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Abstract 

We know, after (Pl], that, given a tame algebra A, the Tits form 
qA is weakly non negative. 

Moreover, the converse has been shown for some families of alge­
bras, but it is not true in general. The purpose of this work is to show 

that for certain wild vectorspace categories 1K = Hom( M, B - mod), 

where B is tame and M is an indecomposable B-module, we have qB[M] 

strongly indefinite. This gives partial converses of the above theorem. 

1 Preliminaries 

Throughout this paper, k denotes an algebraically closed field. By an 

algebra. A we mean a. finite-dimensional, ha.sic and connected k-a.lgebra of 

the form A~ kQ/J where Q is a finite quiver and J a.n admissible ideal. 

We assume that Q has no oriented cycles. Let A-mod denote the category 

of finite-dimensional left A-modules, and A-ind a full subcategory of A-mod 

consisting of a complete set of non-isomorphic indecomposable objects of 

A-mod. 
For each i E QA we denote by Si (resp. P; and Ji) the corresponding simple 

A-module (resp. the indecomposable projective, injective). The dimension­

vector of a A-module X is the vector dimX = (dimkH omA(P;, X))iEQo in 

the Grothendieck group IKo(A). The support of a. A-module X, supp(X) is 

the full subcategory of A defined by the set {i E QolX(i) ::/:- O}. 
We shall use freely the known properties of the Auslander-Reiten transla­

tions, T and T-
1 , and the Auslander-Reiten quiver of A-mod, r A . Moreover, 

we sha.11 identify the points of r A with the corresponding indecomposable 

A-modules. A component r of rA is called standard if r is equivalent to 

its mesh-category k (r). A pa.th Mo ➔ M1 ➔ ... ➔ Mi is ca.lied sectional if 

M;_1 ::/:- T(M;+i), for a.II i, 0 < i < t. For ha.sic notions we refer to [R2l and 

[ARS). 
The purpose of this work is to study wild finite vectorspa.ce categories im­

mersed in directed components. We can show that some of those categories 
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The purpose of this work is to study wild finite vectorspace cate~ries 
imersed in directed components. We can show that some of those cate­
gories contain full subcategories from those listed by N. Marmaridis in [Ml]. 
Besi,des, as the category number VII of [Ml] can be assumed not to be path 
incomparable, we obtain the following result: 
Let B be a tame algebra with gldimB ~ 2 and Man indecomposable module 
in C, where C is a directed, standard, tree type component of the Auslander­
Reiten quiver of B such that the vectorspace category 1K = H om(M, B -
mod) = Hom(M,C) is finite. If 1K contains, as a full subcategory, one of 
the categories of the list below then qB[MJ is strongly indefinite. 

List 
1)(1,1,1,1,1), (1,1,1,2), (2,2,3), (1,3,4), (1,2,6) (N,5) path incomparable 

2) ( D •) , ( 0-0), ( DD ) or (II) 
3){IXI, !YI}; where · 

II X 11=11 Y II= dimA,Hom(JXI, JYI) = 2 

with Hom(IYI, IXI) = 0 and such that Hom(JXI, JYI) is given by one of the 
following bases: 

4) 

B1 { [ ~ ~ ] , [ ~ ~ ]} (category B) 

B2 { [ ~ ~ ] , [ ~ ~ ]} (category D) 

B3 { [ ~ ~ ] , [ ~ ~ J} (category o0
P) 

with respect to some chosen bases of IXI and IYI, 

X C A 3 Y 

II A II= 1, II _X 11=11 Y II= 2 with the_ morphisms given by: 

[~~].[~~]. [~~ ] 
X ➔ A(l,O) e A ➔ Y (~),that is, there exist U E P 1(X), Vin P 1 (Y) 

such that lv,l(U) C V Vlv,I : JXI ➔ !YI and ker(X ➔ A)= U, Im(A ➔ 
Y)=V. 
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5) 

with II X 11= 2, II Z; II= 1, Iml<p;j = U E P 1 (X), 

Hom(IZ,I, IZ;I) = 0, 1/i,j. 

Or 

Z2 
'h 
\, 

with II X II= 2, II Z; 11= 1, 'vi. 
Im l'P1I = Im l<i02I = U E P1 (X) 

Z1 
'Pl 
\, 

X 
'P3 

/' 
Z3 

H01n(IZ2I, jZ3I) = Hom(IZ1l, jZ3I) = H<>m(IZ3I, IZ1I) = 
Hom(IZ3I, IZ21) = 0 and dim Hom(IZ;I, IXI) = 1. 

We begin now to recall the concepts and results that are the background 

of this wcirk. 

Theorem 1.1 ( Drozd)[CB] If A is a finite dimensional k-algebra then A is 

tame or wild, but not both. 

See [CB] for the definitions. 

Definition 1.2 [Rl] A vectorspace category (JK, I I) is given by a Krull­

Schmidt k-category JK and a faithful functor 11 : I{ -t mod k. 

Given a vectorspace category (IK, I I), its objects (resp. the morphisms) are 

usually considered to be the objects (resp. the morphisms) of the image of 

I I, and the subspace category U(IK), is defined as follows: the objects are 

triples (X, U, <p) with X E ObjlK, U a k-vector space and r.p: U ➔ IXI, 
k-linea.r. The morphisms (X, U, r.p) -t (X', U', <p') a.re the pairs (a, /3) with 

/3: X -t X' in lK, a : U ➔ U' k-linear and such that l/3)<p = rp'a. Clearly, 

any object of U(lK) is isomorphic to a direct sum of a triple (X, U, <p) with 

cp: U -t !XI injective and copies of (0, k, 0). 
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Definition 1.3 [Rl] A k-category 1K is schurian if Endl{(X) ~ k for any 
XE Obj1K, X indecomposable. 

Lemma 1.4 (Rl] Let 1K be a schurian vectors pace category. If 1K is of 
finite representation type then every indecomposable object has dimension 
1. If 1K is not wild then every indecomposable object has dimension at 
most 2, and moreover, if X, Y are indecomposables with dimlX\ = 2 then 
H om(X, Y) =/ 0 or H om(Y, X) =J 0. 

A schurian vectorspa.ce category whose indecomposable objects have dimen­
sion one, corresponds to the additive category of a poset add kS. In this 
case, we have: 

Theorem 1.5 [R.2] (Na.zarova)The poset Sis of wild representation type if 
and only if S contains a full subset of the form: (l,1,1,1,1), (l,1,1,2), (2,2,3), 
(1,3,4), (1,2,6) or (N,5). Moreover: if Sis not wild then Sis tame. 

Definition 1.6. [Rl) 
The one-point extension of the algebra. B by the module Mis the algebra 

with the usual operations of matrices. 

The B[M]-modules can be identified with triples {X, U, <p) where X E B­
mod, U is a k vectorspa.ce and <p: U-+ Hom(M,X) is k linea.r. 

For more details we refer to [Rl]. 
If B has finite global dimension then gldim B(M] = 

maz{gldim B, pdBM + l}. Moreover, B-mod is a full, extension closed 
subcategory of B[M)-mod. 

It is known ([Rl]) that the representation type of B[M] depends on the 
representation type of Band ofU(Hom(M,B - mod). 

2 Comparing cmadratic forms 

In this section, we assume that B is such that gldimB ~ 2, then for any 
B-module M we h.ave gldimB[M] $ 3. Hence we would be able to relate 
the Euler and the Tits form for A= B[M] 

Definition 2.1 [R2] 
Let CB be the Cartan matrix of Band let z and y vectors in 1K0 (B). Then 
we have a bilinear form<,>= xc;? yT, where the corresponding quadratic 
form XB(x) =< x, x > is called the Euler form of B. 

This bilinear form <, > has the following homological interpretation: 
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Lemma 2.2 [R2] Let X and Y be B-modules then 

< dimX, dimY >= Et?o(-l)tdim.1:Ext~(X, Y). 

Definition 2.3 [Bo] The Tits quadratic form is given by: 

qB(X1, X2, ••• , x1) = LieQo x? - Ei,iEQo x;.x;.dim1:Ext1(S;, S;) 
+ L.,;eQo x;.x;.dimi:ExtMS;,S;) 

By [R2] the Euler form of A= B[M] can be calculated in terms of x8 : 

let X be a A-module and consider: 

dim.4.(X) = dimB(Y) + n.dimA(Se), where e is the new vertex, then 

XA(dimX) = (dimX)CAT(dimX)-T = 

XB(dimY) +n2 
- n < dimM,dimY >B= 

xs(dimY) + n2 
- n(dim1rHomB(M, Y) - dim1:Ext1(M, Y) + 

dim1cExt1(M, Y)) 
On the other hand, using Bongartz result (see [Bo]) that if gldimB ~ 2 

then XB = QB, its Tits form is computed in following: 

QA(X1,X2,•••,x1,n) = 
Qs(x1, x2, .. :, x,) + n2 - E;eQo n.x;(dimi:Ext~(Se, S;) + 

dim1:Exti(S;,Se)) + I:;eQo n.x;(dimkExt~(Se,Sj) + 
dimi:Ext}.(S;, Se)) 

Comparing, we have: 

Proposition 2.4 With the above notation: 

XA(dimX) = QA(dimX) - n.dimi,ExtMM, Y) 

The ma.in motivation for our work is the following theorem of De la Pena 

Theorem 2.5 (De la Peii.a)[Pl] 
If B is a tame algebra, then QB is weakly non negative. 

3 Directed Modules 

In this section, we assume that gldimB ~ 2 and we suppose that C is a 

directed, standard, connected component of tree type (see below) of the 

Auslander-Reiten quiver of B and Mis an indecomposable B-module in C, 

such that Hom(M, I)= 0, for all indecomposable injectives I that are not 

in C. In this case, the vectorspa.ce category K = Hom(M,B - mod) = 
H om(M, C) is finite a.nd schurian. 

We will study cases in which 1K is wild. Our results extend, in some 

sense, the list given in [Ml]. For M a good decomposable B-module, the 

result follows from ~P]. 

Definition 3.1 [MP] Let C be a preinjective component of r 11 • The orbit 

quiver O.,.(C) of C is defined as follows: The vertices of O.,.(C) are the r­

orbits 1; of the indecomposable injectives of C. The arrows are determined 

5 



as follows: consider I:: EC, with I::/ S:: ~ EBY.. If Y. belongs to the r-orbit 
of the injective Ii, we put an a.rrow from 1; to I[. 

We say that C is of tree type if the graph of the orbit quiver is a tree. 

Definition 3.2 [Ml) Two subsets L and L' of indJK are said to be path­
incomparable if for every jXj E L and jYj E L', there is no path in C from 
X to Y or from Y to X. 

