The Journal of Geometric Analysis
https://doi.org/10.1007/s12220-020-00573-1

®

Check for
updates

Top-Degree Global Solvability in CR and Locally Integrable
Hypocomplex Structures

Paulo D. Cordaro'® - Max Reinhold Jahnke?

Received: 26 September 2019 / Accepted: 2 December 2020
© Mathematica Josephina, Inc. 2021

Abstract

We study the top-degree cohomology for the 9, operator defined on a generic sub-
manifold of the complex space as well as for the differential complex associated with
a locally integrable structure V over a smooth manifold. The main assumptions are
that V is hypocomplex and that the differential complex is locally solvable in degree
one. One of the main tools is an adaptation of a sheaf theoretical argument due to
Ramis—Ruget—Verdier.
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1 Introduction

In this work, we recall classical sheaf theoretical arguments due to Cartan—Serre [10],
Andreotti-Grauert [2], and Ramis—Ruget—Verdier [17] in order to study the top-degree
cohomology of the 9, differential complex on a generic submanifold of the complex
space.
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Let M be a smooth, oriented, connected, and generic submanifold of the complex
space C"*4 of dimension 2n + d and CR dimension n. If U is an open subset of M,
we consider the 9, complex on U':

By 1 COWU, APT) — C®WU, AT,

0<p<n+d,0<gq <n— 1, the associated cohomology spaces H:d (U 3p)
as well as the sheaf cohomologies with stalks Hg;z ({zo}; 3p), zo € M. Of course in
these definitions, we can replace C*° by any distributional space. Our main goal in the
present work is to derive sufficient conditions to ensure that, forany 0 < p <n +d
the Fréchet spaces homomorphisms

3y : COM, AP = C®(M, AP (1)

have closed image. By the homomorphism theorem for Fréchet spaces, this property
is equivalent to the (strong sequentially) closedness of the image of the maps

B &M, ALY = &M, AP, )

Now, to motivate our results, denote by SP) the sheaf of germs of (p, 0)-forms with
distribution coefficients that are annihilated by the 5b—operator. From Godement [14,
Theorem 4.6.1], we have the existence of a spectral sequence for compactly supported
cohomologies

Ey* = HI(M, H}5 () = HET (M, 3p)

which leads to an exact sequence’

0 — HNQ,8P) — HEL'(M, 8) — HO(Q, HE' (3))).

Since our goal is to show H. f,’l (M, dp) is a Hausdorff space, we can achieve it if

we assume H%’,l (35) = 0 and show that HC1 (22, S(P)) is endowed with some “natural”
Hausdorff topology.

This simple remark is the starting point of our approach. We first make the
assumption that H%,l (éb) = 0 which, according to Proposition 4.1, is equivalent

to Hgol (éb) = 0. Next, in order to achieve the second requirement, we assume that
every CR-function in M is the restriction to M of a holomorphic function defined in
some open subset of C"T¢. When this property holds, we have S?) ¢ C*® (Af ’0) and
we can prove the following crucial property: if V. CC U are open subsets of M then
the homomorphism S (U) — S (V) induced by restriction is compact for the nat-
ural Fréchet topologies. Thanks to this property and the techniques we learned from

! Thisisa consequence of the well known “five-term exact sequence” associated to a first quadrant spectral
sequence.
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Ramis—Ruget—Verdier we are able to complete this program and show the following
result:

Theorem 1.1 Let M be a smooth, oriented, connected, and generic submanifold of

C"+4 of CR dimension n. Introduce the following conditions:

(a) Hey (Bp) = 0;

(b) Every CR-function in M is the restriction to M of a holomorphic function defined
in some open subset of C"*4,

Then (a) and (b) imply that (1) has closed image. If moreover M is compact and real
analytic then (b) implies that

3y : BIM, AP = B(M, AP

has closed image. Here B denotes the sheaf of hyperfunctions on M.

Notice that the last statement is not surprising since 9, is always locally solvable
in the spaces of real-analytic forms.
A particular consequence of Theorem 1.1 is the following:

Corollary 1.2 If M is a hypersurface (that is d = 1) whose Levi form is nondegenerate
at each point and has at least two positive and two negative eigenvalues then (1) has
closed image.

Indeed in this case conditions (a) and (b) above hold (cf. [3,4] and Theorem 2.3).

