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Here we introduce the all-creation and all-annihilation time-dependent (TD) P7T -symmetric bosonic Hamil-
tonians, which in the interaction picture are described only by creation or annihilation operators. These
Hamiltonians are defined from the most general TD P7 -symmetric quadratic bosonic Hamiltonian, describing
a cavity mode under linear and parametric amplifications. After presenting a general ansatz for the derivation
of the TD Dyson map and metric operators, we solve the Schrodinger equations for both the P7 -symmetric
Hamiltonian and its Hermitian counterpart. We then compute analytically the squeezing degree coming from the
all-annihilation Hamiltonian and compare the result with that coming from an ordinary Hermitian Hamiltonian,
showing a crucial result for interferometric procedures: instead of the asymptotic divergence of the squeezing
degree that takes place for a Hermitian parametric pumping, the all-annihilation amplification leads to a

divergence of that quantity at a finite controllable time.
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I. INTRODUCTION

Non-Hermitian quantum mechanics has been acquiring in-
creasing visibility since the work by Bender and Boettcher [1],
advancing that an autonomous Hamiltonian which is invariant
under parity-time (P7) transformation, i.e., [H, PT] =0,
can exhibit an entirely real spectrum. When the Hamiltonian,
in addition to being invariant, shares its eigenstates with the
PT operator, it is said that it preserves the P7T symmetry,
which is broken when H and P77 stop sharing the same eigen-
states [2]. Shortly thereafter Bender and Boettcher’s work,
Mostafazadeh [3], starting from the reality of the spectrum,
turned to the one remaining problem associated with a non-
Hermitian P7 -symmetric Hamiltonian: a probabilistic inter-
pretation of the associated quantum theory. Such an indefi-
niteness of the unitarity of time evolution was overcome by
constructing a Hilbert space based on a metric operator where
the non-Hermitian Hamiltonian enjoys self-adjointness.

Attention has also been focused on the approach of nonau-
tonomous non-Hermitian Hamiltonians. It has been shown
in Ref. [4] that a pseudo-Hermiticity relation for a time-
dependent (TD) non-Hermitian Hamiltonian demands a time-
independent metric operator. As concluded in Ref. [4], for
TD metric operators we cannot simultaneously have a unitary
time evolution and an observable Hamiltonian; by ensuring
the unitarity of time evolution we lose the observability of
the Hamiltonian, which can nevertheless be forced at the
expense of losing unitarity. By giving up the observability of
the TD non-Hermitian Hamiltonian, in Ref. [5] it is shown
that a pseudo-Hermiticity relation can be defined to all other
observables of the system, thus rescuing the applicability of
nonautonomous non-Hermitian systems. Going even further,
in Ref. [6] a Schrodinger-like equation, governed by the non-
Hermitian Hamiltonian itself, is derived to steer the evolution
of a particular TD Dyson map, ensuring both the observability

2469-9926/2019/100(1)/012128(11)

012128-1

of the Hamiltonian and the unitarity of the evolution. The TD
Dyson map derived in [6] is such that it still ensures the time
independence of the metric operator, as required in Ref. [4].

Many interesting results have been recently derived from
the study of P7 -symmetric systems. Among others, we men-
tion that synthetic P77 -symmetric photonic lattices have been
designed for light transport [7] and the realization of Bloch
oscillations [8]; PT -symmetry breaking has been observed
in complex optical potentials [9] and coupled optical res-
onators [10], and it has been verified that this phase transi-
tion allows for P77 -symmetric lasers [11]. In this work we
introduce the all-creation and all-annihilation nonautonomous
PT-symmetric Hamiltonians, which are composed, in the
interaction picture, only by creation or annihilation bosonic
operators. We are here taking a step further than that of
Swanson [12] when proposing his Hamiltonian whose ex-
tensive study [13] was crucial for consolidating the method
proposed in Ref. [3]. Whereas Swanson’s Hamiltonian, given
by H = w(a'a + 1/2) + aa® + Ba’)’, withw, a, B € R and
o # B (h =1 from here on), describes a harmonic oscilla-
tor subjected to an unbalanced (non-Hermitian) parametric
amplification (i.e., an unbalanced interplay between creation
and annihilation bosonic operators), we are here addressing
Hamiltonians where such imbalance is made extreme. These
Hamiltonians are defined from the most general TD P7T -
symmetric quadratic bosonic Hamiltonian, describing a cavity
mode under linear and parametric amplifications.

Great attention was devoted to quadratic bosonic Hamil-
tonians during the 1990s, focusing on the generation of the
squeezed states of the radiation field [14]. First introduced
by Kennard [15], back in 1927, when studying the evolution
of a generic Gaussian wave packet, the squeezed states ex-
perienced a remarkable resurgence in the late 1980s partly
due to the development of techniques that allowed both the
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proposition of many distinct schemes for generating squeezed
states [16] and the first experimental realizations of such
propositions [17]. Among many interesting realizations for
improving interferometry sensitivity via squeezed states, we
mention the pioneering work by Caves [18] of recent great
interest regarding the LIGO and Virgo [19] collaborations on
the detection of gravitational waves.

Considering that the TD treatment of the Swanson Hamil-
tonian under a TD metric operator has been anticipated in
Ref. [20], here we deal with a more general version of
the nonautonomous Hamiltonian addressed in that reference,
considering also the linear amplification process apart from
the parametric one. However, for many reasons the present
work is far from being a direct extension of the treatment
presented in Ref. [20]. Apart from the fact that the introduc-
tion of linear amplification allows a more general definition of
what we call all-creation and all-annihilation Hamiltonians,
(i) we first mention that the addition of the linear process
requires a more general Dyson map than the one used in
Ref. [20]. And here we anticipate a method for the general
construction of Dyson maps and thus metric operators. After
presenting the general treatment for the more general TD PT -
symmetric quadratic Hamiltonian, we however disregard this
linear process which has no effect on our next investigation:
(ii) a comparison of the degrees of squeezing for the solutions
of the Schrodinger equations governed by non-Hermitian
and Hermitian Hamiltonians. Moreover, (iii) in Ref. [20] we
simply present the mathematical expressions from which we
can derive the solutions of the Schrédinger equation and
then other relevant physical quantities associated with the
non-Hermitian Hamiltonian. Here we go further, presenting
analytical manipulation of the mathematical expressions to
effectively compute the required physical quantities. (iv) We
then introduce the all-creation and all-annihilation Hamilto-
nians to compare the degree of squeezing they generate with
that obtained from the ordinary Hermitian Hamiltonian. We
find that while the squeezing degree coming from the ordinary
Hermitian Hamiltonians presents the well-known time asymp-
totic divergence, for the all-annihilation interaction (which
presents easier mathematical treatment than the all-creation
case), this divergence may occur in a controllable finite time.
This result has important implications for the high perfor-
mance interferometry, a crucial requirement for the recently
inaugurated gravitational wave interferometers.