Initially, let us write down some preliminaries results. 
As in [Ml] we denote by O the objects of lK that have dimension two 

and by ■ the objects of dimension greater than or equal to three. Let us 
recall the list A of vectorspace categories given in (Ml] 

A:(1,1,1,1,1), (1,1,1,2), (2,2,3), (1,3,4), (1,2,6) (N,5) or ( 0 •) , (II) 
Finally, let us denote by II X II the dimension of the object !XI E Il(1 i.e 

11 X 11= dim1cHomB(M,X). 

Theorem 3.3 [Ml] If the preinjective component C of the Auslander-Reiten 
quiver of B is of tree type and if the category ind lK contains, as a full su~ 
category, one of the categories L of the list A with its connected components 
of L being path-incomparable, then the Euler form XA is strongly indefinite. 

Proposition 3.4 [MP] Let C be a preinjective component of r B of tree 
type. Let 'Y: Xo-+ · · •-+ X. be a sectional path in C. Let 
6: T-n Xo-+ Tm X, be a path with n, m ~ 0. Then n = 0 = m and 6 = -y. 

Lemma 3.5 [MP) Let C be a preinjective component of rB of tree type. 
Let 'Y: Xo-+ · · ·X•-1 -+ X, be a sectional path in C withs ~ 1. 

Assume that there exist a module ME C and paths: 

M --...!.-xo and M _'.!,_ y-x, with Y-/- X,-1, Then Xi is not 
projective, for O < i $ s. 

The above results, that were stated for preinjective components, remain true 
in this context, that is, for C a directed, standard, connected component of 
tree type. 

Theorem 3.6 [MP) Let B a tame algebra and M a B-module. Suppose 
that M is a good relative preinjective of tree type and that 

dim1c Hom(M, N) $ 1 VN E rB, Then A= B[M] is tame if and only if 
qA is weakly non negative. 

We begin to prove: 

Theorem 3. 7 Let B be a tame algebra with gldimB :S 2, M a inde­
composable B-module in C where C is a directed, standard component 
of tree type of the Auslander-Reiten quiver of B and suppose that 1K = 

6 



Hom(M, B - mod) = Hom(M, C) is finite. If 1K contains as a full subcate­
gory, one of the following categories: 
a) {IXI} with II X 11= dim.1:IXI ?: 3 
b) {IXI, IYI} with dimklXI = 2, IYI -:/- 0 and 
dimkHomK(IXI, !YI)+ dimkHOm1<(IYI, !XI)= 0 
c) {IXI, IYI} with dim1,IXI = 2, dim1,IYI = 2, and 
dim1,Hom1<(IXI, IYI) + dim.1:Hom1<(IYI, IXI) = 1 
then qB[M] is strongly indefinite. 

To prove the theorem we need some preliminaries results: 

Lemma 3.8 Let 1K be a category as above and suppose that 1K contains 

as a. full subcategory L one of the categories of the list A. Assume that the 

connected components de L are path-incomparable. Then qB[M] is strongly 
indefinite. 

Proof. Consider the dimension vector z given in [Ml). 0 

Proposition 3_.9 Let 1K be a vectorspace category as above and X0 , Yo in 

C such that II Xo II= 2, 11 Yo II # 0 , Hom(IXol, IYol) = 0 and suppose that 
there exists a path in C, o: X 0 ---t Y0 . Then]( contains a full subcategory 

L of the list A'. 

Notation We call list A' the list given by the categories of A plus ( 0 0 ) 
and such that the connected components are path incomparable. 
Proof. (by induction on the length of the paths). Suppose that there exists 

a pa.tho: X 0 -t Yo, with Hom(M, o) = 0 = loJ. Let n = l(o). For n = 1, o 
is an arrow. As lol == 0, o is an epimorphism, and we can consider the ARS 

that ends at Y0 • Let us call Z = X 0 EB Z, the middle term of the sequence. 
Since we have g ; M ➔ Yo, Jgl -:/- 0, and g is not a. split epimorphism, g 

factors through a direct summand of Z, different of Xo, say Z; for some i, in 

this case IZ,I -:/- 0, and we can consider the pa.th incomparable subcategory 

{IXol, IZ,J}. 
Assume the result is true for length of 5, l(o) less than or equal ton. We 

can assume that g : M ➔ Yo is an epimorphism, in fact if M ---t EBY; ~ 
Yo with Im g = (BY. then, by induction hypothesis we can assume that 
Hom(IXol, JY.I) -:/- 0 for some i. But, in this case, Hom(IXoJ, JYol) 'I 0, 
a contradiction. Now, considering the ARS ending in Yo. As g is not a 
split epimorphism, there exists Zo an indecomposable direct summand of 
the middle term of the ARS ending in Yo, such that IZol 'I 0. So, if there 

is no pa.th Xo ---t Z0 , we have X0 and Z0 pa.th-incomparable. If there 

exist a path {,' : Xo ---t Zo with Hom(IXol, IZol) = 0, we can apply the 

induction hypothesis. We can assume that there exists a path f,' : Xo ➔ Zo, 
with WI 'I- 0 and 161 = l,66'1 = 0, since /3 : Zo ➔ Yo. Then 1/31 is an 
epimorphism and dimJZol ?: 2 because we have two morphisms from M 
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to Z0 ; g1 with '{Jg' ,f: 0 and o' Ji with (301 J;, ·= 0, linearly independent, for 
j; : M -+ X 0• If there exist another Zi, with IZ,I =/; 0, then Zo and Z; are 
path-incomparable. Assume that jZ;I == 0 Vi ,f: 0 and so o; : rYo-+ Zi is an 
epimorphism for all i -::j:. 0. Observe that g' : M -+ Zo cannot factor through 
rY0 • Indeed, suppose that there exists <p: M-+ rYo with o<p = g'. In this 
case /30:<p = f3g' = g but l,Bo:I = E j/3;0:,I and since Hom(M, Z,) = 0 (Vi -::j:. 

i#O . 

0), j,Bo:<pl = l(E /3,0:.)<pj = 0, a contradiction. Then there exists a direct 
i,1,0 

predecessor of Z0 , say T with IT! -::j:. 0, T -::j:. rYo and h : M ➔ T such that 
g' = f3'h. · On the other hand, o' : Xo -+ Zo is such that WI '# 0 but I.Bo'! = 0 
and the function o' (h) factors through the kernel of (,8, /Ji, · · ·, f3t), that is, 
lrYol -::j:. 0. We can assume that there exists -y: Xo-+ T , hi-# 0, by our 
induction hypothesis. Consider first the case where T is indecomposable. 
There are two morphisms from M to T: rh, with f3/3'ri, = 0, and h with 
f3'h = g'. Since f3(f3'h) = {3g' = g =/; 0, 'Yii and hare linearly independent. 
We have also II T 112 2 and T and rYo are path-incomparable. Consider 
the case T = Ti EB T2 and II Ti 11=11 T2 11= 1. As lrYol =/; 0, we can 
assume that II Yo 11= 1. In this case II rYo 11= 1, and suppose that g' 
factors through T1. Assume that there exists -y : Xo -+ Ti with I-YI ,f. 0, 
but Iml'"f I =< h >= IT11 and f3'h = h'. In this case f3{3'h = g '# 0 then 
Hom(IXol, IYoD -:/: 0 a contradiction, so Hom(!Xol, IT1I) = 0 and we can 
apply the induction hypothesis.□ 

Corollary 3.10 With the above hypothesis, qB[M] is strongly indefinite. 

Proof. It is enough to consider the case where X, Y are path-incomparable 
and II X 11=11 Y II= 2, but, in this case qB[M](dim X + dim Y + dim Se)= 
-1.□ 

Lemma 3.11 Let 1K be a category as above and suppose that 1K contains 
the following subcategory where II X II= 2, II E, II= 1 and /; is an irreducible 
morphism. 

E1 
Ii 
/' E1 

;> 
X 

fa 

\. 
'4 
\, E3 

_E-t 

Then 1K contains a full subcategory path incomparable of the list A'. 

Proof. We are going to show that if 1K does not contain one of the cat­
egories, path incomparable, of the list A', then this subcategory repeats 
itself. Suppose that II X II= 2 and II E; II= 1. Then l/;J is surjective 
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or zero. By 3.9, we can assume that IJ;I -/- 0 Vi. Then Ji is an epimor­
phism, E; is not projective and we can consider the ARS that ends in E;: 
0 --+ TE; ----+ XEB W; --+ E; --+ 0. If, for some i, there exists wi with 
IW;I ::/:- O, then {IXI, IW;I} is a category of the list A', path-incomparable. So, 

we assume that IW;I = 0 for all i. But, in this case II TE; II= 1 and by 3.4, X 
is not projective and we consider the ARS that ends in X. Again: if there ex­
ists W with IWI-/- 0, 0--+ TX--+ W$rE1EBrE2EBrE3$TE4--+ X--+ 0 
then II TX 112::: 3 and {Ir XI} is a path incomparable subcategory of the list 
A'. But, if there does not exist Win this conditions, the subcategory repeats 
itself, □ . 

Proposition 3.12 Let 1K be as above a.nd suppose that lK contains, as a full 

subcategory, L = {IXI, IYI} with 11 X 11=11 Y 11= 2 and dimHom(IXI, !YI)= 
1, then qB[M] is strongly indefinite 

Proof. We want to prove that either 1K contains a subcategory of the list 
A' path-incomparable or there exist X, Y E C such that Hom(M, X) f: 0 
and Hom(M, Y) ::/:- 0 and 
dimkHomB(X, Y)-dimA:Ext1 (Y, X) +dimkExt2 (Y, X) = 1, and that, in this 
case, the Tits forms is strongly indefinite. 
1) Suppose that X, YE Care such that 11 X 11=11 Y II= 2 and 
dim.4:Hom(X, Y) - dim,.Ext1 (Y, X) + dimA:Exth{Y, X) = 1 where Se is the 
new simple injective in B[M]. Then qB[M](dim (X2 EBY EB S:)) = -1 
2) We will see that either we have 1) or 1K contains a full subcategory path­
incomparable of the list A'. Let us consider L = {IXI, IYI} with II X 11= 
II Y II= 2 and dim Homk(IXI, IYI) = 1, then there exist a path o: X--+ Y 
with 161 f O. We ca.n assume, by 3.4 tha.t 6 is non sectional. If 1(6) = 2 

then X = rY and considering the ARS O --+ X --+ E -4 Y -4 0 since 
161 -f:. 0, IEI is not indecomposable (in JK). Counting dimensions, if E has 
three or less summands, E = E1 EB E2 EB E3 with IE,I =J:. 0, there exist one 
of them with dimension 2 or 3 (say E1) then {IE1I, IE2I} ( IE2I =J:. 0) is a 
category of the list A' path-incomparable. 