For the exposition and proofs we prefer though to work in a more general set
up: that of locally integrable structures, for which a natural differential complex is
always associated. Condition (b) in Theorem 1.1 is then replaced by the structure
being hypocomplex (cf. Sect. 4). We observe that this more general set up allows us
to derive results for more general systems of complex vector fields as, for instance,
for smooth hypoelliptic vector fields in the plane.

Finally we mention that for the Ramis—Ruget—Verdier argument we dedicate a full
section (Sect. 5) where we work in a still more general set up. We believe that doing
so such techniques could be applied to other situations.

2 Involutive Structures and Their Associated Differential Complexes

In this work, we shall let 2 denote a smooth, paracompact, oriented, and connected
differentiable manifold of dimension N > 2. An involutive (or formally integrable
structure) over €2 is the datum of a smooth subbundle V (of rank n > 1) of CT Q2
satisfying the Frobenius condition: [V, V] C V.

We denote by A* the bundle A*CT*Q and by C*°(; A¥) the space of sections
of AF with smooth coefficients. There is a natural differential complex associated to
each involutive structure V. We briefly recall the construction of such complexes. For
each x € Q, we define

T, ={ueCTQ:u(X)=0, VX € V;}
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and we have that 7/ = J,..q T is a vector subbundle of CT*Q. For each p, g € Z,

we denote by 77 the subspace of AZ1? consisting of linear combinations of exterior
products u1 A ... Auprg wWithuj; € CTFQfor j = 1,..., p+ ¢ and at least p of

these factors belonging to 7. Notice that 7,/ tha=l - TP and so we can define

APT = Txp’q/Txp+l’q_1 and AP =, cq A2 is a smooth vector bundle over 2.
Since V is involutive, we can easily verify that the exterior derivative take smooth
sections of 774 into smooth sections of 779+ and hence there exists a unique
operator d;,y 4 Such that the diagram

Tra 4. 7pg+l

Tp,q \L lﬂp,q+l

APd o APgt]
d/
p-q

is commutative, with 7, , : T74 — AP9 being the quotient map.

When there is no risk of confusion, we will simplify the notation and write only d’
for the operator d;), g2 Or d%) when it is necessary to emphasize the associated involutive
structure.

We denote by C*°(£2; AP?) the space of sections of A”¢ with smooth coefficients.
Notice that the operator d’ maps smooth sections of A”*? into smooth sections of
AP-4F1 and it also holds that d’ o d’ = 0. Therefore, for each p > 0, the operator d’
defines a complex of C-linear mappings

2@ AP0 S eo@arhy S e Ay S e Aty &
3)
Of course, we obtain another differential complex after replacing C*° by C2°, where
¢ stands for compact supports.
For each p > 0, we denote the set of the (p, g)-cocycles elements by

ZP,!](Q; V) = ker (d/ . COO(Q’ Ap’q) — COO(Q’ Ap,l]+1)) ;
the set of (p, ¢)-coboundaries by
BP*4(Q2; V) = range (d/ S C%°(Q; AP 5 C%o(Q Ap,q)> ’

and the (p, g)-cohomology classes by

zZra(Q; V)

Hpaq Q: R ———
@ V) BP4(Q; V)

(we set BP9(Q) = {0}).
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Given any open set V C €2, we can restrict the involutive structure ) to V, which
we still denote by V), and consequently obtain the complexes (COO(V; AP, d’ ) as
well as homomorphisms of differential complexes

(C(Q; AP),d') — (C®(V; AP9),d).
This then allows us to define, for a given x € €,

HP((x): V) = lim HP9(V: V)

Vaox

the inductive limit of H”-9(V; V) taken when V varies in the set of all open neigh-
borhoods of x.

Example 2.1 By taking V = CT (2, we have the simplest involutive structure. In this
case, the operator d’ is just the usual exterior derivative and the space Hgm (2; V) is
just the de Rham cohomology space.

Example2.2 f V @ V = CT<S then V defines a complex structure on €2 and the
operator d’ is nothing else than the Doubeault operator 9.

Example2.3 If VNV = 0 then V defines an abstract CR structure on €2 and in this
case the operator d’ is the operator 9.