II. ALL-CREATION AND ALL-ANNIHILATION
HAMILTONIANS

We start by defining the general quadratic TD non-
Hermitian Hamiltonian (72 = 1)

H(@t) = o(t)a'a+1/2) +a@t)a* + f(t)a’
+y)a+8(t)a, (1)

where a and a' are bosonic annihilation and creation operators
with all TD parameters being, in principle, complex func-
tions with B(¢) # o*(t) and §(¢) # y*(¢). This Hamiltonian,
which generalizes that treated in [20], becomes P7T symmet-
ric when demanding PTH (t)(PT)~' = H(t) = H(—t), such
that 0™ (1) = w(—1), a*(1) = a(—t), B*(t) = B(—1), y*(t) =

—y(—t), and 8*(t) = —&(—t). It enables us to define the
all-creation

Hue(t) = o(t)a'a+1/2) + B()a"™ + 8()a’  (2)
and the all-annihilation
Hy(t) = o@t)a'a+1/2) +at)a* +yt)a  (3)

Hamiltonians which, in the interaction picture, are described
only by creation and annihilation operators, respectively, mak-
ing extreme the unbalanced interplay between creation or
annihilation operators introduced by Swanson.

III. DYSON MAP

We solve the Schrodinger equation for H (1) by considering
for the Dyson map

n(t) = mOm @) #n' @) # 0" @), “4)

where

ni(t) = expl¢(t)a + ¢*(Ha’ + k()] (5a)
m(t) = exple(t)(a‘a+ 1/2) + p(t)a* + u*(t)(@)* (5b)
= exp[A(t)K ] exp{In[Ao(?)]Ko} exp[k*(t K_1, (5¢)

the last equality following from the Gauss decomposi-
tion for the SU(I, 1) algebra, where Ky = (a'a + 1/2)/2,
K. = (a")’/2, and K_ = a?/2, with [K_,K.] = 2K, and
[Ko, Ki] = £K+. The TD parameters introduced by the
Dyson map, with «(¢), €(t) [£(¢), ()] being real [complex]
functions, are evidently derived from the construction of the
Hermitian counterpart of H(¢). Finally, omitting, from now
on, the time dependence of the variables, in Eq. (5¢) we have
defined

2 sinh )
A=u* =de 'Y, 6a
'choshE—esinhE (6a)
EZ
Ao = (6b)

~ [E cosh E — € sinh

apart from E = /€2 — 4|u|* = ey/1 — |z|*, where we have
also introduced, as in [21] and [20], the parameter z =
2u/€e = |z|e, where |z| € [0, 1] with the amplitude ® and
the phase ¢ being real parameters. In Ref. [21] the original
time-independent Swanson model is treated using a time-
independent 1,.

The map operator defined in Eq. (4) does not ensure the
observability of the non-Hermitian Hamiltonian while estab-
lishing, however, the unitarity of the evolution. Since what
matters here is the computation of the squeezing factor and
eventually the variances of the radiation field, we consider
here the framework established in Ref. [5] instead of that in
Ref. [6]. The use of the framework in Ref. [6] requires a
more elaborate calculation of the Dyson map using the above-
mentioned Schrodinger-like equation, which is unnecessary
for our purposes. As already anticipated in the Introduction,
although the framework established in Ref. [5] does not assure
the observability of a time-dependent non-Hermitian Hamil-
tonian, it assures that a pseudo-Hermiticity relation can be
defined to all other observables of the system, as for example
the variances of the radiation field.
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However, we anticipate here a rule for deriving the Dyson
map for complex Hamiltonians encompassing different al-
gebras: it thus follows that the construction of the Dyson
map must take into account a product of exponentials each
related to a given algebra; in the present case, the two algebras
related to the amplification processes: the Heisenberg and the
SU(1,1) algebras for the linear and parametric amplifications,
respectively.

IV. FROM THE HERMITIAN COUNTERPART OF H TO
THE TD PARAMETERS OF THE DYSON MAP

we derive the relation

()=l S () e

and consequently the Hermitian counterpart of H(¢), given by
[5,20]

h=nHny" +iny™!

1 N
Next, by defining the real parameter =W (aTa + 5) +Uad* + V(a')2 +Ra+Td +F, (9

4|pu|*sinh> 8 — B2 29
— )\’0 —

X =P =2 = — =5~ (D where
| .
1 . A
Wz, ®,¢,k) = —)L—I:a)(x + |A|2) + 2(ar + BxA™) + i()»)»* — 70)], (10a)
0
Uz, ®,¢,4) = i[wx* +a+ B0 + ii*}, (10b)
Ao 2
V(z, ®,¢,k) = /\i[wxx +ar+ By’ + %m‘* + doA — no)}, (10c)
0
R(z, ®,¢,k) = %;TO[‘”“ — CFMF) = 2(alt — BATE) + v + AT i+ O, (10d)
T(z, ®,¢, k)= ﬁ[‘”“*x —CA) + 2l — BxL) — yh —8x —i(x¢* + A0, (10e)
F(z, ®.0.6) = —0lt 2 +a(¢")? + B2 — y¢* + 8¢ + %(é*c — )+ ik (10f)

Evidently, besides being a function of the metric TD functions (z, @, ¢, k), the above parameters depend as well on the TD
functions defining H(¢). To ensure the Hermiticity of A(¢), we demand W and F to be real, V = U*, and T = R*. Using the
polar forms A = ® e, w = |w|e¥, a = |a|e, and B = |B|e'?*, we obtain from the conditions W = W* and V = U* the
nonlinear system of three coupled differential equations

2
HE |z|2{|w| XD ing, — 2llalsin(p — ¢,) — 1Bl sin(p + wﬁ)]} + %eb, (11a)
. 2
¢ = 7 {llo]® sing, — |af sin(p — @)1 - PH)|BII2x — DP* — x’Isin(e + ¢p)}, (11b)
2
b= T gl = @)costy — oI BIO? = x*) costy + gp)] + 21wl cos . (le)

noting from Eq. (7) that x depends on |z|. It may be sometimes convenient to replace Eq. (11a), for |z|, by the equivalent equation
for Ag:

. 27 . 1 , 23 —1 .
ho = =20y lo]| 1+ N sin ¢, — 2® loe| sin (¢ — ¢o) — | BI 1 sin(p + @g) | - (12)

X — x—1 X —

Therefore, as in Refs. [21] and [20], |z]| is the only free parameter determining 17,, with ® and ¢ coming from Egs. (11b) and
(11c), with € coming from the relation

L a +V1—zP)® — Iz
(1 —V1—z")P - I

directly derived from Eq. (6a). While Eq. (13) implies that a given pair (|z|, ®) must be further corroborated by a real €, such
that |z| > 2®/(1 + ®2), a numerical plot immediately shows that any value of ® satisfies this inequality.

€ =
2V/1 —|z]?

13)
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Having made clear the way in which we determine 1, we then return o the Hermitization of Ah(t) for the derivation of the
parameters involved in 5;. Using the polar forms y = |y|e'¥r and § = |§|e¢'#, we obtain from the condition T = R* the coupled
system for the amplitude and phase and of the parameter ¢

d 1
% = F{Iillwl[x + 1 =2 cos(p — 2¢,)]sin @, — 2[¢||a|[P sin(e — @o) — sin(2¢; — @o)]

+2[Z|IBI[® sin(p + @g) — x sin(2e; + @p)] — |ylsin(e; — ¢, ) — ® sin(p — ¢; — ¢,)]
—181[x sin(g; + ¢s) — @ sin(ep — ¢; + @s)1}, (14a)