We can assume E = E1 EB E2 $ E3 EB E4 with II E, II= 1, but in this case 
by 3.11, I( contains a subcategory path incomparable of the list A'. Now 
we proceed by induction in n, with n = l(o) 2::: 2, with o: X -4 Y given by 

a non sectional pa.th, lc51 #- 0, II X 11=11 Y 11= 2 and dimkHom(IXI, IYI) = 1. 
Let us consider: 

X; 

o: X = Xo--+ Xi--+·· ·X;-1 X;+i ➔ · · · ➔ Xn-1 ➔ Y 

a.nd let ~ assume that X;-l = T X;+i a.nd X;+1 ➔ · · · --+ Y is sectional. 
We can assume that there exists Y', .predecessor of Y with Y' #- Xn-1 and 
Hom(M, Y') -f:. 0. In this case II Xn-1 II< 2 and we have the pa.th 

/ ~ 
X--+ TY Y . Let us consider the ARS that ends in Y: 

~ / 
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O -+ rY -+ E -+ Y -t O with E = SE; a decomposition into inde­
composables. We can assume that II E; II= 1 for any i, so there exist at 
least two different direct summands with IE;I =/ O, g; : E; ➔ Y, lo;I =/ 0. 

Moreover IEI J4 IYI is surjective, and we can assume that Imlo1I :/ Imlo2I, 
By 3.9 we can assume that Hom(IXI, IE;I) :/ O,for i = 1, 2. But, in this case 
dimHom(IXI, IYI) > 1, a contradiction,□ 
Notation: Denote by A* the list given by A, plus the categories 

Lemma 3.13 (Merklen) Let 1K be as above and assume that 1K contains 
the following subcategory A~ C where II A 11=11 C 11= 1, ial = 0, and a an 
irreducible morphism. Then 1K contains a full subcategory of the list A•, 
path-incomparable. 

Proof. We are going to prove that if 1K does not contain a subcategory of 
the list A•, path incomparable, then the category repeats itself. 

As a: A ➔ C is an irreducible morphism, a is an epimorphism and C 
is not projective. 

Let us consider the ARS that ends in C: 0 ➔ rC ➔ A EBB ➔ C ➔ 0. 
Then for any h : M ➔ C, h factors through A$ B. As lal = 0, then 
JI B Iii 0. If IBI is indecomposable and dimjBj :::: 2, then {IBI, jAJ} is a 
full subcategory of the list A•, path-incomparable. If IBI is indecomposable 
and dimlBI = 1, considering the morphisms: (3 : B ➔ C, 1 : rC ➔ A, 
o : rC ➔ B, by the mesh commutativity, then: la,1 = if3ol = O. But lf3I i- 0, 
I.Bl is an isomorphism, so lol = 0. But in this case, o is an epimorphism, B is 
not projective, and we begin again. Let us suppose that B is decomposable. 
We can assume that B = B1 EB B2 with IB;I =/ 0, then considering the 
morphisms: .Bo: rC ➔ A, ,8;: rC ➔ B;, a 0 : A ➔ C, a;: B, ➔ C, 
we have: II rC II= 2 and by the mesh commutativity la1,81I = la2f3:il then 
kerl.811 = kerlf32-I, Since 11 rC 11= 2, and II B; 11= 1, two situations can occur: 
either lf3;1 = 0 and in this case, we have the result by 3.9 or lf3;1 is surjective, 
and we consider the ARS that end in A and in B;: 0 ➔ rA ➔ rC EB WA ➔ 
A ➔ 0, 0 ➔ rB; ➔ rC EB W; ➔ B; ➔ 0. If there exists W with !WI=/ O, 
then {lrCI, IWI} is a category path incomparable. Let us suppose that there 
does not exist such a W, then 

rA A ,. "Ill f3o ao 
\., /" \., 

r2C 14 TB1 .24 rC A B1 ~ C 
62 't'J (j,,i 

' \., /" . \., 
rB2 B2 

Let us observe that Hom(lrB;I, !Cl)= 0 because kerlf3il = Iml,il and lal = 
O. So the path from r 2C to C passing through r A is equal to the path 
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passing through rB1 EB rB2 and so is zero. But, moreover, lml·nl = Imh21 
and Iml,ol-:/- Imh-11, because there are two morphisms from M to rC that 
factor through r A ffi rB1 EB rB2. But liobol = h101 + 12021, 

Iml1oool C Imh101 + ,2021 = Iml,11 so l,oool = 0. AB II r2C II= 1 and 
1-rol-:/- 0 by construction, then lool = 0 and the process repeats.0 

4 Proof of Theorem 

It is enough to consider the case where there exists a path 

Y ---!...... X with 151 = 0 and we can assume that II X II= 2 and (by 3.9) 
II Y II= 1. Again, we prove it by induction on n= maximal length of paths 
between Y and X such that ll Y 11= 1, II XII= 2 and Hom(IYI, IXI) = 0. 
Let n = 1, o : Y ➔ X an irreducible morphism. As iol = 0 , then X is 
not projective and we can consider the ARS: 0 --+ r X --+ Y EB Z --+ 
X --+ 0. The morphisms M ➔ X factor through Z (Z indecomposable 
or not) and then dimlZI ~ 2 so II Y EB Z II~ 3 and Ir XI -:/- 0. If for 
some Z; indecomposable direct summand of Z we have II Z; 11= 2, the 
category {!YI, IZ;j} is path incomparable. So we assuml) Z = Z 1E;BZ2 ···with 

dimlZ;j = 1. Let us consider g: M ➔ Y, since Joi= O, g factors through r X. 
On the other hand, since Jr XJ =/- 0 and II Z; II= 1, then the la;I : Ir XI -+ IZ;j 
are such that either Ja;J = 0 for some i or la;j is surjective for all i. Let us 
suppose that la;I = 0 for some i. Then by 3.9 or by 3.13 we have the result. 
Let us suppose that we have la;J surjective for all i. By 3.11 we can assume 
that II r X II= 1, in this case any morphism M --+ Z; factors through 
r X. Let /3; : Z; ➔ X be an arrow. By the commutativity of the mesh, 

lo1 + /3101 + ,l,2a2i = 0 = l/ha1 + f32a2I, and in this case, Iml/311 = Iml/321, 
But then, there a.re two linearly independents morphisms from M to X that 
factor through Y ffiZ, a. contra.diction. Now, we proceed by induction, let us 
suppose it is true for a maximal path oflength less than n, and let us assume 

o is a. maximal path of length n: o : Y = Yo -+ Y1 ➔ · · · ➔ Yn ..h.+ X with 
lol = 0. If II Yn II= 2, and If nl -:/- 0, we have the result by 3.12 and if Ifni = 0 
by 3.9. So we can assume that II Yn lls 1 and, by 3.5 we can consider the 
ARS: 0 -:..+ r X --+ Yn EB E1 EB • · • --+ X --+ 0. By 3.12, or by 3.11 we can 
assume that II r X II s 1. Consider now the origin of the pa.th. We have the 
following possibilities: 

1) 11 Yi II= 1. 
2) II Y1 11= 2. 
3) II Y1 II= o. 
Let us consider 1) Y = Yo ..!!:..+ Yi, if lfol = 0 we have the result by 3.13. If 
!fol -:/- O, then 1/1 is an isomorphism and so Hom(IY1I, IXI) = 0 and we apply 
the induction hypothesis. 
Case 2) II Y1 II= 2. If dim Hom(IY1I, IXI) ~ 1 we have the result by 3.9 or 
3.12, so we can assume dim Hom(JY1j, IXI) ~ 2. Let Y2 be a direct successor 
of Y1 , if II Y2 II= 2 we have the result by 3.12. So, let us assume that all 
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succes.5<>rs of Y1 have dimension less or equal 1. 
Let us consider two situations: 
2A) Y1 non injective 
2B) Y1 injective 

2A) We can consider the ARS: 0 -+ Y1 ~ Ti $T2$· · · -+ r-1 Y1 -+ 0 
where !al is injective, and there exists some summand T, with II T, 11= 1, 
and we apply the induction hypothesis. 

Let us see 2B, Y1 is injective, but Y1 is not projective. Let us suppose 
first that lrY1! = O. In this case, there exist Wand T direct predecessors 
of Z a.nd Yo respectively with IWI-::/- 0, ITI-::/- 0. If II T II= 2, {ITI, IZI} is a 
category path incomparable. Let us suppose that II T 11= 1. Since the path 
5 is maximal, there·ex.ists 5': T ➔ Xo a. non zero path and then; there exists 
a direct successor of T, different of Y, say T1 with IT1 I :f:- 0 and T1 being 
path incomparable with Y1• Let us suppose that lrY11 I- 0. By 3.11, we can 
assume that I! rY1 I!= 1. As dim Hom(IY1I, !XI) 2: 2, we have at lea.st one 
direct successor of Y1, Y2, with II Y2 II= 1, moreover, if Hom(IYI, IY:d) "IO, 
then Hom(IY21, !XI) = 0 and we apply the induction hypothesis. So, we 
can consider that Hom(IYI, IY2I) = 0, and that any other direct successor 
of Y1 has this property. We will see that in this case, Y2 is the unique 
direct successor of Yi and Y = rY2 • Moreover, the other direct predecessors 
of Y1 in C are injectives. Let us see first that Y2 is the unique non zero 
successor in JK. Suppose that Y1 has another successor, V with II V 11= 1. If 
Hom(IVI, IXI) = 0 we apply the induction hypothesis. IfHom(IY2I, IX])-:/- 0 
we have the figure 

Z1 V 
h' h1 v,' } '\, /' 

TYi 
h' 
~ Z2 ~ Y1 

g I '{) 

'\, /' '\, 
y Y2 

with /ml/I = kerjr,o'I = kerjr,oj and then, as II V II= 1, V is not projective, 
similarly for Y2, rV and rY2 are direct predecessors of Y1 with dimension 
1. Then, for some i, we have Imlh,I = Imlfl. Let us suppose i = 1, since 
any morphism M ➔ Yi factors through Z1 $ Z2 $ Y, Imlh2I is linearly 
independent with /ml/I, So, we can consider {Y1,Y2} a basis of IY1j of 
the following form Imlh1I = Imlfl =< 1h >, Jmlh2I =< Y2 >. Since 
fg + h1h~ + h2h2 = O, then -lh2h2I = jfg + h1h~I and Imlh2h2I C< Y1 > 
and then, lh2h2j = 0, but 1h21 : lrY1I ➔ IZ2! is either zero and in this case, 
we have the result by 3.13 or is an isomorphism and in this case jh21 = 0 
and we apply the induction hypothesis. Hence, we ca.n assume that Y = rY2 
and that Y2 is the unique non zero successor of Y1 in IK. Let us consider the 
ARS that ends in Y2: 0 -+ Y -+ Y1 $ W -+ ½ -+ 0. If there exists W 
in C such that IWI-::/- O, then for some W; direct summand of W, jW;j-::/- 0 
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and {IW,l, IY1I} is a. category path incomparable. If there exists W in C 
such that IWI = 0, then for all W; direct summand of W, the morphisms 
/3; : Y ➔ W; are epimorphisms, and we can consider the ARS that ends in 

