





The purpose of this work is to study wild finite vectorspace categbries
imersed in directed components. We can show that some of those cate-
gories contain full subcategories from those listed by N. Marmaridis in [M1].
Besides, as the category number VII of [M1] can be assumed not to be path
incomparable, we obtain the following result:

Let B be a tame algebra with gldimB < 2 and M an indecomposable module
in C, where C is a directed, standard, tree type component of the Auslander-
Reiten quiver of B such that the vectorspace category IK = Hom(M, B —
mod) = Hom(M,C) is finite. If KK contains, as a full subcategory, one of
the categories of the list below then gp(py) is strongly indefinite.
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3){IX|,1Y1}; where
I X =Y ll= dimgHom(|X|,|Y]) = 2

with Hom(|Y'],|X|) = 0 and such that Hem(|X|,|Y]) is given by one of the
following bases:

Bl{[}] 2},-0 0-} (category B)
Bz{[(l) g},-o OJ} (category D)
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B3{[O 0],- 0 } (category DOP)

with respect to some chosen bases of | X| and |Y/|.
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Il All=1, [| X |=| Y ||= 2 with the morphisms given by: _
10 00 00
oof’fro|’|01

X+ A01,0eA—Y( ), thatis, there exist U € PI(X), V in P\(Y)

such that |o|(U) C V V]g| : |X| = |Y| and ker(X — A) = U, Im(A =
Y)=V.
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with || X |=2, || Z ||=1, Imlgi| = U € P(X),
Hom(|Zi],12;]) = 0, Vi, 3.

Or

'8

YA

Z3

with || X |=2, || Z; ||=1, Vi.
Im || = Im |po| = U € P}(X)
Hom(|Za], |Z]) = Hom(|Z4|, |Zs]) = Hom(|Zsl, |Za]) =
Hom(|Za|, |22]) =0 and dim Hom(|Z, |X]|)=1.
We begin now to recall the concepts and results that are the background
of this work.

Theorem 1.1 ( Drozd)[CB] If A is a finite dimensional k-algebra then A is
tame or wild, but not both.

See [CB] for the definitions.

Definition 1.2 [R1] A vectorspace category (I, | |) is given by a Krull-
Schmidt k-category K and a faithful functor | | : K — mod k.

Given a vectorspace category (IK, | 1), its objects (resp. the morphisms) are
usually considered to be the objects (resp. the morphisms) of the image of
| |, and the subspace category U(IK), is defined as follows: the objects are
triples (X,U,¢) with X € ObjK, U a k-vector space and ¢: U — |X|,
k-linear. The morphisms (X, U,¢) = (X',U’,¢') are the pairs (@, 8) with
B: X =+ X'in K, & : U = U’ k-linear and such that |8]p = ¢'a. Clearly,
any object of #(IK) is isomorphic to a direct sum of a triple (X, U, ¢) with
¢ : U = | X] injective and copies of (0, k, 0).



Definition 1.8 [R1] A k-category K is schurian if Endk (X) & k for any
X € ObjK, X indecomposable.

Lemma 1.4 [R1] Let K be a schurian vectorspace category. If K is of
finite representation type then every indecomposable object has dimension
1. If K is not wild then every indecomposable object has dimension at
most 2, and moreover, if X,Y are indecomposables with dim|X| = 2 then
Hom(X,Y)#0 or Hom(Y,X)#0.

A schurian vectorspace category whose indecomposable objects have dimen-
sion one, corresponds to the additive category of a poset add kS. In this
case, we have:

Theorem 1.5 [R2] (Nazarova)The poset S is of wild representation type if
and only if S contains a full subset of the form: (1,1,1,1,1), (1,1,1,2), (2,2,3),
(1,3,4), (1,2,6) or (N,5). Moreover: if § is not wild then S is tame.

Definition 1.6 [R1] , o
The one-point extension of the algebra B by the module M is the algebra

A:B[M]E[g f]

with the usual operations of matrices.

The B[M]-modules can be identified with triples (X,U,¢) where X ¢ B-
mod, U is a k vectorspace and ¢ : U — Hom(M, X) is k linear.

For more details we refer to [R1).

If B has finite global dimension then gldim B[M] =
maz{gldim B, pdgM + 1}. Moreover, B-mod is a full, extension closed
subcategory of B[M]-mod.

It is known ([R1]) that the representation type of B[M] depends on the
representation type of B and of % (Hom(M, B — mod).

2 Comparing cuadratic forms

In this section, we assume that B is such that gldimB < 2, then for any
B-module M we have gldimB[M] < 3. Hence we would be able to relate
the Euler and the Tits form for A = B[M]

Definition 2.1 [R2]

Let Cp be the Cartan matrix of B and let z and y vectors in Ko (B). Then
we have a bilinear form <, >= zCETyT, where the corresponding quadratic
form xp(z) =< z,z > is called the Euler form of B.

This bilinear form <, > has the following homological interpretation:



Lemma 2.2 [R2] Let X and Y be B-modules then
< dimX, dimY >= Fyso(~1)'dimsExth(X,Y).

Definition 2.3 [Bo] The Tits quadratic form is given by:

gB(%1, 22, 1 T1) = Lieg, &7 — Lijeqo Ti-5-dimp Etp(S;, 5;)
+ Zi,jeQu z,'.a:j.dimkEa:tzB (Si,S5)

By [R2] the Euler form of A = B[M] can be calculated in terms of x5:
let X be a A-moduile and consider: C

dim4(X) = dimg(Y) + n.dim,(S.), where e is the new vertex, then

Xa(dimX) = (dimX)C; " (dimX)~T =

xB(dimY) + n? — n < dimM, dimY >p=

xB(dimY) + n? ~ n(dimiHomp(M,Y) — dimyExtp(M,Y) +
dimyEzth(M,Y))

On the other hand, using Bongartz result (see [Bo]) that if gldimB < 2
then xB = gB, its Tits form is computed in following:

qA(zI) T2y 000y TY n) =

gB(21, T2, - 21) + 1% — Tjeq, 7.2 (dimrExty(Se, S;) +
dimyExt} (Sj, Se)) + 2jeqo 1.z (dimpEwt}(Se, 55) +
dimyEzt? (S;, S.))

Comparing, we have:

Proposition 2.4 With the above notation:
x4(dimX) = ga(dimX) — n.dimEzth(M,Y)

The main motivation for our work is the following theorem of De la Pefia

Theorem 2.5 (De la Pefia)[P1]
If B is a tame algebra, then gp is weakly non negative.

3 Directed Modules

In this section, we assume that gldimB < 2 and we suppose that C is a
directed, standard, connected component of tree type (see below) of the
Auslander-Reiten quiver of B and M is an indecomposable B-module in C,
such that Hom(M, I) = 0, for all indecomposable injectives I that are not
in C. In this case, the vectorspace category K = H om(M, B — mod) =
Hom(M,C) is finite and schurian.

We will study cases in which K is wild. Our results extend, in some
sense, the list given in [M1]. For M a good decomposable B-module, the
result follows from [MP].

Definition 3.1 [MP] Let C be a preinjective component of T'y. The orbit
quiver O, (C) of C is defined as follows: The vertices of O-(C) are the 7-
orbits I7 of the indecomposable injectives of C. The arrows are determined



as follows: comsider I, € C, with 1./S. = @Y;. If Y; belongs to the r-orbit
of the injective I;, we put an arrow from I7 to I7.
We say that C is of tree type if the graph of the orbit quiver is a tree.

Definition 3.2 [M1] Two subsets L and L’ of indIK are said to be path-
incomparable if for every |X| € L and |Y| € L', there is ne path in C from
X toY orfrom Y to X.

Initially, let us write down some preliminaries results.

As in [M1] we denote by 0 the objects of KK that have dimension two
and by M the objects of dimension greater than or equal to three. Let us
recall the list A of vectorspace categories given in [M1]

A:(lvlrl’lvl)) (1)1a112)’ (212v3)) (1i3’4)’ (17216) (N7'5) or ( U .) 3 (.)
Finally, let us denote by || X || the dimension of the object | X| € K, i.e
I} X ||= dimiHomp(M, X).

Theorem 3.3 [M1] If the preinjective component C of the Auslander-Reiten
quiver of B is of tree type and if the category ind K contains, as a full sub-
category, one of the categories L of the list A with its connected components
of L being path-incomparable, then the Euler form x, is strongly indefinite.

Proposition 3.4 [MP] Let C be a preinjective component of I'g of tree
type. Let v : Xo = - - - = X, be a sectional path in C. Let
6:77"Xo = 7™ X, be a path with n,m > 0. Then n =0=m and § = 7.

Lemma 3.5 [MP] Let C be a preinjective component of T'g of tree type.
Let v: Xo = ---X,_; = X, be a sectional path in C with s > 1.

Assume that there exist a module M € C and paths:

M ~f,>Xo and A ~1~Y——X, with Y # X,—1. Then X; is not
projective, for 0 < i < s.

The above results, that were stated for preinjective components, remain true
in this context, that is, for C a directed, standard, connected component of
tree type.

Theorem 3.8 [MP] Let B a tame algebra and M a B-module. Suppose
that M is a good relative preinjective of tree type and that

dimy; Hom(M, N) <1 VN € I'g. Then A = B[M] is tame if and only if
g4 is weakly noh negative.