. 1 . .
Pr = F{le[(x — 1)cos @, = 2® sin g, sin(p — 2¢;)] + 2|a|[cos(2p; — ¢a) + P cos(¢ — @ )]

ly|
—2[Bl[x cosRe; + ¢p) + P cos(p + ¢p)] — M—l[cos«o; —@y) + @ cos(p — ¢ — ¢y)]
il 4b
_IC_I[X cos(¢; + ¢5) + D cos(p — ¢ + ¢5)] ¢, (14b)
and from F' = F*, we derive the equation for «:
k = [¢1*[|lo| sin @, — lor| sin(pe — 2¢;) — 1Bl sin(pp + 2¢)] — [1[ly | sin(e; — @,) + 18] sin(g, + ¢5)], (15)

noting that we have introduced the real « to avoid constraints, coming from Eq. (15), on the TD functions y and § associated
with linear pumping.
Next, by rewriting the parameters defining the Hermitian A(z), we first verify that Eq. (11) leads to the real frequency

29
W = |w|cos ¢, + P [Helcos(e = o) — 1Bl cos(e + ¢p)]. (16)

We also have from Eq. (11) U = V* = |U|e/*v, with

Ul = {lae* + 1817 x> — 2leeBlx cos(ga + ¢p)

1
Ix — 11
+ || ® sin g, [|o|® sin g, — 2|a|sin(p — @,) + 218l x sin(e + )1}/, (17a)

|w|® cos ¢ sin g, + |afsing, + |B|x sin g

tan = — s
eu |w|® sing sin @, — |o| cos @, + |Blx cos g

(17b)
and R = T* = |R|e/*, with

2l¢ly/|®2 — x|

IR = 1] {le Sin%[lwl sin @, + 2lee| sin(2e; — o)

—2|B|sin(2ep; + ¢p) — 7]

ly|cos(@r — o + @y) + 18] cos(@r — ¢o — @s)
14
ly [ cos(@r + ¢p + @)) + 18] cos(pr + @p — 905)]
1/2

ly|sin(g; — @, ) + 18] sin(p; + %)}

+I0t|[|al—

+Iﬁ|[|ﬁ|+ 7l

|y > + 181° + 2|y 8| cos(¢y + ¢5)
4z |? }

] cos ¢ sin g, + lal sin(p; — @) — 1Bl sin(; +¢p) + 71y sin g, — 18] sin g)

|l sin ¢, sin@,, + le| cos(@; — @a) — 1B cos(¢r + ¢p) — 5|y cos @, + 18] cos gs)°

—2|aB|cos(@a + ¢p) + (18a)

tan g = — (18b)

Finally, from Eq. (15) we have the real parameter
2
o el
=X
+IBIL(x 4 1) cos(2¢; + ¢p) + 2P cos(y + ¢p)]

{2|a)|d> sin ¢, sin(p — 2¢;) — |a|[(x + 1) cosRp; — @) + 2P cos (¢ — ¢4)]
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+ ||Z—||[x cos(¢; — @, ) + @ cos(p — ¢ — ¢,)]
)
+|'§—'|[cos(<pg 5) + @ cos(y — o +<Pa)]}~ (19)

As a last remark on the Dyson map, we note that from
Egs. (10d) and (10e) it is immediate to verify the necessity
of the product n = n;n, instead of considering only n = 1,
as in Refs. [20,21]. Otherwise, with n; = 1 and consequently
¢(t) = k(t) =0, Egs. (10d) and (10e) reduce to

1
R(z,€,¢,k) = ﬁ(y + 8A%), (20a)
1
T(z,€,¢,k) = —\/T(y)\—i—(S)(), (20b)
0

and the relation T = R* evidently imposes a constraint on
the TD functions y and §, ruling the linear amplification
process. As mentioned above, the choice x (¢) = 0 also results
in constraints between these TD functions, although not as
strong as in Eq. (20).

V. SOLUTIONS OF THE SCHRODINGER EQUATIONS FOR
h(t) AND H(¢t) FROM THE LEWIS AND RIESENFELD TD
INVARIANTS

As in Ref. [20], we first solve the Schrodinger equation
for the general quadratic bosonic Hermitian Hamiltonian A(z),
using the method presented in Refs. [22] based on the Lewis
and Riesenfeld TD invariants [23]. In Refs. [22] the quadratic
bosonic Hamiltonian is reduced to a linear one, through a uni-
tary transformation defined by the squeeze operator S[£(¢)] =
exp {[£(1)(a")’ — £(1)a?1/2}, with £(t) = r(1)e*®, r(t) be-
ing the degree of squeezing and ¢(¢) the squeezing direction
in phase space [24]. The Schrodinger equation for the linear
Hamiltonian is then solved through an already known linear
TD invariant [25]. Besides being used in Ref. [20], the method
presented in Ref. [22] was also used to study a TD atom-
field interaction in cavity quantum electrodynamics [26]. We
mention that a method was recently presented in Ref. [27]
for a step-by-step construction of TD Lewis and Riesenfeld
invariants, as a product of operators, and for a direct derivation
of their corresponding eigenvalue equations.

Following the steps outlined above the solutions of the
Schrodinger equation for A(t), from which we immediately
obtain that for H(¢), constitute a complete basis given by the
states

ITL,(1)) = T (@)ln), 2D
where {|n)} define the Fock-state basis and the unitary opera-
tor 7(¢) is given by

T (@) = Y@)SIEDIDIO@IRIL()], (22)
where D[A(t)] = exp[0(t)a" — 6*(t)a] is the displacement
operator, with

() = QHO() + G(1), (23a)
Q(t) = W)+ 2U(1)| tanh [r(t)] cos [p(t) + ¢y,  (23b)
G(t) = R*(t) cosh [r(1)] + R(t)e™ sinh [r(1)], (23¢)

(

while R[Q(t)] = exp [—iw (¢)a'a] is a rotation operator, with
w(t) = f(; Q(t)drt, and, finally, Y(t) = exp[—im (¢)/2] is a
global phase factor.

For reducing the quadractic Hermitian Hamiltonian A(t)
into a linear one, the squeezing parameters must obey the
coupled nonlinear differential equations

#(t) = 2|U @) sin[ey () + ¢(1)], (24a)
(]S(t) = —2W(t) — 4|U (t)| coth[2r(t)] cos [¢(t) + ¢u].
(24b)

With the wave vectors in Eq. (21), we directly obtain the
solutions of the Schrédinger equation for H(¢), given by

1Y) = 07" OITL@) = n~ ' OT®)In).  (25)

For a generic superposition [/ (1)) = Y, ¢, (1)) it follows
that

@) ="' OT®) ) caln)

=~ OU@NO)Y(0)), (26)
with the evolution operator

Uty =TT (0)
= Y(OS[EOIDIOEOIRIQHIDO(O)IST[E0)].  (27)
From Egs. (25) and (26), we conclude that a generic super-

position for A(t), given by |I1(z)) = Y, c,|I1,(¢)), naturally
evolves as

[T1(2)) = U)ITI(0)). (28)

VI. VARIANCES OF THE FIELD QUADRATURES AND
THE FIELD ENERGY

In the Heisenberg picture the annihilation operator aj(t)
regarding the Hermitian Hamiltonian A(z) follows from the
Bogoliubov transformation

a(t) = Z/{T(t)al/l(t) =u(t)a + v(t)aT + w(t), 29)
where we have defined

u(t) = e"@® cosh [r(r)] cosh [r(0)]

— T O+EO=6ON ginh [r(¢)] sinh [r(0)], (30a)
v(t) = OOl sinh [r(r)] cosh [r(0)]

— ¢~ =0 ¢ogh [r(¢)] sinh [r(0)],
w(t) = [0(1) — e @ DH(0)] cosh[r(r)]

+ P O[0%(1) — & D*(0)] sinh[r(r)].  (30c)