W;: 0 -t rW; -t Y EB L;--+ W; --+ 0 and where, counting dimensions, 

we get )rW;) =/:- 0. If II rW; 11= l, we have IL;I = 0 e Hom(lrW;I, IXI) = 0. 
On the other hand, if II rW; 11= 2, there is a sectional path from rW; to Y1 
and the result follows by 3.12. So, we can assume that such W does not exist 

in C and that the ARS: 0 --+ Y -4 Y1 --+ Y2 --+ 0 is such that / is an 

injective envelope and that Y2 is a simple. Let us see that Y1 does not have 
any other successor in C, indeed, suppose that there exists L direct successor 
of Y1 with ILi = 0 then, L is not projective, rL is a direct predecessor of 
Y1 and II rL 11= 2 and again, the result follows by 3.12. On the other hand, 
let N be a direct predecessor of Yi different from Y, if N is not injective, 

then lr-1 NI=/:- 0. So, we conclude that Y is a simple module and any other 
summands of the middle term of the ARS that ends in Y1 are injective. But, 

the ARS O --+ r Y1 --+ Y EB Z1 EB Z2 EB N --+ Yi --+ 0 is such that Y1 is not 
simple, then the sequence: 0 --+ soc(rY1) --+ soc(Y EB Z1 EB Z2 EB N) -t 

soc(Y1) -t O is split-exact. Since Y ~ soc(Y1) and Z1 EB Z2 EB N : I* is 
injective, and we have that soc(rY1) ~ soc(/*) and rY1 -+/*is the injective 

h' h 
envelope of rY1. Moreover, the sequence: 0--+ rY1 --+ Y EBI*--+ Y1 --+ 
0 is exact and 

I*EBY rev r · 
--- ~ - --- ------- ~ ---- EBY~Yi 
h'(rY1) - (h'(rY1) n /*) EB (h'(rY1) n Y) - h'(rY1) n /* -

because h'(rYi) n Y = 0 as Yi is not a summand of I*, but in this case Y1 
is decomposable, a contradiction. 
Case 3) Suppose that IY1 I = 0. We can assume that all successors de Y are 

such that IY1I = O. In this case Y -4 Y1, Iii= 0, J is an epimorphism and 
considering the corresponding ARS, then we have that lrY1 I # 0 and Yo EB Z 
is the middle term. If 11 rY1 11= 1, then IZI = 0 and Hom(JrY1I, IXI) = 0 
which contradicts the maximality of the path. If II rY1 11= 2, we can as­

sume that Z is indecomposable with II Z II= 1 and by 3.9 we can assume 
that Hom(lrY1 1, IXI) =I 0, and there exists r.p: rY1 ➔ X, r.p is not a split 
monomorphism and Ir.pl # 0 so, we can assume that there exists 715 : Z ➔ X 
such that 01715 = r.p, then 1017151 = Ir.pl =I O and so 17151 =I O and any morphism 
from lrY11 to JXI factors through IZI. Moreover, there exists a path from 
Z to X that does not factor through Y1 and so, none of these paths is sec­

tional. Moreover, the arrow 01 : rY1 -+ Z is such that 101I : lrY1I -+ IZI 
is not injective and we consider the ARS that ends in Z. If there exists T, 
direct predecessor of Z, with ITI # 0, then {ITI, lrY1I} is a category path 
incomparable. Let us see that the hypothesis ITI = 0 will lead to a contra­

diction. If ITI = 0 then II rZ 11= 1. Since Hom(lrZI, IXI) = 0 contradicts 
the maximality of the path, we can assume that Hom(lr ZI, IXI) =f:. 0, so that 
there exists'¢: rZ--+ X, with l,J,I ¥- 0 and ,J, does not factor through Y, 
or Y1 • If the ARS that ends in Z does not have other direct summands in 
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B-mod, then 0177 = 0, so 101111 = 0 and 1-¢1 = 0, contradiction, because we 
are assuming tha.t Hom(lrZI, IXI) -1- 0. Let us assume that the ARS that 
ends in Z ha.s other summands T, with I EB T,I = 0 

EBT, 
rj? . '\,a 

rZ z 
1J '\, /OI 

TY1 

In this ca.se: 
Oltf/ + afj = 0 so 10117 + a11I = o 

but la7JI = 0 because ITI = 0 so la17JI = 0, a contra.diction to the fact that 
Hom(lrZI, JXI) ·-1- O.a · · 

5 Roiter's categories 

In this section we will analyse other finite vectorspace categories that are 
immersed in directed, standard components of tree type. As there is not a 
classification of the wild vectorspace categories, but there is a classification 
of the polynomial growth schurian categories given by V. Bekkert in [Bl], 
our work goes in this direction. Some of these categories appear in [Ro]. 
Let us write down the results obtained by Bekkert. Let 1K be a schurian 
vectorspace category. Denote by SJK the set of indecomposable objects of 
dimension one and by LIK the set of indecomposable objects of dimension 
two. For an object IXI E LIK, we identify the set of the subspaces of IXI 
of dimension one with the projective line and denote it by P1 (X). For 
IXI E LIK and V E P1 (X) we denote Sx,v ( resp. sx,v ) the set of objects 
Z E SIK such that Hom(IXI, IZI) ¥- 0 ( resp. Hom(IZI, IXI) ¥- 0) and 
V = ker<p ( resp. V = Im<p) for all t.p E Hom(IXI, IZI). For a.n object 
!XI E LIK, we denote by Ox ( resp. ox )the set of V E P1 (X) such that 
Sx,v ¥- 0 ( resp. sx,v /. 0 ). Let us define Sx = UvenxBx,v (resp. 
sx = UvenxS~•v). Since we are assuming I( wild, 1K is not of polynomial 
growth and we write the theorem in the following form: 

Theorem 5.1 [Bl] A schurian vectorspace category lK is not of polynomial 
growth if a.nd only if one of the following condition holds: 
(A) There exists IXI indecomposable in lK, with dimA:IXI > 3 
(B) dimA:HomlK(IXI, IYI) + dimA,HomK(IYI, IXI) = 0 for ;,me IXI in LIK, 
and !YI in SJK 
(C) dim,.HomK(IXI, \ZI) + dimA,HOmJK(IZI, IXI) $ 2 for some IXI and IZI 
in LIK 
(D) There exist IX! and IYI in LIK, V E P 1(X), U E P 1 (Y) such that 
Hom(IXI, IYl)(V) = U and Sx,v n 5Y,U ¥- 0. 
(E) Sx,v or sx,v contains a poset (1, 1, 1) or (1, 2) for some X E LIK and 
some VE P1 (X). 
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(F) For some X with 1 < ordnx < 4, Sx ( resp. sx ) contains a poset 
(1, 1, 1, 1) 
(G) There exist X1,X2, ... ,Xn ELI(, V; E P 1 (X;), 1 Si Sn, n E IN, such 
that IHom(IX,h jX;+il)l(V;) = ½+1 for 1 S i < n and Sx",v" · and sx

1
,v

1 

contains the poset (1, 1). 
(H) SIK contains one of the following posets (1, 1, 1, 1, 1), (1, 1, 1, 2), (2, 2, 3), 
(1,3,4), (1,2,6), (N,5) and {A< B > C < D > A,S,T} 

Al; the conditions A and B have been studied in the laBt section, we 
consider now condition C, that is, there exist IXI and IYI in I(, with 
II X 11=11 Y II= 2 and dimHom(IXI, jYI) + dimHom(IYI, IXI) S 2. In this 
case, if dimHom(IXI, IYl)+dimHom(IYI, jXI) S 1, again by 3.7, then qB[M] 
is strongly indefinite. If, on the other hand, dimHom(IXI, IYI) + 
dimHom(IYI, IXI) = 2, 1K will not always be wild. 

Lemma 5.2 ([Bl]) Let 1K be a schurian vectorspa.ce category and let IXI 
and !YI be in IK, with II X 11=11 Y II= 2. Then 
a) If dimHom(IXI, IYI) = 3 then IK{IXI, !YI} is equivalent to one of the 
categories: 

I) [a O , with the morphisms given by [ ~ ~ ] , [ ~ ~ ] , [ ~ ~ ] · 

J) [a O , with the morphisms given by [ ~ ~ ] , [ ~ ~ ] , [ ~ ~ ] · 

b) If dimHom(IXI, IYl)+dimHom(JYI, IXI) = 2, then IK{IXI, !YI} is equiv­
alent to one of the categories: 

A) [}:::: 0 , with the morphisms given by [ ~ ~]' [ ~ ~ ]· 
B) [}:::: 0 , with the morphisms given by [ ~ ~].[~ ~]-

C) ~O , with the morphisms given by [ ~ ~].[~ ~]-

D) O=::O , with the morphisms given by [ ~ ~].[~ ~]-
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DOf>) ~Q , with the morphisms given by [ ~ ~ ] , [ ~ ~]. 

We maintain the notation of [Bl). The category of type A is tame, and since 
1K is immersed in a directed component, the category of type C cannot occur. 
Let us analyse the others. 

Lemma 5.3 Let 1K be a category aa above and suppose that 1K contains a 
subcategory of the form {IXI, 1Z1I, IZ2I} 

Z1 Z1 
11'1 t/,1 
/' \, 

X or X 
'1'2 ' ,j,, 

\, J" 
Z2 Z2 

with II X 11= 2, 11 Z; 11= 1, cp; irreducible morphisms, lcp;I '# 0, but kerlcp1I = 
kerlcp21 or: t/;; irreducible morphisms and /m 11/111 = Iml,J,21• Then 1K 
contains, as a full subcategory, one of the categories (path incomparable) of 
the list A•. 

Proof Let us suppose that 

X 

z'J. 
then lcp;I is surjective and we can consider the ARS that ends in Z;: 0 ➔ 
T Z; ➔ X EB W; ➔ Z; ➔ 0. If, for some i, IW,I -::f O, then {IXI, IW;I} is a path 
incomparable category. So, if IW,I = 0 Vi, 0 ➔ ITZ;I ~ IXI 1:41 IZ,I ➔ 0 is 
an exact sequence in 1K, kerlcp;I = ImlT/1,I a.nd II rZ; II= 1. 
Since, by 3.5, X is not projective, we -consider the ARS that ends in X. 
Since the morphisms from M to X are not a split epimorphism, and since 
Iml,J,11 = /mlt/J2I, there exists Ta predecessor of X, T ~ TZ; with IT!-:/- O, 
and 1/io: T ➔ X with /ml'l/lol 'I- ImlT/111, IfT is indecomposable, and II T II= 
2, then the category {ITI, lrZ;I} is path incomparable. We can assume that 
T is indecomposable (by 3.11) and that II T I\= 1. In this case, let us consider 
ao: rX ➔ T a;: rX ➔ TZ;, 'I/lo: T ➔ X and II rX \I= 1. Let us consider 
a basis of IXI, given by {zo, z1} where < xo >= /ml'l/lol, < x1 >= Im (1P1I 
and {g} a. basis of jT x1. Then l,J,101 I+ lw2a2I + IT/loaol = 0 and in this case 
-IT/loaol = 11/11021 + lw2a2I and >.zo = -IT/loaol(g) = (lw1a2I + l'¢2a2l)(g) = 
f/X1 so l,t,oaol = 0. Since IT/lol is injective, laol = O, and by 3.13, 1K contains 
as a.full subcategory path incomparable one of the categories of the list A• .c 
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Proposition 5.4 Let 1K be as above and let us suppose that 1K contains 
{IXI, !YI}, as a full subcategory where II X 11=11 Y II= dim,.H om(IXI, !YI) = 
2 with Hom(IYI, IXI) = 0. 