It is also important to consider the preceding complexes with more general coeffi-
cients and here the orientability of €2 will play an important role. Under this hypothesis,
we can also construct a complex similar to (3) where now the coefficients are distribu-
tions over V; in this case, we denote the cohomology space by H27 (V; V). In general,
if F(V) is a subspace of D'(V), we denote by F(2; A”?) the space of sections of
AP with coefficients in F and we denote the cohomology of d’ with coefficients in
F(V) by Hy(V; V). Furthermore by [20, Propositions VIIL.1.2 and VIIL.1.3], there
is a natural bracket which turns the spaces

CX(V; AP9)yand D' (V; A" 7P "79) (resp. C*°(V; AP9) and E'(V; A" ~P"71))

into the dual of one another and in such a way that the transpose of d’ is also d’ (up to
a sign).

We can endow each space C*°(V; AP'?) with a locally convex structure of an
Fréchet-Schwartz space ((FS)) space for short). Its dual £'(V; A™~P"~4) is then
dual of Fréchet—Schwartz space ((DFS)) space for short) and a sequence of definition
for its topology can be taken by the sequence

G;(V; A"PM=0) = {u e H]

loc

(V, A" P4y - suppu C K}
where {K ;} is an exhaustion of V by compact sets (the inclusions
Gj(V; ATTPIT) & G (Vi AP

@ Springer



P.D. Cordaro, M. R. Jahnke

being compact by the Relich lemma).
We introduce the following definition:

Definition 2.4 We shall say that V) satisfies property (%) if given V C € open and
u € D'(V; AP0) satisfying d’ u = 0 and vanishing in a nonempty connected open
subset w of V then u vanishes identically in the component of V' that contains w.

Proposition 2.5 Assume that Q2 is not compact and that V satisfies (x). Then

1. The kernel of the map d’ : £ (Q2; AP0 — &£/(Q; A" P-YY is trivial;

2. If K C Qis compact and if u € £ (Q; AP0 is such that supp d' u C K then
suppu C K, where K is the compact set obtained as the union of K with the
relatively compact components of Q \ K.

The proof is immediate.

3 Hypocomplex Structures

From now onwards, we will assume the stronger property that the structure ) is locally
integrable. This means that in a neighborhood of an arbitrary point p € €2, there are
defined m = N — n smooth functions whose differentials span 7" at each point in a
neighborhood of p. Notice that each of these functions is annihilated by the operator
d’, that is, they are solutions for V.

Let p € Q. We denote by S(p) the ring of germs of weak solutions of V at p, that
is

Sp)={feDp:df=0}

and we denote by Of' the ring of germs holomorphic functions defined in a neigh-
borhood of 0 in C. Now consider Z, ..., Z,, solutions for } defined in an open
neighborhood of p with linearly independent differentials and denote by Z the map
Z = (Zy,...,Zy) defined in a neighborhood of p. Of course, we can assume that
Z(p) =0.

We introduce the ring homomorphism

LAiheOf > hoZeS(@).

It is not difficult to prove that A is injective. We shall say that V is hypocomplex at p
if A is surjective, that is, if for every f € S(p), there exists a holomorphic function
h € Of such that f = h o Z. Finally, we say that V defines a hypocomplex struture
in Q or that V is hypocomplex if V is hypocomplex at each point of 2.

When V is hypocomplex then for each U C €2 open, for each 0 < p < m and each
s € R, we have an inclusion

{ue HS (U; APO) 1 d'u =0} = {u e C®WU; APy :d'u = 0). 4)
An elementary application of the closed graph theorem gives:
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Proposition 3.1 If'V is hypocomplex, then (4) is an isomorphism of (FS) spaces .
The next result follows directly from the definitions:
Proposition 3.2 If'V is hypocomplex, then V satisfies the property (x).

Of course, an important class of hypocomplex structures is that of complex struc-
tures: indeed every complex structure is locally integrable thanks to the Newlander-
Nirenberg theorem and hypocomplexity is immediate. The same applies to the class
of elliptic structures. Recall that the characteristic set of V is the set T = T' N T*Q
and that the structure is elliptic if 7% = 0. In this case, hypocomplexity follows from
[20, Proposition II1.5.1].

Another important class of hypocomplex structures is the one described in what
follows. Assume that 2 is endowed with a locally integrable structure V. Given (p, §) €
T9, & 0, the Levi form at (p, &) € T? is the Hermitian form on V; defined by

Lp.e)(w, w) = (1/20E(L, M]p), v,w eV,

in which L and M are any smooth local sections of V in a neighborhood of p such
that L, = v and M, = w. We shall say that £ is nondegenerate if given any point
p, &) e 79, with & # 0, the Hermitian form Ly ¢) is nondegenerate.