We begin to prove:

Theorem 3.7 Let B be a tame algebra with gldimB < 2, M a inde-
composable B-module in C where C is a directed, standard component
of tree type of the Auslander-Reiten quiver of B and suppose that K =



Hom(M, B — mod) = Hom(M,C) is finite. If IK contains as a full subcate-
gory, one of the following categories:

a) {|X|} with || X ||= dimg[X| > 3

b) {|X1,|Y|} with dimg|X|=2, |Y|# 0 and

dimzHomg (|X |, |Y1) + dimgHomxk (Y], |X]) = 0

c) {|X|,|Y|} with dimi|X| =2, dimg}Y|=2, and

dimzHomg (| X|, |Y]) + dimgHomk (|Y], | X]) =1

then g is strongly indefinite.

To prove the theorem we need some preliminaries results:

Lemma 3.8 Let KK be a category as above and suppose that IK contains
as a full subcategory L one of the categories of the list A. Assume that the
connected components de L are path-incomparable. Then gg[as} is strongly
indefinite.

Proof. Consider the dimension vector z given in [M1].q

Proposition 3.9 Let K be a vectorspace category as above and X, Yy in
C such that || Xo ||=2, || Yo |l # 0 ,Hom(]Xo|, |Yo|) = 0 and suppose that
there exists a path in C, § : Xo — Yp. Then K contains a full subcategory
L of the list A’

Notation We call list A’ the list given by the categories of A plus ( 00 )
and such that the connected components are path incomparable.

Proof. (by induction on the length of the paths). Suppose that there exists
a path § : Xo — Yo, with Hom(M,8) =0=[6]. Let n =1(8). Forn=1, 4
is an arrow. As |§] = 0, § is an epimorphism, and we can consider the ARS
that ends at Yp. Let us call Z = Xy ® Z; the middle term of the sequence.
Since we have g : M — Yy, |g| # 0, and g is not a split epimorphism, g
factors through a direct summand of Z, different of X, say Z; for some 1, in
this case | Z;| # 0, and we can consider the path incomparable subcategory
{1 Xol, 12}

Assume the result is true for length of &, /() less than or equal to n. We
can assume that ¢ : M — Yp is an epimorphism, in fact if M — @Y; N
Y, with Im g = @Y; then, by induction hypothesis we can assume that
Hom(|Xo|, |Y;]) # O for some i. But, in this case, Hom(|Xo|, |Yo|) # 0,
a contradiction. Now, considering the ARS ending in Y5. As g is not a
split epimorphism, there exists Zo an indecomposable direct summand of
the middle term of the ARS ending in Yp, such that |Zg| # 0. So, if there
is no path Xo — Zo, we have Xq and Zo path-incomparable. If there
exist a path &' : Xg — Zp with Hom(|Xo|,|Zo]) = 0, we can apply the
induction hypothesis. We can assume that there exists a path &' : Xo — Zp,
with |6'| # 0 and |6| = |B6'| = 0, since § : Zo — Yo. Then |f] is an
epimorphism and dim|Zg] > 2 because we have two morphisms from M



to Zo; ¢’ with Bg’ # 0 and & fi with B&'fi = 0, linearly independent, for

fi : M = Xp. If there exist another Z;, with |Z;| # 0, then Zp and Z; are

path-incomparable. Assume that |Z;| = 0 Vi # 0 and so @; : 7Yy —+ Z; is an

epimorphism for all i # 0. Observe that ¢’ : M — Z, cannot factor through

Y. Indeed, suppose that there exists ¢ : M — 7Yp with ap = ¢'. In this

case fap = B¢’ = g but |fe| = _¢Zo|[3,'a.-| and since Hom(M, Z;) = 0 (Vi #
%

0), |Ba| = (T Biai)p| = 0, a contradiction. Then there exists a direct
i#0

predecessor of Zy, say T with |T'| # 0, T # 7Yp and h : M — T such that
g’ = #'h. On the other hand, & : Xy - Z is such that |§’| # 0 but [86’| = 0
and the function &'(f;) factors through the kernel of (8,81, - -, ), that is,
[TYs| # 0. We can assume that there exists vy : Xo =+ T, |7| # 0, by our
induction hypothesis. Consider first the case where T is indecomposable.
There are two morphisms from M to T: ¢ fi, with 88'vf; = 0, and h with
pf'h=g'. Since B(0'h) = B¢’ = g # 0, 7f; and h are linearly independent.
We have also || T ||> 2 and T and rYo are path-incomparable. Consider
thecase T =1 ® Tz and || Ty ||=|| T2 ||= 1. As |tYo| # 0, we can
assume that || Yp ||= 1. In this case | 7Yp ||= 1, and suppose that g’
factors through Tj. Assume that there exists v ; Xo — Ty with |y] # 0,
but Im|y| =< h >= |T}| and @'k = A’. In this case 8f'h = g # 0 then
Hom(|Xo|, [Ys|) # 0 a contradiction, so Hom(|X,|, |T1|) = 0 and we can
apply the induction hypothesis.q

Corollary 3.10 With the above hypothesis, gp[as is strongly indefinite.

Proof. It is enough to consider the case where X, Y are path-incomparable
and || X ||=|| Y ||= 2, but, in this case gg[an(dim X +dim Y +dim S.) =
~1l.g

Lemma 3.11 Let K be a category as above and suppose that K contains
the following subcategory where || X H.- 2, || E; |[=1and f; is an irreducible

morphism.
E,
h

/7 By
y
fs
N
Ja
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_ Eq
Then KK contains a full subcategory path incomparable of the list A’.

Proof. We are going to show that if IK does not contain one of the cat-
egories, path incomparable, of the list A’, then this subcategory repeats
itself. Suppose that || X ||= 2 and || E; ||= 1. Then |f;| is surjective
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or zero. By 3.9, we can assume that |f;| # 0 Vi. Then f; is an epimor-
phism, E; is not projective and we can consider the ARS that ends in Ej:
0 — 7E; — X @ W; — E; — 0. If, for some i, there exists W; with
|W;| # 0, then {|X|, |Wi]} is a category of the list A’, path-incomparable. So,
we assume that |W;| = 0 for all i. But, in this case || 7E; ||= 1 and by 3.4, X
is not projective and we consider the ARS that ends in X. Again: if there ex-
ists W with [W|#£0,0 — 7X — WerE,OTE,STE:®TE; — X — 0
then || 7X ||> 3 and {|7X|} is a path incomparable subcategory of the list
A’. But, if there does not exist W in this conditions, the subcategory repeats
itself.n

Proposition 3.12 Let KK be as above and suppose that I contains, as a full
subcategory, L = {|X|, Y]} with || X ||=|| Y ||= 2 and dimHom(] X}, |Y]) =
1, then gpyay is strongly indefinite

Proof. We want to prove that either IK contains a subcategory of the list
A’ path-incomparable or there exist X,Y € € such that Hom(M, X) # 0
and Hom(M,Y) # 0 and

dimzHomp(X,Y) —dim; Ext! (Y, X)+d1mkExt2(Y X) =1, and that, in this
case, the Tits forms is strongly indefinite.

1) Suppose that X,Y € C are such that || X ||=|| Y ||=2 and
dimyHom(X,Y) — dim,Ext! (Y, X) 4+ dim;Ext}(Y, X) = 1 where S, is the
new simple injective in B[M]. Then ggp(dim (X2@Y ® 82)) = ~

2) We will see that either we have 1) or K contains a full subcategory path-
incomparable of the list A’. Let us consider L = {|X|,|Y]} with || X ||=

| Y ||=2 and dim Homg(|{X|,|Y]) = 1, then there exist a path § : X = Y
with |§] # 0. We can assume, by 3.4 that & is non sectional. If I(§) = 2
then X = 7Y and considering the ARS 0 — X — F — Y — 0 since
|8] # 0, |E| is not indecomposable (in K). Counting dimensions, if £’ has
three or less summands, E = Ey ® E; © E5 with |Ei| # 0, there exist one
of them with dimension 2 or 3 (say E;) then {|Ey|,|E2|} ( |E3] # 0) is a
category of the list A’ path-incomparable.

We can assume E = E) @ E; ® Ea @ E4 with || E; ||=1, but in this case
by 3.11, KK contains a subcategory path incomparable of the list A’. Now
we proceed by induction in 7, with n =1(8) > 2, with 6 : X — Y given by
a non sectional path, |§| # 0, || X ||=] Y ||= 2 and dim;Hom(| X|,[Y]) = 1.

Let us consider:

X;
7/ N
5:X=Xo—)X1—}"'Xj_1 Xj+1—)"'—>X,._1—+Y

and let us assume that X;_; = 7X;4; and Xj4; — --- — Y is sectional.
We can assume that there exists Y’, predecessor of Y with Y’ # X,,_; and
Hom(M,Y") # 0. In this case || Xn_1 ||< 2 and we have the path

/

X —71Y Y . Let us consider the ARS that ends in Y:
N



0 —717Y — E— Y ~— 0 with E = @F; a decomposition into inde-
composables. We can assume that || E; |[= 1 for any 4, so there exist at
least two different direct summands with |E;| # 0, g; : E; =+ Y, |gi| # 0.

Moreover | E]| dol, |Y| is surjective, and we can assume that Im|g;| # Im|g|.
By 3.9 we can assume that Hom(|X|, |Ei]) # 0,for i = 1,2, But, in this case
dimHom(|X|, |Y]) > 1, a contradiction.a

Notation: Denote by A* the list given by A, plus the categories

(0—0y, ¢ 00yanda ¢ O+

Lemma 3.13 (Merklen) Let IK be as above and assume that K contains
the following subcategory A =3 C where || A ||=|| C ||= 1, |a] = 0, and a an
irreducible morphism. Then KK contains a full subcategory of the list A,
path-incomparable.

Proof. We are going to prove that if IK does not contain a subcategory of
the list A*, path incomparable, then the category repeats itself.

As a: A — C is an irreducible morphism, a is an epimorphism and C
is not projective.