Let {x1,z2} and {Y1,Y2} be bases, respec. of IXI and of IYI such that 
H om(IX I, /YI) ~ given by one of the following bases: 

Bi { [ ~ ~ ] , [ ~ ~ ]} (category B) 

B2 { [ ~ ~ ] , [ ~ ~ ]} ( category D) 

B3 { [ ~ ~ ] , [ ~ ~ ]} (category o0
P) 

Then qB[M] is strongly indefinite. 

Proof. Again, we prove by induction on the maximal length n(o) of the 
paths o from X to Y, that 1K contains a full subcategory ( path incompa­
rable) of the list A*. 

As we have two morphisms that are linearly independents from X to Y 
none of this paths can be sectional (see 3.4). 

If n(o) = 2, the result follows from 3.11 or by the same argument done in 
3.12. Let us suppose that o is a maximal path of length n and let us assume 
the statement for maximal paths of length less than n. Let us consider 
8: X = Xo --+ X1 --+ · · ·--+ X,. --+ Y. If II X,. II= 2 1 the result follows from 

3. 7. So, we can assume that II Xn II:::; 1 and there exists a predecessor of Y, 
say Y' with Y'-/- Xn and IY'I-/- 0. If Hom(IXI, IY'I) = 0, by 3.7, we have 
the result. Since this path cannot be sectional, there exists a path o' from 
X0 to TY. Dividing in cases: 
1) 01 is a sectional path. 
2) o' is not a sectional path. 

We begin with 1) Again, dividing in cases: 
A) If dimlTYI = 2 the result follows by 3.11. 
B) If !TYi = 0, at least for one i, the path Xo ➔ TY ➔ Ei is sectional. Since 
II Ei II= 1, there exists a predecessor of Ei, say Ti with IT;I # 0 and there 
does not exist a path from X to T; by 3.4. Then, {IXI, IT;I} is a category 
path incomparable. 
C) If II TY 11= 1, we can assume that there are three summands with 
II Ei II= 1 in the middle term of the ARS that ends in Y. Also, we can 
assume that any morphism from X to Y factors through TY: indeed, let us 
suppose that this not happen, then there exists another non zero path from 
X to E 1• In this case, there exists T1 a direct predecessor of E1 and by 3.5, 
E 1 is not projective 
Cl) If X 1 TE1, then, counting dimensions, ITE1I # 0, and there exists 
,p : Xo ➔ E 1 that is not a split epimorphism, so that there exists 'PT : 
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X-+ T1 such that 1/J: h11P7'. If there does not exist a path from X to TE1, 

then {IXI, ITE11} is a category path incomparable. If there exists a path 
from X to TE1, then i,f II TE1 II= 2, the path being sectional, the result 
follows from 3.7. If II TE1 11= 1, any morphism from X to Y is of the form: • 

ICE /;g;)5'1- But /5'1 is surjective and not injective. We consider a basis of 

X, {x1,x2} such that Jo'l(x1) = 0 (in this case, the category is of the form: 
o0P). Since the path from X to TY is unique, there is a unique X1 direct 

successor of X with: X ➔ X1 ~ TY. If II X1 II= 2, or II X1 11= O, the result 

follows from 3.7. Let us assume that II X1 11= 1. In this case IXI ~ IX1I 
is not injective, and the ARS is T Xi ..!; X ffi A 4 X1. If IAI =f:. 0, then 

{IXI, IAI} is a category path incomparable. If !Al = O, then II T X1 11= 1 and 
kerlipl = JmltJ,I. Moreover, o' = 5",p and 5" : X1 ➔ TY is such that 16"1 
is isomorphism then ker!o'I = kerlo"t,ol = kerlt,ol = Imlt/JI =< X1 >- Since 
there is not another path from TX1 to Y, then Hom(ITX1I, !YI)= 0 and 

the result follows from 3.7. 
C2) If X ~ TE1: 

Ti 
/'" \, 

X ➔ T2 ➔ E1 
\, /'" \, 

TY --t E2 - --t y 

\, /'" 
E3 

we see that dim H om(IXI, jYj) ~ 3, a contradiction. 
Let us consider 2) o' is not a. sectional path. Dividing in cases: 

A) If II TY II= 2, the result follows from 3.11. 
B) If II TY 11= 1, since 01 is not sectional, by 3.7 we can assume that 
dim Hom(IXI, ITYI) = 1 or 2. By the same argument above we can assume 
that the morphisms from X to Y factor through TY and that 

II Hom(IXI, ITYI) II= 1. In this case, o' : X ➔ TY is such that 16'1 is not 
injective and again the subcategory is of type o0 P. We can assume that the 
direct successors of X, Z;, are such that II Z; II~ 1 and a.re at most three. If 
there is only one, Z with II Z II# 01 then II TZ JI= 1, H om(jTZj, !YI)= 0 and 
the result follows from 3.7. Let us suppose that X has two or more direct 
successors Z; with IZ;I =/. 0. By 3.7, we assume that Hom(IZ,I, ITYI) =/. 0 
and consider 1; : X ➔ Z; and 'Pi : Z; ➔ TY, in this case: 

WI = l'P1,1I = l'P2'Y2I, then l'P1I and l'Pll are isomorphisms and kerWI = 
kerl,11 = kerl,21 and the result follows from 5.3. 
C) If !TYi = 0 and 5' is not sectional, we have: II E1 11=11 E2 II= 1 and {3; : 
E; ➔ Y. Considering 3.7, let us suppQl!e that Hom(IXI, IE,I) =/. 0 , i = 1, 2 

and considering 5.3, let us assume that Jmf.81I # Imlf32I- Let {111,112} be · 
a. basis of Y such that < J/1 >= Jml.811, < !tJ >= Jml.821- If, for some i, 
dim Hom(IXI, IE;I) > 1, we ha.ve dim Hom(IXI, IYI) > 2, a contradiction. 
So, let us assume that dim H om(IXI, IE,I) = 1 V; = 1, 2. Let us see the 
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direct successo·rs of X. If there is only one direct successor Z with IZI-::/= 0 
then either II Z II= 2 and the result follows by 3.7 or II Z 11= 1, a.nd we have 
the ARS 0 ➔ rZ ➔ X EB W ➔ Z ➔ 0. If IWI =I= 0, {IXI, IWI} is a. category 
path incomparable. If IWI = 0, then II rZ II= 1 and Hom(lrZ], IYI) = 0, 
again, the result follows from 3.7. So, let us assume that we have two or 
three successors of X. If X is not injective and lr-1 XI =I- 0 then 

Z1 E1 

' 
'Yl /Ji 
\i /' \i 

X ~ Z2 ~ T-lx rY y 
°'l 'l'3 P2 
\i /' \i /' 

Z3 E2 

By 5.3, the lo1sl have different kernels. By 3.7, there exists f: r-1 X ➔ Y 
such that lfl -:/:- 0, and f factors through E1 ffi E2. So, for some i, there 
exists f; : r-1 X➔ E; such that l/;I is an isomorphism. But 
dim Hom(IXI, lr-1XI) = 2, so dim Hom(IXI, IE,I) = 2, wich contradicts 
dim Hom(IXI, IYl) = 2. Assume that Ir-XI= 0, and X has two non zero 
direct successors in 1K 

Z1 ...................... E1 

X y 

Z2 ······················ E2 

Since diml:l om(IXI, IE;I) = 1 so H om{IZ;[, IE;I) =/- 0, i, j = 1, 2, 
Hom(jZ;j,IE;I) = 0 so we can consider bases {x1,x2} and {y1,Y2} such 
that 

Let us suppose now that 1K satisfies condition D. Then 

Proposition 5.5 Let IXI and IYI in LIK, VE P 1(X), 
U E P 1(Y) he such that Hom(IXI, IYl)(V) = U and Sx,vnsY,u =I- 0. Then 
1K contains as a full subcategory a category of the form: 

XC::: A 3 Y 
with II A 11= 1, II X 11=11 Y 11= 2 and the morphisms given by: 

[~~ ].[~~].[~~] 
(1, 0) : IXI ➔ !Al and ( ~ ) : IA! ➔ IYI, that is, there exist U E P 1(X), 

V E P 1(Y) such that lc,,l(U) C V lflipl : IXI ➔ IYI and ker(X ➔ A) = 
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U, Im(A-+ Y) = V. Moreover, if I( contains the above subcategory then 
1K contains as a full subcategory one of the categories of the list A•. 

Proof: Again, we do the proof by induction in n(5) = length of the paths 
6 (with lol :f. 0) between A a.nd Y. Let us suppose that o : A -+ Y is an 
arrow. By 3.4, the paths from X to Y cannot be sectional. Since II A 11= 1 
and II Y II= 2, Y has other direct predecessor B with II B II#= 0. If II B II= 
2 and B is indecomposable, the category {IBI, IAI} is path incomparable. 
So, let us assume that the direct summands of B have dimension 1. By 
3.5, Y is not projective and there is a path X -+ rY. Let us denote by 
f3o, /31 respec. the arrows from A to Y and from B to Y. First, let 118 

consider B indecomposable, with II B II= 1. If Hom(IXI, IBI) = 0, the 
result follows from 3.7. Let us assume now that dim Hom(IXI, IBI) = 2. 
Since /ml/3ol = V, by 5.3, then /ml/311 #- V. But then l1/J1I, l1/J2I are linearly 
independent for ,p; ; X ➔ B with l.811/'i;l(U) C V. Since Jml.811 =f V 
and I/Jil is injective then U C kerl,t,;I for i = 1,2, but in this case, 1"111 
and l'IP2I are linearly dependent, a contradiction. If, on the other hand, 
dim Hom(IXI; IBI) = l then dim Hom(IXI, IYI) = 2, a contradiction. Let 
us suppose B decomposable (with two summands, by 3.11) and by the same 
argument, dim Hom(IXI, IB;I) = 1, so II rY 11= 1. If Hom(IXI, lrYI) = O, 
the result follows from 3.7. If dim Hom(IXI, lrYI) = 2, since a0 : rY ➔ 
A is such that laol is an isomorphism, then dim Hom(IXI, IAI) = 2, a 
contradiction. So dim Hom(IX!, lrYI) = 1. But, in this case, {IXI, IYI} is 
a subcategory of type D. This finish the case n(o) = 1. Let us suppose it 
is true for n( o) < n and consider o : A = Ao -+ A1 ➔ • • • ➔ A,. ➔ Y. Let 
us assume that IA,I '# 0 V; and JI A.. II= 1, so, there exists another direct 
predecessor of Y, say B. Since o = /JoGa and /mj6j = V = lml.Bo8ol where 
/31 : B -+ Y, /3o : An -+ Y, Oo : A ➔ An and lool is isomorphism, then V = 
/ml/Joi- By 5.3, we can assume that Iml/3tl #- V. As dim Hom(IAI, IYI) = 1 
then Hom(IAI, IBI) = 0 (and so, II B 11= 1). 
Dividing in cases: 
1) II A1 II= 2 
2) II A1 II= 1. 
Let us see 1). Since II A1 11= 2, we can assume that II A2 II= 1 and 
that lghl =/- 0 where: Ao ~ Ai ~ A2 .!i Y so that lghl is an isomor­
phism. If dim Hom(IA2I, IYI) > 1, then j<p;ghl #- O, V<p; : A2 ➔ Y 
with l<P,I =/- 0 so ~im Hom(IAI, IYI) > 1, a contradiction. Let us SUJr 

