H) holds for the non-singular kernels J, R and G. Then,
for each f € Wpy,, there exists a unique u € Wp,, satisfying (10) and being the
minimizer of the functional (12).

Proof. The proof is quite similar to that one given for the Theorem 4.2. One can see

that it is a consequence of Lemma 60 applied to the bilinear form d : Wp;,. X Wps —
R defined by

d(u,v) = /A o(z) /A J(,y)(uly) — u(z))dydz
+ /A (@) /B R, ) (u(y) — ) s
+ /B (@) /A R, ) (u(y) — ) s
+ /B o(z) /B G, ) (uy) — ulz))dydz.

n n

5.1. Proof of Theorem 2.3.

Proof of Theorem 2.3. The proof is analogous to that one given to Theorem 2.1.
We briefly describe the steps. First, let us write the variational formulation of (10):
for all ¢ € Wp,, and n > 1 we have

/Q of (x)dz = /A ole) /A @ 9)0n(9) — )y
+ [ @) | R@,y)(un(y) — un(x))dyde
e,

4 /B () /A R(z,y) (un(y) — un(2))dydz

+ /B ole) /B G ) (s) — o)y

Uniform bounds.

It follows from (61) taking ¢ = u,, and Lemma 5.1 shown below that there exists
¢ > 0 such that [Ju,|/z2@q) < cforalln > 1.

Limit of equation (61) as n — oo.

Using the fact that the solutions w,, are uniformly bounded, we have that x4, un
and xp, U, are uniformly bounded. Therefore, there are ua,up € Wp;, such that,
up to subsequences,

XA, Un —ug and  xp, U, — Up (62)
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weakly in Wp;,.. Moreover, as in (41), we have for V = J, R or G that

/ XA, W V(E—ydy— | X(y)V(-y)dy and
o = (63)

[ oo @Ve=ni= [ 0=X6 V6=
strongly in L2(€2) as n — oo.
Next, let us rewrite (61) as follows:
[et@ar= [ xa@et@) [ T, Wiz
- [ @e@un@) [, @)@y

+ [ xa@ete) [ RGas, 0)u()duds

(e [

R

=

N

- | XB. (y)R(x,y)dydx

N

+

T~ —r— i

xB, (@)p(z) | R(z,y)xa, (y)u.(y)dyde

N RN

X p@hin@) [ xa ) RG.p)dyda

N

X, (@p(o) [ Gl xw, ) )iy

+

N

o, (@p()un(@) [ o, )Gl )dds

Hence, with the convergences (62) and (63) in hand, one can proceed as in (47) to
get

/ f(@)p(@)dz = / o(@) / J(2,y) (X (@)ualy) - X ()ua(z)) dydz
Q RN RN
+ [ @ [ Rep[0-X@hua) - (0= Xw)ua@)
X (@)up(y) — X(y)up ()| dydz
n / @) [ G (= X@)un(y) - (1= X(0))up(w)] dyda.

Limit for test functions x4,¢ and xp, .
One can proceed as in (4.1) obtaining

/Q Xof(z)dz
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and

for

0= X@)er@is
= [ #@) [ B a0 = X (@)~ up(a) X ()] dyda

+ [ o) [ |Gl usl)(1 = X(@) — un(e)(1 = X ()] dyda
all o € Wpyp. O

Here we prove Corollary 3. We deal with the particular partition of the RY in

which take YA, — 1 as n — oo.

Proof of Corollary 3. Since yA, — 1 as n — oo we have that X = 1 in RV,
therefore from equation (14) we get that

XB, Un — ug =0,

and then from (13) we obtain the limit equation

f(@)p(x)dx

RN
— [ @ [ Iwpuaidvds - [ p@ua@ [ Iwpdyds

RN RN RN RN

Finally, one can proceed as in the proof of Corollary 1 to get

||un_UAH%2(Q) — 0, asn— oo.
O

5.2. Proof of Theorem 2.4. The proof of the result concerning correctors for
the Dirichlet problem follows the same steps as in the proof for the Neumann case,
Theorem 2.2, and hence it is left to the reader.

i
2
3
4
5
6

7

8
9

10
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