The following result is due to Baouendi—Chang—Treves [6]:

Theorem 3.3 Let Q be endowed with a locally integrable structure for which the Levi
form at each (p, &) € T, & # 0, has one positive and one negative eigenvalue. Then
V is hypocomplex.

Assume now that the locally integrable structure V) has rank N — 1, that is, 7’ is a
complex line bundle. For such structures, hypocomplexity is completely characterized
[20]:

Theorem 3.4 [fthe locally integrable structure V has rank N — 1, then 'V is hypocom-
plex if and only if given any p € Q and given any local solution Z for V near p with
dZ, # 0then Z is open at p.

Example 3.5 Let Q be an open subset of R? and let X be a complex, nonvanishing
smooth vector field in €. If X is C*°-hypoelliptic then V := span{X} is hypocomplex.
Indeed since X satisfies the Nirenberg—Treves condition, (P) V is locally integrable
and hypoellipticy implies that the first integrals of X are open (cf.[20, Section II1.6]).

4 The Main Result

Let 2 be endowed with a locally integrable structure ). We shall now make use of the
local representation for V as described in [6,20]. Any point p € 2 is the center of a
coordinate system (x, t) = (x1, ..., Xm, 1, ..., 1) defined on an open neighborhood
of p denoted by U such that (x(p), #(p)) = (0,0) € R™ x R". On U it is defined
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a smooth function ¢ (x,1) = (p1(x,1), ..., ¢n(x, 1)) satisfying ¢(0,0) = 0 and
¢, (0, 0) = 0 such that the differentials of the functions

Zr(x,t) =xx +igp(x,t), k=1,...,m 5)

are linearly independent and span T’ over U. Contracting U if necessary, we can define
the vector fields

m
d
M = i(x,t)—, k=1,...,m,
k jz_:l,uiq(x )axj m

characterized by the rule My Z; = & j fork, j =1, ..., m, then the complex vector
fields
9 m a(bk
Li=——i — O, )My, j=1,...,n,
=5 l];mj(x IMp, n

span V over U. The vector fields L; and My commute pairwise.

The differentials dzx,fork = 1, ..., n,spanabundle over U which is supplementary
to T'|y. Therefore we can adjoin them with dZg, for k = 1, ..., m, to get a smooth
basis for CT*Q. So if f is a smooth section of AP*9 over U, we have the following
unique representation for f

£=> 3" frxG.ndzZ; ndig.

IJ1=p |K|=¢

The standard representation of d’ f over U is then given by

df=>" 3> (Lifrk) . t)dy AdZ; Adig.

[J=p |K|=q I=1
We now prove the following result:

Proposition 4.1 Let 2 be endowed with a locally integrable structure V and let p € 2.
The following properties are equivalent, for a fixed q € {1, ..., n}:

1. HEL (). V) = 0;
2. Hpl(p), V) = 0;
3 HEI({ph, V) =0forallp=0,1,2,....m;
4. H%,q({p},V) =0forallp=0,1,2,...,m.

Proof From the discussion that precedes, it is clear that it suffices to prove the equiv-
alence between (1) and (2). We will first prove that (1) implies (2) following in part
an argument in [1]. We keep the notation just established and apply the well known
Grothendieck argument as in [6], Theorem VII.6.1: given Uy C U an open neighbor-
hood of the origin, there will correspond another such neighborhood V) Uy such
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that if we set
E:={(f,u) € Z%9(Up) x C® Vo, A7) 1 d'u = fly,}

then the projection map 7 : E — Z%9(Up) (a continuous linear map between Fréchet
spaces) is surjective and hence open. If we follow [1], we can ensure:

e Given K’ C Vj compact and V' a positive integer, there are K C Uy compact, v a
positive integer and C > 0 such that the following is true: given f € Z%4(Uy),
there is u € C®(Vy, A%»?1) such that d' u = f and

lully, k= Cll fllv,k-

We have written

Ifllv.xk = sup sup |Df].

le|<v K

In order to conclude (2), we make use of [20, Theorem I1.5.2]. It suffices to establish
the following solvability property:

e Given an open neighborhood U; of the origin there is p such that if f €
CH(Uy; A%9) satisfiesd’ f = Owecanfindu € D'({0}; A%?~ 1) solvingd' u = f.