pose that. dim Hom(IA2I, IYI) = 1 and Vlr;I : IA2I ➔ IYI has image V. 
From X ~ A -.!4 Ai 2.+ A2, we get that lghl It/JI has kernel U. If 
dim Hom(IXI, IA2I) = 1, the category {IXI, IA2I, IYI} satisfies the induction 
hypothesis. Let us suppaie that dim Hom(IXI, IA2I) = 2 and so there exists 
f': X ➔ A2 with IJ'l(U) # 0. Since J' is not a. split epimorphism, and A2 is 
not projective, let us consider the ARS: 0 ➔ r A2 -+ Ai EB W ➔ A2 ➔ 0. If 
there exists W with IWI # 0, then {IA1I, IWI} is a category path incompa­
rable. Let us suppose IWI = 0 and II rA2 11= 1. If Ao= rA2, then luhl = 0, 
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A1 is not projective by 3.5 and the morphisms from X to A2 factor through 
A1. Again, let us consider the ARS: 0--+ rA1 --+ A0 $rA2 $T--+ A1 --+ 0. If 
ITI = 0, then the morphisms from X to A2, are of the form: X --+ Ao --+ A2 

with kernel U and X --+ r A2 -+ A2 wich is zero. Let us assume then, that 
11 T 11= 1, T indecomposable, and let us consider the diagram: 

Ao 
/ \.i 

X ----+ TA1 --+ TA2 --+ A1 
\.i / \.i 

T A2 

Since dim Hom(IXI, IAol) = 1, dim Hom(IXI, lrA1I) = 1. But • 
dim Hom(IXI, ITI) > 1 because there exists/: X--+ T such that/'= ghf 
and kerlfl =/= U. If A2 = An, and A1 ~ TY the result follows from 3.11. If 
A1 1 TY then A1 and B are path incomparable. 

Let us suppose that An 1- A2 and Hom(IA1I, IBI) =/= 0. The paths from 
X to Y factoring through B are of the form: 

X ~ Ao© T A2 © T L A1 -4 B ~ Y. If IYI =f O, j,Bgj =f O because !,Bl 
is injective. Since liJI is surjective, IPYPI # 0 and IP al is non zero because 
there exists a non zero morphism from IXI to IAil, then j,Bg P aj(U) C V. 
Since Iml,81 =I= V, j,Bg P aj(U) = 0 but, 1.81 being injective, I~ /1 aj(U) = 0 
that is IP al(U) C ker g and for all '1/J : X --+ A1, l'I/Jl(U) c kerlgl. Let 
Vi = kerjgj then (H omlXI, IA1l)(U) = Vi and ker(IXI--+ !Ai)= U. Hence 
Im(IAI --+ IA1I) = Vi and the category {!XI, !Al, IA1I} satisfies induction 
hypothesis. 

Let us see 2). 11 A1 11= 1 
with !'I/JI = (1, 0) and there exists another direct predecessor of Y, B with 
II B II= 1 and, by 5.3, Iml,BI-/- V. If dim Hom(IA1I, !YI) > 1, since I/ii is 
an isomorphism, dim H om(IAI, jYI) > 1, a contradiction. So, 
dim Hom(IA1I, !YI)= 1 and Jm(IA1!--+ IYI) = V. If dim,.Hom(IXI, IA11) 
= 1, for any g : X --+ A1, lul is linearly dependent with lfi,J,I and so has 
kernel U, hence the category {IX!, !Ail, !YI} satisfies the induction hypoth­
esis. If dim Hom(IXI, jA1I) > 1 (so =2) then there exists ¢: X--+ A1 such 
that "¢ does not factor through A, and there exists another predecessor of 
Ai, B1 such that¢ factors through B1• If B1 is indecomposable of dimen­
sion 2, the result follows from 3.7. If B~ is indecomposable of dimension 
1, then dim Hom(IXI, IA1I) = 1. So let us consider B1 decomposable and 
II T A1 II= 2 and assume that for any ti, : X --+ T A1, lutPI has kernel U, either 
ltiil(U) = 0 or !tii!(U) C kerlul- Let Vi= kerjgj. If Hom(ITA1I, !Bl)= 0, the 
result follows from 3.7. Let us suppose that x : rA1 --+ B, !xi =/= 0. Then 
j,Bxl : lrA1! --+ IBI --+ !YI and j,Bxti,I : IX!--+ !YI. Since /mj,81 -::/:- V, 
l,Bx,Pl(U) = 0 and 1¢J(U) C Vi, j,Bxl(Vi) = 0. But I.Bl is injective, so 
!xi has the same kernel as lu l, Since Hom(IAI, jBI) = 0, x cannot factor 
through A and there exists another direct successor of rA1, Bi. But then 
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TA1 ~ B1 ~ B, x = .to1 and since II B 11=11 B1 II= 1, ltl is an iso­
morphism a.nd kerlxl = kerltoil = kerla1I = kerlgl, a. contradiction to 
5.3.a 

6 Categories of type E 
Let us suppose that 1K satisfies condition E of the theorem 5.1, then 1K 

contains, as a full subcategory one of the categories below: 
Z2 

Z1 
'P2 
\., 

\Pi 
Z1 \., 

El Z2 ~ X t2 '1'1 

\., 
'I'S X ? 

'I'S 
Z3 ? 

Za 

Z2 
Z1 'P2 

? 
'Pl 

Z1 ? 
Ea X !; Z2 E4 ',I>! 

? 
'I'S X \., 

\PS 
Za \., 

Za 
with II X II= 2, II Z; 11= 1, Imlcp,I = U E P 1(X); 
(resp.kerle;:,;I = U E P 1 (X); · · 
Hom(IZ;I, IZ;I) = 0 Vi,j in the cases El and E3 and 

Hom(IZ2I, IZal) = Hom(IZ1I, IZal) = Hom(IZal, IZ1I) = 
Hom(IZal, IZ2I) = 0 in the cases E2 and E4. 

If 'Pi are irreducible morphisms, then by 5.3, we have that qB[M] is strongly 
indefinite. Also for the categories of type El and E2 we have the same result. 

Before the next result, we need the following: 

Definition 6.1 [MP] Let p(I<) be the subcategory of 1K defined by the 
objects {IX! E KI dimt!YI $ 1 W such that there exists 
a pa.th in CfromYtoX}. 

Proposition 6.2 [MP] Let C be a directed, standard component, of tree 
type, with M EC and 1K = H om(M, C)= H om(M, B - mod), finite. Let X 
and Y be in C such that IXI, !YI E p(IK). Then there exists a path from X 
to Yin C if and only if IXI $ IYI in p(JK), that is, Homp(K)(IXI, !YI)-::/= 0. 

Remark This proposition was proved for C a pre injective component of 
tree type, but it remains valid in the present context. 
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Proposition 6.3 Let 1K be as above and let us suppose that 1K contains, 
as a full subcategory a category of type El, Then 1K contains a.a a full 
subcategory one of the categories of the list A•. 

Proof: The proof is by induction on the sum of the lengths of the paths 
({)1,<p2,<{)3 (called n(<p)). By 5.3, the result follows for n(cp) = 3. By the same 
lemma, we assume that cp1 , 'f'2, cp3 factor through the same direct predecessor 
of X, E (which, by 3.7, has dimension 1). Let us supp06e it true for n('f') < n 
and let {IXI, IZ1I, IZ2I, IZ3J} be a category with n(cp) = n. Let us assume 
also that the length of ({)1 is greater than or equal to the length of cp2 and <pa. 
We claim that Z; ~ rX because, if Ir XI f O, then dim Hom(lrXI, IXI) > 1. 
Let T be a direct successor of Z1 with JTI -:f. 0. Dividing em cases: 
a) II T II= 2 
b) II T 11= 1 

Let us see a). Iffor some i, dim H om(ITI, jZ;l)+dim H om(jZ;I, jTI) = 0, 
the result follows from 3.7. So, there are three possibilities: 
a1) /i : Zi ➔ Tare irreducible morphisms for i = 1, 2, 3 
a2) f; : Z; ➔ Tare irreducible morphisms for i = 1, 2 and g: T ➔ Z3 
a3) Ji : Z1 ➔ T is irreducible and g; : T ➔ Z; for i = 2, 3. 

Let us see a1 • Then V'lj; : T -+ X with It/II -:f. 0 and 'vf. : Z; -+ 
T, Jmjtl,f;I = U. If for all ti,, /m(t/1) = U then {ITI, IXI} is of type D. Let 
us suppose that there is tfa : T -+ X with Jmltfal f:. 0, such that ltfa/;I is 
injective (and has image U) or is zero for all i. Then, Jmlf,I C kerltfal, 'r/i. 
Let us consider V = kerl~I, then Jmlf;J = V for all i, and the result follows 
from 5.3. The same happens for the case a2. Let us see a3 • Let us consider 
g; : T -+ Z; for i = 2, 3 tp; : Z; -+ X. For any 'I/; : T -+ X, J'l/;/il has 
image U. If JmJfil = V then J'l/;l(V) C U. Moreover, ({)2 : Z2 -+Xis such 
that JmJcp2I = U. Since Hom(JZ1I, JZ2I) = O, lud1I = 0 Vg2 : T -+ Z2 
so Jmlfil C kerlu2I and the category {ITI, IZ2l, IXI} is a full subcategory of 
type f>. -

Let us see b, that is, II T II= 1. In this case, 'r/1/J : T -+ X, as I/ii 
is an isomorphism, then Jmlt/71 = Jmlt/Jfil = U. If Hom(ITI, IZ,I) # 0 for 
some i = 2,3 then: Z1 .f1..+ T ~ Z,, lud1I is an isomorphism, a contra­
diction. If H om(JZ2J, ITI) = 0 and H om(IZ3, ITI) = 0, the full subcategory 
{IXI, !Tl, IZ2I, IZal} satisfies the induction hypothesis. If Hom(IZ;I, ITI) # 0, 
there are two possibilities: 
b1) /; : Z; ➔ T for i = l, 2, 3 are irreducible morphisms or 
b2) f; : Z; ➔ T for i = l, 2 are irreducible and H om(\Z3J, \Tl) = 0. 