Let us consider the ARS that endsin C: 0 - 7C 5 A@B > C — 0.
Then for any h : M — C, h factors through A ® B. As |o| = 0, then
|l B ||# 0. If |B| is indecomposable and dim|B| >. 2, then {|B|,|4]|} is a
full subcategory of the list A*, path-incomparable. If | B| is indecomposable
and dim|B| = 1, considering the morphisms: 8 : B = C, v: 7C = A,
§ : 7C — B, by the mesh commutativity, then: |ay| = |36] = 0. But |8] # 0,
|8] is an isomorphism, so [§] = 0. But in this case, § is an epimorphism, B is
not projective, and we begin again. Let us suppose that B is decomposable.
We can assume that B = B; @ B, with |B;] # 0, then considering the
morphisms: By : 7C = A, fi :7C =5 B;, ¢ : A5 C, a; : B; = C,
we have: || 7C ||= 2 and by the mesh commutativity |a;81] = |o208;| then
ker|1| = ker|B2|. Since || 7C ||= 2, and || B; ||= 1, two situations can occur:
either |8;| = 0 and in this case, we have the result by 3.9 or |3;] is surjective,
and we consider the ARS thatendin Aandin B;: 0 9 TA > 1C O W,y —
A—>0,0—7B; -5 1C®W; - B; - 0. If there exists W with |W| # 0,
then {|rC|,|W|} is a category path incomparable. Let us suppose that there
does not exist such a W, then

TA A
[ Yo Bo
5 N %
¢ 2 B M oc B B2y
62 Y2 B2
N S hV
TBz 32

Let us observe that Hom(|7B;|,|C|) = 0 because ker|8;| = Im|y;| and {a] =
0. So the path from 72C to C passing through 74 is equal to the path

10



passing through 7B; @ 7B; and so is zero. But, moreover, Im|y,| = Im|v;|
and Im|ye| # Im|y:|, because there are two morphisms from M to 7C that
factor through 7A@ rB; @ 7B,. But |y0do| = [1161 + 7283),

Im|yodo| C Im|y18y + 7282| = Im|yi| s0 |y0d0| = 0. As || 7C ||= 1 and
|70l # 0 by construction, then [§p] = 0 and the process repeats.q

4 Proof of Theorem

It is enough to consider the case where there exists a path

Y ~Le X with |8} = 0 and we can assume that || X ||= 2 and (by 3.9)
'Y ||= 1. Again, we prove it by induction on n= maximal length of paths
between ¥ and X such that || Y ||= 1, || X ||= 2 and Hom(|Y],|X|) = 0.
Let n =1, § : ¥ — X an irreducible morphism. As |§] = 0, then X is
not projective and we can consider the ARS: 0 — 71X — Y@ Z —
X — 0. The morphisms M — X factor through Z (Z indecomposable
or not) and then dim|Z| > 2s0 [ Y & Z ||> 3 and |7X]| # 0. If for
some Z; indecomposable direct summand of Z we have || Z; ||= 2, the
category {|Y|,]Z;|} is path incomparable. So we assume Z = Z,HZ; - - - with
dim|Z;] = 1. Let us consider g : M — Y, since |8 = 0, g factors through 7X.
On the other hand, since |TX| # 0 and || Z; ||= 1, then the |oy| : |7X| — | Z;]
are such that either |a;| = 0 for some i or |a;] is surjective for all i. Let us
suppose that |a;] = 0 for some i. Then by 3.9 or by 3.13 we have the result.
Let us suppose that we have || surjective for all i. By 3.11 we can assume
that || 7X ||= 1, in this case any morphism M — Z; factors through
7X. Let 8; : Z; - X be an arrow. By the commutativity of the mesh,
|87 + Bray + Bacg| = 0 = |Bra; + Paaz|, and in this case, Im|G;| = Im|Gg].
But then, there are two linearly independents morphisms from M to X that
factor through Y @ Z, a contradiction. Now, we proceed by induction, let us
suppose it is true for a maximal path of length less than n, and let us assume
§ is a maximal path oflength n: §: Y=Y 2 VY1 2 --- =Y, Iny X with
|8] = 0. If || Ya ||= 2, and |f,| # 0, we have the result by 3.12 and if |fn| =0
by 3.9. So we can assume that || ¥, |[< 1 and, by 3.5 we can consider the
ARS: 0 - 7X — Y, ®@E & ---— X — 0. By 3.12, or by 3.11 we can
assume that || X ||< 1. Consider now the origin of the path. We have the
following possibilities:

Din =1
2) | 1 |l=2
3) My fj=0.

Let us consider 1) Y =Y, LN Y, if | fo] = 0 we have the result by 3.13. If
|fo] # 0, then |f| is an isomorphism and so Hom(|Y|,|X|) = 0 and we apply
the induction hypothesis.

Case 2) || Y1 ||= 2. If dim Hom(]Y3|,|X|) < 1 we have the result by 3.9 or
3.12, so we can assume dim Hom(|Y1[,[X]|) > 2. Let Y3 be a direct successor
of Yi, if || Ya ||= 2 we have the result by 3.12. So, let us assume that all

11



successors of ¥; have dimension less or equal 1.
Let us consider two situations:

2A) Y} non injective

2B) Y; injective

2A) We can consider the ARS: 0 — Y] -5 T10T2®--- — 71V — 0
where |o] is injective, and there exists some summand T; with || T; ||= 1,
and we apply the induction hypothesis.

Let us see 2B, Y; is injective, but Y is not projective. Let us suppose
first that |7Y;] = 0. In this case, there exist W and T direct predecessors
of Z and Yj respectively with [W|#0, |T|#0. If || T l|I=2, {|IT|,1Z|}is a
category path incomparable. Let us suppose that || T’ ||= 1. Since the path
§ is maximal, there exists §' : T — X, a non zero path and then, there exists
a direct successor of T', different of ¥V, say T} with |T}| # 0 and T} being
path incomparable with Y;. Let us suppose that |7Y;| # 0. By 3.11, we can
assume that || 7Y} ||= 1. As dim Hom(]Y3},|X|) > 2, we have at least one
direct successor of Y1, Yz, with || ¥; ||= 1, moreover, if Hom(|Y], |¥2]) # 0,
then Hom(|Y|,|X]|) = 0 and we apply the induction hypothesis. So, we
can congider that Hom(|Y],|Yz]) = 0, and that any other direct successor
of Y1 has this property. We will see that in this case, Y3 is the unique
direct successor of ¥; and Y = 7Y3. Moreover, the other direct predecessors

of 7 in C are injectives. Let us see first that Y; is the unique non zero
successor in IK. Suppose that ¥; has another successor, V with || V ||= 1. If

Hom(|V|, |X|) = 0 we apply the induction hypothesis. If Hom(|Yz|,|X|) # 0
we have the figure

yA) Vv
Al hy o'
A N e

h,
i < oz, My oy
g ] ®

N %
Yy ... . nh

with I'm|f} = ker|¢'| = ker|yp| and then, as || V ||= 1, V is not projective,
gimilarly for Y3, V and 7Y, are direct predecessors of ¥; with dimension
1. Then, for some i, we have I'm|h;| = Im|f|. Let us suppose i = 1, since
any morphism M — Y; factors through Z, @ Z; @ Y, I'm|hy| is linearly
independent with I'm|f|. So, we can consider {y1,y2} a basis of |V3] of
the following form Iml|hi| = Iml|f| =< s >,Imlhy] =< y; >. Since
fg 4 hyhy + hohfy = 0, then —|hohl| = |fg + hyhi| and Im|hsh)| C< 4 >
and then, |hghy| = 0, but |AY| : |7Y1]| = |Za| is either zero and in this case,
we have the result by 3.13 or is an isomorphism and in this case |hy| = 0
and we apply the induction hypothesis. Hence, we can assume that Y = 7¥;
and that Y3 is the unique non zero successor of ¥; in IK. Let us consider the
ARS thatendsin ¥2: 0 — Y — Y, 0 W — Y2 —+ 0. If there exists W
in C such that |W/| # 0, then for some W; direct summand of W, |W;| # 0
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and {|W;|,|Y1|} is a category path incomparable. If there exists W in C
such that |[W} = 0, then for all W; direct summand of W, the morphisms
B; : Y = W; are epimorphisms, and we can consider the ARS that ends in
W;: 0 — vW; — Y & L; — W; — 0 and where, counting dimensions,
we get |[TW;| # 0. If || 7W; ||= 1, we have |L;| = 0 e Hom(j7W;|,|X]} = 0.
On the other hand, if || 7W; ||= 2, there is a sectional path from vW; to I3
and the result follows by 3.12. So, we can assume that such W does not exist

inCa.ndtha.ttheARS:O——)Y—f-)Yl —+ Yy — 0 is such that f is an
injective envelope and that Y; is a simple. Let us see that Y; does not have
any other successor in C, indeed, suppose that there exists L direct successor
of Y; with |L] = 0 then, L is not projective, 7L is a direct predecessor of
Y) and || 7L ||= 2 and again, the result follows by 3.12. On the other hand,
let N be a direct predecessor of Y; different from Y, if N is not injective,
then |7~ N| # 0. So, we conclude that Y is a simple module and any other
summands of the middle term of the ARS that ends in Y] are injective. But,
the ARS0— 7Y, - Y B Z,®Z,®d N — Y; — 0is such that Y; is not
simple, then the sequence: 0 — soc(7Yy) — s0c(Y @ 21 ® Z2 @ N) —
soc(Y1) — 0 is split-exact. Since ¥ = soc(Yy) and Z; @ Z2 O N = 1" is
injective, and we have that soc(Y1) & soc(I*) and 7Yy —+ I" is the injective