Indeed, we first apply the Approximate Poincaré Lemma [20, Section IL.6]: there is
an open neighborhood Uy U of the origin such that the conclusion of [20, Theorem
I1.6.1] holds. Now we refer to the discussion presented before: taking a sufficiently
small closed ball K¢ centered at the origin there are u and C > 0 such that for every
g € Z%9(Uy; A%9) there is v € C*°(Kg, A4~ 1) such that d’ v = g in K¢ and

Ivllo.xo < Clgl,, 77

This defines our sought p. Given then f € C* (U, A%9) we can find fie 7%4(Uy)
suchthat f; — finC*(Up; A%9).Letu; € C*®°(Ko, A%~ 1) besuchthatd' u; = f;
in Ko and

lujllo.xo = CILfill, 75

This shows that u; is bounded in L°°(Ky; A%9-1Y and hence a subsequence of u
will converge weakly to some u defined in the interior of Ky which a fortiori satisfies
du=f.

For the proof of (2) implies (1), we again start by applying the Grothendieck argu-
ment, this time in the following way. Let Uy be a neighborhood of the origin, let
wj C Up be a fundamental system of neighborhoods of the origin and set

Ej = {(f.u) x Z™9(Uo) x Hy! (@) :d'u = fla,}.
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By the standard argument, we can Vy C Up an open neighborhood of the origin and
o € R such that the following is true:

e Given f € Z%9(Up), there is u € HJ_(Vo, A®971) such that d'u = f|y,.

The proof can be completed after a close look at the argument presented in [20,
Theorem VIIL.9.1]

Remark It follows from the preceding proof that the equivalent conditions in Propo-
sition 4.1 are further equivalent to the following property: given s € R, thereiss € R
such that if U C 2 is an open neighborhood of p there is another open neighborhood
V C U of p such that the following holds: if f € HS (U, AP-9) satisfies d’ f = 0,

loc
there is u € H’IOC(V, AP4~1) with d'u = f. Notice that if we introduce the Fréchet
spaces

F={geH]| (U A" :dg=0}

loc

E={(g.v) eFx Hj (V,AP ) : d'v=ginV}

loc
then the solvability property just stated is equivalent to the surjectivity of the homo-

morphism of Fréchet spaces A : E — F induced by the projection on the first factor.
The following can be considered our main result:

Theorem 4.2 Let Q2 be endowed with a hypocomplex structure V. Assume that the
equivalent conditions in Proposition 4.1 hold for g = 1 and for every point of 2. Then

d': £/ AP) - £/(Q: AP ©)
has strongly sequentially closed range.

Corollary 4.3 [f Q2 is endowed with a hypocomplex structure )V and if furthermore Q
is not compact, then the validity of the equivalent conditions in Proposition 4.1 for
q = 1 at each point of Q2 imply that
HYZ(Q) =0, p=0,1,2,...

Proof This property is equivalent to the surjectivity of the map

d': C%°(Q; AP = C%°(Q; AP,
Its transpose is the map

d' & AP0 £/ AP
which is injective because V is hypocomplex and strongly sequentially closed thanks

to Theorem 4.2. The result is then a consequence of the homomorphism theorem for
Fréchet-Montel spaces [15].
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Corollary 4.4 Let Q2 be compact and endowed with a hypocomplex structure V. If the
equivalent conditions in Proposition 4.1 hold at each point of 2, then

d':C(Q; AP = C(Q; AP

has closed image of finite codimension.

Proof The result is again a consequence of the homomorphism theorem for Fréchet-
Montel spaces.

In the next section, we shall develop some topological tools which may have some
interest per se and which will be used in the proof of Theorem 4.2

5 Sheaf cohomology

In this section, we will fix a locally compact, second countable, Hausdorff, connected
topological space X, and a sheaf F of complex vector spaces over X. Our main
hypotheses are the following:

(1) For each open set U C X, the space F(U) is endowed with a (FS) topology for
which the homomorphisms induced by restrictions are continuous;
(ii) If V isanopen, relatively compact subset of the open set U then the homomorphism
FU) — F(V) is compact;
(iii) If U C X is connected and if u € F(U) vanishes in a nonempty subset of U, then
u vanishes identically.

For each K C X compact, it follows that (K ) has a natural (DFS) topology and
moreover if L is compact and contained in the interior of K, then 7 (K) — F(L) is
also compact.