Let us see b1 . Since II Z; 11= 1, then II rT 11= 2. But any morphism from 
rT to X factors through Z1 EB Z2 EB Z3 so, {lrTI, IXI} is a category of type 
D. 

Let us see ~- Let W be a direct successor of Z3 with IWI f 0. If 
II W II= 2, and there is a path W-+ Z; -+ T-+ X, then there exists a 
path Z3 -+ W -+ z, -+ T wich contradicts the maximality of the length 
of 'Pi• By 3.7 we can assume then that Hom(JZ;I, JWI) f O. Hence, for 
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all t/J: W ~ X, we have /ml1/J/,I = U. If there exists V E P1(W) such 

that Iml/il = V for all i 1 the category {IWI, IZ1l 1 IZ2l 1 jZ3I} satisfies the 
induction hypothesis. If for some i and j with i -I j, Iml/.l "I Iml/;I, with 

Imlt/,/;I = Imlt/,J;I = U for all t/,, then for all tp: W ~ X, Imlv,I = U, 
that is, {/WI, IXI} is a category of type D. Let us suppose II W 11= 1. Again 
if H om(IWI, IZ;I) -f:. 0, then Z3 -+ W --=-+ Z;, a contradiction. On the other 
hand if Hom(IZ1I, IWI) = Hom(IZ:il, IWI) = 0, since, for any t//: W-+ X 
with WI # 0, Iml1/l'I = U the category {IXI, IZ1!, IZ2I, IWI} satisfies the 
induction hypothesis. We show that there a.re two possibilities (*) and (**) 

(*) If Hom(IZ1I, IWI) = 0 and Hom(IZ2l, IWI) -::/ 0, then there exists 
a path: Z2 -t A -+ W with A # Z3. Let us observe that A can be 
equal to Z2. If II A II= 2, {IA!, /Z3I} is path incomparable. If II A II= 1 
and Hom(IZ11, IAI) -I 0, this contradicts the al38umption (*). Moreover, 

if there is h : A -+ X such that Imlhl -f:. U, since Z2 ~ A ~ X, 
1h21 is an isomorphism and then jhh:zl : IZ2l -t IXI is a morphism with 
image different from U, a contradiction. So if A -:f. Z2 , the full category 
{IXI, IZ1I, IAI, IZ31} satisfies the induction hypothesis. Let us suppose that 
A = Z2• If T or W have another direct predecessor with the same property 
then II rW II= 2 and all morphisms from rW to X have the same image, 
then the full subcategory {Ir WI, IXI} is of type D. Let us look at the other 
end of the pa.th. Since II E II= 1, there exist other direct predecessors of X, 
and in this case IBI I- 0 and X is not projective by 3.5. Dividing in cases: 

l)llrXll~0 
2) II rX II~ 0 

Let us see 1) 
AB II TX II# O, by 3.11 we can a.ssu~e that II TX 11= 1 and there exist 

B,C direct predecessors of X satisfying Hom(IZ;I, IBI) = Hom(IZ;I, !Cl)= 
0 (see 5.3), If {IZ1l, IZ2I, jZ3j, !Bl, !CJ} a.re path incomparable, the result 
follows from 3.3. Let us suppose then that for some i and for B or C 
there exists a zero pa.th Z; -+ B. This will lead us to a contradiction. 
Indeed, we have two paths from Z; to X. So, none of this paths can be 
sectional and moreover, the non zero path cannot factor through r X because 
dim H om(lr XI I IXI) > 1. So, there exists another predecessor of E a.nd we 
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have the following diagram: 

Z1 
\i 

E1 
? \i 

TE E 
\i /' \i 

rX -+ B -+ X 

\i /' 
C 

If II E1 11= 2 and E1 is indecomposable, then {IE1 1, IBI} is path incompa­
rable and the result follows from 3.3. If II E1 II= 1, then II rE II= 1 . If 
H om(IZ;I, Ir El)=/- 0, either one of the irreducible morphisms f between rE 
and B is such that I/ I = 0 and the result follows from 3.13 or there is a 
non zero path between Z; and B, a contradiction. Then, this path does not 
factor through rE and there exists E2 direct predecessor of E1 and a path 
Z1 -+ E2 -+ E1 -+ E -+ X, this path is sectional and we begin again. 

If E1 = Ef EB E''i then II rE II= 2 and by 3.7, Hom(IZ;I, Ir El)=/- 0, so 

we have Z; ..!2.+ rE ..±.+ X. For all I/;: rE-+ X, ll/;f;I has image U, then 
either Jml1/JI = U \;/1/J, which cannot occur or there exists some¢: TE-+ X 
such that Jml"¢1 =/= U. But since 1¢/;I has image U, Imlf;I is the same for 
a.II i, that is, there exists VE F 1 (rE) such that Imlf;I = V Vi and we can 
use the induction hypothesis. Hence, either we have the result or we obtain 
one more step of a sectional path and that cannot continue indefinitely. If 
T and Ware direct predecessors of Ethen 11 rE II= 2 and {Ir El, IZ;I} are 
path incomparable. Similarly if T and W are direct predecessors of E; for 
some E; in the sectional path, we see that II rE;-1 II=/- 0, and if rE;-1 = W, 
there is a non zero path from Z2 to B, a contradiction. If rE,-1 =I= W, then 
11 rE; II= 2 and {lrE,I, IZ,I} is path incomparable. 

Let us see 2), that is )rXI = 0. In this case there exists a direct prede­
cessor of Bo, say Bi, with II Bi 11=1- 0. If {IZ1I, IZ:il, \Z3I, \Bil -+ !Bo!} is 
path incomparable, the result follows from 3.3. Let us suppose that there 
exists a zero path from Z; to B;. 
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If T and W are direct predecessors of E, we have: 

Z1 
~ 

T 
/' ~ 

Z2 E 
~ /' ~ 

w 
/' /' 

Za TX X 

/' ~ /' 

rBo ---+ B{ ---+ Bo 

~ /' 
B1 

/' 
B2 

and if Z2 = TE, there exists the zero path Z2---+ TX--+ Bo. But B0 is 
not projective, -( there exists .a. pa.th from M to rX). If lrBol = 0 there 

exists B2 a direct predecessor of B1, with II B2 II# 0 and in this case, 
{IZ1I, IZ2I, IZ2I, IB2I --+ IB1I} is pa.th incomparable. If ITBol =I- O, we can 
assume that there exists B1, with II B1 II= 1 and a.gain, 
{IZ1I, IZ2I, IZal, IB11, IB1I} is path incomparable. Let us suppose then that 
there exists a. path Z; ---+ B;. We have, again, two paths from Z; to X, 
none of them sectional. But the path Z; --+ B; is zero, and, in this case, 
by 6.2, either IZ;I or IB;I have some predecessor of dimension 2. But, if we 
had Z, --+ Y -+ B;, with II Y 11= 2, the result follows by the induction 
hypothesis. So we assume that Y is a predecessor of both. Moreover, by 
3.7, Hom(JYI, IZ;I) / O, Vi, Hom(IYI, IB;I) :f. 0 'vj and then there exist two 
paths from Y to X, none of them sectional and a pa.th 
Y-+ B; --+ Bt-1 -+ · · ·B; --+ · · ·B1 --+Bo--+ X with IB;I # 0, Vj, 
non zero and non sectional from Y to X. We claim that there exists a j 
such that there exists a path from Z; to B;, but does not exist a path from 
Z; to B;+i so that the category: {IZ1I, IZ2I, IZ3I, !B;+2! ---+ IB;+d} is path 
incomparable. Let us observe that we cannot have a path from B;+1 to Z; 
because there is a sectional path B;+1 --+ B;. On the other hand, Jet us 
suppose thai there exists a path B;+2 --+ Z;. By the same argument above, 
the path B;+2 -+ B;+i -+ B; cannot be sectional so that B;+2 = TB; for 
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some j. Since IB;H-1 f= 0, there exists Bi+l with 1B;+i I f= 0 and 

Bi+i 
/ \. 

TBj = B;+2 B· J 

\. / 
B;+i 

In this case, B;+i cannot be Z;. Moreover, there do not exist paths 
Zi ---+ Bi+l or Bi+l ---+ Z;. In this case, let us consider the path in­
comparable category {IZil, IZ2I, IZ3I, IB;+1I, IB;+il}. Let us suppose that 
B;+2 £::! Y. In this case, 

Z; 

/ \. 
Y = Bj+2 = TBj B j 

)I / 
B;+i 

Since the path Z, ---+ B; i~ zero, if it was an irreducible morphism, 
the result follows from 3.13, if it is not an arrow, since the component is 
standard, we get a contradiction. So, it is enotigh to consider the case 
(**) Hom(IZil, IWI) f= 0 and Hom(IZ2l, IWI) '# 0. 

Again, this morphisms do not factor through Z3 , so that there exists 
another direct predecessor of W, say A, through wich this morphism factors. 
If A= A1 EB A2 with Hom(IZ1I, IAd) # 0 and Hom(IZ2I, IA21) # 0, then 
for all h; : A, ---+ X Imlh,I = U and, in this case, W is not projective, 
II rW 11= 2 and {lrWI, !XI} is a full subcategory of type D. So, we can 
assume that this morphisms from Zi and Z2 to W factor through the same 
A ( of dimension 1). 

If Hom(ITI, IAI) = 0, since Hom(ITI, IZ3I) = O, the category 
{IXI, IT!, IAI, IZ3j} satisfies the induction hypothesis. 

Suppose HomOTI, IAI) # 0. 
If T = A, since Wis not projective, there exists rW , rW # Z; i = l, 2. 

Now, if II rW II= 2, then {lrWI, IZ2I} is a path incomparable category. If 
II rW II= l, any morphism from rW to X factors through Tor through Z3, 
so any morphism from T W to X has image U. But, in this case, T is not 
projective, II rT 11= 2 and again {jrTI, !XI} is a full subcategory of type D. 

Let us suppose T # A, then there exists a path T ➔ Ai ➔ ... ➔ An = 
A ➔ W with Hom(IZil, lrWI):,;:: Hom(IZ2I, lrWI) = Hom(ITI, lrWI) = 0, 
so that An-i 1 rW. We can assume that II An-i 11=11 rW II= 1 so that An 
is not projective and again: Hom(IZ,I, Ir Al)= Hom(ITI, Ir Al)= 0. 

Hence An-2 # TA, and again we assume that both have dimension 1. 
By iterating this we reach rAi and we have Hom(IZ;I, Ir Ail) = 0 and so 
Z; -:f. rAi, Tis not projective and II rT II= 2. If there exists a morphism 
-y : r Ai ---+ X with J ml-yl -:f. U, since -y cannot factor through T, -y factors 

27 



through T A2 ,but this morphism factors through A © Z3, a contradiction. 
Then the category {jTTI, IXI} is a. full subcategory of type D .a 

Pr~position a:4 Let K be a:_, above ~nd let us suppose that 1K contains, 
as a. full subcategory, a category of the form: 

Z2 
'Pi 
)I 

with II X 11= 2 and II Zi 11= 1 Vi. 
Im l'f'1I = Im l'f'2I = U E P1 (X) 

Z1 

Z3 

'1'1 
)I 

X 
. 'P8 . 