envelope of 7Y;. Moreover, the sequence : 0 — 7Y} LN YalI* LN Y, —
0 is exact and
rey _ reyvy C I
(ry)) ~ (M) I e (A(th)nY) ~ K(th)nI*

because A/(7Y1) NY = 0 as Y3 is not a summand of I*, but in this case Y3
is decomposable, a contradiction.
Case 3) Suppose that |¥;| = 0. We can assume that all successors de Y are

such that |Y1| = 0. In this case Y’ N Y1, |f|=0, fis an epimorphism and
considering the corresponding ARS, then we have that [TY1|#0and Yo Z
is the middle term. If || 7Yy ||= 1, then |Z| = 0 and Hom(|rY1},|X]) = 0
which contradicts the maximality of the path. If || 7¥; [|= 2, we can as-
sume that Z is indecomposable with || Z ||= 1 and by 3.9 we can assume
that Hom(|7Y1],|X|) # 0, and there exists ¢ : 7Y} — X, ¢ is not a split
monomorphism and |g| # 0 so, we can assume that there exists $: Z — X
such that @, = ¢, then |a, | = |¢| # 0 and so || # 0 and any morphism
from |7Y;| to |X| factors through |Z]. Moreover, there exists a path from
Z to X that does not factor through Y7 and so, none of these paths is sec-
tional. Moreover, the arrow ay : 7Y; = Z is such that |ay] : [tY1] = |Z]
is not injective and we consider the ARS that ends in Z. If there exists T,
direct predecessor of Z, with |T| # 0, then {|T},|7Y1|} is a category path
incomparable. Let us see that the hypothesis |[T| = 0 will lead to a contra-
diction. If |T| = 0 then || 7Z ||= 1. Since Hom(|rZ|,|X|) = 0 contradicts
the maximality of the path, we can assume that Hom(|rZ|, |X|) # 0, so that
there exists 1 : 7Z — X, with |p| # 0 and + does not factor through Y,
or Y;. If the ARS that ends in Z does not have other direct summands in

OY 2V,
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B-mod, then a;n = 0, so Jayn| = 0 and |9| = 0, contradiction, because we
are assuming that Hom(|rZ],|X]) # 0. Let us assume that the ARS that
ends in Z has other summands T; with |® T =0

&T;
7/ @
TZ Z

7\ S a
™

In this case:
an+an=0 so |eyn+af =

but [&7| = 0 because |T| = 0 so |ayn| = 0, a contradiction to the fact that
Hom(|rZ|,]X|) # 0.a

5 Roiter’s categories

In this section we will analyse other finite vectorspace categories that are
immersed in directed, standard components of tree type. As there is not a
classification of the wild vectorspace categories, but there is a classification
of the polynomial growth schurian categories given by V. Bekkert in [B1],
our work goes in this direction. Some of these categories appear in [Ro].
Let us write down the results obtained by Bekkert. Let IK be a schurian
vectorspace category. Denote by SK the set of indecomposable objects of
dimension one and by LIK the set of indecomposable objects of dimension
two. For an object |X| € LIK, we identify the set of the subspaces of | X]|
of dimension one with the projective line and denote it by P!(X). For
|X| € LK and V € P*(X) we denote Sx,y ( resp. SX'V ) the set of objects
Z € SK such that Hom(|X},|Z|) # 0 ( resp. Hom(|Z|,|X]|) # 0) and
V = kerp ( resp. V = Imyp ) for all ¢ € Hom(]X|,|Z]). For an object
|X| € LK, we denote by Qx ( resp. QX )the set of V € P}(X) such that
Sxv # 0 ( resp SXV £ 9 ). Let us define Sy = UvenySx,v (resp.
5% = Uyeax SX'Y). Since we are assuming K wild, K is not of polynomial
growth and we write the theorem in the following form:

Theorem 5.1 [B1] A schurian vectorspace category K is not of polynomial
growth if and only if one of the following condition holds:

(A) There exists |X| indecomposable in K, with dim;|X| > 3

(B) dzm;,Hole(lX| [Y]) + dimpHomx(|Y], |X|) = 0 for some |X| in LK,
and |Y|in SK

(C) dimpHomk(|X|,12]) + dimpHomg (|Z],|X|) < 2 for some | X| and |Z|
in LK

(D) There exist |X| and |Y| in LK, V € PY(X),U € P)(Y) such that
Hom(| X1, |Y|)(V) U and Sxy N STV # 0.

(E) Sx,v or 8%V contains a poset (1,1,1) or (1,2) for some X € LK and
some V € P'(X).

14



(F) For some X with 1 < ordQx < 4, Sx (resp. SX ) contains a poset
(1,1,1,1

(G) Ther)e exist X1, Xs,..., X, € LK, V; € P1(X;), 1 <i<n,neN,such
that |Hom(|Xil, | Xit1)|(Vi) = Vi1 for 1 < i < n and S, y, and SX"V*
contains the poset (1,1).

(H) SK contains one of the following posets (1,1,1,1,1), (1,1,1,2), (2,2,3),
(1,3,4), (1,2,6),(N,5) and {A<B>C < D> A,ST}

As the conditions A and B have been studied in the last section, we
consider now condition C, that is, there exist | X| and |Y| in KK, with
[| X [I=} Y ||= 2 and dimHom(|X|,|Y]|) + dimHom(|Y],|X]|) < 2. In this
case, if dimHom()X|,|Y])+dimHom(]Y],|X|) < 1, again by 3.7, then 9B{M)
is strongly indefinite. If, on the other hand, dimHom(|X|,|Y]) +
dimHom(]Y],]X|) = 2, K will not always be wild.

Lemma 5.2 ([B1]) Let K be a schurian vectorspace category and let | X|
and |Y| be in K, with || X ||=|| Y ||= 2. Then

a) If dimHom(|X|,|Y|) = 3 then K{|X]|,|Y]|} is equivalent to one of the
categories:

I D-:-ED,withthemorphismsgivenby[é g],[g (1)],{3 (1)}

) D_:.:U,withthemorphismsgivenby[[1) g},[g (IJ}’I:(]? (1)]

b) If dimHom(|X|,|Y|)+dimHom(|Y], | X|) = 2, then K{|X|,|Y|} is equiv-
alent to one of the categories:

. o (10 00
A) D’-".D , with the morphisms given by ool lo 1 ]
[ ] 1
B) D:=D , with the morphisms given by (1) (1] , g 0 ]
ke J L
C) U::D , with the morphisms given by (]; g , g (1] ]

D) (=0, with the morphisms given by [ (1) 3 J, { g ; J
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Der) (=10 , with the morphisms given by [ (1] g J, [ (1] g ]

We maintain the notation of [B1]. The category of type A is tame, and since
K is immersed in a directed component, the category of type C cannot occur.
Let us analyse the others.

Lemma 5.3 Let KK be a category as above and suppose that IK contains a
subcategory of the form {|X|,1Zy|,|Z:|}

Zl Zl
PL %
a hV
X or X
w2 2
N /
Za Z,

with || X [|=2, || Z; ||= 1, ¢; irreducible morphisms, |¢;] # 0, but ker|p;| =
ker|pa| or: ¢ irreducible morphisms and Im |¢1| = Im|g|. Then K
contains, as a full subcategory, one of the categories (path incomparable) of
the list A*.

Proof Let us suppose that
Z
/

N
Zy

X

then |¢i] is surjective and we can consider the ARS that ends in Z;: 0 —»
7Z; -+ X®W; = Z; = 0. If, for some i, |W;| # 0, then {|X|, |W;]} is a path
incomparable category. So, if |W;| =0 Vi, 0 — |7Z;] L |X| legl |Zi]| - 0is
an exact sequence in K, ker|p;| = I'm|y¢;| and || 7Z; ||= 1.

Since, by 3.5, X is not projective, we consider the ARS that ends in X.
Since the morphisms from M to X are not a split epimorphism, and since
I'm|yy| = I'm|4y|, there exists T a predecessor of X, T % rZ; with |T| #0,
and 4o : T — X with Im|to| # Im|ty|. If T is indecomposable, and || T lI=
2, then the category {|T|, |7 Z;|} is path incomparable. We can assume that
T is indecomposable (by 3.11) and that || 7 |j= 1. In this case, let us consider
a:7X T 0;:7X 5712, t:T —+ X and| 7X |j= 1. Let us consider
a basis of | X|, given by {#¢,z:} where < z¢ >= Im|yy|, < 2; >=Im {41]
and {g} a basis of |rX|. Then |01 + [th203] + |00 = 0 and in this case
—[¥oao| = [¥102| + [¥2a2] and Azo = —|¥pan|(9) = (¥10a] + [$202])(g) =
121 80 |Yhoao| = 0. Since |y)o] is injective, |op| = 0, and by 3.13, K contains
as a full subcategory path incomparable one of the categories of the list A*.q
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Proposition 5.4 Let KK be as above and let us suppose that IK contains
{1X|,|Y|}, as afull subca.tegory where || X ||=]| Y ||= dimiHom(|X|,|Y]) =
2 with Hom(|Y], | X|) =

Let {z,z;} and {yl,yg} be bases, respec. of |X| and of [Yl such that
Hom(|X|,|Y]) is given by one of the following bases:

Bl{[é (1],[8 (1]]} {category B)
Bg{[é g,[g [1)]} (category D)

1 0] oo
B;,{{O 0 ,[1 0}} (category DOF)

Then gp|ar is strongly indefinite.

Proof. Again, we prove by induction on the maximal length n(8) of the
paths é from X to Y, that K contains a full subcategory ( path incompa-
rable) of the list A*.