We now follow Godement [14]. Let & = {K;} jen be a countable and locally finite
covering of X by compact sets. We shall consider the cohomology spaces H(&; F)
where ¢ stands for the family of supports consisting of compact sets of X. Recall that
such cohomology spaces are the cohomology spaces of the complex of cochains

5y CLR,F) — CITN (R F)

where CZ (R, F) stands for the set of all finite g-cochains with values in F, that is, for
a given s € C{ (R, F) there is only a finite number of g-simplexes o of & such that
Sy is non-zero. Observe that each C{ (R, F) is a closed subspace of a direct sum of
(DFS) spaces and then it also a (DFS) space.

Notice also that we have Hf(ﬁ, F) = Fo(X).

Let A C N be finite. We denote by C% (&; F) the set of all cochains s € C¢ (]; F)
such that sy ;,...;, = 0if {jo, ji, ..., jg} N A = 0.

Since §, (CZ R, F)) C CZ—H (R; F), we have a well defined complex of cochains
with supports contained in A. The corresponding cohomology spaces are denoted by
H{(&; F) withq =0, 1, .. .. We have natural homomorphisms

HI(& F) - HY (& F)
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if A C B and clearly we also have natural homomorphisms
Hi(®: F) > HI(&: F).

Proposition 5.1 Under the above hypotheses for every finite subset A of N, there is
another finite subset B of N with the property that if o € C?(R, F) is such that
810 € CL(R, F) then o € CY(&, F)

Proof The result is immediate if X is compact for our covering 8 will a fortiori be
finite. We then assume that X is not compact. Let L C X be a compact such that
Y = Q\L is connected and | J;c4 K; C L. We define B ={j € N: K; N L # ¢},
Since R is locally finite we have that B is finite. We also have, by the choice of L, that
A CB.

Let u € C(&; F) be such that s = Sou € C (& F). We write u = {u;}. Then
have u; — uy = s as elements in F(K; N Ky) if K; N Ky # (. By definition

Y = U(Yij).

JEA

This union defines a locally finite covering of Y by relatively closed subsets of Y.
Moreover if {j, k} N A = we have u; = u in Y N K; N K and thus according
to Godement (Theorem 5.2.2) there is u € F(Y) such thatu = u; in ¥ N K;. Now
since u € C?(ﬁ; JF) certainly there is £ € N such that K, C Y and uy = 0 in K. By
property (iii) we conclude that # = 0 and hence uy = 0ifk ¢ B.

In the next result, we shall consider a countable and locally finite refinement £ =
{L;} of & with each L; compact. Recall (cf. Godement [14]) the existence of the
refining homomorphisms

pg: CL(R,F) - C1(L,F), q=0.
Proposition 5.2 The homomorphism p; induces an injective homomorphism
o} HY (& F) — HN (& F),
Prqof Lety :N — Nbesuchthat L; C KV(({-) forevery j.Lets = {sjko} € CC1 (R F)
satisfying 815 = 0 and suppose that pys = 6" v for some v = {v;} € C/(£; F). Then

Uk — Vj = Sy(j)y k) as elements of F(L; N L) and since s is a cocycle we have that
Skr — Sjr +8jk = 0 as elements of F(K; N K; N K,) and consequently

Uk + Sytor = Vj + Sy
as elements of F(L; N Ly N K,). Notice that the left-hand side does not depend on j
and the right-hand side does not depend on k. By varying j and k, we see that there

is u, € F(K;) such that u, = v; + s5,(;)r as elements of F(L; N K,) whenever
Kj N K, #0.
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Let I, J C Nbe such that v; = O unless j € I and s = O unless j and k belong
/. Theset I' = J U fr e N: (Uje Ly) 0Ky # 0] s finite and u, = 0if r ¢ '
Indeed, if » ¢ I’ then r ¢ J and if j is such that L; N K, # @ then j ¢ I. These
two facts imply u, = 0in K, N L;. Thus u = {u;} belongs to C?(ﬁ; F). Finally, as
elements of 7 (L; N K, N K;), we have

ur —ur = Wj +syyr) = @)+ Sy(he) = Sy(yr = Sy = ~Sur-
And the proof is completed.

From now onwards, we assume that £ and £ satisfy the following property:
L; Cint(K;) forall j € N. @)

The construction of such £ and R is very easy to attain: we introduce a metric in
X and define

Ki={peQ:d(p,Lj) <€}
where €; > 0 are chosen suitable small and d is any distance on X which defines its

topology. Notice then that

@av) If (jo, j1) (resp. (Jo, j1, j2)) is a I-simplex for R (resp. a 2-simplex for K) then it
is also a 1-simplex for £ (resp.a 2-simplex for £).