(30b)
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For the field quadratures, also in the Heisenberg picture, we have

an(t) +aj(t)

xp(t) = 5 ; (31a)
an(t) — a(t)
i) = —————, (31b)
i
from which we derive the pseudo-Hermitian forms associated with H (¢):
X(@) =0~ Oxn()
1 { o i |z i
= — —————1[(0 +ilz|sin@)® — |z|]lx(t) + (1 + |z] cos ) Ppy(t) + —[¢ + x¢* + 2P Re(e "”é“)]}, (32a)
2]/ @2 — x 2 2

P@t) = n~ ' Opatn(t)

1
RN

Therefore, the pseudo-Hermitian observables X (¢) and P(¢) are composed of superpositions of the Hermitians x,(¢) and
pr(t), and their experimental checks must involve simultaneous measurements of canonically conjugated variables [28,29].
By considering that the radiation field is initially in the vacuum state |1/ (0)) = |0) for H(t), such that [TI(0)) = 77(0)|0) = |0)
for h(t) [since Y(0) = R[2(0)] = D[O(0)] = S[£(0)] = 1 under the choice 6(0) = 0], the variances of the field quadratures are
given by

1 1 .
{[(1 — ilz] sin@)® — |z|]pa(r) — i§(1 — |z cos @) Dx; (1) + iIZIE[C —x¢* —2i® Im(e“"é“)]}- (32b)

[AX(D)]g = (X2())o — (X(O))g = (5(1)) — (n(1)* = [Axa(@)]

= HIA@ O + [Aaj ()] + Ala)(H)an(t)]}

= 1lu(®) +v* @), (33a)
[APD)]G = (P*())e — (PO)g = (pa (1)) — (pu(1))* = [Aps(0)]?

= H1 = [Aq)(OF — [Aay(®)]* + 2A[a) ()an(®)])

= flu@) — v @), (33b)

where we have defined

Ala) ()an()] = (a} (Oan(t) + an(t)a) (1)) — 2{an(®)){a] 1)) (34)

Since 7(0) = 0, such that u(t) = e~ cosh [r(¢)] and v(t) = €O+l ginh [r(¢)], we finally obtain

[Axp()]* = i{cosh [27(¢)] + sinh [2r(¢)] cos [¢(2)]}, (35a)

[Apy(D)]? = %{cosh [2r(¢)] — sinh [2r(¢)] cos [¢()]}. (35b)

Now, defining a rotated complex amplitude of the radiation field at an angle ¢(¢)/2, given by

T(1) + ipn(t) = Lo (t) + ipi()]e” 2, (36)

and considering again the initial vacuum state |y (0)) = |I1(0)) = |0), we obtain the variances
[A%, ()] = lue D2 4 p* O] = 120, (37a)
(AP = Flue P02 —y*e 2] = 1o, (37b)

Since these variances depend only on the squeezing degree, which in turn follows only from the parametric amplification, we
henceforth disregard the linear pumping by imposing y = § = 0. Back to the system of coupled equations for r(z) and ¢(¢), we
then obtain

(1) = 2|U (1) sin[py (1) + ¢(1)], (38a)
$(t) = —2W (1) — 4|U (1)] coth[2r ()] cosly (1) + ()], (38b)
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leading to a maximized rate of squeeze degree under the choice ¢y (t) = /2 — ¢(¢), which implies that

t
=2 [ Wl (39)
0
Qut) = —p(t) = 2W (). (39b)
The relation (39b) leads to the useful constraint
lw|® cos ¢ sing, + |o|sing, + |Blx singg
— Jarctan | — - -
dt |w|® sin ¢ sin @, — || cos @, + |B|x cos gg
(O]
= 2|w[cos g, + -1 [lor| cos (¢ — ¢a) — | Bl cos(@ + @p)], (40)

linking together the parameters w, o, and B of H with those defining the Dyson map 7.
Another quantity of interest, when considering the squeezing of the field quadratures, is the field mean energy given by

(E0)e = lo@®[(0laj(t)an()|0) = (E@)) = lo®I[v@) + [w@)]*]. (41)

In what follows we compute r(¢) for two different cases:
the Hermitian case, H = H', where ¢,, = 0 such that » = ||
isreal, |8] = |a| and pg = —¢,, and the all-annihilation case,
where || = 0 and ¢g = 0, under the additional choice ¢, =
0. As anticipated in the Introduction, we compute the squeez-
ing degree for the all-annihilation case because it presents a
simpler mathematical treatment than the all-creation case.

VII. CIRCUMVENTING THE NEED FOR MEASURING
CANONICALLY CONJUGATED VARIABLES

To circumvent the need for measuring canonically conju-
gated variables we must set the parameters of the Dyson map
to obtain X = x;, or P = p;, in Eq. (32). Considering ¢ = 0,
once the linear pumping is disregarded, in the former case
we set |z] cos¢ = —1 such that |z] = 1 and ¢ = 7, while in
the latter case we set |z| cos ¢ = 1, implying that |z| = 1 and
¢ = 0. Assuming a real frequency w and |z| = 1, the coupled
Eq. (11) reduces to

Fd = —2®|a|sing, — 2|B|Py sin g,

_ 1B Cx =D — 1 = (x — Dx®
Tl A=)+ - D2
2 2 2

Flol = —la| ———— cos gy — |pl - ———
1 - : I =x)

(42a)

sin @g, (42b)

cos ¢g,

(42c)

where the upper and lower signs refer to ¢ = 7 and ¢ = 0,
respectively.

VIII. HERMITIAN H

For H' = H = w(t)(a'a + 1/2) + ot(t‘)a2 + o*(®)a?, in
which case W (t) = |w(t)|, U(t) = |a(t)|e#"), the constraint
(40) leads to ¢, = 2|w|, such that

Gult) =2 /0 lo(1)ldx, 43)

(

and consequently (with the subscript & standing for
Hermitian)

() = 2/ la(T)|dT, (44a)
0

() =7/2 — @a (D). (44b)

Noting that the TD parameters in Eq. (30) reduce to
u()|? = cosh® [r(1)], [v(t)|* = sinh? [+(1)], and |w(®)* = 0,
the energy of the radiation field, for the initial vacuum state
|0), evolves as

(E@®)) = loOv(@®)* = lo(®)|sinh? [r(1)].  (45)

IX. ALL-ANNIHILATION H

For the all-annihilation  Hamiltonian H,,(t) =
o)a'a+1/2) + a(t)a®, derived from the Hermitian
one with real w(¢), such that |[U| = |a|/|x — 1| and ¢y = ¢y,
we obtain from the constraint (40) the relation

. 20
P = 20| = 2Nt

‘13—2-!-)»0 cos (¢ — ¢q), (46)

and from the system (11), the coupled equations

o —22 in(p - g0 (“72)
— = —————sin (¢ — @qy), a
o T2 70
. 2 —
® = —2|(¥|m sin (¢ — @q), (47b)
21
» =2lw| - 2¢| ————MM — ). (47
¢ =2l |a|(1—q>2+x0)cb cos (¢ — ¢a).  (47¢)
By rewriting Eq. (47) under the change of variables
Y — o =@, (48a)
¢+ 90y =0, (48b)
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it follows that
Ao

= —2|aIL sing_, (49a)
*o 1—®2+ A
b= —gja 1 sing., (49b)
1 —®24 A
. 1+ @2
¢o_ =2|a| m cosg_, (49¢)
. ®2 -1
o+ = 4|o| —2|a|m cosep_, (49d)
and by imposing ¢_ = 7 /2, we obtain
1 Ao 2|«
W T e
@ _ 2] ’ (506)
P2 — 1 1—®2+ 2
Py = /t4|w(f)|df, (50¢)
0
_ et 2/1 lw(o)ldt + 2. (50d)
2 0 4
From Egs. (50a) and (50b) we obtain
o) = 2@ 2O =L (51)
®2(0) -1
By substituting A¢(?) back in Eq. (50b), we obtain
() = 0)— A /t la(z)ldT, (52)
0

where
®2(0)—1
1 — ®2(0) 4 10(0)
and, consequently, substituting Eq. (51) into (7) we obtain
20(1)
D2(t)+ 1 — Ao(t)’

Finally, from Egs. (39a), (17a), and (53), we obtain (with aa
standing for all-annihilation)

lz(H)] = (53)

Faa(t) = 2/t ey
0 o 11— x()
" Aa(T)]

= o0 - 1] T. (54)

For the all-annihilation Hamiltonian, the evolution of the
mean energy of the radiation field for the initial vacuum
state obeys the same expression, in Eq. (45), as that for the
Hermitian Hamiltonian.