As we have two morphisms that are linearly independents from X to Y
none of this paths can be sectional (see 3.4).

If n(8) = 2, the result follows from 3.11 or by the same argument done in
3.12. Let us suppose that § is a maximal path of length n and let us assume
the statement for maximal paths of length less than n. Let us consider
§: X=Xg—> X, —» -2 X, > Y. If|| X, ||= 2, the result follows from
3.7. So, we can assume that || X, ||< 1 and there exists a predecessor of Y,
say Y’ with Y’/ # X, and |Y'] # 0. If Hom(|X|,|Y"|) = 0, by 3.7, we have
the result. Since this path cannot be sectional, there exists a path ' from
Xo to 7Y . Dividing in cases:
1) &' is a sectional path.
2) ¢ is not a sectional path.

We begin with 1) Again, dividing in cases:
A) If dim|7Y| = 2 the result follows by 3.11.
B) K |7Y| = 0, at least for one ¢, the path Xg — 7Y — E; is sectional. Since
Il E; ||=1, there exists a predecessor of E;, say T; with |T;| # 0 and there
does not exist a path from X to 7; by 3.4. Then, {JX|,|T}|} is a category
path incomparable.
C) If || 7Y ||= 1, we can assume that there are three summands with
Il Ei |= 1in the middle term of the ARS that ends in Y. Also, we can
assume that any morphism from X to Y factors through 7Y indeed, let us
suppose that this not happen, then there exists another non zero path from
X to Ej. In this case, there exists T a direct predecessor of Ey and by 3.5,
F; is not projective
C1) If X % 7E,, then, counting dimensions, |[TE;| # 0, and there exists
% : Xo — E; that is not a split epimorphism, so that there exists ¢ :
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X — T, such that 9 : hytpr. If there does not exist a path from X to TE;,
then {|X|,|TE1|} is a category path incomparable. If there exists a path
from X to 7Ei, then if | 7E; ||= 2, the path being sectional, the result
follows from 3.7. If | 7E} ||= 1, any morphism from X to Y is of the form:
|(3 fig:)&'|. But |¢'| is surjective and not injective. We consider a basis of
X, {z1,2;} such that |¢'|(z1) = 0 (in this case, the category is of the form:
DOP), Since the path from X to 7Y is unique, there is a unique X; direct
successor of X with: X 5 X; & r¥. If [| X1 ||= 2, or || Xy ||=0, the result
follows from 3.7. Let us assume that || X ||= 1. In this case | X| ¥ | X1}
is not injective, and the ARS is 17X, % x ®AD X, If|A] #0, then
{|X|,|A|} is a category path incomparable. If |4| =0, then || 7X; ||=1 and
ker|o| = Im|y|. Moreover, §' = & and §” : X; — 7Y is such that ||
is isomorphism then ker|&'| = ker|8”¢| = ker|p| = I'm|| =< z; >. Since
there is not another path from 7X; to Y, then Hom{|rX1],|Y]) = 0 and
the result follows from 3.7. : ,

C2)If X > 7Ey:
T
e N
X - T = E
N / N
7Y = E; — Y
N e
E;

we see that dim Hom(]X|,|Y]) > 3, a contradiction.

Let us consider 2) & is not a sectional path. Dividing in cases:
A) If || 7Y ||= 2, the result follows from 3.11.
B) If )| 7Y ||= 1, since &' is not sectional, by 3.7 we can assume that
dim Hom(|X|,|rY]) =1 or 2. By the same argument above we can assume
that the morphisms from X to Y factor through 7Y and that
{| Hom(|X|,|7Y]) ||= 1. In this case, §' : X — 7Y is such that |§'] is not
injective and again the subcategory is of type DOF, We can assume that the
direct successors of X, Z;, are such that || Z; ||< 1 and are at most three. If
there is only one, Z with || Z ||# 0, then || 7Z ||= 1, Hom(|7Z|,|Y]) = 0 and
the result follows from 3.7. Let us suppose that X has two or more direct
successors Z; with [Z;| # 0. By 3.7, we assume that Hom(|Z;|,|7Y]) # 0
and consider 7; : X — Z; and ¢; : Z; = 7Y, in this case:
|6') = leam| = |paval, then jii| and [p3] are isomorphisms and ker|d’| =
ker|y1| = ker|ys] and the result follows from 5.3.
C) If |rY| = 0 and & is not sectional, we have: || E; ||=|| B2 {|=1 and §; :
E; = Y. Considering 3.7, let us suppose that Hom(|X|,|Ei) #0,i=1,2
and considering 5.3, let us assume that Im|B;] # Im|fa|. Let {y1,12} be
a basis of Y such that < y; >= Im|B|, < ya >= Im|Bs|. I, for some i,
dim Hom(|X{|,|Ei) > 1, we have dim Hom(|X|,|Y]) > 2, a contradiction.
So, let us assume that dim Hom(|X|,|Ei|) = 1 V; = 1,2. Let us see the
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direct successors of X. If there is only one direct successor Z with |Z] # 0
then either || Z ||= 2 and the result follows by 3.7 ot || Z ||= 1, and we have
the ARSO0 3 7Z 4 X W = Z 0. If W] #£0, {|X|,|]W|} is a category
path incomparable. If {W| = 0, then || 7Z {|= 1 and Hom(|7Z|,[Y]) = 0,
again, the result follows from 3.7. So, let us assume that we have two or
three successors of X. If X is not injective and |71 X| # 0 then

Zl EI s
o T 1
e N 2N
X 2 7z, 838 -lx 1Y Y
a2 e} B
7 N a
ZS E2

By 5.3, the |a/s| have different kernels. By 3.7, there exists f: 7"1X - YV
- such that |f| # 0, and f factors through Ey @ E;. So, for some 3, there
exists f; : 771X — E; such that |f;| is an isomorphism. But

dim Hom(|X},|r7*X|} = 2, so dim Hom(|X|,|Ei|) = 2, wich contradicts
dim Hom(|X|,|Y]) = 2. Assume that |77 X| =0, and X has two non zero
direct successors in KK

X Y

az N\, Va
Zy oo B

Since dimHom(|X|,|E|) = 1 so Hom(|Z;|,|E{]) # 0, i,j = 1,2,
Hom(|Z;|,|E;]) = 0 so we can consider bases {r1,z2} and {y1,y2} such

that
10 00
=5 b ] tea=[5 $]-
Let us suppose now that IK satisfies condition D. Then

Proposition 5.5 Let |X| and |Y| in LK, V € P!(X),
U € PY(Y) be such that Hom(|X|,|Y|)(V) = U and Sx,yNSYY # @. Then
K contains as a full subcategory a category of the form:

X=—=A—Y

with | A||=1, || X ||=|| Y ||= 2 and the morphisms given by:
10 00 00
0oo0|’|10]}01
(1,0) : |X| — [A] and ‘1’ :|A[ = [Y], that is, there exist U € PL(X),
V € PY(Y) such that |¢|(U) C V V]| : |X| = |Y] and ker(X — A) =
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U, Im(A—Y)=V. Moreover, if KK contains the above subcategory then
KK contains as a full subcategory one of the categories of the list A*.

Proof: Again, we do the proof by induction in n(§) = length of the paths
& (with |6 # 0) between A and Y. Let us suppose that § : A = Y is an
arrow. By 3.4, the paths from X to Y cannot be sectional. Since || A {|=1
and || Y ||=2, Y has other direct predecessor B with || B [|[#£0. If || B ||=
2 and B is indecomposable, the category {|B|,|A4|} is path incomparable.
So, let us assume that the direct summands of B have dimension 1. By
3.5, Y is not projective and there is a path X — 7Y. Let us denote by
Bo, B1 respec. the arrows from A to Y and from B to Y. First, let us
consider B indecomposable, with || B ||= 1. If Hom(|X|,|B|) = 0, the
result follows from 3.7. Let us assume now that dim Hom(|X|,|B|) = 2.
Since I'm|fo] =V, by 5.3, then Im|f,| # V. But then ||, |1)2] are linearly
independent for ¥; : X — B with |5;%;|(U) C V. Since Im|By| # V
and || is injective then U C ker|y;| for i = 1,2, but in this case, |9]
and [¢| are linearly dependent, a contradiction. If, on the other hand,
dim Hom(|X|,|B|) = 1 then dim Hom(|X|,]Y|) = 2, a contradiction. Let
us suppose B decomposable (with two summands, by 3.11) and by the same
argument, dim Hom(|X|,|Bi) =1, s0 || 7Y ||= 1. If Hom(|X|,|7Y]) = 0,
the result follows from 3.7. If dim Hom(|X|,|rY|) = 2, since og : 7YV —
A is such that |ag| is an isomorphism, then dim Hom(|X|,|A]) = 2, a
contradiction. So dim Hom(]X|,|rY]) = 1. But, in this case, {|X|,|Y|} is
a subcategory of type D. This finish the case n(6) = 1. Let us suppose it
is true for n(d) < n and consider § : A= Ag = A} = --- = A, = Y. Let
us assume that |4;] # 0 V; and || A, ||= 1, so, there exists another direct
predecessor of Y, say B. Since § = fodp and Im|8} = V = I'm|Boby| where
Br:B—Y, fo:An =Y, 8 : A— A, and |§y| is isomorphism, then V =
Im|fBo|. By 5.3, we can assume that Im|f;| # V. As dim Hom(]A,|Y]) =1
then Hom(|A},|B|) =0 (and so, || B ||=1).