Notice also that property (iv) above guarantees that the maps p,, are injective for
p =0, 1, 2. Moreover, if A C N is finite, then the homomorphisms

pg.a : CH(& F) — Ch(L; F)
are compact operators, thanks to property (ii).

Theorem 5.3 Assume that X is a locally compact, second countable, Hausdorff, con-
nected topological space and that F is a sheaf of vector spaces over X satisfying
properties (i), (ii) and (iii). Then the map &y : C?(ﬁ; F) — Ccl. (R; F) has closed
range.

Proof 1t suffices to show that range((SO) N C/k (R; F) is closed in C/k (R; 8P) for all
finite subsets A C N (Banach-Dieudonné theorem).

Let A C N be finite and let B be as in Proposition 5.1. We define the following
(DFS) spaces:

V = {(u,5) € CH(R; F) x CL(& F) : dou = s},
W = {(u,s) € CH(L; F) x CL(&; F) : dou = pis),

andlet o : V. — W be the linear map given by o (u, s) = (po, g, 5).
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We first prove that o is a bijection. Indeed since 8° is injective, we have that o
is injective if o (u,s) = (0,0) then s = 0 and since (u,s) € V we have 8%u =
0. Now we are going to prove that o is surjective. Let (v,s) € W. We have that
81(p15) = 61(8ov) = 0 and since p2(515) = 81(p1s) = 0 and p» is injective it follows
that §;s = 0. Hence the class of s defines an element in H}x (R; F) which belongs
to the kernel of p}. By Proposition 5.2, the class of s vanishes in HC1 (R; F) and so
Proposition 5.1 shows that s = §ou with u € Cg(ﬁ; F). In particular (u,s) € V.
Finally, we see that o (4, s) = (v, s) for §o(v — po, pu) = 0 and 80 is injective.

We denote by E the (DFS) space C% (L F) x C}‘ (R; F); we remark that W is a
closed subspace of E and thus also a (DFS) space. Let: be the inclusionmap W C E.
It follows thatz o o : V — E is a topological embedding.

We introduce the following continuous linear maps

T1(u,s) = (po,5,0),  m(u,s) =(0,s).

Since 11 is compact and 1o =1 o 0 — 17, it follows from a classical result due to L.
Schwartz [18] that 75 has closed range in E. This is the same as saying that the map
p:V—->C /14 (R; F) given by the projection on the second factor has closed range,
but according to Proposition 5.1, we have

range p, = range (8p) N C}x (R, F),

which completes the proof.

6 Proof of Theorem 3.2
For U C €2 open, we set
SE(U) ={ueC®W; AP :d u=0)}.

Notice that the sheaf F(U) := S& (U) satisfies hypotheses (i), (ii), and (iii) of the
previous section. Indeed, (i) is immediate, (iii) is a consequence of Proposition 3.2
whereas (ii) follows from [20, Corollary III.5.5]. We shall apply these properties in
the argument that follows.

Let {u,} C £(2; AP0) be such thatd’ u,, — f strongly in £'(2; AP1). It follows
that there are K C €2 compact and s € R such that

supp d'uy C K, d'u, — finH*(K; APO).

By the remark that follows Proposition 3.1 and noticing that the homomorphism A
is sequentially invertible (cf. [15, p. 18]), we can assert the following: given p € K
there are t € R, V,, C 2 an open neighborhood of p and a Cauchy sequence {v,} C
Hi  (Vp; AP-9) such that d’ v, = d’ u, for every v > 1.

As a consequence, the compactness of K implies that we can construct a locally
finite covering K = {K;} jen by compact sets such that:
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e KNK;=0if j > £;
e There are U; D K open, t € R and i) e H (Uj, AP-%) such that d’ W) =
d'uy in Uj and vl — V; in H, (U;, AP0) (we set U = 0if j > ¢).

Since d' V; = f we have
s:={(V; — Vlk,nk,) € CHK, SK).

Furthermore, we have, by Proposition 5.2,
b0 (105 = w)lk ) > s

By Theorem 5.3, the map &y has closed image and hence thereis {;} € c§? (K, SE)
such that 1 — hy = V; — Vi in K; N K. Hence if define u € £'(Q, AP0 as being
equal to V; — hj near K; then d’ u = v and the proof is complete.