X. ALL-ANNIHILATION H FOR THE CASE WHERE
X = Xn ANDP = Ph

For the all-annihilation = Hamiltonian H,,(t) =
o@)a'a+1/2) +a(t)a?, with real w(t), such that
|U| = |a|/|x — 1] and ¢y = ¢4, we next consider the
cases X = x, and P = p;, with |z| = 1 for both cases, while

¢ = m for the former and ¢ = 0 for the latter case. From the
constraint (40) we obtain

Po = 2|o| F 2|a|

) COS Qg (55)
where the upper and lower signs refer to ¢ = 7 and ¢ = 0,
respectively. From the system (42), we obtain the solutions
O(t) = cte, |o| = |x|(1 + P)/2, and ¢, = €x, £ being
even for ¢ = m and odd for ¢ = 0. Both cases, ¢ = 7 and
¢ = 0, lead to the same squeezing degree

1
[P — 1]

which is the same as the Hermitian one apart from a scale
factor [2|® — 1|]7'. For the cases where ® € [0, 1/2) and
® > 3/2 it follows that r,,(t) < r,(¢), while for the cases
® e (1/2,1)and ® € (1, 3/2) we obtain r,,(t) > r,(¢). In the
case where ® = 1/2 and ® = 3/2 we have r,,(t) = r(t).

! 1
Taa(t) = /O |a(f)|d7=2|¢—_l|rh(t), (56a)

XI. COMPARING THE SQUEEZING DEGREES DERIVED
FROM THE HERMITIAN AND ALL-ANNIHILATION
HAMILTONIANS

We now compare the squeezing degrees found in Egs. (54)
and (44a), starting with a pumping amplitude which decreases
exponentially over time as «(z) = ape ?""l. The degree of
squeezing for the Hermitian case (h) reaches, asymptotically,
the value

rp(t) = 2/ le(T)ldTt =2(1 — e ") > 2, (57)
0

while for the all-annihilation case (aa) it goes as
t y e VT
raa(t) = |A| dt
o [1=[®0)— A —e ")
|A| @(0)7A(17€’V’) 1

= —— —dx. (58)
A Joo) 11— x2|

Assuming first ®(0) > 1, in which case the above integral is
nonsingular, we obtain

IA| O)-A(l—e)
wa(t) = —— d 59
) == | i (59)
1A ®0) +1P0)—1—A(l —e7')
- 2A ®0)—1P0)+1—-A(l —er) )’
(60)
where, from the choice [z(0)] =1, we set Aig(0)=
[1— @)

In Fig. 1 we show the squeezing factors r;, and r,, against
yt, the thick solid line standing for r;,, while the solid, dashed,
dashed-dotted, and dotted stand for (0) = 1.5, 1.1, 1.01, and
1+ 10719 respectively, as indicated in the inset. We note that
the squeezing factor r,, increases as ®(0) approaches unity
from above. For ®(0) = 1.01, r,, becomes higher than ry,
for any instant and with ®(0) =1 + 10719, ,, is around an
order of magnitude higher than ry, in the time interval where
t < 3y /2. It is worth noting that, as ®(0) approaches unity,
the time derivative at the origin increases strongly, a most
desirable feature for high performance interferometry.
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124
rh
r.,@,= 1.5
P e r., @,=1.1
o4 e r., @,=101
o r ’@0—14.10'10
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’," ________________________________________________
S
L
0 T T 1

yt

FIG. 1. Plot of the squeezing factors r, and r,, against yt, for
®(0) > 1, |z(0)| = 1, and 1¢(0) = [1 — ®(0)]?. The thick solid line
stands for r;,, while the solid, dashed, dashed-dotted, and dotted stand
for ®(0) = 1.5, 1.1, 1.01, and 1 + 10~'°, respectively, as indicated in

the legend.

With ®(0) < 1, in which case the integral in Eq. (58)
exhibits a singularity at x = 1, we consider the upper limit
O(t,) =P0)— A fot la(t)|dt = 1 — €, at a critical time ¢,
where [z(f.)] — 1 when € — 0. In this way, when integrating
until the upper limitx = ®(0) — A(1 — e 7*) = 1, we obtain
from Eq. (58) the analytical result

[A]
raa(t) = H In

1+ @0)1 —®0)+ A(l —e)
1—@0) 1+ @0) - A(l —e7) |
(61)

Considering |z(0)| =0, such that ®(0) =0 whatever
20(0), in Fig. 2 we set 1¢(0) = 0 to show the squeezing factors
ry, and r,, against y£, the thick solid line standing for r;,. Here
we observe, as indicated by the dashed line, a remarkable
divergence of the squeezing degree r,, at a controllable fi-
nite time 7, = y ' In[A/(A + 1)]. This divergence can also
be observed for a constant pumping amplitude a(f) = o, in
which case r;,(t) = 2at, and

1

@0 = Aarp —1°0 2

t
raa(t) = |A|O[0/
0

the divergence occurring for 7. = (20)~! when considering
|2(0)] = ®(0) = A9(0) = 0. Back to Fig. 2, the dashed line
parallel to the ordinate axis indicates the point yz, where the
divergence of r,, occurs. Finally, we plot the function z(¢),
as indicated by the dotted line, to ensure that this function is
always smaller than unity regardless the divergence of r,,. We
have also verified that z(¢) is always smaller than unity for all
the four values of ®(0) considered in Fig. 1.

35 H
: :
. ;
I:. ............ Z
)
1 | ”l, ______ : ...............................
0 : | I I
0 vt 1 i 3

yt

FIG. 2. Plot of the squeezing factors r;, and r,, against y¢, for
®(0) =0, |z(0)] = 0, and Ao(0) = 0. The thick solid line stands for
ry, while the dashed line indicates a divergence of the squeezing
degree r,, at a controllable finite time 7. = y~'In[A/(A + 1)].
Finally, the dotted line indicates the function z().

XII. PRICE TO PAY FOR THE HIGH SQUEEZING
FACTORS

It is worth saying a few words about the cost-benefit
aspects of the high compression factors achieved through
non-Hermitian Hamiltonians. Fist of all, there is the energy
cost. The higher the degree of squeezing, the greater the
energy required for the process. Then there are other costs to
be considered as the preparation of the state to be squeezed,
associated with the non-Hermitian Hamiltonian H. As is well
known [5], the state to be prepared is given by n(#)|I1(0)),
with the Dyson map defined by Eq. (5), i.e., we must im-
plement the displacement of the initial state |T1(0)) of the
Hermitian £, followed by the squeezing of such a displaced
state. This is not an easy operation to perform, whatever the
experimental platform used. Finally, there is the cost associ-
ated with the measurement of the observables associated with
the non-Hermitian H, which comprises a superposition of the
Hermitian observables of 4. In other words there is the cost
associated with the measurement of canonically conjugated
variables.