Dividing in cases:

1) || A [|=2
2) || A ||=1.
Let us see 1). Since || A; ||= 2, we can assume that || A; ||= 1 and

that |gh| # 0 where: Ao & A4; 5 Az & Y so that |gh| is an isomor-
phism. [If dim Hom(|A2|,|Y]} > 1, then |p;gh] # 0, Vo; : 43 - Y
with [pi| # 0 so dim Hom(]A|,|Y]) > 1, a contradiction. Let us sup-
pose that dim Hom(|Ag|,|Y[) = 1 and V|g| : |A3] — |Y| has image V.
From X % A 24 4, - Ay, we get that |gh| || has kernel U. If
dim Hom(|X|,|A3]) = 1, the category {|X|, |42, |Y|} satisfies the induction
hypothesis. Let us suppose that dim Hom(]X|,|As|) = 2 and so there exists
f'+ X = Ag with | f|(U) # 0. Since f' is not a split epimorphism, and A; is
not projective, let us consider the ARS: 0 3 7A; =+ A1 OW — A, - 0. If
there exists W with [W| # 0, then {|A;],|W|} is a category path incompa-
rable. Let us suppose |W| =0 and || 74, |[|= 1. If Ap = TA,, then |gh| =0,
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A is not projective by 3.5 and the morphisms from X to A factor through
A;. Again, let us consider the ARS: 0 = 74; = Ag®TA20T = A; = 0. If
|7} = 0, then the morphisms from X to A,, are of the form: X — Ag — Aj
with kernel U and X — 7A; — A wich is zero. Let us assume then, that
| T ll=1, T indecomposable, and let us consider the diagram:

Ao
S S N
X ———= 1A = T4; = A
N e N
T A

Since dim Hom(|X|,|Ao|) = 1, dim Hom()X|,|rA,|) = 1. But
dim Hom(]X|,|T|) > 1 because there exists f : X — T such that f' = ghf
and Icer[f| #U. If A; = Ay, and A; & 7Y the result follows from 3.11. If
A; # 7Y then A; and B are path incomparable.

Let us suppose that A, # A, and Hom(|A,|,|B|) # 0. The paths from
X to Y factoring through B are of the form:

X dporayoT 2 4 -5 B-Lyy. i [g] #0, |87] # 0 because |3]
is injective. Since || is surjective, |3gB| # 0 and |8 @] is non zero because
there exists a non zero morphism from |X| to |A;|, then |37 B &|(U) C V.
Since Im|B| # V, |87 B @|(U) = 0 but, || being injective, |7 B @&|(U) = 0
that is |8 @|(U) C ker § and for all ¢ : X — A;, |$|(U) C ker|g|. Let
V1 = ker|g| then (Hom|X|,[A1])(U)=V; and ker(]X|— |A]) = U. Hence
Im(|A] — |Ay]) = V} and the category {|X]|,|Al,|A1|} satisfies induction
hypothesis.

Let ussee 2). || A ||=1
with |#| = (1,0) and there exists another direct predecessor of Y, B with
|| B ||=1 and, by 5.3, Im|8} # V. If dim Hom{]A4],|Y]) > 1, since |f1| is
an isomorphism, dim Hom(|A|, [Y]) > 1, a contradiction. So,
dim Hom(|A1|,[Y|) =1 and Im(|A;| = |Y]) = V. If dimgHom (| X|,|A;])
=1, for any g : X — Ay, |g| is linearly dependent with |f;4| and so has
kernel U, hence the category {|X|,|Ai,]Y|} satisfies the induction hypoth-
esis. If dim Hom(}X|,|A1]) > 1 (so =2) then there exists % : X — 4, such
that 9 does not factor through A, and there exists another predecessor of
Ay, By such that ¥ factors through B;. If B, is indecomposable of dimen-
sion 2, the result follows from 3.7. If B; is indecomposable of dimension
1, then dim Hom(}X|,|A1}) = 1. So let us consider B, decomposable and
| A1 ||= 2 and assume that for any :X = 1Ay, |g1p| has kernel U, either
{BI(U) = 0 or |$|(U) C ker|g|. Let Vi = ker|g|. If Hom(|TA4|,|B) = 0, the
result follows from 3.7. Let us suppose that z : TA; — B, || # 0. Then
|Bz| : |rAi — |B| = |Y] and |Bz9] : |X] = [Y]. Since Im|B| #V,
BzB|(U) = 0 and |$|(U) C Vi, Be|(¥) = 0. But |8 is injective, so
|z| has the same kernel as |g|. Since Hom(]A|,|B|) = 0, z cannot factor
through A and there exists another direct successor of 7A;, B;. But then
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A1 25 By 5 B, z =to and since || B ||=| By ||= 1, [¢] is an iso-
morphism and ker|z| = ker|ta;| = ker|a;| = kerlgl, a contradiction to
5.3.0

6 Categories of type E

Let us suppose that K satisfies condition E of the theorem 5.1, then K
contains, as a full subcategory one of the categories below:

Zy
yA {"
1
Zy
@ \ Y #1
El 2z 8 X E2 N
P X
Za )
Z3
- Z,
Z %
U'2) Z]
E3 x 8 2 E4 “
¥s X
Zs 2]
Z3

with || X ||=2, || Z: |= 1, Im|ei] = U € PY(X);
(resp. ker|p;] = U € P (X);
Hom(|Zi|,|Z;|) = 0 Vi, in the cases E1 and £3 and
Hom(|Z3|, |Zs]) = Hom(|2)|, |Zs|) = Hom(|Zs|, |Z1]) =
Hom(|Zsl, |Z2|) = 0 in the cases E2 and E4.
If @; are irreducible morphisms, then by 5.3, we have that gB{m is strongly
indefinite. Also for the categories of type F51 and E2 we have the same result.
Before the next result, we need the following:

Definition 8.1 [MP] Let p(IK) be the subcategory of KK defined by the
objects {|X| € IK|dim;|Y] < 1VY such that there exists
a path in CfromY to X}.

Proposition 8.2 [MP] Let C be a directed, standard component, of tree
type, with M € C and K = Hom(M,C)= Hom(M, B — mod), finite. Let X
and Y be in C such that | X}, Y] € p(IK). Then there exists a path from X
to Y in C if and only if | X| < |Y| in p(IK), that is, Hom,x) (| X|,Y]) # 0.

Remark This proposition was proved for C a pre injective component of
tree type, but it remains valid in the present context.
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Proposition 6.3 Let IK be as above and let us suppose that KK contains,
as a full subcategory a category of type E1, Then KK contains as a full
subcategory one of the categories of the list A*.

Proof: The proof is by induction on the sum of the lengths of the paths
P1, 2, p3 (called n(p)). By 5.3, the result follows for n(y) = 3. By the same
lemma, we assume that ¢, 3, @3 factor through the same direct predecessor
of X, E (which, by 3.7, has dimension 1). Let us suppose it true for () < n
and let {|X|,|Z1],|Z2|,[Z3|} be a category with n(p) = n. Let us assume
also that the length of ¢, is greater than or equal to the length of ¢, and ©3.
We claim that Z; 2 7X because, if |TX| # 0, then dim Hom(|rX|,|X]) > 1.
Let T be a direct successor of Z; with |T] # 0. Dividing em cases:
2) I T|j=2
b) || T J|=1

Let us see a). If for some ¢, dim Hom(|T|,|Z|)+dim Hom(|Z],|T}) = 0,
the result follows from 3.7. So, there are three possibilities:
a1) fi : Z; = T are irreducible morphisms for i = 1,2,3
az) fi 1 Z; » T are irreducible morphisms for i = 1,2and g: T = Za
ag) fi: Z; — T is irreducible and g; : T — Z; for i = 2, 3.

Let us see a;. Then V¢p : T — X with [¢| # 0 and Vf; : Z; —
T, Im|yfi| = U. If for all ¥, Im(yp) = U then {|T|,|X|} is of type D. Let
us suppose that there is ¢ : T —» X with Im|9| # 0, such that [ fi] is
injective (and has image U) or is zero for all 1. Then, I'm|f;| C ker|y|, Vi.
Let us consider V = ker|#|, then I'm|f;| = V for all i, and the result follows
from 5.3. The same happens for the case a;. Let us see ag. Let us consider
9T — Zifori=23%;:Z; — X. Forany 9 : T — X, |9 fi] has
image U. If I'm|fi| = V then |¢|(V) C U. Moreover, o3 : Zo — X is such
that I'm|ps| = U. Since Hom(]Z1|,|Z2]) = 0, lg2f1] = 0 Vg2 : T —+ Z3
so Im|fi| C ker|gq| and the category {|T}, |Z3], |X|} is a full subcategory of
type D. ’ '

Let us see b, that is, || T ||= 1. In this case, V3 : T ~—— X, as |fi]
is an isomorphism, then Im|y| = Im|¢fi| = U. If Hom(|T|,|Z]) # 0 for

some 7 = 2,3 then: Z; Ly sy Zi, |gif1| is an isomorphism, a contra-
diction. If Hom(|Z.|,|T|) = 0 and Hem(|Z3,|T]|) = 0, the full subcategory
{IX1,1T|,1Z2|, | Z5|} satisfies the induction hypothesis. If Hom(|Z;|, [T|) # 0,
there are two possibilities:

bi) fi: Z; = T for i = 1,2, 3 are irreducible morphisms or

by) fi : Z; = T for i = 1,2 are irreducible and Hom(|Z3,|T|) = 0.

Let us see by. Since || Z; ||= 1, then || 7T ||= 2. But any morphism from
7T to X factors through Z; ® Z; @ Zs so, {|7T|,|X|} is a category of type
D.