? 

Hom(IZ2I, IZ3I) = Hom(IZ1I, IZ3I) = Hom{IZ3J, IZ1I) = 
Hom(IZ3I, IZ21) = 0 and dim Hom(IZil, IXI) = 1. Then 1K contains, as a 
full subcategory, one of the categories (path incomparable) of the list A•. 

Proof: The proof is done by induction in the sum of the lengths of the paths 
cp1 and rp3. Let us see first that we can assume that 'f'2 is an irreducible 
morphism. Let us suppose that the length of.',02 is greater tha.n· land let us 

consider Z2 ➔ T ➔ Z1 with Ta direct predecessor of Z1. Clearly, ITI =f: 0 
and then, either 
A) II T 11= 2 or 
B) II T 11= l• Let us consider this case B, that is, II T 11= 1. If 
Hom(ITI, [Z3I) -# 0, then Z2 ➔ T ➔ Z3 is an isomorphism, a contradic­
tion. If, on the other hand, Hom(IZ31, [Tl)-# 0, then Z3 ➔ T ➔ Z1 is an 
isomorphism, a contradiction. Now, let h : T ➔ X be a morphism such 
that lhl-# 0 and let us suppose that his such that Imlhl-# U then jh </:ii 
where Z2 ~ T-~ X, has image different from U, a contradiction. So the 
category {IXI, JZ3J, JTJ ➔ IZ11} satisfies the hypothesis. 

Let us suppose now the case II T II= 2. 
If H om(JTI, JZ31) + H om(JZ3j, JTI) = O, the result follows by 3.7. Divid­

ing again in cases 
Al) Hom(ITI, IZ3I) # 0 
A2) H om(JZ3J, JTI)-# 0. 

Let us consider A2. Assuming that Hom(JZ3J, ITI) ,/a 0, let us con­
sider h : Z3 -+ T, h : Z2 -+ T, Ji : T -+ Zi, ',01 : Z1 ➔ X. Since 
Hom{IZ3I, IZ1I) = O, then Im h = ker /1 but Im h -# Im /J. Let us 
assume that Vi = Im h, V2 = Im h and JTI = Vi EB V2, so that for 
all VJ : T ➔ X we have that Im ,J, 'c u, and {IT], IXI} is a category of 
type D. Let us consider now the case Al, that is, Hom(ITI, JZ3I) i- 0, with 
g : T --+ z3 and /f'3 : Z3 ➔ X. If <p : T -+ X has Jcpl f. 0 then l'f' hi 

28 



has image U. Let V be the image of h, then any cp : T ➔ X is such 
that ltfal(V) C U, and for all g : T ➔ Za, kerJgl = Im!hl = V. Since 
Imlcpal = U then {ITI IZal IXI} is a category of type i>. So, we can take 
<p2 to be an irreducible morphism. Let us denote by n(<p) the sum of the 
lengths of the paths <p1 and <p3• For n(<p) = 2, the result is given by 5.3. 
Moreover, we can assume that there exists E, a direct predecessor of X, 
with II E 11= 1 and that there are <p1 and <p3 factoring through E. Let us 
suppose the statement true for n(cp) ~ n and let {IXI, IZ2l ➔ IZ1I, IZal} be 
a subcategory with n(<p) = n + l. We know that rX 11 Z;, 'v;. Let T be a 
direct predecessor of Z1 • Dividing in cases: 
a) II T II= 2 
b) II T 11= 1 

Let us assume II T II= 2. If Hom(ITI, IZal) + Hom(IZal, ITI) = 0, the 
result follows from 3.7. In fact, we have one of the following 
al) Hom(ITI, IZal) -f; 0 
a2) Hom(IZal, ITI) # 0 

Let us consider al) Hom(ITI, IZal)-# 0 and let us take again Ji: Z1 ➔ 
T, /2 : T ➔ Za, For any t/J : T ➔ X with It/II f. 0, Imlt/lfil = U, and 
lh/il = O, so kerl/2I = Imlfil = U1 E P 1 (T) and l'¢l(U1) C U for any 
t/1: T ➔ X. Moreover, for all cp: Za ➔ X, with lr;I ¥- O, then Imlr;I = U 
for all / : T ➔ Za, with I/I =/:- 0 and we have kerl/I = U1 because If Ji I = 0. 
Then the full subcategory {ITI, IZal, IXI} is a category of type f>. 
a2) Hom(IZal, ITI) ¥- 0. If Iml/1I = /ml/al then the category {ITI, IZ2I ➔ 
IZil, IZal} satisfies the induction hypothesis. Suppose Imlftl ¥- Imlfal, In 
this case, for all t/J: T ➔ X, Imlt/J f,I = U, so that for all t/J: T ➔ X, with 
It/II -f; 0 then Imlt/1I = U and the full subcategory {ITI, IXI} is a category of 
type D. 
b) Let us suppose II T II= 1. For all h: T ➔ X with lhl-/- 0, then Imlh !ti= 
U and since I/ii is an isomorphism, Imlhl = U. If Hom(ITI, IZ3I) -/- 0, 

with Z1 .!4 T ...!!..+ Za then jg ft I is an isomorphism, a contradic­
tion. On the other hand, if H om(IZ3I, ITI) = 0, then the full subcategory 
{IXI, IZ1I ➔ ITI, IZ3I} satisfies the induction hypothesis. Let us suppose 
that H om(IZ3 I, ITl) ¥- 0. Since H om([Zal, IZ1I) = 0, there exists another 
direct predecessor of T, (say B) such that IBI =/:- 0 and Za ➔ B ➔ T. If 
Z1 '1- B, and if II B II= 2 is indecomposable, then {IBI, IZ1I} is a cate­
gory path incomparable. If II B 11= 1, by the same arguments above, for 
any h : B ➔ X with lhl =/:- 0, Jmlhl = U. Moreover, Hom(IBI, IZ1I) = 
Hom(IZ1I, IBI) = 0. So, the full subcategory {IXI, IZ3I --+ IBI, IZ1I} sat­
isfies the induction hypothesis. Let us see what happens when Za = B. 
Then T is not projective and lrTI i 0. Let us suppose that there exists 
W, IWI =/:- 0 with W =/:- Z;, a direct summand of the middle term of the 
ARS: rT --+ Z1 ffi Z3 ffi W --+ T. Then, II rT II= 2 and {JrTJ, IZ2l} 
is a category path incomparable. Hence, we can assume that there does 
not exist such a W, II rT II= 1 and that there is at least another direct 
predecessor of X, say A, with II A II= 1, Im(A ➔ X) =/:- U and X is not 
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projective. There a.re two possibilities: 
bl) II TX ll= 1 
b2) II TX II== 0 

Let us consider bl. . 
If {IZ2I ➔ IZ1I, IZ3j, IE2I, ,~n is a full subcategory path incomparable 

and the result follows (moreover if T = E, the above category is pa.th incom­

parable). Let us suppose then that the category is not pa.th incomparable. 

Since there cannot exist a pa.th E, ➔ Z1 ➔ X, we can assume that 

there exists a zero path Z, ➔ E;, for j # 1. Then, there is a non zero 

pa.th Z; ➔ E 1 ➔ X and a. zero pa.th Z; ➔ E, ➔ X for (j -::/= l), none of 
them sectional. In particular, the non zero path cannot factor through TX. 

Hence there exists a direct predecessor of E, (say A1) such that II A1 11= 1, 
and such that the non zero path Z; ➔ E 1 factors through A1: Again, E 1 is 
not projective and ITE11 i- 0. If II TE1 11= 2, using the same arguments as 
in the ca.se II T II= 21 we have the result, 

If II TE1 11= 1 and Hom(IZ;I, ITEd) # 0, there exists an isomorphism 
Z1 -➔ TE1 -➔ E2 and so a morphism from IZ,I to \XI with image 
different from U, a. contradiction. Again, we have that there exists another 

direct predecessor of A1, say A2 with II A2 II= 1, and II T Ai 11= 1. And 
if Hom(IZ,I, jTA1I) i- O, there is, again, a morphism from IZ1I to IXI, with 
image different from U and so on. Hence, the path z. ➔ T ➔ E 1 is sectional 
and the category {Z2 ➔ Z1, Z3, E2, E3} is path incomparable. 

Now, let us consider b2, IT XI = O. Since II X II= 2, there a.re at lea.st 
two different paths from M to X, none of them sectional. Then the path 
M -➔ E 2 . -+ . X is ~on zero, non ~tiona.l and does not factor through 
TX. We can assume that there is a non zero and non sectional path 

M -➔ A;+1 
\, 

A'· 
J 

A'! 
J 

\, 

Let us eon.sider j such that the paths A; -➔ E2 ➔ X and A'J -➔ 
E2 ➔ X a.re sectional. If II Ai II or 11 A'J 11= 2, the result follows from 3.7. 
Let us suppose then that II Ai ll = II A'J II= 1. If the category {IZ2l ➔ 
IZ1l, jZ3!, IAil, JAJI} is path incomparable, we are finished. 

Since the pa.th A1 -➔ E2 ➔ X is sectional, we cannot have a pa.th 
Ai -➔ Z; ➔ X. Let us suppose then that there exists a zero path Z, -➔ 
Ai ➔ X. By 6.2, there exists an object ]YI such that II Y II= 2, and Y is a 
predecessor either of Z; or of Ai. But if there exists Z; -➔ Y -➔ A1, again, 
repeating the arguments of the case II T 11= 2, the result follows. So, we can 

assume tha.t Y is a predecessor of both. Moreover, if Hom(IYI, IZ;I) = 0 or 
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Hom(IYI, IAil):;: O, the re~;ult follows from 3.7. Let us consider the path 

A'· , 
,I'- \.. 

y -t A;+1 A· J -t E2 
\.. ,I'-

A'! 
J 

Let t be a minimal index such that the path Y -t At is sectional (clearly 
t ~ j). Then we cannot have a path Y -+ Zi -+ At. lf {JZ2J ➔ 
IZ1I, jZ3I, IAtl, IA~I} is path incomparable then the result follows. Let us 
suppose that there exists a path At -+ Z;, for some i. Then we have two 
paths: At -+ Z; -+ A; a zero path and a non zero path A1 -+ A;. Let 
us consider now t• an index such that there exists a. path At• -+ Z,, but 
there does not exist a path from A1■+1 -+ Z; and similarly, Jet j• be such 
that there exist"s a path Z; -.:..+ Aj•, but there does not exist a path from 
Z; to A;•+i• Since the component is directed and of tree type, t• > j• and 
we have two paths, none of them are sectional. Hence, in the non zero path 
there is at least one mesh: 

\.. 

and in this case, the category {IZ2I ➔ IZ1I, IZJI, IB1I, IB2I} is pa.th 
incomparable.0 
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