7 The real-analytic case

We assume now that 2 is a compact, real-analytic, orientable, and connected manifold.
In such a situation, C*(£2) can be endowed with a natural topology of (DFS) space.
This topology ¥ can be described as follows: if we embed Q C A as a maximally
real submanifold of a Stein manifold A, then (C®(2), ¥) is the inductive limit of a
sequence O (U,), where U, N\ 2 is a fundamental system of neighborhoods of
in A/ and the symbol oo stands for bounded holomorphic functions.

If we denote by B the sheaf of hyperfunctions on €2 then B(£2), the space of its
global sections, can be identified with the topological dual of (C”(£2), ¥) or else with
the space of all analytic functionals on A\ carried by €.

Let V be a real-analytic, locally integrable structure over €2. We can assume that V
and consequently all A?>? can be extended as holomorphic bundles on M. Then (see,
for instance [5]) the property below holds:

() Given an open neighborhood U of € in AV, the following holds: for every p € €,
there is an open neighborhood V,, C U of p and a constant C > 0 such that
if G € Ono(U, APV satisfies ' G = O there is H € Oso Uy, AP-9) such that
d'H =Gand||H|y, < C|Glly-

Here, the norms are defined by taking sup-norms of the coefficients of the forms.

Proposition 7.1 Let Q be as described above and assume that V is a real-analytic,
hypocomplex structure over Q2. Then for any 0 < p < m, the map

d': O(Q; AP — O(Q; AP
has strongly sequentially closed image.
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Proof The proof follows exactly the same lines of that of Theorem 3.2. Let {u,} C
C?(2; APY) be such that d’ u, — f strongly in C®(£2; AP-!). Then there is an open
neighborhood U of 2 in M such that each d’ i, extends to an elementin O, U, AP by
andd u, — fin Oxo(U, A"’l). But then taking into account (), we can assert:

o Thereis afinite covering K7, . .. Ky of 2 by compact sets, opensets K; C U; C Q2
and forms v\’ € C®(U;, APY) such that d’ W9 = d'uy and vV — V; in
C®(U;, AP9).

Proceeding as in the proof of Theorem 4.2, we obtain u € C*°(£2, AP-9) such that
d'u = f in Q. Since V is hypocomplex by [20, Proposition I1L.5.3], it follows that
u € C®(2, AP%) and this completes the proof.

Corollary 7.2 Let Q be compact, real-analytic, and endowed with a real-analytic
hypocomplex structure V. Then

d' 1 B(Q AP — B(Q; AP

has closed image of finite codimension.

Under the hypothesis of Corollary 7.2, we in particular obtain local solvability in
top degree and in the hyperfunction sense in hypocomplex structure, a result obtained
in [12].

8 Consequences of the main theorem

In this section, we present some consequences of Theorem 4.2. In all that fol-
lows, we have examples of an involutive structure ) for which the operator d’ :
C®(Q; APy — C%®(Q; AP™) has closed range and, when € is not compact, is
surjective.

7.1.V is an elliptic structure. As pointed out right after the statement of Proposition
3.2,V is hypocomplex and local solvability in every degree follows from [7,20]. Notice
that the class of complex structures is contained in the class of elliptic structures.

7.2.Visthe CR structure over a generic submanifold of the complex space satisfying
conditions (a) and (b) in Theorem 1.1. Indeed, it is clear that condition (b) is equivalent
to the hypocomplexity of V. Notice for instance that this property can be achieved
under certain conditions imposed on the extrinsic Levi form of M (cf. [8, Theorem 2,
p.202]).

7.3. 2 and V arereal analytic, the Levi form form is nondegenerate at each character-
istic pointit has at least two positive and two negative eigenvalues. The hypocomplexity
of V follows from Theorem 3.3 and the local solvability in degree one follows from
the fact that the associated box operator has an analytic parametrix in degree one [19].

7.4.V hasrank N — 1, is hypocomplex (Theorem 3.4) and satisfies Treves condition
(*)o ateach point (cf. [11] and the references therein). This latter condition is equivalent
to the local solvability of the associated differential complex in degree one (cf. [13],

[16]).
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7.5. V is the line bundle spanned by a smooth, hypoelliptic vector field X on an

open subset 2 of the plane (cf Example 3.5). In particular, we obtain the surjectivity
of the map X : C®°(Q) — C*°(Q), a result previously obtained in [9, Teorema 19,
pagina 126] by using the Riemann surface structure on €2 defined by X.
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