Let us see by. Let W be a direct successor of Z3 with [W| # 0. If
|| W ||= 2, and there is a path W — Z; — T — X, then there exists a
path Z3 — W -— Z; — T wich contradicts the maximality of the length
of ¢;. By 3.7 we can assume then that Hom(|Z;|,]W|) # 0. Hence, for
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all ¢ : W — X, we have Im|yf;| = U. If there exists V € P}(W) such
that Im|f;} = V for all i, the category {|W|,|Z1],|Z2|,|Za|} satisfies the
induction hypothesis. If for some i and j with ¢ # j, I'm|f;| # Im|f;|, with
Im|yfi} = Im|f;| = U for all ¢, then for all ¥ : W — X, Im|¢| = U,
that is, {|W|,|X|} is a category of type D. Let us suppose || W ||= 1. Again
if Hom(|W)|,|Z;|) # 0, then Z3 — W — Z;, a contradiction. On the other
hand if Hom(|Z,],|W|) = Hom(]Z,|,|W]) = 0, since, for any ¢/ : W — X
with || # 0, Im|y’| = U the category {|X|,|Z1l,]Z;|,]W|} satisfies the
induction hypothesis. We show that there are two possibilities (*) and (**)

(*) If Hom(|Z,],|W]) = 0 and Hom(|Z;],|W]) # O, then there exists
a path: Zg — A — W with A # Z3. Let us observe that A can be
equal to Z3. If || A ||= 2, {|A],|Z|} is path incomparable. If | A ||=1
and Hom(|Z|,]A|) # 0, this contradicts the assumption (*). Moreover,

if there is b : A — X such that Im}h| # U, since Z; tay, 4 By X,
|hz| is an isomorphism and then |hhg| : |Z3] — |X| is a morphism with
image different from U, a contradiction. So if A # Z;, the full category
{IX1,1Z1l,|Al,|Z3|} satisfies the induction hypothesis. Let us suppose that
A =2Z,. If T or W have another direct predecessor with the same property
then || 7W ||= 2 and all morphisms from 7W to X have the same image,
then the full subcategory {|7W|,|X |} is of type D. Let us look at the other
end of the path. Since || E ||= 1, there exist other direct predecessors of X,
and in this case |B| # 0 and X is not projective by 3.5. Dividing in cases:
D | rX [I#0

)X =0

Let us see 1)

As || 7X |I# 0, by 3.11 we can assume that || 7X ||= 1 and there exist
B, C direct predecessors of X satisfying Hom(|Z;|, |B|) = Hom(|Zi|,|C]) =
0 (see 5.3). If {|Z1],|22],|Z3l,|Bl,|C]|} are path incomparable, the result
follows from 3.3. Let us suppose then that for some i and for B or C
there exists a zero path Z; — B. This will lead us to a contradiction.
Indeed, we have two paths from Z; to X. So, none of this paths can be
sectional and moreover, the non zero path cannot factor through 7X because
dim Hom(|TX),|X|) > 1. So, there exists another predecessor of E and we
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have the following diagram:

Z
AN
Ey
/ N
TE E
N / N

X — B — X
N a
C
If || Ey ||= 2 and E; is indecomposable, then {|E|,|Bl} is path incompa-
rable and the result follows from 3.3. If || Ey ||= 1, then || 7E ||= 1. If
Hom(|Z,|rE]) # 0, either one of the irreducible morphisms f between 7E
and B is such that |f| = 0 and the result follows from 3.13 or there is a
non zero path between Z; and B, a contradiction. Then, this path does not
factor through 7F and there exists E; direct predecessor of E; and a path

Zy = E3 = Ey - E — X, this path is sectional and we begin again.

If By = E{ @ E”; then || 7E ||[= 2 and by 3.7, Hom(|Z;|,|7E|) # 0, so
we have Z; 208 2 X Forall Y:7E — X, |¥f;| has image U, then
either I'm|y| = U V3, which cannot occur or there exists some 9 : TE — X
such that Im[y| # U. But since [¢f;| has image U, I'm|f;] is the same for
all ¢, that is, there exists V' € P! (7E) such that Im|f;| = V Vi and we can
use the induction hypothesis. Hence, either we have the result or we obtain
one more step of a sectional path and that cannot continue indefinitely. If
T and W are direct predecessors of E then || 7E ||= 2 and {|TE|,|Zi|} are
path incomparable. Similarly if 7' and W are direct predecessors of E; for
some F; in the sectional path, we see that || TE;—y ||# 0, and if 7E;_y = W,
there is a non zero path from Z; to B, a contradiction. If 7F;_; # W, then
|| 7E; ||=2 and {|TE|,|Z} is path incomparable.

Let us see 2), that is |7X| = 0. In this case there exists a direct prede-
cessor of By, say By, with || By ||# 0. If {|Z1],{Z2|,1Za},|B1] — |Bo|} is
path incomparable, the result follows from 3.3. Let us suppose that there
exists a zero path from Z; to B;.
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If T and W are direct predecessors Qf E, we have:

Zy
h"
T
7 hY
Z, FE
N / N
w
/ 7
Za X X
e h™ 7

TBp — B{ — By
hY /

7
B,

and if Z3 = 7F, there exists the zero path Z3 — rX — By. But By is
not projective, ( there exists a path from M to rX). If |[rBg| = 0 there
exists By a direct predecessor of B, with || By |l 0 and in this case,
{1Z1],122),|Z4|,|Ba] — |Bu1l|} is path incomparable. If |7By| # 0, we can
assume that there exists B}, with || B] ||= 1 and again,

{121\,)Z4|, |Zs|, |Bil|,|B1|} is path incomparable. Let us suppose then that
there exists a path Z; — B;. We have, again, two paths from Z; to X,
none of them sectional. But the path Z; — B; is zero, and, in this case,
by 6.2, either |Z;} or | B;| have spme predecessor of dimension 2. But, if we
had Z; — Y — B;, with || ¥ ||= 2, the result follows by the induction
hypothesis. So we assume that Y is a predecessor of both. Moreover, by
3.7, Hom({Y|,|Zi|) # 0,Vi, Hom(|Y|,|B;|) # 0 Vj and then there exist two
paths from Y to X, none of them sectional and a path

Y — B, — B;y — ---B; — ---B; — By — X with |B;| # 0, Vj,
non zero and non sectional from ¥ to X. We claim that there exists a j
such that there exists a path from Z; to B;, but does not exist a path from
Z; to Bj4, so that the category: {|Z1],|2a2|,|Zal,|Bjs2| — |Bjt1]} is path
incomparable. Let us observe that we cannot have a path from B;4; to Z;
because there is a sectional path Bj;; —+ B;. On the other hand, let us
suppose that there exists a path B;;3 —+ Z;. By the same argument above,
the path Bji3 — Bj;1 — B; cannot be sectional so that Bjyg = 7B; for
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some j. Since |Bjy3| # 0, there exists B, with [B] ;| # 0 and

Biy
7Bj = B2 B;
N /

Bj+1

In this case, B;j4; cannot be Z;. Moreover, there do not exist paths
Z; — B}, or Bl — Z;. In this case, let us consider the path in-
compara.ble category {|Z1|,|Zzl,1Za|,|B} 4|, |B;j4+1l}. Let us suppose that
Bji2 =Y. In this case,

Z;
N
Y = By = 7B B;
/

Bjt1

Since the path Z; — B; is zero, if it was an irreducible morphism,
the result follows from 3.13, if it is not an arrow, since the component is
standard, we get a contradiction. So, it is enough to consider the case
(**)y Hom(|Z:|,|W|)#0 and Hom(|Z,],[W]) # 0.

Again, this morphisms do not factor through Z3, so that there exists
another direct predecessor of W, say A, through wich this morphism factors.
If A= A; & A, with Hom(|Z.],1A4.]) # 0 and Hom(|Z,,|As]) # 0, then
for all h; : Ai — X Im|hi] = U and, in this case, W is not projective,
| W ||= 2 and {|7W|,]X|} is a full subcategory of type D. So, we can
assume that this morphisms from Z; and Z; to W factor through the same
A (of dimension 1).

If Hom(|T), |A|) = 0, since Hom(|T|,|Z3|) = 0, the category
{IX1, T, |Al,| 23|} satisfies the induction hypothesis.

Suppose Hom(|T[,|A]) # 0.

If T = A, since W is not projective, there exists TW , W £ Z; i=1,2.
Now, if || 7W ||= 2, then {|7W|,|Z2|} is a path mcompa.rable category. If
|| 7W ||= 1, any morphism from 7W to X factors through T or through Zs,
so any morphism from 7W to X has image U. Baut, in this case, T is not
projective, || 7T ||= 2 and again {|7T},| X[} is a full subcategory of type D.

Let us suppose T # A, then there exists a path T — A; = ... 3 A, =
A = W with Hom(|Zy|,|W|) = Hom(|Z|, |7W|) = Hom(|T|,|*W]) = 0,
so that A,_; 2 7W. We can assume that || A,y ||=|| TW ||= 1 so that A,
is not projective and again: Hom(|Z],|rA|) = Hom({T|},|TA[)= 0.

Hence A,_2 # TA, and again we assume that both have dimension 1.
By iterating this we reach 74; and we have Hom(|Z;],|rA4|) = 0 and so
Z; # A1, T is not projective and || 77" ||= 2. If there exists a morphism
v : 7A; — X with I'm|y| # U, since v cannot factor through T, v factors
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through 7A4,but this morphism factors through A @ Z3, a contradiction.
Then the category {|rT|,|X|} is a full subcategory of type D.o

Prdposition 8.4 Let K be as above and let us suppose that IK contains,
as a full subcategory, a category of the form:

Zy
va

Z

Z3

with || X |=2and || Z; ||=1Vi.