Therefore, to the remarkable gains achieved with the non-
Hermitian Hamiltonians in increasing the squeezing factor,
there is in contrast the difficulties of the experimental imple-
mentation of the squeezing process, starting with the engineer-
ing of the non-Hermitian Hamiltonians themselves. However,
beyond the difficulties of the experimental implementation of
the process, the core of the present work is to bring attention
to the possibilities offered by non-Hermitian Hamiltonians, in
particular the all-creation and all-annihilation interactions, for
high performance interferometry.

Regarding the engineering of effective all-creation and
all-annihilation Hamiltonians, a crucial step for the imple-
mentation of the ideas developed above, we anticipate that
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this procedure can be performed by the method proposed in
Ref. [30] and extensively used in the literature, especially in
the field of radiation-matter interaction [31].

XIII. CONCLUSIONS

We have here defined the all-creation and all-annihilation
TD PT-symmetric bosonic Hamiltonians. To this end, we
started from the most general TD quadratic bosonic P7 -
symmetric Hamiltonian, describing a cavity mode under lin-
ear and parametric amplifications. To solve this general P77 -
symmetric Hamiltonian, and consequently the particular all-
creation and all-annihilation Hamiltonians, we first present a
strategy to define the TD Dyson map and metric operators.
Then, using the Lewis and Riesenfeld TD invariants, under
the steps outlined in Refs. [22], we get the solutions of
the Schrodinger equations for the quadratic P77 -symmetric
Hamiltonian and its Hermitian counterpart. From this general
solution, and neglecting the TD linear amplification process,
which does not affect the squeezed state mechanism in which
we are interested, we directly obtain the solutions for the
all-creation and all-annihilation Hamiltonians. It happens that
the analytical treatment of the all-annihilation Hamiltonian
becomes easier than for the all-creation one.

After solving these Schrodinger equations we turn to the
observables associated with the non-Hermitian Hamiltonians,
computing the variances of the field quadratures and the
field energy. Since these observables, coming from the non-
Hermitian Hamiltonians, are normally superpositions of L2-
Hermitian operators, special attention was devoted to circum-
vent the need for measuring canonically conjugated variables.
On this regard, we have found the parameters of the Dyson
map enabling each field quadrature to be Hermitian with
respect to both the L? metric and that enabling a probabilistic
interpretation of our non-Hermitian models. Our main con-
cern, however, was the squeezing degree generated by such
non-Hermitian Hamiltonians. Focusing on the all-annihilation
system, we have derived a result that can contribute decisively

for improving interferometry sensitivity: while the Hermitian
parametric amplification leads to an asymptotic divergence of
the squeezing degree, the all-annihilation amplification leads
to a divergence of such quantity in a controllable finite time.
We also present a discussion of the cost-benefit aspects for
achieving a higher degree of squeezing from non-Hermitian
Hamiltonians. Our belief is that, despite the difficulties in the
experimental implementation of the process, the main contri-
bution of this work is the demonstration that non-Hermitian
Hamiltonians can decisively outperform conventional inter-
ferometry methods.

Recently, the LIGO and Virgo collaborations have reported
the detection of gravitational waves through laser interferom-
etry, a seminal result for both theoretical and experimental
physics. The next step of such collaborations is to enhance
the interferometric sensitivity using squeezed states of light.
The successful engineering of all-annihilation or all-creation
Hamiltonians is then an important step towards high perfor-
mance interferometry, in special gravitational wave interfer-
ometers.

Beyond gravitational interferometry, the possibility of
producing states of the radiation field with a high degree
of squeezing is evidently of crucial relevance for quantum
metrology, which by its turn can be applied for studying fun-
damental phenomena such as, among many others, quantum
coherence and nonclassical statistics. A direct extension of
the present work regards the all-creation and all-annihilation
TD fermionic Hamiltonians, useful for nuclear magnetic reso-
nance where the advances in quantum information processing
have been decisive.

ACKNOWLEDGMENTS

The authors wish to thank Pedro M. Consoli for help-
ful discussions. E.S.L. (Grant No. 400914/2017-4), O.S.D.
(Grant No. 153119/2018-7), and M.H.Y.M. (Grant No.
302344/2014-4) would like to thank CNPq for support.
M.A.d.P. and M.H.YM. would like to thank INCT-IQ for
support.

[1] C. M. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243
(1998).

[2] C. M Bender, Rep. Prog. Phys. 70, 947 (2007).

[3] A. Mostafazadeh, J. Math. Phys. 43, 205 (2002).

[4] A. Mostafazadeh, Phys. Lett. B 650, 208
arXiv:0711.0137; arXiv:0711.1078.

[5] A. Fring and M. H. Y. Moussa, Phys. Rev. A 93, 042114 (2016).

[6] F. S. Luiz, M. A. de Ponte, and M. H. Y. Moussa,
arXiv:1611.08286.

[7] S. Longhi, D, Gatti, and G. D. Valle, Sci. Rep. 5, 13376 (2015).

[8] Y.-L. Xu, W. S. Fegadolli, L. Gan, M.-H. Lu, X.-P. Liu, Z.-Y.
Li, A. Scherer, and Y.-F. Chen, Nat. Commun. 7, 11319 (2016).

[9] A. Guo, G.J. Salamo, D. Duchesne, R. Morandotti, M. Volatier-
Ravat, V. Aimez, G. A. Siviloglou, and D. N. Christodoulides,
Phys. Rev. Lett. 103, 093902 (2009).

[10] S. Zhang, Z. Yong, Y. Zhang, and S. He, Sci. Rep. 6, 24487

(2016); Y. Xing, L. Qi, J. Cao, D.-Y. Wang, C.-H. Bai, H.-F.

(2007);

Wang, A.-D. Zhu, and S. Zhang, Phys. Rev. A 96, 043810
(2017).

[11] S. Longhi, Phys. Rev. A 82, 031801(R) (2010).

[12] M. S. Swanson, J. Math. Phys. 45, 585 (2004).

[13] H. B. Geyer, 1. Snyman, and F. G. Scholtz, Czech. J. Phys.
54, 1069 (2004); H. F. Jones, J. Phys. A: Math. Gen.
38, 1741 (2005); F. G. Scholtz and H. B. Geyer, Phys.
Lett. B 634, 84 (2006); J. Phys. A: Math. Gen. 39, 10189
(2006).

[14] V. V. Dodonov, J. Opt. B 4, R1 (2002).

[15] E. H. Kennard, Z. Phys. 44, 326 (1927).

[16] H. P. Yuen and J. H. Shapiro, Opt. Lett. 4, 334 (1979); G. J.
Milburn and D. E Walls, Opt. Commun. 39, 401 (1981); W.
Becker, M. O. Scully, and M. S. Zubairy, Phys. Rev. Lett. 48,
475 (1982); R. S. Bondurant, P. Kumar, J. H. Shapiro, and M.
Maeda, Phys. Rev. A 30, 343 (1984); G. J. Milburn, D. F. Walls,
and M. D. Levenson, J. Opt. Soc. Am. B 1, 390 (1984).