Im |y = Im |po| = U € P}(X)

Hom(|Z,|, |Zs|) = Hom(|Z1], |Zs|) = Hom(|Z3|, |Z4]) =

Hom(|Zs|, |Z3]) =0 and dim Hom(|Z;|, |X|) = 1. Then K contains, as a
full subcategory, one of the categories (path incomparable} of the list A*.

Proof: The proof is done by induction in the sum of the lengths of the paths
1 and 3. Let us see first that we can assume that 9 is an irreducible

morphism. Let us suppose that the length of ¢, is greater than 1 and let us
consider Z; = T — Z; with T a direct predecessor of Z;. Clearly, |T'| # 0
and then, either

A)|T||=2or

B) || T ||= 1. Let us consider this case B, thatis, || T ||=1. If
Hom(|T)|,|Z3]) # 0, then Zy -+ T — Z3 is an isomorphism, a contradic-
tion. If, on the other hand, Hom(|Z3|, |T']) # 0, then Z3 - T —+ Z, is an
isomorphism, a contradiction. Now, let A : T — X be a morphism such
that |k} # 0 and let us suppose that A is such that Im|h| # U then |h o]

where Z, S, r hx , has image different from U, a contradiction. So the
category {|X1|,|Zsl,|T| — |Z1|} satisfies the hypothesis.

Let us suppose now the case || T ||= 2.

If Hom(|T|,|Z3]) + Hom(|Z3},|T|) = 0, the result follows by 3.7. Divid-
ing again in cases
Al) Hom(|T}|,|Z5]) # 0
A2) Hom(|Z3|, |T}) # 0.

Let us consider A2. Assuming that Hom(|Zs|,|T]) # 0, let us con-
sider f3 : 23 =2 T, f0:Zs 2T, fi: T = Zi,n : Zy = X. Since
Hom(|23|,|21|) = 0, then Im f3 = ker fy but I'm fo # Im f5. Let us
assume that V; = I'm f5, Vo = Im f and |T| = V; @ V2, so that for
all ¥ : T — X we have that Im ¢ C U, and {|T1,|X1} is a category of
type D. Let us consider now the case A1, that is, Hom(|T|,|Z3|) # 0, with
g:T = 23 and 9p3:23 = X. If p: T — X has || # 0 then | fa]
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has image U. Let V be the image of f, then any ¢ : T — X is such
that |¢|(V) C U, and for all g : T — Z3, kerlg| = Im|fy| = V. Since
Im|ps| = U then {|T}|Z3||X|} is a category of type D. So, we can take
3 to be an irreducible morphism. Let us denote by n(¢) the sum of the
lengths of the paths ¢; and ¢3. For n(p) = 2, the result is given by 5.3.
Moreover, we can assume that there exists F, a direct predecessor of X,
with || E ||= 1 and that there are ¢; and 3 factoring through E. Let us
suppose the statement true for n(y) < n and let {|X}|,]|Z,) —= |21}, |Za|} be
a subcategory with n(yp) = n + 1. We know that X ¥ Z;, V;. Let T be a
direct predecessor of Z;. Dividing in cases:
a) || T =2
b) I T |=1

Let us assume || T {|= 2. If Hom(|T|,|Zs]) + Hom(|Z5],|T|) = 0, the
result follows from 3.7. In fact, we have one of the following
al) Hom(|T|,]Zsl) # 0
a2) Hom(|Zs|,|T|) # 0

Let us consider al) Hom(|T|,|Zs|) # 0 and let us take again f; : Z; —
T,fo T = Z3. Forany ¥ : T — X with {9| # 0, Im|¢fi| = U, and
[f2f1] = 0, so ker|fz] = Im|fi| = Uy € P'(T) and |¢|(U1) C U for any
¥ : T — X. Moreover, for all ¢ : Z3 —+ X, with |p| # 0, then Im|p| = U
forall f:T — Zs, with |f| # 0 and we have ker|f| = U; because |ff| = 0.
Then the full subcategory {|T),|Za],|X |} is a category of type D.
a2) Hom(|Z3|,|T|) # 0. If I'm|f1| = I'm|fs| then the category {|T|,|Zo| —
|Z1l, | Zs|} satisfies the induction hypothesis. Suppose I'm|fi| # Im|fs|. In
this case, for all ¢ : T' = X, I'm|® f;| = U, so that forall ¥ :T — X, with
|#] # 0 then I'm|¢| = U and the full subcategory {|T|,|X|} is a category of
type D.
b} Let us suppose || T ||= 1. For all h : T — X with |h| # 0, then Im|h fi| =
U and since |fi| is an isomorphism, Imlh| = U. If Hom(|T|,|Zs|) # 0,
with 7y KL S N Z3 then |g fi| is an isomorphism, a contradic-
tion. On the other hand, if Hom(|Z3},|T]|) = 0, then the full subcategory
{IX1, 121] = |T|, |Za|} satisfies the induction hypothesis. Let us suppose
that Hom(|Z3|,|T]) # 0. Since Hom({Z3|,|Z;]) = 0, there exists another
direct predecessor of T, (say B) such that |B| # 0 and Z3 + B = T. If
Zy 2 B, and if || B ||= 2 is indecomposable, then {|B|,|Z|} is a cate-
gory path incomparable. If | B ||= 1, by the same arguments above, for
any h : B = X with [h| # 0, Im|h| = U. Moreover, Hom(|B|,|Z,}) =
Hom(|Z,|,|B|) = 0. So, the full subcategory {|X|,|Z3] — |BI,|Z1|} sat-
isfies the induction hypothesis. Let us see what happens when Z3 = B.
Then T is not projective and |7T| # 0. Let us suppose that there exists
W, |W| # 0 with W # Z;, a direct summand of the middle term of the
ARS: 7T — Z,®Zs®W — T. Then, || 7T ||=2 and {|77T|,|Z2|}
is a category path incomparable. Hence, we can assume that there does
not exist such a W, || T ||= 1 and that there is at least another direct
predecessor of X, say A, with [ A|l=1, Im(A -+ X) # U and X is not
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projective, There are two possibilities:
bl) f| 7X =1
b2) || X |[=0

Let us consider bl. ‘ .

If {|Z3] = |Z1], |Zal, | Eal, |Eal} is a full subcategory path incomparable
and the result follows (moreover if T = E, the above category is path incom-
parable). Let us suppose then that the category is not path incomparable.

Since there cannot exist a path E; — Z; — X, we can assume that
there exists a zero path Z; — Ej, for j # 1. Then, there is a non zero
path Z; & E; — X and a zero path Z; — E; — X for (j# 1), none of
them sectional. In particular, the non zero path cannot factor through 7X.
Hence there exists a direct predecessor of E, (say A;) such that || 4; ||=1,
and such that the non zero path Z; — E; factors through A;: Again, F; is
not projective and |TE;| # 0. If || 7Ey ||= 2, using the same arguments as
in the case || T ||= 2, we have the result.

If | 7E;y ||= 1 and Hom(|Z;|,|TE1]) # 0, there exists an isomorphism
Z; — TE, — E, and so a morphism from |Z;| to {X| with image
different from U, a contradiction. Again, we have that there exists another
direct predecessor of A;, say A, with | Az |= 1, and || 74; ||= 1. And
if Hom(JZ;|,|rA1]) # 0, there is, again, a morphism from |Z;| to [X|, with
image different from U and so on. Hence, the path Z; - T — E; is sectional
and the category {Z; — Z,, Z3, E3, E3} is path incomparable.

Now, let us consider b2, |[7X| = 0. Since || X ||= 2, there are at least
two different paths from M to X, none of them sectional. Then the path
M — E, — X is non zero, non sectional and does not factor through
7X. We can assume that there is a non zero and non sectional path

A
/ N
M — Aj+1 Aj_l — E; =+ X
p e
Al

Let us consider j such that the paths A} — E; -+ X and A7 —
E3 = X are sectional. If || A} || or || AY ||= 2, the result follows from 3.7.
Let us suppose then that || A' =1l A” |l= 1. I the category {|Z3] —
1211, |2s], |Al,1AY]} is path mcompa.ra.ble we are finished.

Since the path A} — E; = X is sectional, we cannot have a path
A; — Z; =+ X. Let us suppose then that there exists a zeto path Z; —

.+ X. By 6.2, there exists an object |Y| such that || Y {|=2,and Y is a
predecessor either of Z; or of A;. But if there exists Z; — Y — A}, again,
repeating the arguments of the case || 7' ||= 2, the result follows. So, we can
assume that Y is a predecessor of both. Moreover, if Hom(|Y1,|Zi|) =0 or
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Hom(|Y],|Ail) = 0, the result follows from 3.7. Let us consider the path

A;

7 N
Y — A A — B

"
Aj

Let ¢ be a minimal index such that the path Y — A, is sectional (clearly
t > j). Then we cannot have a path Y — Z; — A;. If {|Z,] —»
[Z11,1Z3l, | A¢l, | A}}} is path incomparable then the result follows. Let us
suppose that there exists a path A; — Z;, for some i. Then we have two
paths: A: — Z; — A; a zero path and a non zero path A; — A;. Let
us consider now t* an index such that there exists a path A; — Z;, but
there does not exist a path from A;+,; — Z; and similarly, let j* be such
that there exists a path Z; — Aj+, but there does not exist a path from
Z; to Ajeyy. Since the component is directed and of tree type, t* > j* and
we have two paths, none of them are sectional. Hence, in the non zero path
there is at least one mesh:

B,
/ Ny
Att _— — AJ“
hV Ve
B,

and in this case, the category {|Z:] — |Z1|, |Za|, [Bil, |B2|} is path
incomparable.g
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