012128-10


https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1063/1.1418246
https://doi.org/10.1063/1.1418246
https://doi.org/10.1063/1.1418246
https://doi.org/10.1063/1.1418246
https://doi.org/10.1016/j.physletb.2007.04.064
https://doi.org/10.1016/j.physletb.2007.04.064
https://doi.org/10.1016/j.physletb.2007.04.064
https://doi.org/10.1016/j.physletb.2007.04.064
http://arxiv.org/abs/arXiv:0711.0137
http://arxiv.org/abs/arXiv:0711.1078
https://doi.org/10.1103/PhysRevA.93.042114
https://doi.org/10.1103/PhysRevA.93.042114
https://doi.org/10.1103/PhysRevA.93.042114
https://doi.org/10.1103/PhysRevA.93.042114
http://arxiv.org/abs/arXiv:1611.08286
https://doi.org/10.1038/srep13376
https://doi.org/10.1038/srep13376
https://doi.org/10.1038/srep13376
https://doi.org/10.1038/srep13376
https://doi.org/10.1038/ncomms11319
https://doi.org/10.1038/ncomms11319
https://doi.org/10.1038/ncomms11319
https://doi.org/10.1038/ncomms11319
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1103/PhysRevLett.103.093902
https://doi.org/10.1038/srep24487
https://doi.org/10.1038/srep24487
https://doi.org/10.1038/srep24487
https://doi.org/10.1038/srep24487
https://doi.org/10.1103/PhysRevA.96.043810
https://doi.org/10.1103/PhysRevA.96.043810
https://doi.org/10.1103/PhysRevA.96.043810
https://doi.org/10.1103/PhysRevA.96.043810
https://doi.org/10.1103/PhysRevA.82.031801
https://doi.org/10.1103/PhysRevA.82.031801
https://doi.org/10.1103/PhysRevA.82.031801
https://doi.org/10.1103/PhysRevA.82.031801
https://doi.org/10.1063/1.1640796
https://doi.org/10.1063/1.1640796
https://doi.org/10.1063/1.1640796
https://doi.org/10.1063/1.1640796
https://doi.org/10.1023/B:CJOP.0000044007.58266.a0
https://doi.org/10.1023/B:CJOP.0000044007.58266.a0
https://doi.org/10.1023/B:CJOP.0000044007.58266.a0
https://doi.org/10.1023/B:CJOP.0000044007.58266.a0
https://doi.org/10.1088/0305-4470/38/8/010
https://doi.org/10.1088/0305-4470/38/8/010
https://doi.org/10.1088/0305-4470/38/8/010
https://doi.org/10.1088/0305-4470/38/8/010
https://doi.org/10.1016/j.physletb.2006.01.022
https://doi.org/10.1016/j.physletb.2006.01.022
https://doi.org/10.1016/j.physletb.2006.01.022
https://doi.org/10.1016/j.physletb.2006.01.022
https://doi.org/10.1088/0305-4470/39/32/S19
https://doi.org/10.1088/0305-4470/39/32/S19
https://doi.org/10.1088/0305-4470/39/32/S19
https://doi.org/10.1088/0305-4470/39/32/S19
https://doi.org/10.1088/1464-4266/4/1/201
https://doi.org/10.1088/1464-4266/4/1/201
https://doi.org/10.1088/1464-4266/4/1/201
https://doi.org/10.1088/1464-4266/4/1/201
https://doi.org/10.1007/BF01391200
https://doi.org/10.1007/BF01391200
https://doi.org/10.1007/BF01391200
https://doi.org/10.1007/BF01391200
https://doi.org/10.1364/OL.4.000334
https://doi.org/10.1364/OL.4.000334
https://doi.org/10.1364/OL.4.000334
https://doi.org/10.1364/OL.4.000334
https://doi.org/10.1016/0030-4018(81)90232-7
https://doi.org/10.1016/0030-4018(81)90232-7
https://doi.org/10.1016/0030-4018(81)90232-7
https://doi.org/10.1016/0030-4018(81)90232-7
https://doi.org/10.1103/PhysRevLett.48.475
https://doi.org/10.1103/PhysRevLett.48.475
https://doi.org/10.1103/PhysRevLett.48.475
https://doi.org/10.1103/PhysRevLett.48.475
https://doi.org/10.1103/PhysRevA.30.343
https://doi.org/10.1103/PhysRevA.30.343
https://doi.org/10.1103/PhysRevA.30.343
https://doi.org/10.1103/PhysRevA.30.343
https://doi.org/10.1364/JOSAB.1.000390
https://doi.org/10.1364/JOSAB.1.000390
https://doi.org/10.1364/JOSAB.1.000390
https://doi.org/10.1364/JOSAB.1.000390

ALL-CREATION AND ALL-ANNIHILATION ...

PHYSICAL REVIEW A 100, 012128 (2019)

[17] R. E. Slusher, L. W. Hollberg, B. Yurke, J. C. Mertz, and J. F.
Valley, Phys. Rev. Lett. 55, 2409 (1985); R. M. Shelby, M. D.
Levenson, S. H. Perlmutter, R. G. DeVoe, and D. F. Walls, ibid.
57, 691 (1986); L. A. Wu, H. J. Kimble, J. L. Hall, and H. Wu,
ibid. 57,2520 (1986); Y. Yamamoto and H. A. Haus, Rev. Mod.
Phys. 58, 1001 (1986); R. Loudon and P. L. Knight, J. Mod.
Opt. 34, 709 (1987); H. J. Kimble and D. Walls, J. Opt. Soc.
Am. B 4, 1450 (1987).

[18] C. M. Caves, Phys. Rev. D 23, 1693 (1981).

[19] B. P. Abbott et al., Phys. Rev. Lett. 116, 061102 (2016).

[20] A. Fring and M. H. Y. Moussa, Phys. Rev. A 94, 042128
(2016).

[21] D. P. Musumbu, H. B. Geyer, and W. D. Heiss, J. Phys. A 40,
F75 (2007).

[22] B. Baseia, S. S. Mizrahi, and M. H. Y. Moussa, Phys. Rev. A 46,
5885 (1992); S. S. Mizrahi, M. H. Y. Moussa, and B. Baseia, Int.
J. Mod. Phys. B 08, 1563 (1994).

[23] H. R. Lewis, Jr. and W. B. Riesenfeld, J. Math. Phys. 10, 1458
(1969).

[24] M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge
University Press, Cambridge, UK, 1997).

[25] R. R. Puri and S. V. Lawande, Phys. Lett. A 70, 69
(1979).

[26] C. J. Villas-Boas, F. R. de Paula, R. M. Serra, and M. H. Y.
Moussa, Phys. Rev. A 68, 053808 (2003); J. Opt. B 5, 391
(2003).

[27] M. A. de Ponte, P. M. Consoli, and M. H. Y. Moussa, Phys. Rev.
A 98, 032102 (2018).

[28] K. Wédkiewicz, Phys. Rev. Lett. 52, 1064 (1984).

[29] U. Leonhardt and H. Paul, J. Mod. Opt. 40, 1745 (1993).

[30] O. Gamel and D. F. V. James, Phys. Rev. A 82, 052106 (2010);
D. F. V. James and J. Jerke, Can. J. Phys. 85, 625 (2007).

[31] R. M. Serra, C. J. Villas-Boas, N. G. de Almeida, and M. H. Y.
Moussa, Phys. Rev. A 71, 045802 (2005); F. O. Prado, N. G.
de Almeida, M. H. Y. Moussa, and C. J. Villas-Boas, ibid. 73,
043803 (2006); F. O. Prado, E. 1. Duzzioni, M. H. Y. Moussa,
N. G. de Almeida, and C. J. Villas-Boas, Phys. Rev. Lett. 102,
073008 (2009); G. D. M. Neto, M. A. de Ponte, and M. H. Y.
Moussa, Phys. Rev. A 85, 052303 (2012); F. O. Prado, W.
Rosado, A. M. Alcalde, and M. H. Y. Moussa, J. Phys. B 46,
205501 (2013); F. O. Prado, W. Rosado, G. D. de Moraes
Neto, and M. H. Y. Moussa, Europhys. Lett. 107, 13001 (2014);
R. F. Rossetti, G. D. de Moraes Neto, F. O. Prado, F. Brito,
and M. H. Y. Moussa, Phys. Rev. A 90, 033840 (2014); R. F.
Rossetti, G. D. de Moraes Neto, J. C. Egues, and M. H. Y.
Moussa, Europhys. Lett. 115, 53001 (2016).

012128-11


https://doi.org/10.1103/PhysRevLett.55.2409
https://doi.org/10.1103/PhysRevLett.55.2409
https://doi.org/10.1103/PhysRevLett.55.2409
https://doi.org/10.1103/PhysRevLett.55.2409
https://doi.org/10.1103/PhysRevLett.57.691
https://doi.org/10.1103/PhysRevLett.57.691
https://doi.org/10.1103/PhysRevLett.57.691
https://doi.org/10.1103/PhysRevLett.57.691
https://doi.org/10.1103/PhysRevLett.57.2520
https://doi.org/10.1103/PhysRevLett.57.2520
https://doi.org/10.1103/PhysRevLett.57.2520
https://doi.org/10.1103/PhysRevLett.57.2520
https://doi.org/10.1103/RevModPhys.58.1001
https://doi.org/10.1103/RevModPhys.58.1001
https://doi.org/10.1103/RevModPhys.58.1001
https://doi.org/10.1103/RevModPhys.58.1001
https://doi.org/10.1080/09500348714550721
https://doi.org/10.1080/09500348714550721
https://doi.org/10.1080/09500348714550721
https://doi.org/10.1080/09500348714550721
https://doi.org/10.1364/JOSAB.4.001450
https://doi.org/10.1364/JOSAB.4.001450
https://doi.org/10.1364/JOSAB.4.001450
https://doi.org/10.1364/JOSAB.4.001450
https://doi.org/10.1103/PhysRevD.23.1693
https://doi.org/10.1103/PhysRevD.23.1693
https://doi.org/10.1103/PhysRevD.23.1693
https://doi.org/10.1103/PhysRevD.23.1693
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevA.94.042128
https://doi.org/10.1103/PhysRevA.94.042128
https://doi.org/10.1103/PhysRevA.94.042128
https://doi.org/10.1103/PhysRevA.94.042128
https://doi.org/10.1088/1751-8113/40/2/F03
https://doi.org/10.1088/1751-8113/40/2/F03
https://doi.org/10.1088/1751-8113/40/2/F03
https://doi.org/10.1088/1751-8113/40/2/F03
https://doi.org/10.1103/PhysRevA.46.5885
https://doi.org/10.1103/PhysRevA.46.5885
https://doi.org/10.1103/PhysRevA.46.5885
https://doi.org/10.1103/PhysRevA.46.5885
https://doi.org/10.1142/S0217979294000671
https://doi.org/10.1142/S0217979294000671
https://doi.org/10.1142/S0217979294000671
https://doi.org/10.1142/S0217979294000671
https://doi.org/10.1063/1.1664991
https://doi.org/10.1063/1.1664991
https://doi.org/10.1063/1.1664991
https://doi.org/10.1063/1.1664991
https://doi.org/10.1016/0375-9601(79)90025-2
https://doi.org/10.1016/0375-9601(79)90025-2
https://doi.org/10.1016/0375-9601(79)90025-2
https://doi.org/10.1016/0375-9601(79)90025-2
https://doi.org/10.1103/PhysRevA.68.053808
https://doi.org/10.1103/PhysRevA.68.053808
https://doi.org/10.1103/PhysRevA.68.053808
https://doi.org/10.1103/PhysRevA.68.053808
https://doi.org/10.1088/1464-4266/5/5/303
https://doi.org/10.1088/1464-4266/5/5/303
https://doi.org/10.1088/1464-4266/5/5/303
https://doi.org/10.1088/1464-4266/5/5/303
https://doi.org/10.1103/PhysRevA.98.032102
https://doi.org/10.1103/PhysRevA.98.032102
https://doi.org/10.1103/PhysRevA.98.032102
https://doi.org/10.1103/PhysRevA.98.032102
https://doi.org/10.1103/PhysRevLett.52.1064
https://doi.org/10.1103/PhysRevLett.52.1064
https://doi.org/10.1103/PhysRevLett.52.1064
https://doi.org/10.1103/PhysRevLett.52.1064
https://doi.org/10.1080/09500349314551761
https://doi.org/10.1080/09500349314551761
https://doi.org/10.1080/09500349314551761
https://doi.org/10.1080/09500349314551761
https://doi.org/10.1103/PhysRevA.82.052106
https://doi.org/10.1103/PhysRevA.82.052106
https://doi.org/10.1103/PhysRevA.82.052106
https://doi.org/10.1103/PhysRevA.82.052106
https://doi.org/10.1139/p07-060
https://doi.org/10.1139/p07-060
https://doi.org/10.1139/p07-060
https://doi.org/10.1139/p07-060
https://doi.org/10.1103/PhysRevA.71.045802
https://doi.org/10.1103/PhysRevA.71.045802
https://doi.org/10.1103/PhysRevA.71.045802
https://doi.org/10.1103/PhysRevA.71.045802
https://doi.org/10.1103/PhysRevA.73.043803
https://doi.org/10.1103/PhysRevA.73.043803
https://doi.org/10.1103/PhysRevA.73.043803
https://doi.org/10.1103/PhysRevA.73.043803
https://doi.org/10.1103/PhysRevLett.102.073008
https://doi.org/10.1103/PhysRevLett.102.073008
https://doi.org/10.1103/PhysRevLett.102.073008
https://doi.org/10.1103/PhysRevLett.102.073008
https://doi.org/10.1103/PhysRevA.85.052303
https://doi.org/10.1103/PhysRevA.85.052303
https://doi.org/10.1103/PhysRevA.85.052303
https://doi.org/10.1103/PhysRevA.85.052303
https://doi.org/10.1088/0953-4075/46/20/205501
https://doi.org/10.1088/0953-4075/46/20/205501
https://doi.org/10.1088/0953-4075/46/20/205501
https://doi.org/10.1088/0953-4075/46/20/205501
https://doi.org/10.1209/0295-5075/107/13001
https://doi.org/10.1209/0295-5075/107/13001
https://doi.org/10.1209/0295-5075/107/13001
https://doi.org/10.1209/0295-5075/107/13001
https://doi.org/10.1103/PhysRevA.90.033840
https://doi.org/10.1103/PhysRevA.90.033840
https://doi.org/10.1103/PhysRevA.90.033840
https://doi.org/10.1103/PhysRevA.90.033840
https://doi.org/10.1209/0295-5075/115/53001
https://doi.org/10.1209/0295-5075/115/53001
https://doi.org/10.1209/0295-5075/115/53001
https://doi.org/10.1209/0295-5075/115/53001

